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dqg d fodvv ri hvwlpdwhv eg +c, dqg e� wkdw ghshqg rq d vxevhw ri p � c iuhtxhqflhv1
Xqghu wkh udwh frqglwlrq �

6.6
? $ 3/ wkh uhjuhvvlrq h�hfwlyho| xvhvR+p, shulrgrjudp

ruglqdwhv dv q $ 4=
Wkh khxulvwlf prwlydwlrq iru wklv uhjuhvvlrq lv edvhg rq wkh lghd wkdw wkh huuruv

X +�r, lq +5, zrxog eh dv|pswrwlfdoo| lqghshqghqw dfurvv iuhtxhqflhv li wkh vshfwuxp
iff+�, zhuh erxqghg1 Exw/ lq wkh suhvhqw fdvh wkdw lv qrw vr/ dqg wkh huuruv X+�r,
duh dv|pswrwlfdoo| fruuhodwhg dv vkrzq e| N qvfk +4<;9,/ d ihdwxuh wkdw vxjjhvwv
wkh wulpplqj ri vrph +c, revhuydwlrqv dzd| iurp wkh ruljlq1 Urelqvrq +4<<8, suryhg
wkdw eg +c, lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdoo| glvwulexwhg xqghu vrph dgglwlrqdo
frqglwlrqv rq c>p> dqg q1 Kxuylfk/ Ghr/ dqg Eurgvn| +4<<;, ghulyhg wkh dv|pswrwlf
eldv/ yduldqfh/ dqg wkh phdq vtxduhg huuru ri eg +3, > wkh ruljlqdo JSK hvwlpdwru/ dqg
vkrzhg xqghu vrph vwurqjhu frqglwlrqv rq p>q> dqg i�� +�, wkdw
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Wkh JSK hvwlpdwru dfklhyhv frqvlvwhqf| dqg dv|pswrwlf qrupdolw| e| xvlqj rqo|
p shulrgrjudp ruglqdwhv dw iuhtxhqflhv �r @ 5�@q> ===> 5�p@q zlwk p@q $ 31 Wkh
wuxqfdwlrq dw �6 lpsolhv wkdw dv q lqfuhdvhv/ wkh hvwlpdwru xvhv d vpdoohu dqg vpdoohu
sursruwlrq ri wkh ixoo iuhtxhqf| edqg ^3> �` > vr wkdw wkh h�hfwlyh edqg vkulqnv wr
wkh ruljlq1 Wkh vkulqnlqj surfhvv lv gholehudwh lq wkh ghvljq ri wkh JSK hvwlpdwru
ehfdxvh/ jlyhq wkh qrqsdudphwulf vshfl�fdwlrq ri i�� +�, > lw lv qdwxudo wr frq�qh
dwwhqwlrq lq wkh uhjuhvvlrq wr dq lpphgldwh qhljkerxukrrg ri wkh ruljlq � � 3>
ehfdxvh lq wklv fdvh +4, kdv wkh vlpsohu dv|pswrwlf irup iff +�, � �32_J dv � $ 3.>
zlwk J @ i��+3, frqvwdqw1 Krzhyhu/ dv lv dssduhqw iurp +5,/ wkh shulrgrjudp dw
kljkhu iuhtxhqflhv �r +v @ p.4> ==> ^q@5`, frqwlqxhv wr frqwdlq vrph lqirupdwlrq derxw
g> dowkrxjk wkh lqwhufhsw lqyroyhv i�� +�r, dqg zloo qrz ydu| ryhu iuhtxhqf| edqgv wr
wkh h{whqw wkdw i�� +�, lv qrw frqvwdqw1 Wklv lqwxlwlrq lqglfdwhv wkdw frqyhqwlrqdo orj
shulrgrjudp uhjuhvvlrq pd| glvfdug vrph lqirupdwlrq lq wkh gdwd dqg jdlqv pd| eh
dfklhyhg e| xvlqj pruh iuhtxhqf| edqgv zkloh dw wkh vdph wlph doorzlqj iru yduldwlrq
lq i�� +�,1

Dffruglqjo|/ zh qrz sursrvh d qhz surfhgxuh iru hvwlpdwlqj g wkdw exlogv rq
wklv lghd1 Wkh phwkrg lv d srrohg orj shulrgrjudp uhjuhvvlrq wkdw lv wdnhq ryhu wkh
zlghu edqg ri iuhtxhqflhv �r @ 2Zr

? > v @ 4> ===>pO zlwk O $ 4 dqg pO@q $ 3= Wklv
phwkrg fruuhfwv iru yduldwlrq lq wkh uhjuhvvlrq lqwhufhsw e| wdnlqj vxejurxs phdqv lq
wkh uhjuhvvlrq/ vr wkdw lw doorzv wkdw wkh huuru vshfwuxp i�� +�, pd| eh qrqfrqvwdqw
dfurvv edqgv1 Wkh qhz hvwlpdwru wuhdwv oq +i�� +�r,, lq +5, dv dq lq�qlwh glphqvlrqdo
qxlvdqfh sdudphwhu dsshdulqj lq wkh uhjuhvvlrq lqwhufhsw1 Wkh dssurdfk wdnhq lv wkhq
dqdorjrxv wr wkh wuhdwphqw ri �{hg h�hfwv lq sdqho gdwd uhjuhvvlrq1 Wkh hvwlpdwru ri
g srrov wkh lqirupdwlrq derxw g rewdlqhg zlwklq hdfk +vkulqnlqj, edqg ryhu zklfk wkh
huuru vshfwuxp lv h�hfwlyho| frqvwdqw dv q $ 41 Zh wkhuhiruh fdoo wkh qhz hvwlpdwru
d srrohg orj shulrgrjudp uhjuhvvlrq hvwlpdwru1

Wkh srrohg hvwlpdwru lv vkrzq wr eh frqvlvwhqw dqg dv|pswrwlfdoo| qrupdoo| glv0
wulexwhg1 Wkh srrohg hvwlpdwru kdv d vpdoohu dv|pswrwlf yduldqfh wkdq wkh JSK
hvwlpdwru/ uh hfwlqj wkh juhdwhu qxpehu ri shulrgrjudp ruglqdwhv xvhg lq wkh uhjuhv0
vlrq/ exw lw dovr kdv odujhu dv|pswrwlf eldv ehfdxvh ri wkh qrqfrqvwdqf| ri i�� +�,1
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Vlpxodwlrqv vkrz wkdw lq �qlwh vdpsohv wkh srrohg hvwlpdwru shuirupv vxevwdqwldoo|
ehwwhu wkdq wkh JSK hvwlpdwru zkhq i�� +�, kdv vshfwudo shdnv qhdu wkh ruljlq1 Rq
wkh rwkhu kdqg/ wkh srrohg hvwlpdwru jhqhudoo| shuirupv zruvh wkdq wkh JSK hvwlpd0
wru zkhq i�� +�, fkdqjhv prqrwrqlfdoo| iurp � @ 3 wr � @ �> dowkrxjk wkh gl�huhqfh
lv vpdoo1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qhz hvwlpdwru lv frqvwuxfwhg lq Vhfwlrq
51 Vhfwlrq 6 jlyhv dvvxpswlrqv dqg ghulyhv vrph suholplqdu| dv|pswrwlf uhvxowv1
Vhfwlrq 7 suryhv frqvlvwhqf| ri wkh srrohg hvwlpdwru dqg ghulyhv lwv dv|pswrwlf phdq
vtxduhg huuru1 Vhfwlrq 8 ghprqvwudwhv dv|pswrwlf qrupdolw|1 Vhfwlrq 9 glvfxvvhv wkh
rswlpdo fkrlfh ri p= Vhfwlrq : glvfxvvhv wkh vlpxodwlrq uhvxowv dqg jlyhv dq hpslulfdo
looxvwudwlrq1 Surriv duh froohfwhg lq Vhfwlrq ;1

5 Srrolqj Orj Shulrgrjudp Ruglqdwhv lq Uhjuhvvlrq

Wkh lghd ri srrolqj ruglqdwhv lq orj shulrgrjudp uhjuhvvlrq fdq eh h{sodlqhg dv
iroorzv1 Iluvw/ zh xvh dq dowhuqdwh irup ri wkh orj shulrgrjudp uhsuhvhqwdwlrq/ yl}1

oq +Lff +�r,, @ oq +i�� +�r,, . oq
���4� h�br

���32_ . oq

�
Lff +�r,

iff +�r,

�
+7,

@ oq +i�� +$�,,� 5g oq
���4� h�br

���. oq

�
Lff +�r,

iff +�r,

�
. oq

�
i�� +�r,

i�� +$�,

�
>

zklfk doorzv iru shulrgrjudp ruglqdwhv �r lq wkh qhljkerxukrrg ri d vhw ri iuhtxhqflhv
$� iru m @ 3> 4> ===P � 4> zkhuh P lv d sdudphwhu wkdw ghwhuplqhv wkh wrwdo qxpehu
ri glvwlqfw edqgv1

Wkh lpsolhg orj shulrgrjudp uhodwlrq lv qrz

oq +Lff +�r,, @ oq +i�� +$�,,� 5g oq
���4� h�br

���. Y +�r, > �r 5 E� +8,

zkhuh

Y +�r, @ oq
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Lff +�r,

iff +�r,
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�
i�� +�r,

i�� +$�,
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>

dqg
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E2�n��Z
2� > m @ 4> ===>P � 4�

�rm3 ? �r � Z
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�
> $f @ 3> m @ 3

duh wkh iuhtxhqf| edqgv/ zklfk duh ri zlgwk Z
� = Zh frpsxwh wkh uhjuhvvru vhtxhqfh

lq +8, xvlqj
��4� h�br

��2 @ 7vlq2
�
br
2

�
dqg gr qrw xvh wkh frqyhqwlrqdo uhsodfhphqw��4� h�br

��2 � �2> zklfk lv dssursuldwh rqo| iru �r lq wkh ylflqlw| ri wkh }hur iuhtxhqf|1
Zh sursrvh wr hvwlpdwh wkh sdudphwhu g lq +8, e| olqhdu uhjuhvvlrq xvlqj +O. 4,

edqgv Ef> ===>Eu zkhuh O lv d qxpehu vxfk wkdw O $ 4 dqg O@P $ 3= Wkhuhe| zh
uhpryh wkh lqwhufhsw lq wkh uhjuhvvlrq e| srrolqj revhuydwlrqv ryhu edqgv wr �w g=
Zulwh +8, dv

\r� @ �� . g[r� . �r� . %r� v @ 4> ===>p> m @ 3> 4> ===> O +9,
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zkhuh # +4, @ �� +4, @ �� dqg � @ 3=8::54899=== lv Hxohu*v frqvwdqw1
Wkh srrohg hvwlpdwru eg lv jlyhq e| wkh irupxod
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Qrwh wkdw wkh hvwlpdwru eg xvhv gdwd ryhu dq lqfuhdvlqj qxpehu ri iuhtxhqf| edqgv/
qrw mxvw wkrvh iuhtxhqflhv lq Ef= Wkh hvwlpdwru vwloo xvhv iuhtxhqflhv rqo| lq wkh ylflq0
lw| ri wkh ruljlq ehfdxvh pO@q $ 3= Lq rwkhu zrugv/ wkh srrohg hvwlpdwru uhwdlqv
vhplsdudphwulf qdwxuh ri wkh orj shulrgrjudp uhjuhvvlrq zkloh xvlqj lqfuhdvlqj qxp0
ehu ri edqgv1 Vxejurxs phdqv duh vxewudfwhg lq rughu wr doorz iru wkh idfw wkdw wkh
lqwhufhsw �� pd| fkdqjh ryhu iuhtxhqf| edqgv m @ 3> ===> O=

Frpelqlqj htxdwlrqv +9, dqg +:, jlyhv wkh hvwlpdwlrq huuru

eg� g @

Su
�'f

S
trGbrM��� �r�
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�
.
Su

�'f

S
trGbrM��� %r�
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Su
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S
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�2 = +;,

