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and a class of estimates d (¢) and g that depend on a subset of m — ¢ frequencies.
Under the rate condition %4—% — 0, the regression effectively uses O(m) periodogram
ordinates as n — oo.

The heuristic motivation for this regression is based on the idea that the errors
U (Xs) in (2) would be asymptotically independent across frequencies if the spectrum
fxx(X\) were bounded. But, in the present case that is not so, and the errors U(\s)
are asymptotically correlated as shown by Kiinsch (1986), a feature that suggests
the trimming of some (/) observations away from the origin. Robinson (1995) proved
that d () is consistent and asymptotically normally distributed under some additional
conditions on ¢,m, and n. Hurvich, Deo, and Brodsky (1998) derived the asymptotic
bias, variance, and the mean squared error of d (0), the original GPH estimator, and
showed under some stronger conditions on m,n, and fu, (A) that

\/E@(O) —d) —>dN<O,72T—z>.

The GPH estimator achieves consistency and asymptotic normality by using only
m periodogram ordinates at frequencies A = 27/n, ...,27m/n with m/n — 0. The
truncation at A, implies that as n increases, the estimator uses a smaller and smaller
proportion of the full frequency band [0,7], so that the effective band shrinks to
the origin. The shrinking process is deliberate in the design of the GPH estimator
because, given the nonparametric specification of fy, (A), it is natural to confine
attention in the regression to an immediate neighbourhood of the origin A ~ 0,
because in this case (1) has the simpler asymptotic form fxx (A) ~ A"2¢G as A — 0+,
with G = fu,(0) constant. However, as is apparent from (2), the periodogram at
higher frequencies A\ (s = m+1, .., [n/2]) continues to contain some information about
d, although the intercept involves f,,, (As) and will now vary over frequency bands to
the extent that fy, (A\) is not constant. This intuition indicates that conventional log
periodogram regression may discard some information in the data and gains may be
achieved by using more frequency bands while at the same time allowing for variation
in fuu (A).

Accordingly, we now propose a new procedure for estimating d that builds on
this idea. The method is a pooled log periodogram regression that is taken over the
wider band of frequencies \; = %, s=1,...,mL with L — oo and mL/n — 0. This
method corrects for variation in the regression intercept by taking subgroup means in
the regression, so that it allows that the error spectrum f, (A) may be nonconstant
across bands. The new estimator treats In (fu, (As)) in (2) as an infinite dimensional
nuisance parameter appearing in the regression intercept. The approach taken is then
analogous to the treatment of fixed effects in panel data regression. The estimator of
d pools the information about d obtained within each (shrinking) band over which the
error spectrum is effectively constant as n — oo. We therefore call the new estimator
a pooled log periodogram regression estimator.

The pooled estimator is shown to be consistent and asymptotically normally dis-
tributed. The pooled estimator has a smaller asymptotic variance than the GPH
estimator, reflecting the greater number of periodogram ordinates used in the regres-
sion, but it also has larger asymptotic bias because of the nonconstancy of fu,, (A).



Simulations show that in finite samples the pooled estimator performs substantially
better than the GPH estimator when f,, () has spectral peaks near the origin. On
the other hand, the pooled estimator generally performs worse than the GPH estima-
tor when fy,, () changes monotonically from A = 0 to A = 7, although the difference
is small.

The paper is organized as follows. The new estimator is constructed in Section
2. Section 3 gives assumptions and derives some preliminary asymptotic results.
Section 4 proves consistency of the pooled estimator and derives its asymptotic mean
squared error. Section 5 demonstrates asymptotic normality. Section 6 discusses the
optimal choice of m. Section 7 discusses the simulation results and gives an empirical
illustration. Proofs are collected in Section 8.

2 Pooling Log Periodogram Ordinates in Regression

The idea of pooling ordinates in log periodogram regression can be explained as
follows. First, we use an alternate form of the log periodogram representation, viz.

In(Lex (W) = 10 (fuu(A) +1n [1 =™ 41 <—IXX “8)) 4)

Txx (Ns)
it (B o (25)

which allows for periodogram ordinates Az in the neighbourhood of a set of frequencies
wj; for j =0,1,...M — 1, where M is a parameter that determines the total number
of distinct bands.