Wkh lghd ri srrolqj ruglqdwhv ryhu wkh edqgv E� zkloh doorzlqj iru yduldwlrq lq
wkh vshfwuxp dfurvv edqgv fdq eh dssolhg wr rwkhu vhplsdudphwulf hvwlpdwruv ri
wkh orqj phpru| sdudphwhu g= Lq sduwlfxodu/ lw lv uhdglo| lpsohphqwhg lq wkh fdvh
ri wkh orfdo Zklwwoh hvwlpdwru vxjjhvwhg e| N qvfk +4<;9, wr jlyh d srrohg Zklwwoh
hvwlpdwru1 Rxu dwwhqwlrq lq wkh suhvhqw sdshu/ krzhyhu/ zloo eh frq�qhg wr wkh srrohg
orj shulrgrjudp surfhgxuh1
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6 Dvvxpswlrqv dqg Dv|pswrwlf Uhvxowv

Wr hvwdeolvk d olplw wkhru| iru wkh srrohg hvwlpdwru/ pdq| ri wkh uhvxowv lq Urelqvrq
+4<<8, dqg Kxuylfk/ Ghr/ dqg Eurgvn| +4<<;, duh uhohydqw/ dqg rxu dssurdfk gudzv
vxevwdqwldoo| rq wkhlu hduolhu zrun1 Zh vwduw e| lqwurgxflqj wkh iroorzlqj dvvxps0
wlrqv1

Dvvxpswlrq 4 p $ 4> q $ 4> 6
? @ �

2� $ 3=

Dvvxpswlrq 5 �
6 . 6 *?6

? . *?2 ?
6 $ 31

Dvvxpswlrq 6 i ��� +3, @ 3> i�� +$, A Ef A 3> mi ��� +$,m ? E� ? 4> mi ���� +$,m ?
E2 ? 4> mi ����� +$,m ? E� ? 4 ;$ 5 ^3> �`=

614 Uhpdun Lq zkdw iroorzv/ lw zloo eh wdnhq dv d frqyhqwlrq wkdw q @ 5pP
krogv h{dfwo| zlwk erwk p dqg P lqwhjhuv +vr wkdw q lv hyhq,1 Wkh frqyhqwlrq lv
frqyhqlhqw/ exw qrw hvvhqwldo lq zkdw iroorzv/ dqg P lv vlpso| gh�qhg e| wkh udwlr
P @ ?

26 zkhq q lv rgg1 Dq| sduwlfxodu fkrlfh ri p dqg h{sdqvlrq udwh iru p d�hfw
wkh edqgzlgwk Z

� > lwv udwh ri frqwudfwlrq/ dqg wkh qxpehu ri edqgv lq wkh uhjuhvvlrq1
Wkh udwh frqglwlrq lq Dvvxpswlrq 5 frqwurov wkh uhodwlyh udwhv dw zklfk p>P> dqg
q $ 4= Dvvxpswlrq 6 lpsolhv wkdw i�� +$, lv erxqghg dzd| iurp }hur dqg vprrwk
zlwk �qlwh wklug ghulydwlyh/ pxfk dv lq Kxuylfk hw do1 +4<<;,1

615 Ohppd Iru d qxpehu c vxfk wkdw c $ 4 dqg cD@Pe $ 3> wkh iroorzlqj uhvxowv
krog=
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616 Ohppd Iru d qxpehu c vxfk wkdw c@P $ 3>
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617 Uhpdunv
+d, Wkh JSK hvwlpdwru lqyroyhv uhjuhvvlrq rqo| ryhu wkh edqg Ef= Lq sodfh ri +;,

lw vdwlv�hv
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O @ 5 lq wkh frqvwuxfwlrq ri wkh srrohg hvwlpdwru1 Dowkrxjk wkh srrohg hvwlpdwru
uhtxluhv d voljkwo| vwurqjhu frqglwlrq rq p iru dv|pswrwlf qrupdolw| wkdq wkh JSK
hvwlpdwru +vshfl�fdoo|/ p @ R+q

e

D
30, udwkhu wkdq p @ r+q

e

D ,,/ zh xvh wkh vdph p iru
frpsdulvrq ehfdxvh p lv uduho| fkrvhq wr eh dv odujh dv q

e

D lq sudfwlfh1

914 Vlpxodwlrqv ryhu wkh E@�c @2� sodqh

Iluvw/ zh uhsruw vrph frpsuhkhqvlyh vlpxodwlrqv ryhu wkh +d�> d2, sdudphwhu vsdfh/ vr
wkdw wkh h�hfw ri vshfwudo vkdsh rq shuirupdqfh fdq eh dvvhvvhg1 Zh wdnh wkh uhjlrq
ri wkh +d�> d2, sodqh iru zklfk x| lv vwdwlrqdu| dqg xvh d julg zlwk d vwhs vl}h ri 314
lq wklv sodqh1 Wkh eldv/ yduldqfh/ dqg phdq vtxduhg huuru +PVH, zhuh frpsxwhg
xvlqj 4/333 uhsolfdwlrqv1 Vdpsoh vl}h dqg orqj phpru| sdudphwhu zhuh fkrvhq wr eh
q @ 833 dqg g @ 3=6> uhvshfwlyho|1 D vhfrqg h{shulphqw/ uhsruwhg ehorz/ orrnv dw
shuirupdqfh iru gl�huhqw ydoxhv ri q1

Iru wkh JSK hvwlpdwru/ zh xvhg wkh uhjuhvvru [r @ �5 oq +�r, > lqvwhdg ri wkh
h{dfw uhjuhvvru � oq

�
7 vlq2 +�r@5,

�
> dv lv frpprq sudfwlfh/ dqg lq rxu vlpxodwlrqv

wkh iruphu uhjuhvvru jhqhudoo| jdyh ehwwhu uhvxowv iru wkh sdudphwhu ydoxhv frqvlghuhg1
Wkh yduldqfhv ri wkh hvwlpdwruv zhuh yhu| vlplodu dqg vhhphg wr ydu| olwwoh dfurvv wkh
gl�huhqw sdudphwhu ydoxhv1 Khqfh/ prvw ri wkh yduldwlrq wkdw dsshduv lq wkh PVH lv
gxh wr gl�huhqfhv lq eldv1

Iljxuhv 4 dqg 5 sorw wkh PVH*v1 Zkhq d� dqg d2 duh forvh wr wkh olqh d�.d2 @ 4>
wkh PVH ri erwk hvwlpdwruv ehfrphv txlwh odujh1 Wkh PVH ri wkh JSK hvwlpdwru
kdv d sduwlfxoduo| odujh vslnh zkhq d� lv odujh dqg d2 lv vpdoo1 Wkh PVH ri wkh
srrohg hvwlpdwru dovr kdv d vslnh/ dowkrxjk wkh pdjqlwxgh ri wkh vslnh lv vxevwdqwldoo|
vpdoohu wkdq wkdw ri wkh PVH ri wkh JSK hvwlpdwru1 Wkh PVH ri wkh JSK hvwlpdwru
ghfuhdvhv prqrwrqlfdoo| dv d� ghfuhdvhv/ zkhuhdv wkh PVH ri wkh srrohg hvwlpdwru
kdv vpdoo expsv/ hvshfldoo| zkhq d2 lv vpdoo dqg qhjdwlyh1

Wr rewdlq d ehwwhu lghd ri wkh gl�huhqfhv ehwzhhq wkh wzr hvwlpdwruv/ d frqwrxu
sorw ri wkh PVH gl�huhqfh +PVH+JSK,�PVH+srrohg,, lv glvsod|hg lq Iljxuh 61 Lq
jhqhudo/ wkh gl�huhqfh lv vpdoo zkhq lw lv qhjdwlyh/ h{fhsw lq wkh duhd qhdu wkh olqh
d� . d2 @ 41 Dv h{shfwhg iurp Iljxuhv 4 dqg 5/ wkh gl�huhqfh lv odujh zkhq d� lv
odujh dqg d2 lv vpdoo1 Iljxuh 7 vkrzv d frqwrxu sorw ri wkh orjdulwkp ri wkh uhodwlyh
h!flhqf| +@ orj2 +PVH +JSK, @PVH +srrohg,,, = Wkh duhd ri wkh +d�> d2, sodqh lq
zklfk wkh PVH ri wkh srrohg hvwlpdwru lv vpdoohu wkdq wkdw ri wkh JSK hvwlpdwru +l1h1/
wkh orjdulwkp ri wkh uhodwlyh h!flhqf| lv juhdwhu wkdq 3, lv qrw yhu| odujh1 Ehfdxvh
wkh srrohg hvwlpdwru kdv d odujhu PVH wkdq wkh JSK hvwlpdwru zkhq wkh PVH ri
erwk hvwlpdwruv lv vpdoo/ wkh pdjqlwxghv ri srvlwlyh dqg qhjdwlyh uhodwlyh h!flhqf|
duh urxjko| htxdo wr hdfk rwkhu1

Iljxuh 8 sorwv wkh vshfwudo ghqvlw| ri x| iru vrph ri wkh pruh lpsruwdqw sdudphwhu
frpelqdwlrqv lq Iljxuhv 6 dqg 71 Wkh ydoxhv ri d� dqg d2 dw wkhvh srlqwv duh jlyhq lq
Wdeoh 51 Dw wkh srlqwv zkhuh wkh srrohg hvwlpdwru kdv d vxevwdqwldoo| vpdoohu PVH
wkdq wkh JSK hvwlpdwru/ vxfk dv dw E/ F/ dqg H/ wkh vshfwudo ghqvlw| kdv d shdn qhdu
wkh ruljlq1 Dw wkh srlqwv zkhuh wkh vshfwudo ghqvlw| kdv d shdn dzd| iurp wkh ruljlq
ru fkdqjhv prqrwrqlfdoo|/ vxfk dv dw D/ G/ dqg L/ wkh JSK hvwlpdwru kdv d vpdoohu
PVH wkdq wkh srrohg hvwlpdwru1 Dw wkh srlqwv I dqg O/ zkhuh erwk hvwlpdwruv kdyh
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Iljxuh 8= Vshfwudo ghqvlwlhv iru vhyhudo DU+5, surfhvvhv

txlwh odujh PVH/ wkh vshfwudo ghqvlw| ghfuhdvhv vkduso| iurp wkh ruljlq1 Ehfdxvh wkh
vorsh ri wkh shulrgrjudp durxqg wkh ruljlq frqwdlqv wkh vwurqjhvw vljqdo iru erwk wkh
JSK hvwlpdwru dqg wkh srrohg hvwlpdwru/ wklv uhvxow lv kdugo| vxusulvlqj/ dqg qhlwkhu
surfhgxuh fdq eh h{shfwhg wr zrun zhoo1 Dw srlqw K/ zkhuh x| lv d zklwh qrlvh/ erwk
hvwlpdwruv kdyh vlplodu PVH1 Wkh vkdsh ri wkh vshfwudo ghqvlw| idu dzd| iurp wkh
ruljlq grhv qrw d�hfw wkh PVH vxevwdqwldoo|/ dv lqglfdwhg e| wkh uhvxowv rq wkh srlqwv
J dqg M1

Wdeoh 51 Wkh ydoxhv ri d� dqg d2 dw wkh srlqwv D0O

D E F G H I J K L M N O
d� 0319 319 413 0318 318 413 0318 313 318 0317 313 317
d2 0319 0319 0319 0316 0316 0316 313 313 313 316 316 316

Lq vxp/ wkh srrohg hvwlpdwru kdv wkh dgydqwdjh ri ehlqj urexvw wr wkh suhvhqfh
ri d shdn lq wkh huuru vshfwuxp i�� +�, dqg surgxfhv vxevwdqwldo uhgxfwlrqv lq erwk
eldv dqg PVH zkhq wkh shdn lv forvh wr wkh uhjuhvvlrq iuhtxhqf| edqg1 Lq vxfk fdvhv/
ri frxuvh/ lw lv wkh shdn lq wkh vkruw phpru| vshfwuxp wkdw h{dfhuedwhv wkh eldv lq
wkh JSK hvwlpdwru1
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915 Ghwdlohg vlpxodwlrq iru vhyhudo sdluv ri sdudphwhu ydoxhv