The implied log periodogram relation is now

In (Ixx (As)) = In (fuu (w;)) — 2dIn ‘1 —e™| LV (), A €B; (5)
where
Vo =m (A5 ) i (20).
and

B[l — g <A <wi+ o), wy =800 =1, M -1
TN <A < B, w=0,j=0

are the frequency bands, which are of width ;. We compute the regressor sequence
in (5) using }1 — eihs|? = 4sin? (/\—23) and do not use the conventional replacement
‘1 —es)? A2, which is appropriate only for A, in the vicinity of the zero frequency.

We propose to estimate the parameter d in (5) by linear regression using (L + 1)
bands By, ..., B, where L is a number such that L — oo and L/M — 0. Thereby we
remove the intercept in the regression by pooling observations over bands to fit d.

Write (5) as

Y;jzluj—l-dij—I—nsj +5sj S:l,...,m;j:O,l,...,L (6)
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Ysj = IH(IX)(()\S)), /\SEB]'

X = —21n’1_ei)‘s =—In [451112 (%)} =—In(2—-2cos)X;), s €DBj
uu AS
Nsj = In <£U—Ew];> =In fuy (AS) —In fuu (wj) » As € Bj
o (Ixx (As)) '
Esj = 1 <fXX ()\S)> w(l)a )‘SeBJ

By = In (fuu (wj)) + 1/’ (1) 5

where 1 (1) = I'" (1) = —y and 7 = 0.57721566... is Euler’s constant.
The pooled estimator d is given by the formula

S0 gsneny (Yos = Yg) (Xog =X35) 50D (snveny) Yoi (Xoj — X )
— o

d= — —
Zf:o Z{S:)\SEB]'} (ij - X-j)2 Z]I'/:O Z{S:/\SEBj} (ij - XJ)

(7)

where

{s:As€Bj} {s:Xs€Bj}
_ 1 1 s
X; = - Xgj = —— Z In [lein2 (—)}
{s:Xs€Bj} {s:As€B;}

Note that the estimator d uses data over an increasing number of frequency bands,
not just those frequencies in By. The estimator still uses frequencies only in the vicin-
ity of the origin because mL/n — 0. In other words, the pooled estimator retains
semiparametric nature of the log periodogram regression while using increasing num-
ber of bands. Subgroup means are subtracted in order to allow for the fact that the
intercept p; may change over frequency bands j =0, ..., L.

Combining equations (6) and (7) gives the estimation error

Zf:o Z{S;ASij} Ts; (ij B Y-J') + Z;TJZO Z{S:AsGBj} Csj (XSj - X
Z]I'/:O Z{S:/\SEBj} (ij - Y-J‘)Q

The idea of pooling ordinates over the bands Bj; while allowing for variation in
the spectrum across bands can be applied to other semiparametric estimators of
the long memory parameter d. In particular, it is readily implemented in the case
of the local Whittle estimator suggested by Kiinsch (1986) to give a pooled Whittle
estimator. Our attention in the present paper, however, will be confined to the pooled
log periodogram procedure.

d—d= 8)



3 Assumptions and Asymptotic Results

To establish a limit theory for the pooled estimator, many of the results in Robinson
(1995) and Hurvich, Deo, and Brodsky (1998) are relevant, and our approach draws
substantially on their earlier work. We start by introducing the following assump-
tions.

i m_ 1
Assumption 1 m — 0o, n — 00, ' = 537 — 0.

y 2
M_’_mlnm_’_lnn

Assumption 2

Assumption 3 f,,(0) = 0, fuu(w) > Bo > 0, |f (W)| < By < o0, [fily (W)] <
By < oo, |fll! (w)] < B < 00 Yw € [0,7].

3.1 Remark In what follows, it will be taken as a convention that n = 2mM
holds exactly with both m and M integers (so that n is even). The convention is
convenient, but not essential in what follows, and M is simply defined by the ratio

M = -2 when n is odd. Any particular choice of m and expansion rate for m affect

 2m
the bandwidth 17, its rate of contraction, and the number of bands in the regression.
The rate condition in Assumption 2 controls the relative rates at which m, M, and
n — oo. Assumption 3 implies that fy, (w) is bounded away from zero and smooth

with finite third derivative, much as in Hurvich et al. (1998).