Iru vhyhudo srlqwv lq Iljxuhv 6 dqg 7/ zh frqgxfwhg d pruh ghwdlohg vlpxodwlrq fry0
hulqj gl�huhqw vdpsoh vl}hv41 Wdeohv 608 vkrz wkh vlpxodwlrq uhvxowv iru sdudphwhu
frpelqdwlrqv J/ K/ dqg L iurp Wdeoh 5/ iru zklfk d2 @ 3 dqg x| iroorzv dq DU+4,
surfhvv1 Lq jhqhudo/ iru DU+4, surfhvvhv zlwk d� 9@ 3/ egRJJ,e_ +wkh vhfrqg urz, lv pruh
eldvhg wkdq egC�M +wkh �uvw urz,1 Wkh lqfuhdvh lq wkh eldv rffxuv ehfdxvh i�� +�,
lv prqrwrqlfdoo| lqfuhdvlqj +ghfuhdvlqj,/ dqg wkh eldv h�hfw ri wkh qrq}hur vorsh ri
i�� +�, rq wkh hvwlpdwru lv dffxpxodwhg dfurvv edqgv lq wkh fdvh ri wkh srrohg hv0
wlpdwru egRJJ,e_> dv lv dssduhqw iurp wkh dv|pswrwlf irupxod +44,1 Wkh yduldqfh ri
wkh wzr hvwlpdwruv duh doprvw htxdo1 PVH+egRJJ,e_, lv vlplodu wr PVH+egC�M, zkhq
d� @ 3> zkhuhdv wkh srrohg hvwlpdwru kdv d odujhu PVH wkdq egC�M zkhq d� @ 	3=8=
Wkh gl�huhqfh lq wkh PVH lv vpdoohu zkhq d� lv qhjdwlyh ehfdxvh wkh vorsh ri i�� +�,
fkdqjhv sulpdulo| zkhuh � lv idu iurp wkh ruljlq/ dqg wkh h�hfw ri wkh vkdsh ri i�� +�,
idu dzd| iurp wkh ruljlq lv vpdoohu1 Wkxv/ iru DU+4, huuruv lw dsshduv wkdw wkh JSK
hvwlpdwru lv jhqhudoo| ehwwhu wkdq wkh srrohg hvwlpdwru lq �qlwh vdpsohv1 Wkh gli0
ihuhqfh lq wkh PVH lv vpdoo zkhq q @ 4333>krzhyhu/ ehfdxvh wkh iuhtxhqf| edqg
^3> �6` ehfrphv qduurz uhodwlyh wr ^3> 5�` =

Wdeohv 90; vkrz vlpxodwlrq uhvxowv iru wkh sdudphwhu frpelqdwlrqv D/ E/ dqg F/ iru
zklfk wkh vshfwudo ghqvlw| ri x| kdv d shdn dw wkh iuhtxhqf| �R @ duffrv

q
�d�

�3@2
e@2

r
=

Wkh ydoxhv ri �R duh 41<; +* 3=96�,/ 4149 +* 3=6:�,/ dqg 31;7 +* 3=5:�@, dw D/ E/
dqg F/ uhvshfwlyho|1 Wkh vlpxodwlrq uhvxowv iru wkhvh sdudphwhu frpelqdwlrqv duh
yhu| gl�huhqw iurp wkh fdvh ri DU+4, huuruv1 Qrz/ wkh shuirupdqfh ri wkh hvwlpdwruv
ghshqgv yhu| pxfk rq wkh orfdwlrq ri wkh shdn lq wkh vshfwuxp i��+�, uhodwlyh wr
wkh iuhtxhqf| edqg ehlqj xvhg lq wkh uhjuhvvlrq1 Zkhq wkh shdn lq wkh vshfwuxp lv
qhdu wkh iuhtxhqf| edqg ^��> �6` > dv lw lv iru E dqg F zlwk q @ 533 dqg 833/ wkh
hvwlpdwru egC�M dsshduv wr eh vhyhuho| eldvhg/ dqg wkh srrohg hvwlpdwru egRJJ,e_ kdv
pxfk vpdoohu eldv wkdq egC�M +vhh Wdeohv : dqg ;,1 Rq wkh rwkhu kdqg/ dw D/ wkh
shdn lq wkh vshfwuxp ri i��+�, lv idu iurp wkh ruljlq/ dqg i�� +�, lv forvh wr frqvwdqw
durxqg wkh ruljlq1 Lq wklv fdvh +vhh Wdeoh 9,/ wkh eldv ri egC�M lv uhodwlyho| vpdoo/
dqg egRJJ,e_ kdv d odujhu eldv1 Lq doo fdvhv/ dowkrxjk wkh yduldqfh ri egRJJ,e_ lv vpdoohu
wkdq wkdw ri egC�M / wkh gl�huhqfh lv qrw vxevwdqwldo1 Lq whupv ri PVH/ dw sdudphwhu
frpelqdwlrqv E dqg F dqg iru q @ 533 dqg 833/ PVH+egRJJ,e_, lv ghflvlyho| vpdoohu
wkdq PVH+egC�M, gxh wr wkh eldv uhgxfwlrq1 Krzhyhu/ dw D/ egRJJ,e_ kdv d odujhu PVH
wkdq egC�M ehfdxvh ri lwv odujhu eldv1 Zkhq q @ 4333/ wkh gl�huhqfh ehwzhhq wkh
wzr hvwlpdwruv ehfrphv vpdoohu1

Lq wkh vlpxodwlrqv deryh/ wkh srrohg hvwlpdwru xvhv d wrwdo p +O. 4, @ 6p
iuhtxhqflhv/ zkloh wkh JSK hvwlpdwru xvhv p iuhtxhqflhv1 Zh h{dplqh wkh h�hfwv
ri xvlqj wkh zlghu iuhtxhqf| edqg rq wkh JSK hvwlpdwru dqg vhh krz wklv d�hfwv
wkh frpsdulvrq ri wkh wzr hvwlpdwruv= Wkh wklug urz ri Wdeohv 60; uhsruwv uhvxowv iruegC�M +6p, > wkh JSK hvwlpdwru xvlqj 6p iuhtxhqflhv1 Xvlqj 6p iuhtxhqflhv lq JSK

4Zh uhsruw rqo| wkh fdvh _ ' f��c ehfdxvh wkh uhvxowv iru gl�huhqw phpru| sdudphwhu ydoxhv duh
yhu| vlplodu1
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ohdgv wr d gudpdwlf lqfuhdvh lq eldv h{fhsw iru wkh sdudphwhu frpelqdwlrqv K +zkhuh
i�� +�, lv frqvwdqw, dqg E zlwk p @ 533 dqg 8331 Wkh uhvxowv lq Wdeohv 6/ 8/ 9/ dqg
; uhyhdo wkdw wkh JSK hvwlpdwru edvhg rq wkh zlghu iuhtxhqf| edqg lv yhu| vhqvlwlyh
wr wkh vkdsh ri wkh vshfwuxp i�� +�, durxqg wkh ruljlq dqg lv jhqhudoo| pxfk lqihulru
wr wkh srrohg hvwlpdwru1 Rq wkh rwkhu kdqg/ xvlqj rqo| p iuhtxhqflhv/ glylglqj
wkh iuhtxhqf| edqg ^��> �6` lqwr edqgv dqg dsso|lqj wkh srrohg hvwlpdwru grhv qrw
surylgh d vxshulru srrohg hvwlpdwru1 Wkh irxuwk urz ri Wdeohv 60; vkrzv uhvxowv iruegRJJ,e_+p,/ wkh srrohg hvwlpdwru wkdw xvhv rqo| p iuhtxhqflhv lq wrwdo dqg wzr eorfnv/
hdfk eorfn frqwdlqlqj ^p@5` iuhtxhqflhv1 Hylghqwo|/ wkh lqfuhdvh lq yduldqfh lq wklv
fdvh pruh wkdq r�vhwv wkh uhgxfwlrq ri eldv1

Lq vxp/ wkh srrohg hvwlpdwru kdv dgydqwdjhv ryhu wkh JSK hvwlpdwru lq �qlwh
vdpsohv/ ehfdxvh wkh xvh ri d zlghu iuhtxhqf| edqg +p +O. 4, udwkhu wkdq p, pdnhv
lw ohvv vhqvlwlyh wr wkh suhvhqfh ri shdnv lq wkh xqghuo|lqj vshfwudo ghqvlw| i�� +�, = Dw
wkh vdph wlph/ lw dyrlgv wkh h{wuhpho| odujh eldv wkdw lv w|slfdo ri wkh JSK hvwlpdwru
zkhq d zlgh iuhtxhqf| edqg lv hpsor|hg1 Wkhuhiruh/ lw surylghv xv zlwk dq dowhuqdwh
zd| ri xvlqj d zlghu iuhtxhqf| edqg lq orj shulrgrjudp uhjuhvvlrq dqg d zd| wr xvh
pruh lqirupdwlrq/ pdnlqj wkh hvwlpdwru pruh urexvw wr ydulrxv vkdshv lq wkh vkruw
phpru| vshfwuxp1 Lq vr grlqj/ lw fdq ohdg wr vxevwdqwldo eldv dqg PVH uhgxfwlrqv
zkhq i�� +�, kdv shdnv wkdw duh forvh wr wkh uhjuhvvlrq iuhtxhqf| edqg1 Rq wkh rwkhu
kdqg/ lw vx�huv iurp d plog eldv lqfuhdvh zkhq wkh huuru vshfwuxp i��+�, fkdqjhv
prqrwrqlfdoo|/ dv lw grhv lq wkh fdvh ri DU+4, huuruv1

916 Hpslulfdo looxvwudwlrq

Wkh phwkrgv zhuh dssolhg wr XV lq dwlrq vhulhv dqg vwrfn uhwxuqv1 Wkh lq dwlrq
vhulhv frqvwlwxwhg 957 revhuydwlrqv ri wkh prqwko| FSL lq dwlrq udwh ryhu wkh shulrg
4<7:=404<<<=5> dqg wkh vwrfn uhwxuq vhulhv lqyroyhg 6933 revhuydwlrqv ri wkh devroxwh
ydoxh ri uhwxuqv rq wkh gdlo| V)S833 vwrfn lqgh{ iurp Mdqxdu| 4<:< wr Rfwrehu
4<<515 Wkh �uvw sdqho ri Iljxuh 9 judskv hdfk vhulhv1 Wkh vhfrqg sdqho ri Iljxuh 9
sorwv egC�M dqg egRJJ,e_ iru gl�huhqw ydoxhv ri p= +Vshfl�fdoo|/ p @ qf�D> ===> qf�SD zhuh
xvhg,1

Wkh ydoxh ri wkh erwk hvwlpdwru fkdqjhv dv p lqfuhdvhv/ dowkrxjk wkh srrohg hvwl0
pdwru dsshduv wr kdyh d ohvv vkdus shdn1 Wkh hvwlpdwhv ri wkh phpru| sdudphwhu iru
lq dwlrq duh lq wkh uhjlrq +3=7> 3=;,> lqglfdwlqj pdujlqdo qrqvwdwlrqdulw| ri lq dwlrq1
Wkrvh iru vwrfn uhwxuq pdjqlwxghv duh durxqg 3=6> lqglfdwlqj vwdwlrqdu| orqj udqjh
ghshqghqfh1

Wkh �uvw sdqho ri Iljxuh : vkrzv wkh uhvlgxdo iudfwlrqdoo| gl�huhqfhg vhulhv ex| @
+4� O,

e_[|> zkhuh eg lv wkh srrohg hvwlpdwh zlwk p @ qf�DD= Wkh vshfwudo ghqvlw|
hvwlpdwhv ri ex| duh glvsod|hg lq wkh vhfrqg sdqho ri Iljxuh :/ xvlqj egC�M dqg egRJJ,e_
hvwlpdwhv fdofxodwhg zlwk p @ qf�DD=

5Wkh lq dwlrq vhulhv zhuh frpsxwhg dv f| ' �ff{ d*L} E%|�o c zkhuh %| lv wkh XV prqwko| FSL/
ryhu wkh shulrg iurp Mdqxdu| 4<7: wr Iheuxdu| 4<<<1 Wkh vwrfn uhwxuq vhulhv zhuh frpsxwhg dv
f| ' �ff �{E*L} E%|��� c zkhuh %| lv wkh V)S 833 vwrfn sulfh lqgh{ iurp Mdqxdu| 4<:< wr Rfwrehu
4<<51
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Iljxuh 9= Lq dwlrq udwh dqg vwrfn uhwxuq gdwd dqg hvwlpdwhv ri g
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Iljxuh := +4� O,
e_[| dqg vshfwudo ghqvlw| hvwlpdwhv