3.2 Lemma For a number { such that £ — oo and €°>/M* — 0, the following results
hold:

2
(a) Z{S:ASGBO} (ij - XJ) =4m+o (m) .
_ 2 —
(0) 351 Y ganen,y (Xoj = X )" =4mE+o0(m),
where = = 3% [—j G+1)(n(+1)—nj)?+ 1} = 0.0803.

3.3 Lemma For a number ¢ such that (/M — 0,

¢
— 2r2 f (0) m3¢ m3¢
S X (% - X))

J=0 {s:Xs€B;}

3.4 Remarks
(a) The GPH estimator involves regression only over the band By. In place of (8)
it satisfies

D tsaeeBoy Msj (Xsi = X ) + X penseno) €5 (Xsj — X j)

Z{S:ASGBO} (ij - 7-J')Q

)

dapy —d =



L = 2 in the construction of the pooled estimator. Although the pooled estimator
requires a slightly stronger condition on m for asymptotic normality than the GPH
estimator (specifically, m = O(n%%) rather than m = o(n?)), we use the same m for
comparison because m is rarely chosen to be as large as n5 in practice.

6.1 Simulations over the (a;,a;) plane

First, we report some comprehensive simulations over the (a1, az) parameter space, so
that the effect of spectral shape on performance can be assessed. We take the region
of the (a1, a2) plane for which wu; is stationary and use a grid with a step size of 0.1
in this plane. The bias, variance, and mean squared error (MSE) were computed
using 1,000 replications. Sample size and long memory parameter were chosen to be
n = 500 and d = 0.3, respectively. A second experiment, reported below, looks at
performance for different values of n.

For the GPH estimator, we used the regressor X; = —2In (), instead of the
exact regressor —In (4 sin? (A, /2)) , as is common practice, and in our simulations
the former regressor generally gave better results for the parameter values considered.
The variances of the estimators were very similar and seemed to vary little across the
different parameter values. Hence, most of the variation that appears in the MSE is
due to differences in bias.

Figures 1 and 2 plot the MSE’s. When a1 and as are close to the line a; +as = 1,
the MSE of both estimators becomes quite large. The MSE of the GPH estimator
has a particularly large spike when a1 is large and as is small. The MSE of the
pooled estimator also has a spike, although the magnitude of the spike is substantially
smaller than that of the MSE of the GPH estimator. The MSE of the GPH estimator
decreases monotonically as a; decreases, whereas the MSE of the pooled estimator
has small bumps, especially when as is small and negative.

To obtain a better idea of the differences between the two estimators, a contour
plot of the MSE difference (MSE(GPH)—MSE(pooled)) is displayed in Figure 3. In
general, the difference is small when it is negative, except in the area near the line
a1 + ag = 1. As expected from Figures 1 and 2, the difference is large when a; is
large and ap is small. Figure 4 shows a contour plot of the logarithm of the relative
efficiency (= logy (MSE (GPH) /MSE (pooled))) . The area of the (a1, az2) plane in
which the MSE of the pooled estimator is smaller than that of the GPH estimator (i.e.,
the logarithm of the relative efficiency is greater than 0) is not very large. Because
the pooled estimator has a larger MSE than the GPH estimator when the MSE of
both estimators is small, the magnitudes of positive and negative relative efficiency
are roughly equal to each other.

Figure 5 plots the spectral density of u; for some of the more important parameter
combinations in Figures 3 and 4. The values of a1 and as at these points are given in
Table 2. At the points where the pooled estimator has a substantially smaller MSE
than the GPH estimator, such as at B, C, and E, the spectral density has a peak near
the origin. At the points where the spectral density has a peak away from the origin
or changes monotonically, such as at A, D, and I, the GPH estimator has a smaller
MSE than the pooled estimator. At the points F and L, where both estimators have
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Figure 1: MSE of the GPH estimator (d = 0.3,n = 500, m = 56)

Figure 2: MSE of the pooled estimator (d = 0.3,n = 500, m = 56)
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Figure 3: MSE(GPH)—MSE(pooled) (d = 0.3,n = 500, m = 56)
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Figure 5: Spectral densities for several AR(2) processes

quite large MSE, the spectral density decreases sharply from the origin. Because the
slope of the periodogram around the origin contains the strongest signal for both the
GPH estimator and the pooled estimator, this result is hardly surprising, and neither
procedure can be expected to work well. At point H, where u; is a white noise, both
estimators have similar MSE. The shape of the spectral density far away from the
origin does not affect the MSE substantially, as indicated by the results on the points
G and J.