Lq erwk fdvhv/ wkh hpslulfdo hvwlpdwhv ri wkh vshfwudo ghqvlw| ri x| dsshdu wr
kdyh pruh srzhu frqfhqwudwhg dw kljkhu iuhtxhqflhv1 Wklv lv sduwo| h{sodlqhg e| wkh
qdwxudo whqghqf| ri wkh JSK hvwlpdwru wr dwwulexwh srzhu lq wkh shulrgrjudp dw
orzhu iuhtxhqflhv wr wkh orqj phpru| sdudphwhu g= Wkh hvwlpdwhv ri i�� +3, lpsolhg
e| wkh srrohg hvwlpdwru ri g duh kljkhu wkdq wkrvh rewdlqhg iurp wkh JSK hvwlpdwru
iru wkh lq dwlrq vhulhv dqg orzhu iru wkh vwrfn uhwxuq vhulhv1 Lq rwkhu uhvshfwv/ wkh
vshfwudo ghqvlwlhv hvwlpdwhv duh yhu| forvh1

: Dsshqgl{= Surriv
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Wkhuh lv qr h{solflw qxphulfdo ydoxh iru wkh txdqwlw|
S�

�'�

�
�m +m . 4, +oq +m . 4,� oq m,2 . 4

�
ru lwv olplw dv c $ 4= Qhyhuwkhohvv/ wkh vxp frqyhujhv vlqfh] �n�

�
+oq{� f�,

2 g{

� +oq +m . 4,� oq m,2 +e| wkh phdq ydoxh wkhruhp,

� 4@m2>

zklfk lpsolhv wkdw
S"

�'�

U �n�
� +oq{� f�,

2 g{ ? 4= Gluhfw fdofxodwlrqv xvlqj Pdwkh0

pdwlfd surgxfh wkh dssur{lpdwh qxphulfdo ydoxh
S"

�'�

�
�m +m . 4, +oq +m . 4,� oq m,2 . 4

�
�

3=3;36=

:15 Surri ri Ohppd 616

Iru m @ 3> e| ohppd 4 ri Kxuylfk/ Ghr/ dqg Eurgvn| +4<<;, +khuhdiwhu KGE,/ zh
kdyh [

trGbrM�f�
�r�

�
[r� �[ ��

�
@

[
trGbrM�f�

+oq i�� +�r,� oq i�� +3,,
�
[r� �[ ��

�
@

[
trGbrM�f�

oq i�� +�r,
�
[r� �[ ��

�
@ �;�2

<

i ���� +3,
i�� +3,

p�

q2
. r

�
p�

q2

�
=

Iru m � 4/ zh �uvw froohfw wrjhwkhu vrph xvhixo whfkqlfdolwlhv lq wkh iroorzlqj
Vxe0ohppd1

:1514 Vxe0ohppd

41 s �

��E/��
s��E/��

@
s ��

��Ef�/�n�+/2�,
s��Ef�n�E/��

@ s ��

��Ef�
s��Ef�

$� +4 .R +$�,, @ R +$�, xqlirupo| lq m=

51 R
�
�
?�

�
@ R

�
�
�2

�
ehfdxvh m @ r +p, =

61 t�?/�
�3ULt/� @

/�n�+/2�,
f�D/2�n�+/e�,

@ 2
/�

+4 .R +$�,, xqlirupo| lq m=

Iluvw/ qrwh wkdw

[
trGbrM���

+�r � $�, @

6�n6[
r'6�n�

�
5�v

q
� +5m . 4,�p

q

�
@

5�

q

6�n6[
r'6�n�

+v� +m . 4@5,p,

@
5�

q

6�n6[
r'6�n�

+v�pm �p@5, @
5�

q

6[
&'�

+n �p@5, @
5�

q

�
p +p. 4,

5
� p2

5

�
@

5�

q

p

5
>

55



ehfdxvh srvlwlyh dqg qhjdwlyh whupv fdqfho rxw dv zh vxp ryhu v� mp iurp 4 wr p1
Lw iroorzv wkdw

�[ �� @ � 4

p

[
trGbrM���

[r� @
4

p

[
trGbrM���

oq +5� 5 frv�r,

@
4

p

[
trGbrM���

�
oq +5� 5 frv$�, .

vlq$�
4� frv$�

+�r � $�, .
4

5

4

frv h�r � 4
+�r � $�,

2

�

@ oq +5� 5 frv$�, .
vlq$�

4� frv$�

4

p

[
trGbrM���

+�r � $�, .R

#
4

$2
�P

2

$

@ oq +5� 5 frv$�, .
vlq$�

4� frv$�

�

q
.R

�
4

m2

�
>

zkhuh h�r 5 +$�> �r,/ dqg wkh whup R
�
4@m2

�
lv xqlirup lq m1

E| Wd|oru h{sdqvlrq

oq i�� +�r, @ oq i�� +$�, .
i ��� +$�,
i�� +$�,

+�r � $�, .

3ECi ����
� h�r�

i��
� h�r� �

3Ci ���
� h�r�

i��
� h�r�

4D2
4FD +�r � $�,

2

5

@ oq i�� +$�, .
i ��� +$�,
i�� +$�,

+�r � $�, .R

�
4

P2

�
=

Wkxv/ lq ylhz ri Vxe0ohppd :1514/[
trGbrM��(�D��

�r�
�
[r� �[ ��

�
@

[
trGbrM��(�D��

�
i ��� +$�,
i�� +$�,

+�r � $�, .R

�
4

P2

���
�
�

vlq$�
4� frv$�

��
�r � $� � �

q

�
.R

�
4

m2

��

@
[

trGbrM��(�D��

�
i ��� +$�,
i�� +$�,

+�r � $�, .R

�
4

P2

��

�
�
�
�

vlq$�
4� frv$�

�
+�r � $�, .R

�
P

qm

�
.R

�
4

m2

��
@ �

�
i ��� +$�,
i�� +$�,

��
vlq$�

4� frv$�

� [
trGbrM�� (�D��

+�r � $�,
2

.

�
i ��� +$�,
i�� +$�,

� [
trGbrM�� (�D��

+�r � $�, �R
�

4

m2

�

�
�

vlq$�
4� frv$�

� [
trGbrM��(�D��

+�r � $�, �R
�

4

P2

�
.R

�
p

P2m2

�

@ �
�
i ��� +$�,
i�� +$�,

��
vlq$�

4� frv$�

��
5�

q

�2 6[
&'�

�
n � p

5

�2
56



.R

�
m

P

� [
trGbrM���

R

�
4

Pm2

�
�R

�
P

m

� [
trGbrM���

R

�
4

P�

�
.R

�
p

P2m2

�

@ �
�
i ��� +$�,
i�� +$�,

��
vlq$�

4� frv$�

�
�2

p2P2

�
p�

45
.R

�
p2

��
.R

�
p

P2m

�
.R

�
p

P2m2

�
@ �

�
i ��� +$�,
i�� +$�,

��
vlq$�

4� frv$�

�
�2

P2

p

45
.R

�
4

P2

�
.R

�
p

P2m

�
@ �

�
i ��� +$�,
i�� +$�,

��
vlq$�

4� frv$�

�
�2

P2

p

45
.R

�
p

P2m

�
>

zkhuh zh xvh wkh idfw wkdw

6[
&'�

�
n � p

5

�2
@

p +p. 4, +5p. 4,

9
� p2 +p. 4,

5
.

p�

7
@

p�

45
.R

�
p2

�
=

Ixuwkhupruh/ iurp Vxe0ohppd :1514 zh kdyh�
i ��� +$�,
i�� +$�,

��
vlq$�

4� frv$�

�
@

5i
��

�� +3,

i�� +3,
+4 .R +$�,, =

Wkhuhiruh/

�[
�'�

[
trGbrM���

�r�
�
[r� �[ ��

�

@ �5i ���� +3,
i�� +3,

�2

P2

p

45
.R

3C �[
�'�

m

P

p

P2

4D.R

3C �[
�'�

p

P2m

4D
@ �5�2

6

i ���� +3,
i�� +3,

p�c

q2
.R

3C �[
�'�

pem

q�

4D.R

3C �[
�'�

p�

q2m

4D
@ �5�2

6

i ���� +3,
i�� +3,

p�c

q2
.R

�
pec2

q�

�
.R

�
p�

q2
oq c

�
@ �5�2

6

i ���� +3,
i�� +3,

p�c

q2
. r

�
p�c

q2

�
>

jlylqj wkh uhtxluhg uhvxow1

:16 Surri ri Wkhruhp 714

Djdlq/ lw lv khosixo wr vwduw e| froohfwlqj vrph xvhixo suholplqdu| uhvxowv lq wkh iro0
orzlqj Vxe0ohppdv1

:1614 Vxe0Ohppd

41
U Z
3Z mG +�,m g� @ R +oqq,

57



51 N +�, @ R
��

q�2
�3��

> 3 ? m�m � �

61 mG +�,m � 5 m�m3� > 3 ? m�m � �=

zkhuhN +�, @ +5�q,3�
��S?

|'�

S?
r'� h

�E|3r�b�� @ +5�q,3� mG +�,m2 > G +�, @
S?

|'� h
�|b=

Surri Vhh ]|jpxqg +4<8<, +s1 9: iru 4/ ss1;<0<3 iru 5/ ss17<084 iru 6,1

:1615 Vxe0Ohppd

Iru vrph F ? 4 dqg iru � 5 ^��> 3, ^ +3> �` >

41 miff +�,m � F m�m32_

51 miff +�,m3� � F m�m2_

61 mi �ff +�,m � F m�m32_3� =

Surri Iluvw/ wkh lqhtxdolw| m{@5m � mvlq{m � m{m iru { 5 ^��@5> �@5` lpsolhv wkdw/ iru
erwk srvlwlyh dqg qhjdwlyh g/

��vlq2 +�@5,��3_ � F� m�m32_ krogv iru � 5 ^��> 3, ^ +3> �`
dqg iru vrph F� ? 4= Lw iroorzv wkdw

miff +�,m @
��7 vlq2 +�@5,��3_ mi�� +�,m � 73_F� m�m32_ vxs

bME3ZcZ�
mi�� +�,m � F m�m32_ >

miff +�,m3� @
��7 vlq2 +�@5,��_ mi�� +�,m3� � 7_F� m�m2_ vxs

bME3ZcZ�
mi�� +�,m3� � F m�m2_ >

ehfdxvh vxsbME3ZcZ� mi�� +�,m ? 4 dqg lqibME3ZcZ� mi�� +�,m A 31 Wkh erxqg iru
mi �ff +�,m xvhv wkh idfw wkdw vxsbME3ZcZ� mi ��� +�,m ? 4 dqg wkhq

��i �ff +�,
��

�
���73_ +�g,

�
vlq2 +�@5,

�3_3�
vlq +�@5, frv +�@5, i�� +�,

���. ����7 vlq2 +�@5,�3_ i ��� +�,���
� F2 mvlq +�@5,m32_3� .F� m�m32_ � F m�m32_3� =

:1616 Vxe0Ohppd

Iru 3 ? �. �� ? 5� dqg 3 � �>�� � �>

m�� ��m mG +�. ��,m � 5> +48,

58



Surri Ehfdxvh mG +�,m @ mG +5� � �,m iru � � � � 5�/ dqg lq ylhz ri Vxe ohppd
:1614 +6,/

m�� �� m mG +�. ��,m
� 5

m�� ��m
�. ��

> 3 ? �. �� � �

� 5
m�� �� m

5� � �� ��
> � ? �. �� ? 5�>

dqg

m�� ��m
�. ��

@
+�� ��,

5�� . +�� ��,
� 4> � � ��

@
+�� � �,

5�. +�� � �,
� 4> � ? ��

m�� �� m
5� � �� ��

@
+�� ��,

5� � 5�. +�� ��,
� 4> � � ��

@
+�� � �,

5� � 5�� . +�� � �,
� 4= � ? ��

:1617 Vxe0Ohppd

Li ���� � �� . � � 5� � �2�� iru ��> �2 A 3> vxs�� mG +�� . �,m ? 4=
Li ���� � �� � � � 5� � �2�� iru ��> �2 A 3> vxs�� mG +�� � �,m ? 41

Surri

�� mG +�� . �,m � 5��
�� . �

� 5

��
> ���� � �� . � � �

�� mG +�� . �,m � 5��
5� � �� � �

� 5

�2
> � ? �� . � � 5� � �2��

vlploduo| iru �� mG +�� � �,m1

Zlwk wkhvh whfkqlfdolwlhv lq kdqg/ wkh surri ri wkhruhp 714 lv doprvw lghqwlfdo wr
wkdw lq Urelqvrq +4<<8,1 Wkh pdlq gl�huhqfh lv wkdw iff +�, lv erxqghg e| m�m32_
ryhu wkh ixoo udqjh ri �> dqg wkh hydoxdwlrq ri mG +�,m ehfrphv frpsolfdwhg ehfdxvh
�� lv qrw uhvwulfwhg wr d qhljkerukrrg ri wkh ruljlq1 Zh surfhhg zlwk hdfk sduw lq
wxuq1

:1618 Surri ri +d,

Zh vwduw e| vkrzlqj

H ^z +��,z +��,`�iff +��, @

] Z

3Z
iiff +�,� iff +��,jN +�� ��,g� @ R

�
m3��32_� oqq

�
=

59



zkhuh N +�, @ +5�q,3�
��S?

|'�

S?
r'� h

�E|3r�b�� lv Ihmhu*v nhuqho1 E| vxe0ohppdv :1614
dqg :1615/�����
] Z

b�*2

����� �
�

pd{
b�*2$b$Z

��i �ff +�,
���] Z

b�*2
m�� �� mN +�� ��,g�

@ R

#
�3�32_� q3�

] Z

b�*2
mG +�� ��,mg�

$
> ehfdxvh �� �� 5 +���@5> � � ��, � ^��> �`

@ R

�
�3�32_� q3�

] Z

3Z
mG +�,mg�

�
@ R

�
�3�32_� q3� oqq

�
@ R

�
m3��32_� oqq

�
=

Wkh v|pphwu| ri iff +�, dqg vxe0ohppd :1616 +dssolfdeoh vlqfh 3 ? �. �� ? 5� ,
|lhogv�����

] 3b�*2

3Z

����� @

�����
] Z

b�*2
iiff +�,� iff +��,jN +�. ��,g�

�����
�

�
pd{

b�*2$b$Z

��i �ff +�,
���] Z

b�*2
m�� ��mN +�. ��, g�

@ R

#�
pd{

b�*2$b$Z
��i �ff +�,

���q3�
] Z

b�*2
m�� ��m mG +�. ��,m2 g�

$

@ R

#�
pd{

b�*2$b$Z
��i �ff +�,

���q3�
] Z

b�*2
mG +�. ��,mg�

$
@ R

�
�3�32_� q3� oqq

�
@ R

�
m3��32_� oqq

�
=

Iru wkh uhpdlqlqj sduw/ dv lq Urelqvrq +4<<8,/�����
] b�*2

3b�*2

����� � pd{
�b�$b�*2

N +�� ��,

] b�*2

3b�*2
imiff +�,m. miff +��,mj g� +49,

@ R
�
q3��3�32_�

�
@ R

�
m3��32_�

�
=

Ilqdoo|/ e| vxe0ohppd :1615/

H ^z +��,z +��, @iff +��,` @ 4 .R
�
m3� oqq�32_� @iff +��,

�
@ 4 .R

�
m3� oqq

�
=

:1619 Surri ri +e,

E| Urelqvrq +4<<8,/ zh kdyh

H ^z +��,z +��,` @

] Z

3Z
iiff +�,� iff +��,jH�c3� +�,g�> +4:,

5:



iru 3 ? n ? m ? q@5/ zkhuh H�& +�, @ +5�q,3�G +�� � �,G +�� �&,1 Wkh fdofxod0
wlrqv duh vlplodu wr wkrvh jlyhq ehiruh/ exw zh kdyh wr fkhfn wkh udqjh ri lqwhjudwlrq
iru hdfk vxelqwhuydo1�����
] Z

b�*2

����� @

�����
] Z

b�*2
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�. ��,g�

�����
�

�
pd{

b�*2$b$Z

��i �ff +�,
��� +5�q,3�

] Z

b�*2
m�� � �m mG +�� � �,m mG +�. ��,m g�

@ R

#
�3�32_� q3�

] Z

b�*2
mG +�. ��,m g�

$
@ R

�
�3�32_� q3� oqq

�
@ R

�
m3��32_� oqq

�
>

ehfdxvh �� ? �� . �� � �� � � � ��@5 ? �= Vlploduo|/�����
] 3b�*2

3Z
iiff +�,� iff +��,j +5�q,3�G +�� � �,G +�. ��,g�

�����
@

�����
] Z

b�*2
iiff +�,� iff +��,j +5�q,3�G +�� � �,G +�. ��, g�

�����
@ R

�
m3��32_� oqq

�
=

Iru wkh uhpdlqlqj sduw/ �m@5 � �� � � � 6��@5 � 5� � ��@5 dqg vxe0ohppd :1617
|lhog ] 3b�*2

3b�*2
iiff +�,� iff +��,jH�c3� +�, g�

@ R

�
pd{

�b�$b�*2
mH�c3� +�,m

] b�

f
imiff +�,m. miff +��,mjg�

�
@ R

�
q3��32� ��32_�

�
@ R

�
m3��32_�

�
=

:161: Surri ri +f,

Vlplodu wr Urelqvrq +4<<8,/ zh h{sdqg wkh lqwhjudo dv iroorzv/ iru 3 ? n ? m ? q@5>

H ^z +��,z +�&,` @

] Z

3Z
iff +�,H�& +�, g�

@

] Z

Eb�nb&�*2
iiff +�,� iff +��,jH�& +�, g� +4;,

.

] Eb�nb&�*2

b&*2
iiff +�,� iff +�&,jH�& +�,g� +4<,

�iiff +��,� iff +�&,j
] Eb�nb&�*2

b&*2
H�& +�, g� +53,

5;



.

] b&*2

3Z
iiff +�,� iff +��,jH�& +�,g�= +54,

Iluvw/ ehfdxvh �� ? �� � � � �� � � � +�� � �&, @5 ? �> +4;, lv erxqghg e|�
pd{

Eb�nb&�*2$b$Z
��i �ff +�,

���q3�
] Z

Eb�nb&�*2
m�� � �m mG +�� � �,m mG +�� �&,m g�

@

�
pd{

Eb�nb&�*2$b$Z

��i �ff +�,
���q3�

] Z

Eb�nb&�*2
mG +�� �&,mg� +55,

@ R
�
�3�32_� q3� oqq

�
@ R

�
m3��32_� oqq

�
@ R

#
n3��3_� �3_& oqq

�
n

m

��n_
$

@ R
�
n3��3_� �3_& oqq

�
=

Qh{w/ zkhq n � m@5> +4<, lv erxqghg e|/�
pd{

b&*2$b$Eb�nb&�*2
��i �ff +�,

���q3�
] Eb�nb&�*2

b&*2
m�� �&m mG +�� � �,m mG +�� �&,mg�

@

�
pd{

b&*2$b$Eb�nb&�*2
��i �ff +�,

���q3�
] Eb�nb&�*2

b&*2
mG +�� � �,m g�

@ R
�
�3�32_& q3� oqq

�
@ R

#
n3��3_� �3_& oqq

�
n

m

�3_$
@ R

�
n3��3_� �3_& oqq

�
>

ehfdxvh �� ? ��&@5 � �� �& � +�� � �&, @5 ? �> dqg/ zkhq n ? m@5> e|�
pd{

b&*2$b$b�
miff +�,m. miff +�&,m

�] Eb�nb&�*2

b&*2
mH�& +�,mg�

@ R

#�
�32_� . �32_&

�
+m � n,3�

] Eb�nb&�*2

b&*2
mG +�� �&,mg�

$

@ R

#
n3��3_� �3_& oqq

�
n

m � n

�+�
��
�&

�3_
.

�
�&
��

�3_,$

@ R

#
n3��3_� �3_& oqq

�
m

m � n

�+�
n

m

��n_

.

�
n

m

��3_,$
@ R

�
n3��3_� �3_& oqq

�
>

5<



ehfdxvh 3 ? +�� � �&, @5 � �� � � � �� ? �=
Vlploduo|/ +53, lv erxqghg e|

+�� � �&,

�
pd{

b&$b$b�

��i �ff +�,
���] Eb�nb&�*2

b&*2
mH�& +�,m g�

@ R

#
m � n

q
�3�32_& +m � n,3�

] Eb�nb&�*2

b&*2
mG +�� �&,m g�

$
@ R

�
�3�32_& q3� oqq

�
@ R

�
n3��3_� �3_& oqq

�
=

zkhq n � m@5> dqg e|

imiff +��,m. miff +�&,mj +m � n,3�
] Eb�nb&�*2

b&*2
mG +�� �&,mg�

@ R

��
�32_� . �32_&

�
+m � n,3�

] Z

3Z
mG +�,mg�

�
@ R

�
n3��3_� �3_& oqq

�
=

zkhq n ? m@5=
Ilqdoo|/ +54, lv fdofxodwhg e| glylglqj wkh lqwhuydo lqwr ^��>���@5` > ^���@5>��&@5` >dqg

^��&@5> �&@5` = Iluvw/ iru wkh lqwhjudo rq ^��>���@5`/ zh xvh mG +��,m @ mG +�,m dqg
vxe0ohppd :1616 wr ghulyh] 3b�*2

3Z
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�� �&, g�

�
] Z

b�*2
+5�q,3� iiff +�,� iff +��,j mG +�� . �,m mG +�. �&,m g�

@ R

#�
pd{

b�*2$b$Z
��i �ff +�,

���] Z

b�*2
q3� m�� �� m mG +�� . �,m mG +�. �&,mg�

$

@ R

#
�3�32_� q3�

] Z

b�*2
mG +�. �&,m g�

$
@ R

�
�3�32_� q3� oqq

�
@ R

�
n3��3_� �3_& oqq

�
=

Iru wkh lqwhjudo rq ^��&@5> �&@5` > qrwh wkdw erwk �� mG +�� � �,m dqg �& mG +�& � �,m
duh erxqghg +vhh vxe0Ohppd :1617, ehfdxvh ��@5 ? �� � � ? 5� � ��@5 dqg �&@5 �
�& � � ? 5�� �&@5> dqg wkhq] b&*2

3b&*2
+5�q,3� iiff +�,� iff +��,j mG +�� � �,m mG +�� �&,m g� +56,

@

] b&*2

3b&*2
+5�q,3� iiff +�,� iff +��,j mG +�� � �,m mG +�& � �,m g�

63



@ R

#
4

q���&

] b&*2

3b&*2
imiff +�,m. miff +��,mjg�

$

@ R

�
4

q���&

�
��32_& . �32_� �&

��
@ R

�
q3��3�� �32_& . q3��3�32_�

�
@ R

�
n3��3�� ��32_& . q3��3�32_�

�
@ R

#
n3��3_� �3_&

�
�&
��

��3_
. q3��3�32_�

$
@ R

�
n3��3_� �3_& oqq

�
=

Lq hydoxdwlqj wkh lqwhjudo rq ^���@5>��&@5` / zh xvh vxe0ohppd :1617 dqg �� ?
�� . � ? 5� � ��@5 iru �&@5 � � � ��@5> jlylqj] 3b&*2