Table 2. The values of a; and as at the points A-L

A B C D E F G H 1 J K L
ag -06 06 10 -05 05 10 -05 00 05 -04 00 04
a -06 -06 -06 -03 -03 -03 00 00 00 03 03 03

In sum, the pooled estimator has the advantage of being robust to the presence
of a peak in the error spectrum fy,, (A) and produces substantial reductions in both
bias and MSE when the peak is close to the regression frequency band. In such cases,
of course, it is the peak in the short memory spectrum that exacerbates the bias in
the GPH estimator.
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6.2 Detailed simulation for several pairs of parameter values

For several points in Figures 3 and 4, we conducted a more detailed simulation cov-
ering different sample sizes'. Tables 3-5 show the simulation results for parameter
combinations G, H, and I from Table 2, for which as = 0 and u; follows an AR(1)
process. In general, for AR(1) processes with a; # 0, cfpooled (the second row) is more
biased than dapg (the first row). The increase in the bias occurs because fy,, (N)
is monotonically increasing (decreasing), and the bias effect of the nonzero slope of
fuu (A) on the estimator is accumulated across bands in the case of the pooled es-
timator dpooted, as is apparent from the asymptotic formula (11). The variance of
the two estimators are almost equal. MSE(CTPOO;ed) is similar to MSE(C/Z\GPH) when
a1 = 0, whereas the pooled estimator has a larger MSE than dGPH when a1 = £0.5.
The difference in the MSE is smaller when a; is negative because the slope of fy,, (A)
changes primarily where A is far from the origin, and the effect of the shape of fy,, (A)
far away from the origin is smaller. Thus, for AR(1) errors it appears that the GPH
estimator is generally better than the pooled estimator in finite samples. The dif-
ference in the MSE is small when n = 1000, however, because the frequency band
[0, A] becomes narrow relative to [0, 27] .

Tables 6-8 show simulation results for the parameter combinations A, B, and C, for

which the spectral density of u; has a peak at the frequency ), = arccos {—al 140‘;2

The values of A, are 1.98 (~ 0.637), 1.16 (~ 0.377), and 0.84 (~ 0.277/) at A, B,
and C, respectively. The simulation results for these parameter combinations are
very different from the case of AR(1) errors. Now, the performance of the estimators
depends very much on the location of the peak in the spectrum fy,(\) relative to
the frequency band being used in the regression. When the peak in the spectrum is
near the frequency band [A1, A, as it is for B and C with n = 200 and 500, the
estimator dGPH appears to be severely biased, and the pooled estimator dpoo;ed has
much smaller bias than dGPH (see Tables 7 and 8). On the other hand, at A, the
peak in the spectrum of f,, () is far from the origin, and fy, (A) is close to constant
around the origin. In this case (see Table 6), the bias of dgpy is relatively small,
and c?pooled has a larger bias. In all cases, although the variance of cfpooled is smaller
than that of C/{GP H, the difference is not substantial. In terms of MSE, at parameter
combinations B and C and for n = 200 and 500, MSE( pooled) is decisively smaller
than MSE(dGPH) due to the bias reduction. However, at A, dpooled has a larger MSE
than dGPH because of its larger bias. When n = 1000, the difference between the
two estimators becomes smaller.