3b�*2
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�� �&,g�

�
] b�*2

b&*2
+5�q,3� iiff +�,� iff +��,j mG +�� . �,m mG +�. �&,m g�

@ R

#
pd{

b&*2$b$b�
miff +�,m

] b�*2

b&*2
q3� mG +�� . �,m mG +�. �&,mg�

$
+57,

@ R

��
�32_& . �32_�

� oqq

m

�
@ R

�
q3��3�� �32_& oqq. q3��3�32_� oqq

�
@ R

�
n3��3_� �3_& oqq

�
=

:161; Surri ri +g,

H ^z +��,z +�&,` @

] Z

3Z
iiff +�,� iff +��,jH�c3& +�, g�

@

] Z

3Z
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�. �&, g�

Wkh hydoxdwlrqv duh vlplodu wr wkrvh lq wkh surri ri +f,1 Lq sduwlfxodu/] Z

b�*2
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�. �&,g�

@ R

#
pd{

b�*2$b$Z
��i �ff +�,

��q3� ] Z

b�*2
mG +�. �&,mg�

$
@ R

�
�3�32_� q3� oqq

�
@ R

�
n3��3_� �3_& oqq

�
>

64



ehfdxvh �� ? �� � � � �� � � � ��@5 ? �= Qh{w/] 3b�*2

3Z
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�. �&, g�

�
] Z

b�*2
+5�q,3� iiff +�,� iff +��,j mG +�� . �,m mG +�� �&,m g�

@ R

#
pd{

b�*2$b$Z
��i �ff +�,

��q3� ] Z

b�*2
mG +�� �&,m g�

$
@ R

�
�3�32_� q3� oqq

�
@ R

�
n3��3_� �3_& oqq

�
>

e| 3 ? �� . � ? 5� dqg vxe0ohppd :16161 Wkh vdph dujxphqw dv xvhg lq +57, |lhogv] 3b&*2

3b�*2
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�. �&,g�

�
] b�*2

b&*2
+5�q,3� iiff +�,� iff +��,j mG +�� . �,m mG +�� �&,m g�

@ R

#
pd{

b&*2$b$b�
miff +�,m

] b�*2

b&*2
q3� mG +�� . �,m mG +�� �&,mg�

$

@ R

��
�32_& . �32_�

� oqq

m

�
@ R

�
n3��3_� �3_& oqq

�
=

Ixuwkhu/ wkh vdph dujxphqw dv lq +56, |lhogv] b&*2

3b&*2
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�. �&,g�

@ R

#
4

q���&

] b&*2

3b&*2
imiff +�,m. miff +��,mj g�

$
@ R

�
n3��3_� �3_& oqq

�
=

Ilqdoo|/

] b�*2

b&*2
+5�q,3� iiff +�,� iff +��,jG +�� � �,G +�. �&, g�

@ R

#
pd{

b&*2$b$b�
miff +�,m

] b�*2

b&*2
q3� mG +�� � �,m mG +�. �&,mg�

$

@ R

��
�32_& . �32_�

� oqq

m

�
@ R

�
n3��3_� �3_& oqq

�
>

e| 3 ? ��@5 ? �� � � ? � dqg vxe0ohppd :16171

65



:17 Surri ri Ohppd 716

Wkh iroorzlqj hohphqwdu| uhvxow lv xvhixo1

:1714 Vxe0Ohppd

41 oqP @ R +oqp, >

51 oqq @ R +oqp, >

61 oq3� q @ R
�
oq3�p

�
=

Surri q @ 5pP dqg P@p $ 3 lpsolhv

oqP @ R +oqp, >

oqq @ oq 5 . oqp. oqP @ R +oqp, >

oqp

oqq
@

oqp

oq 5 . oqp. oqP
@ R +4, =

Iurp wkh surri ri ohppd 616/ zh kdyh

[r� �[ �� @ R +4@m, >

xqlirupo| lq 4 � m ? P 1 Dovr/ H +%r�, @ R +oqq@v, xqlirupo| iru p � v ? 5@q
ehfdxvh oq2 q @ r +p,1 Lw iroorzv wkdw

[
trGbrM���

H +%r�,
�
[r� �[ ��

�
@ R

3C4

m

6�n6[
r'6�n�

oqq

v

4D @ R

�
oqq

m2

�
>

ehfdxvh 4@v @ R +4@pm, lq iv = �r 5 E�j1 Wkhuhiruh/
�[

�'�

[
trGbrM���

H +%r�,
�
[r� �[ ��

�
@ R

3C �[
�'�

oqq

m2

4D @ R +oqq, @ R +oqp, =

:18 Surri ri Ohppd 717

Ydu+%r�, @ �2@9 .R +oqq@v, dqg Fry+%r�> %|&, @ R
�
oq2 q@w2

�
xqlirupo| iru p � w ?

v ? q@5 ehfdxvh oq2 q @ r +p, = Khqfh

Ydu

57 [
trGbrM���

%r�
�
[r� �[ ��

�68
@

[
trGbrM���

�
[r� �[ ��

�2
Ydu +%r�, . 5

6�n6[
|'6�n�

6�n6[
r'|n�

�
[r� �[ ��

� �
[|� �[ ��

�
fry +%r� > %|�,

66



@
[

trGbrM���

�
[r� �[ ��

�2��2

9
.R

�
oqq

v

��
.R

3C 4

m2

6�n6[
|'6�n�

6�n6[
r'|n�

oq2 q

w2

4D
@

�2

9

[
trGbrM���

�
[r� �[ ��

�2
.R

3C 4

m2

6�n6[
r'6�n�

oqq

v

4D.R

3C 4

m2

6�n6[
|'6�n�

p oq2 q

w2

4D
@

�2

9

[
trGbrM���

�
[r� �[ ��

�2
.R

�
oqq

m�

�
.R

�
4

m2
p oq2 q

pm

�

@
�2

9

[
trGbrM���

�
[r� �[ ��

�2
.R

�
oq2 q

m�

�

@
�2

9

[
trGbrM���

�
[r� �[ ��

�2
.R

�
oq2p

m�

�
>

ehfdxvh 4@v @ R +4@pm, dqg
S6�n6

|'6�n�
�
|2

� U6�n6
6�n�

_|
|2

@ �
6�n� � �

6�n6 @ R +4@pm,1
Iru wkh fryduldqfh/ zh kdyh iru m A n

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

[
t|Gb|M�&�

%|&
�
[|& �[ �&

�68
@

[
trGbrM���

[
t|Gb|M�&�

�
[r� �[ ��

� �
[|& �[ �&

�
Fry +%r� > %|&,

@
[

trGbrM���

[
t|Gb|M�&�

R

�
4

mn

�
R

�
oq2 q

w2

�

@ R

3C 4

mn

6�n6[
r'6�n�

6&n6[
|'6&n�

oq2 q

w2

4D
@ R

�
4

mn

p oq2 q

pn

�
@ R

�
oq2 q

mn2

�
@ R

�
oq2p

mn2

�
=

:19 Surri ri Ohppd 718

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

[
t|Gb|M�f�

%|f
�
[|f �[ �f

�68
@ Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>
*?S ?[
|'�

%|f
�
[|f �[ �f

�68
.Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

6[
|'*?S ?n�

%|f
�
[|f �[ �f

�68 =

67



Iluvw/

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>
*?S ?[
|'�

%|f
�
[|f �[ �f

�68
� Y du

573C [
trGbrM���

%r�
�
[r� �[ ��

�4D68�*2 57Y du

3C*?S ?[
|'�

%|f
�
[|f �[ �f

�4D68�*2

@ R

�s
p oq.p

m

�
>

ehfdxvh

Y du

3C*?S ?[
|'�

%|f
�
[|f �[ �f

�4D @ R
�
oq�ep

�
>

e| KGE s158/ dqg dv vkrzq lq wkh surri ri ohppd 716/

Y du

3C [
trGbrM���

%r�
�
[r� �[ ��

�4D @
�2

9

[
trGbrM���

�
[r� �[ ��

�2
.R

�
oq2 q

m�

�

@
�2

9

[
trGbrM���

R

�
4

m2

�
.R

�
oq2 q

m�

�

@ R

�
p

m2

�
=

Qh{w/

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

6[
|'*?S ?n�

%|f
�
[|f �[ �f

�68
@

[
trGbrM���

6[
|'*?S ?n�

�
[r� �[ ��

� �
[|f �[ �f

�
Fry +%r� > %|f,

@ R

3C oqp

m

6[
|'*?S ?n�

6�n6[
r'6�n�

oq2 q

w2

4D
@ R

3C oqp

m

6[
|'*?S ?n�

p oq2 q

w2

4D
@ R

�
p oqp

m oqe q

�
@ R

�
p

m oq�p

�
>

e|
S6

|'*?S ?n�
�
|2

� U6
*?S ?n�

_|
|2

@ �
*?S ?n�

� �
6 @ R

�
�

*?S ?

�
=

68



:1: Surri ri Ohppd 719

Ydu
kS�

�'f

S
trGbrM��� %r�

�
[r� �[ ��

�l
fdq eh ghfrpsrvhg lqwr wkh iroorzlqj sduwv=

Ydu

57 �[
�'f

[
trGbrM���

%r�
�
[r� �[ ��

�68
@

�[
�'f

Ydu

57 [
trGbrM���

%r�
�
[r� �[ ��

�68
.

�[
� �'&

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

[
t|Gb|M�&�

%|&
�
[|& �[ �&

�68
@

�[
�'f

Ydu

57 [
trGbrM���

%r�
�
[r� �[ ��

�68
.5

�[
�'�

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

[
t|Gb|M�f�

%|f
�
[|f �[ �f

�68
.5

�[
&'�

�[
�'&n�

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

[
t|Gb|M�&�

%|&
�
[|& �[ �&

�68 =

E| wkhruhp 4 ri KGE/

Ydu

57 [
trGbrM�f�

%rf
�
[rf �[ �f

�68 @
7�2p

9
. r +p, =

Iru wkh uhpdlqlqj sduwv/

�[
�'�

Ydu

57 [
trGbrM���

%r�
�
[r� �[ ��

�68 @
�[

�'�

3C�2

9

[
trGbrM���

�
[r� �[ ��

�2
.R

�
oq2p

m�

�4D
@

�2

9
7p� . r +p, .R

�
oq2p

�
@

�2

9
7p� . r +p, >

�[
�'�

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

[
t|Gb|M�f�

%|f
�
[|f �[ �f

�68
@ R

�s
p oq.p oqP

�
.R

�
p oqP

oq�p

�
@ r +p, >

69



dqg
�[

&'�

�[
�'&n�

Fry

57 [
trGbrM���

%r�
�
[r� �[ ��

�
>

[
t|Gb|M�&�

%|&
�
[|& �[ �&

�68
@

�[
&'�

�[
�'&n�

R

�
oq2p

mn2

�
@

�[
&'�

R

�
oq2p oqP

n2

�
@ R

�
oq�p

�
@ r +p, =

:1; Surri ri Wkhruhp 71;

Uhfdoo

eg� g @

Su
�'f

S
trGbrM��� �r�

�
[r� �[ ��

�
Su

�'f

S
trGbrM���

�
[r� �[ ��

�2 .

Su
�'f

S
trGbrM��� %r�

�
[r� �[ ��

�
Su

�'f

S
trGbrM���

�
[r� �[ ��

�2 =

E| ohppd ; ri KGE/

H

3C [
trGbrM�f�

%rf
�
[rf �[ �f

�4D @ R
�
oq�p

�
=

Xvlqj wklv uhvxow dqg ohppdv 615/ 616/ 716 dqg 719/ zh rewdlq

H
�eg� g

�
@

�2Z2

�
s ��

��Ef�
s��Ef�

6�u
?2 . r

�
6�u
?2

�
7p +4 . �, . r +p,

.
R
�
oq�p

�
.R +oqp,

7p +4 . �, . r +p,

@ � �2

9 +4 . �,

i ���� +3,
i�� +3,

p2O

q2
. r

�
p2O

q2

�
.R

�
oq�p

p

�
>

Y du
�eg� @ ^7p +4 . �, . r +p,`32

�
7�2p

9
+4 . �, . r +p,

�
@

�2

57 +4 . �,p
. r

�
4

p

�
=

Iru wkh phdq vtxduhg huuru/ zh kdyh

PVH
�eg� @

�
� �2

9 +4 . �,

i ���� +3,
i�� +3,

p2O

q2
. r

�
p2O

q2

�
.R

�
oq�p

p

��2

.
�2

57 +4 . �,p
. r

�
4

p

�
@

�e

69 +4 . �,2

�
i ���� +3,
i�� +3,

�2 peO2

qe
.

�2

57 +4 . �,p

.r

�
p2O

q2

��
p2O

q2

�
.R

�
oq�p

p

��
oq�p

p

�
.R

�
p2O

q2
oq�p

p

�
. r

�
4

p

�
@

�e

69 +4 . �,2

�
i ���� +3,
i�� +3,

�2 peO2

qe
.

�2

57 +4 . �,p

.r

�
peO2

qe

�
.R

�
oqSp

p2

�
.R

�
pO oq�p

q2

�
. r

�
4

p

�
=

6:



:1< Surri ri Ohppd 814

Iluvw/ zh prgli| wkh sursrvlwlrqv lq Wkhruhp 5 ri Urelqvrq +4<<8/ s14389,1 Wkh
dvvxpswlrqv i ��� +3, @ 3 dqg mi ���� +$,m ? E2 ? 4 lpso| � @ 5= Wkh xqlyduldwh prgho
lq rxu fdvh lpsolhv wkhuh lv qr � khuh1 Wkhuhiruh/ +715, rq s14393 lq Urelqvrq fkdqjhv
wr

� +��,�F}�
3B
� @ R

%�
m

q

�2

�3B�

&
dqg +d,0+g, lq klv Wkhruhp 5 ehfrph

+d�, H ^y +��, y +��,` @ 4 .R

%
oq m

m
.

�
m

q

�2
&

+e�, H ^y +��, y +��,` @ R

�
oq m

m

�
+f�, H ^y +��, y +�&,` @ R

�
oq m

n

�
> m A n

+g�, H ^y +��, y +�&,` @ R

�
oq m

n

�
> m A n

zkhuh

�& @ 5�n@q> y +�, @ z +�, @
�
F�*2
} �3_

�
> z +�, @ +5�q,3�*2

[?

�
[|h

�|b=

Lq wkh iroorzlqj/ zh uhshdw Urelqvrq*v dujxphqw +4<<8/ ss1439:0:3, zlwk fruuh0
vsrqglqj prgl�fdwlrqv/ dowkrxjk zh wu| wr nhhs wkh ghulydwlrqv khuh dv vhoi0frqwdlqhg
dv srvvleoh1 Zulwh "& @ p3�*2d&X&= Il{ dq lqwhjhu Q= Wkhq/ H +

S
& "&,

� lv d vxp
ri �qlwho| pdq| whupv ri wkh irup[

&�

� � �
[
&g

H

#
g\
�'�

"
�&�

&�

$
> +58,

zkhuh Q&� > ===>Q&g duh doo srvlwlyh dqg vxp wr Q dqg 4 � N � Q= Il{ vxfk d N

dqg Q&� > ===>Q&g = Lqwurgxfh wkh 5�yhfwru yW& @
�
y- +�&, > y

U +�&,
��
dqg 5N � 4 yhfwru

yW @
�
yW�&� > ===> y

W�
&g

�
/ zklfk lv qrupdoo| glvwulexwhg zlwk }hur phdq1

Wkhruhp 5 ri Urelqvrq +4<<8, lpsolhv wkdw

H
�
yW�y

W
&

�
@ U.R

#
oq m

m
.

�
m

q

�2
$
> m @ n> U @

4

5
L2>

@ R

�
oq m

n

�
> m A n>

dv q $ 4= Lw iroorzv wkdw/ 	W @ H +yWyW�, vdwlv�hv

	W @ Lg 
U.R

#
oq cp

pf�DnB
.

�
cp

q

�2
$

@ Lg 
U. r
�
p3�*23{

�
> +59,

6;



dv q $ 4=
Iru q vx!flhqwo| odujh/ � @ 	W3� h{lvwv e| +59,1 Ghqrwh e| ��� wkh +l> m, wk 5�5

vxepdwul{ ri � dqg zulwh

h� @

597 ��� 3
1 1 1

3 �gg

6:8 > � @ �� h�=

Lw iroorzv wkdwh� @ Lg 
U3� . r
�
p3�*23{

�
> � @ r

�
p3�*23{

�
dv q $ 4= +5:,

Qrz ghqrwh e| *R wkh ghqvlw| ixqfwlrq ri d s0glphqvlrqdo vwdqgdug qrupdo yduldwh1
Wkhq +58, lv [

&�

� � �
[
&g

m�m�*2
] #

g\
�'�

"
�&�

&�

$
*2g

�
��*2yW

�
gyW> +5;,

iru q vx!flhqwo| odujh1 Frqvlghu[
&�

� � �
[
&g

m�m�*2
g\
�'�

�]
"
�&�

&�
*2

�
�
�*2
�� yW&�

�
gyW&�

�
= +5<,

Wkh gl�huhqfh ehwzhhq +5;, dqg +5<, lv

[
&�

� � �
[
&g

m�m�*2
] #

g\
�'�

"
�&�

&�

$
*2g

�h��*2yW
��

h{s

�
�4

5
yW��yW

�
� 4

�
gyW= +63,

Iru dq| srvlwlyh lqwhjhu u/ wkh phdq ydoxh wkhruhp lqglfdwhv wkdw
���h� �So3�

|'f x
|@w$

��� �
mxmo h���@u$/ iru doo x= Iru doo % A 3 wkhuh h{lvwv F0 ? 4 vxfk wkdw mxmo � F0h

��� iru
doo x= Iroorzlqj +5:,/ fkrrvh q vr odujh wkdw

����� ? %> zkhuh n�n lv wkh Hxfolghdq

qrup/ wkdw lv/ h{s
�
�
2

��yW��yW
��� � h{s

�
�
2% nyWn2

�
= Djdlq xvlqj +5:,/

��yW��yW
�� @

r
�
p3�*23{ nyWn2

�
xqlirupo| lq yW= Wkxv�����h{s

�
�4

5
yW��yW

�
�

o3�[
|'f

���
2y

W��yW
�|

w$

����� @ r
�
p3o*23o{ h{s

�
% nyWn2

��
>

dv q $ 4> xqlirupo| lq yW= Wkxv wkh gl�huhqfh ehwzhhq +63, dqg

[
&�

� � �
[
&g

m�m�*2
] #

g\
�'�

"
�&�

&�

$
*2g

�h��*2yW
� o3�[
|'�

���
2y

W��yW
�|

w$
gyW +64,

lv

r

3Cp3o*23o{[
&�

� � �
[
&g

m�m�*2
] g\

�'�

���"�&�

&�

��� h{s��4

5
yW�

�h�� %L2g
�
yW
�
gyW

4D =

+65,

6<



Lq ylhz ri +59,/ m�m @ R +4, > zkloh �
2y

W�
�h�� %L2g

�
yW A �

2� nyWn2 iru vrph � A 3=

Ehfdxvh n"&n � p3�*2 md&m nX&n > zh ghgxfh iurp wkh �qlwhqhvv ri wkh prphqwv ri doo
rughuv ri wkh orj ri d fkl0vtxduhg yduldwh wkdw +65, lv r

�
oqg c �pg3�*23o*23o{� $ 3

rq fkrrvlqj u @ pd{ +5N �Q> 4, =
Qrz +64, pdnhv d frqwulexwlrq rqo| zkhq vxfk u � 5> zklfk rffxuv rqo| zkhq

5N �Q � 5= Ohw G eh wkh qxpehu ri Q&� zklfk htxdo 41 Fohduo| G � 5N �Q> wkdw
lv/ G A w iru w @ 4> ===> u� 4 @ 5N �Q � 4 lq +64,1 Qrwh wkdw yW��yW lv elolqhdu lq wkh
yW&� dqg iru hdfk w @ 4> ===> u � 4> khqfh

�
yW��yW

�|
fdqqrw lqyroyh pruh wkdq w ri wkh

yW&� = Wkh fruuhvsrqglqj w ru ihzhu n� fdq ryhuods zlwk wkh Gn� iru zklfk Q&� @ 4> exw
ehfdxvh G A u � 4> wkh +n�> ===> ng > w,�wk vxppdqg lq +64, fdq eh zulwwhq

m�m�*2
(3|\
�'�

�]
"&�*2

�
�
�*2
�� yW&�

�
gyW&�

�
+66,

�
] ��4@5yW��yW

�|
w$

#
g\

�'(3|n�
"
�&�

&�
*2

�
�
�*2
�� yW&�

�
gyW&�

$
= +67,

AIurp +5:,/

*2

�
�
�*2
�� yW&�

�
@ *2

�
U3�*2yW&�

��
4 . r

�
p3�*23{

���yW&���2� > +68,

xqlirupo| lq yW&� dqg
U
"&*2

�
U3�*2yW&

�
gyW& @ 3= Iru doo srvlwlyh s dqg t> xqlirupo| lq

n> ] ���p�*2"&

���R nyW&n^ *2

�
U3�*2yW&

�
gyW& @ R +md&mR, =

Wkxv +66, lv r
�
p3E(3|�3{E(3|�T(3|

�'� md&� m
�
dqg +67, lv r

�
p3|3E�3(�*23|{Tg

�'(3|n� md&� m�&�

�
=

Lw iroorzv iurp wkh wklug sduw ri +47, wkdw +64, lv r
�
oqg c �pg3�*23(*23{(� $ 3

dv q $ 41 Wkxv/ zh kdyh vkrzq wkdw +63, $ 3 dv q $ 4= Qrz iurp +5:,/
m�m @ mUm3g . r

�
p3�*23{� dqg

mUm3�*2
]

"
�&�

&�
*2

�
�
�*2
�� yW&�

�
gyW&� @ �

+�&�,
&�

�
4 . r

�
p3�*23{

��
>

zkhuh �
ER�
& @ mUm3�*2 U "R&*2

�
U3�*2yW&

�
gyW&= Wkh gl�huhqfh ehwzhhq +5<, dqg[

&�

� � �
[
&g

g\
�'�

�
+�&�,
&�

+69,

lv uhdglo| vhhq wr eh r
�
oqg c �pg3�*23E�*2�4@ E�c(�3{� xvlqj +68,/ dqg xvlqj N �

Q@5�G@5 � 3 zkhq G � 4 dqg N � Q@5 zkhq G @ 3= Krzhyhu/ +69, lv

H

57[
&�

� � �
[
&g

g\
�'�

�
d&�Z&�

p�*2

��&�

68 =

Wkhuhiruh/ zh kdyh vkrzq wkdw wkh prphqwv ri
S

& "& gl�hu qhjoljleo| iurp wkrvh
ri wkh yduldwh p3�*2S

& d&Z&> zklfk frqyhujhv lq glvwulexwlrq wr Q
�
3> #� +4,

�
xsrq

dsso|lqj +47,/ Z& � llg
�
3> #� +4,

�
dqg wkh Olqghehuj0Ihoohu FOW1

73



:143 Surri ri Ohppd 815

Zh dgrsw wkh dujxphqw iurp KGE/ wkhruhp 51 Ohw

p3�*2
u[
�'f

[
trGbrM���

%r�
�
[r� �[ ��

� � W� . W2 . W�>

zkhuh

W� @
4

p�*2

*?H6[
r'�

%rf
�
[rf �[ �f

�
>

W2 @
4

p�*2

6f�DnB[
r'�n*?H6

%rf
�
[rf �[ �f

�
>

W� @
4

p�*2

6[
r'�n6f�DnB

%rf
�
[rf �[ �f

�
.

4

p�*2

u[
�'�

[
trGbrM���

%r�
�
[r� �[ ��

�
>

zkhuh 3 ? � ? 3=8= Qrwh wkdw wkh frqglwlrq uhtxluhg iru wkhruhp 5 ri KGE/ l1h1/
p @ r

�
qe*D

�
> lv vdwlv�hg e| rxu dvvxpswlrq1 KGE vkrz wkdw W� @ rR +4, dqg

W2 @ rR +4, =
Zh qrz suryh wkdw W� lv dv|pswrwlfdoo| qrupdo1 Ohw

Xr @ oq Lr � oq i�� +3,� #� +4, . 5g oq�r>

dv gh�qhg lq Htxdwlrq +5/7, ri Urelqvrq +4<<8,1 Wkhq zh kdyh

Xr @ %r . oq

�
i�� +�r,

i�� +3,

�
� 5g oq

� m4� h{s +�l�r,m
�r

�
>

zkhuh %r @ %r= +zh gurs wkh vhfrqg vxevfulsw ri %r� ,1 Khqfh/

W� � W�� . W�2 . W��>

zkhuh

W�� @
4

p�*2

6[
r'�n6f�DnB

Xr
�
[rf �[ �f

�
.