In the simulations above, the pooled estimator uses a total m (L +1) = 3m
frequencies, while the GPH estimator uses m frequencies. We examine the effects
of using the wider frequency band on the GPH estimator and see how this affects
the comparison of the two estimators. The third row of Tables 3-8 reports results for
C/Z\GPH (3m) , the GPH estimator using 3m frequencies. Using 3m frequencies in GPH

We report only the case d = 0.3, because the results for different memory parameter values are
very similar.
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leads to a dramatic increase in bias except for the parameter combinations H (where
fuu (A) is constant) and B with m = 200 and 500. The results in Tables 3, 5, 6, and
8 reveal that the GPH estimator based on the wider frequency band is very sensitive
to the shape of the spectrum f,, (A) around the origin and is generally much inferior
to the pooled estimator. On the other hand, using only m frequencies, dividing
the frequency band [\1, A,] into bands and applying the pooled estimator does not
provide a superior pooled estimator. The fourth row of Tables 3-8 shows results for
dpooled(m), the pooled estimator that uses only m frequencies in total and two blocks,
each block containing [m/2] frequencies. Evidently, the increase in variance in this
case more than offsets the reduction of bias.

In sum, the pooled estimator has advantages over the GPH estimator in finite
samples, because the use of a wider frequency band (m (L + 1) rather than m) makes
it less sensitive to the presence of peaks in the underlying spectral density fy. (A\) . At
the same time, it avoids the extremely large bias that is typical of the GPH estimator
when a wide frequency band is employed. Therefore, it provides us with an alternate
way of using a wider frequency band in log periodogram regression and a way to use
more information, making the estimator more robust to various shapes in the short
memory spectrum. In so doing, it can lead to substantial bias and MSE reductions
when f,,, (A\) has peaks that are close to the regression frequency band. On the other
hand, it suffers from a mild bias increase when the error spectrum fy,(A) changes
monotonically, as it does in the case of AR(1) errors.

6.3 Empirical illustration

The methods were applied to US inflation series and stock returns. The inflation
series constituted 624 observations of the monthly CPI inflation rate over the period
1947:1-1999:2; and the stock return series involved 3600 observations of the absolute
value of returns on the daily S&P500 stock index from January 1979 to October
1992.2 The first panel of Figure 6 graphs each series. The second panel of Figure 6
plots dGP g and dpooled for different values of m. (Specifically, m = n%2, ..., n%6
used).

The value of the both estimator changes as m increases, although the pooled esti-
mator appears to have a less sharp peak. The estimates of the memory parameter for
inflation are in the region (0.4, 0.8), indicating marginal nonstationarity of inflation.
Those for stock return magnitudes are around 0.3, indicating stationary long range
dependence.

The first panel of Figure 7 shows the residual fractionally differenced series Uy =

were

(1— L)% X;, where d is the pooled estimate with m = n%5. The spectral density
estimates of 7, are displayed in the second panel of Figure 7, using dGPH and dpooled
estimates calculated with m = n%35,

?The inflation series were computed as X¢ = 100A [log (z¢)], where x; is the US monthly CPI,
over the period from January 1947 to February 1999. The stock return series were computed as
X: = 100 |A (log (z¢))|, where z; is the S&P 500 stock price index from January 1979 to October
1992.
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In both cases, the empirical estimates of the spectral density of u; appear to
have more power concentrated at higher frequencies. This is partly explained by the
natural tendency of the GPH estimator to attribute power in the periodogram at
lower frequencies to the long memory parameter d. The estimates of fy,, (0) implied
by the pooled estimator of d are higher than those obtained from the GPH estimator
for the inflation series and lower for the stock return series. In other respects, the
spectral densities estimates are very close.

7 Appendix: Proofs

7.1 Proof of Lemma 3.2

(a) j=0
Assumptions 1 and 2 yield

{S:ASEB()}

Y (X, -X,)' = 42 (1n)1 Y

1 & ,
——E ln)l—eMS
m
s=1

) =4m+o(m),

as shown in lemma 1 of Hurvich and Beltrao (1994).



(b) 1<j5<¢
Taylor expansion gives, as in Hurvich and Beltrao (1994)

L2
‘l—e’/\s =2(1 —coss) = Mcos&,, 0<E& <A,
and
1 1
—§ij = ln)\5+§1ncosfs, As € Bj
52
= ln)\s—m, O<Qs<€s
2

_ 2\ _ J
= 1H)\S+O(fs)—1n/\s+0<m>,

for a sufficiently large n, because ¢/M — 0 implies Qs — 0, and (cos? Qs)_l =0(1)
follows. Also, the order O (j2 /M 2) is uniform in j.
Note that
Lo_@j+Dm _am(2j+1)
To2M n ’
and it follows that

(using n = 2mM)

T T
As € B]@—m<)\5_w]§m
7rm<@_(2j—|—1)7rm<7rm

=

n n n n
& —m<2s—m(2j+1)<m
=

0<2s—2mj <2m

¢

1<s—mj <m.