4

p�*2

u[
�'�

[
trGbrM���

Xr�
�
[r� �[ ��

�
>

W�2 @ � 4

p�*2

6[
r'�n6f�DnB

oq

�
i�� +�r,

i�� +3,

��
[rf �[ �f

�
� 4

p�*2

u[
�'�

[
trGbrM���

oq

�
i�� +�r,

i�� +3,

��
[r� �[ ��

�
>

W�� @
5g

p�*2

6[
r'�n6f�DnB

oq

� m4� h{s +�l�r,m
�r

��
[rf �[ �f

�
.

5g

p�*2

u[
�'�

[
trGbrM���

oq

� m4� h{s +�l�r,m
�r

��
[r� �[ ��

�
=

74



KGE vkrz wkdw wkh �uvw whup ri W�2 lv r +4, dqg oq ii�� +�r, @i�� +3,j @ R
�
v2@q2

�
xqlirupo| iru 4 � v � p oqP 1 Khqfh wkh vhfrqg whup lv/ e| v @ R +pm, >

R

3C 4

p�*2

u[
�'�

[
trGbrM���

v2

q2
�
[r� �[ ��

�4D @ R

3C 4

p�*2

u[
�'�

[
trGbrM���

v2

q2
4

m

4D
@ R

3C 4

p�*2

u[
�'�

[
trGbrM���

mp2

q2

4D
@ R

�
p2�DO2

q2

�
>

zklfk lv r +4, e| pD @ R
�
qe3D0

�
dqg O @ R +oqP, = Khqfh/ W�2 @ r +4, =

KGE vkrz wkdw wkh �uvw whup ri W�� lv r +4,1 Iru wkh vhfrqg whup/ iurp wkh surri
ri ohppd 615+e,/ zh kdyh iru p � v � p +O. 4,

oq
���4� h�br

��� @ �4

5
[r� @ oq�r .R

�
m2

P2

�
>

xqlirupo| lq v= Khqfh/

oq

� m4� h{s +�l�r,m
�r

�
@ R

�
m2

P2

�
>

xqlirupo| lq v= Wkxv/ wkh vhfrqg whup

5g

p�*2

u[
�'�

[
trGbrM���

oq

� m4� h{s +�l�r,m
�r

��
[r� �[ ��

�

@ R

3C 4

p�*2

u[
�'�

[
trGbrM���

m2

P2

4

m

4D
@ R

�
pO2

p�*2P2

�
@ R

�
p2�DO2

q2

�
@ r +4, =

Wkxv/ W�� @ r +4, =
Ilqdoo|/ zh qhhg wr suryh wkdw

W�� @
4

p�*2

6[
r'�n6f�DnB

Xr

�
[rf �[ �f

�
.

4

p�*2

u[
�'�

[
trGbrM���

Xr�

�
[r� �[ ��

�
_$ Q

�
3> 7�2 +4 . �, @9

�
=

Iru v @ 4.pf�DnB> ===>p/ KGE vkrz wkdw
�
[r� �[ ��

�
@7 vdwlv�hv wkh frqglwlrq +47,

ri ohppd 8151 Iru v @ p. 4> ===>p +O. 4, > zh fdq xvh wkh dujxphqw lq wkh surri ri

75



ohppd 615 wr rewdlq

��[r� �[ ��

�� @ R +4@m, @ r +p, >
4

7�

u[
�'�

[
trGbrM���

�
[r� �[ ��

�2 � p>

dqg

u[
�'�

[
trGbrM���

��[r� �[ ��

��R @ u[
�'�

[
trGbrM���

R

�
4

mR

�
@ R

3C u[
�'�

p

mR

4D @ R +p oqO, =

Khqfh
�
[r� �[ ��

�
@7 +4 . �, > v @ 4 .pf�DnB> ===>p +O. 4, > vdwlv�hv wkh frqglwlrq

+47, ri ohppd 8151 Dovr oqP vdwlv�hv wkh frqglwlrq iru c lq Ohppd 815/ ehfdxvh
c2p2pf�Dn{@q2 @ R

�
q32�D0p{ oq2P

� $ 3 e| d surshu fkrlfh ri� dqg oqg oqP@p{ $
3 iru dq| N A 3=
Wkhuhiruh/

4

p�*2

6[
r'�n6f�DnB

Xr
�
[rf �[ �f

�
.

4

p�*2

u[
�'�

[
trGbrM���

Xr�
�
[r� �[ ��

� _$ Q
�
3> 7�2 +4 . �, @9

�
=

:144 Surri ri Wkhruhp 816

Ohw

p�*2
�eg� g

�
@

p�*2
Su

�'f

S
trGbrM��� �r�

�
[r� �[ ��

�
Su

�'f

S
trGbrM���

�
[r� �[ ��

�2
.

pSu
�'f

S
trGbrM���

�
[r� �[ ��

�2
Su

�'f

S
trGbrM��� %r�

�
[r� �[ ��

�
p�*2

@ Y� . Y2=

Qrz

Y� @ R

#
p�*2

p

p�

q2

$
@ R

#
pD*2

q2

$
@ r +4, >

Y2 @
p

7 +4 . �,p. r +p,

Su
�'f

S
trGbrM���

�
[r� �[ ��

�
%r�

p�*2

_$ Q

�
3>

�2

57 +4 . �,

�
>

jlylqj wkh uhtxluhg uhvxow1

76



Uhihuhqfhv

^4` Gdylhv/ U1 E1/ dqg G1 V1 Kduwh +4<;:, �Whvwv iru Kxuvw H�hfw1� Elrphwulnd :7=
<804341

^5` Jhzhnh/ M1/ dqg V1 Sruwhu0Kxgdn +4<;6,1 �Wkh Hvwlpdwlrq dqg Dssolfdwlrq ri
Orqj Phpru| Wlph Vhulhv Prghov1� Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 7= 55406;1

^6` Judgvkwh|q/ L1 V1/ dqg L1 P1 U|}kln +4<98,1 Wdeohv ri Lqwhjudov/ Vhulhv dqg Surg0
xfwv1 Qhz \run/ Dfdghplf Suhvv1

^7` Kxuylfk/ F1 P1/ dqg N1 L1 Ehowudr +4<<7,1 �Dxwrpdwlf Vhplsdudphwulf Hvwlpdwlrq
ri wkh Phpru| Sdudphwhu ri d Orqj0Phpru| Wlph Vhulhv1� Mrxuqdo ri Wlph Vhulhv
Dqdo|vlv 48= 5;806351

^8` Kxuylfk/ F1 P1/ U1 Ghr/ dqg M1 Eurgvn| +4<<;,1 �Wkh Phdq Vtxduhg Huuru ri
Jhzhnh dqg Sruwhu0Kxgdn*v Hvwlpdwru ri wkh Phpru| Sdudphwhu ri d Orqj0
Phpru| Wlph Vhulhv1� Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 4<= 4<0791

^9` N qvk/ K1 +4<;9,1 �Glvfulplqdwlrq ehwzhhq Prqrwrqlf Wuhqgv dqg Orqj0Udqjh
Ghshqghqfh1� Mrxuqdo ri Dssolhg Suredelolw| 56= 43580631

^:` Urelqvrq/ S1 P1 +4<<8,1 �Orj0Shulrgrjudp Uhjuhvvlrq ri Wlph Vhulhv zlwk Orqj
Udqjh Ghshqghqfh1� Dqqdov ri Vwdwlvwlfv 56= 437;0:51
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; Prqwh Fduor vlpxodwlrq uhvxowv

Wdeoh 61 J ++d�> d2, @ +�3=8> 3=3,, > g @ 3=6

ELDV YDU PVH ELDV YDU PVH ELDV YDU PVH
q @ 533 +p @ 64, q @ 833 +p @ 89, q @ 4333 +p @ ;<,egC�M 0313554 313489 313494 03134<3 3133:6 3133:: 313585 313398 3133:4egRJJ,e_ 03138;3 31347; 3134;5 0313733 3133:4 3133;: 31349: 31339; 3133:3egC�M+6p, 0316575 313384 314435 031476< 313353 31355; 0313;33 313347 3133:;egRJJ,e_+p, 313<4; 31397: 313:64 313579 3134:9 3134;5 31353: 3133<5 3133<9

Wdeoh 71 K ++d�> d2, @ +3=3> 3=3,, > g @ 3=6

ELDV YDU PVH ELDV YDU PVH ELDV YDU PVH
q @ 533 +p @ 64, q @ 833 +p @ 89, q @ 4333 +p @ ;<,egC�M 313359 313487 313487 0313368 3133:6 3133:6 313676 313398 3133::egRJJ,e_ 31334< 31347; 31347; 0313379 3133:4 3133:4 3136:7 313399 3133;3egC�M+6p, 03137:; 313383 3133:6 031344; 313354 313355 0313348 313347 313347egRJJ,e_+p, 3144:7 313:3; 313;79 313656 3134:: 3134;: 3135:; 3133<9 313437

Wdeoh 81 L ++d�> d2, @ +3=8> 3=3,, > g @ 3=6

ELDV YDU PVH ELDV YDU PVH ELDV YDU PVH
q @ 533 +p @ 64, q @ 833 +p @ 89, q @ 4333 +p @ ;<,egC�M 3149<: 31348; 313779 313<65 3133:8 313495 313<<5 313398 313496egRJJ,e_ 314<69 313485 31385: 314536 3133:5 31354: 3145;4 313399 313563egC�M+6p, 316493 31337< 31437: 315;;; 313354 313;88 315794 313347 313953egRJJ,e_+p, 31538< 313:45 314469 313:<6 3134:7 31356: 3138<6 3133<: 313465
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Wdeoh 91 D ++d�> d2, @ +�3=9>�3=9,, > g @ 3=6

ELDV YDU PVH ELDV YDU PVH ELDV YDU PVH
q @ 533 +p @ 64, q @ 833 +p @ 89, q @ 4333 +p @ ;<,egC�M 0313<;; 313484 31357< 031386< 3133:6 313435 313396 31339: 31339:egRJJ,e_ 031495< 31347; 313746 0314573 3133:3 313557 03136:9 31339; 3133;6egC�M+6p, 0318575 313375 315:;< 0317<<3 313353 315843 0315;;9 313348 313;7;egRJJ,e_+p, 313685 31386< 313885 313385 3134:3 3134:3 3133<9 3133;< 3133<3

Wdeoh :1 E ++d�> d2, @ +3=9>�3=9,, > g @ 3=6

ELDV YDU PVH ELDV YDU PVH ELDV YDU PVH
q @ 533 +p @ 64, q @ 833 +p @ 89, q @ 4333 +p @ ;<,egC�M 03156:9 313485 313:4: 03143:< 3133:7 3134<3 0313594 313399 3133:6egRJJ,e_ 03145;9 31347: 313646 0314336 3133:4 3134:4 03136;7 31339: 3133;5egC�M+6p, 3149<5 313375 31365; 0313;54 313354 3133;; 03156;7 313347 3138;5egRJJ,e_+p, 31345: 313:64 313:65 0313489 3134;4 3134;6 0313344 3133<7 3133<7

Wdeoh ;1 F ++d�> d2, @ +4=3>�3=9,, > g @ 3=6

ELDV YDU PVH ELDV YDU PVH ELDV YDU PVH
q @ 533 +p @ 64, q @ 833 +p @ 89, q @ 4333 +p @ ;<,egC�M 03157:; 313486 313:9: 03148:7 3133:7 313655 03138;8 313399 313434egRJJ,e_ 0314683 31347; 313663 0313937 3133:5 31343; 03134:< 313399 31339<egC�M+6p, 317:;6 313384 31566< 315894 313354 3139:: 313968 313348 313388egRJJ,e_+p, 31334; 313:5; 313:5; 0313686 3134;: 313533 0313488 3133<7 3133<9
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