For mj +1 < s,s’" < mj +m, by the mean value theorem

r_ 1 o = ’
Ins—Ins = g(s s) SE[S,S]
= O(1/mj)O(m)=0(1/j),
and
1 mj+m 1 mj+m / -
lns—E Z lns:ﬁ Z (Ins —Ins'") =0 (1/5).
s=mj+1 s'=mj+1

It follows that

{s:As€Bj}
2
=4 Y w2 Y ma +0<ﬁ>
*om ° M?
{s:As€B;} {s:As€B;}
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{s:As€B; {s:Xs€Bj}
maAm 1 2 j myj
= 4 Z lns—— Z Ins | + Z O<M2>+O(]V[4>
s=mj+1 5=m]+1 {s:Xs€B;}
. > 2
j+1 s 1 Jtl s mj mj*
Z " m Z S +O<M?>+O<M4>
s/m=j+1/m s/m=j+1/m

J+1 mj
~ 4m/ (Inx — ¢;)? dx+0<]V[2>+O<JW4>

where

JIn(j+1)—-1)—j(nj—1)
JIn(j+1)—jlnj—1,
)In(j+1) —jlnj,

I~ I/~
Sl Sl S
+ 4+ +
—_ = =

which gives

j+1
/ (Inz —¢;)? dx
= [m <(lnm— cj — 12+ I)EH
G+ (In(G+1) —c¢;—1)*+j+1—j(nj—c;—1)*—j
G+1)72nG+1) —Ing)’ -G +1)7(n(+1) —Inj)* +1
—j (G +1)(In(j+1) —Inj)* +1.

Therefore,

¢ Jj+1

N 4m;./j (lnx—cg')zderjz:(O(]\Tij)+O(?VIJ4>>
- 4mz[—j<j+1)(ln(j+1>—lnﬂ> +1}+0(va§>+0<%§>
- mzl[—j<j+1><1n<j+1>—lnﬁ?“}+O<m>‘
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There is no explicit numerical value for the quantity Z§:1 (— JE+1D)(n(G+1)—1nj)* + 1)
or its limit as £ — oo. Nevertheless, the sum converges since

41
/ (Inz —¢;)* da
J
(In(j +1) —Inj)* (by the mean value theorem)
15,

which implies that > 2, f] i+l (Inx — cj)2 dx < oo. Direct calculations using Mathe-

<
<

matica produce the approximate numerical value » 7> (— JG+1D)(n(G+1)—Inj)?+ 1) =
0.0803.
7.2 Proof of Lemma 3.3

For j = 0, by lemma 1 of Hurvich, Deo, and Brodsky (1998) (hereafter HDB), we
have

Yooy (X=X = Y (I fuu () =1 fuu (0) (Xog — X )

{s:As€Bo} {s:As€Bo}
— 8772 f1IL/u (0) m3 m3
= ) W) (X =X g) = =gty o (W> |

{S:)\s EB()}

For j > 1, we first collect together some useful technicalities in the following
Sub-lemma.

7.2.1 Sub-lemma

e (0w, +0(w? 1 ) o
1. ;:uugwj; = fuu(O)jJrO(aSj)j) = Jﬂ—lﬁuugg)wj (140 (wj)) = O (w;) uniformly in j.

2.0 <%) =0 <]i2> because j = o(m).

3 sinw; WjJrO(W?) _ 2
© l—cosw; O.5w?+0(w?) T owy

(1+ O (wy)) uniformly in j.
|

First, note that

mj+m . mj+m
> e =y (BB BN - Graam

{s:Xs€B;} s=mj+1 " s=mj+1
or "I . 2 2 (m(m+1)
= ES Gomimmy) = Y e = 2 (L
s=mj+1 k=1
_2mm
- on 2’
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because positive and negative terms cancel out as we sum over s — jm from 1 to m.
It follows that

— 1 1
-X,; = - E XSj:E E In (2 —2cos )
{s:Xs€Bj} {s:As€B;}
1 [ sinw; 1 1 9
= — E In(2 —2cosw;) + ———— (As —wj) + =——=—— (s — wj) ]
m (s0aeB;) 1 —cosw; 2cosh. — 1
= ln(2—2coscu-)—|—&l E (As —wj)+ 0O L
N 77 1 —coswjm s w2 M?
{S:ASEBJ'} J
. 1
= In(2—2cosw;) + Y T L0 (—2> ;
1 —cosw;n J

where s € (wj, ), and the term O (1/52) is uniform in j.
By Taylor expansion

~ 2
sty = i el (£ () ) o
S (W)

= 10 fuu (wy) + (As wj)+o(M2

Juu (W5)
Thus, in view of Sub-lemma 7.2.1,

Z Nsj (ij _Y-j)

{s:As€Bj;j>1}

- oo ()] [ () (o503
u (@j)

{s:Xs€B;;5>1}

_ {S:AS;;PH [ > (Zj § (s —wy) 0 (#)}
[ (%) (As —w;) +0 <%) +0 <ji2)}
- ) (1 iir;;jw) Y. Ms—wy)

Wy
fuu (@ {s:As€B;;5>1}

( )
q’mgwa;) 3 (As—wj)‘0<ji2>

< Juu (W .
{s:Xs€Bj;j>1}

+

_m
M2 j2

s erofL
1—COS(4}]> Z (As —wj) O<A12)+O

{s:As€By;5>1}

v (W sinw; 271 2 g m 2
Suu (W )(1—Coswj> <;) ;( _5)
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J L \_op(M L
() X olaz)-o(F) (i)
{ S } {SZ)\SEBJ'}
: 2 3
Slnw]' s E ) m m
(1 —Coswj> m2 D2 <12 +O(m) ) +0 <]V[2j> o <M2j2>

. 2
sinw; ™ m
1 —coswj> M212 +0 <

; sinw; ™ m
—2—+O —= |
j 1—cosw; ) M=12 M?=j

where we use the fact that

i m\2 m(m+1)(2m+1 m?(m+1 m>  m
S (k- 2yt i D] mE im0 (m?).

Furthermore, from Sub-lemma 7.2.1 we have

() (e ) - sl (140,

Therefore,

L
DD g (Xy—Xy)
=1 {s:As€B;}

B 21" (0) ™ m ¢ ji m
= ey aen O\ e O

2m2 1 (0) m3¢ 44 £ m3
= S o \XTE | ol

giving the required result. W

7.3 Proof of Theorem 4.1

Again, it is helpful to start by collecting some useful preliminary results in the fol-
lowing Sub-lemmas.

7.3.1 Sub-Lemma
L. [T |D(A)|d\=0 (Inn)
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2 KM =0(m?)"), o<p<n
3. DN <2\, o< N <7
where K (X) = (2mn) ™ [ Y30, S0, 9| = 2an) DV, D(A) = X, e
Proof See Zygmund (1959) (p. 67 for 1, pp.89-90 for 2, pp.49-51 for 3). M
7.3.2 Sub-Lemma
For some C' < oo and for A € [—-7,0) U (0, 7],
L |fxx W <O
2. [fxx (V] <O
3 |fix W< O
Proof First, the inequality |x/2| < [sinz| < |z| for x € [—7/2,7/2] implies that, for

both positive and negative d, |sin? (\/2) ‘_d < C1 |A|7** holds for A € [—m,0) U (0, 7]
and for some C; < oo. It follows that

fxx N = [4sin? (V/2)] 7 | fuu (V)] s4—d01|A|*2dA sup )|fuu N <N,
e(—m,m
ex V[ = Jasin® V2)| [ fuw V)] < 490, |A|2dA sup )|fw Nt <N,
e(—m,m

because supye(_rqx) [fuu (V)] < 00 and infye_r ) [fuu (A)| > 0. The bound for
| fxcx (A)| uses the fact that supye(_qx) | fuu ()| < 00 and then

| Fixx (V)]
< )zrd (=d) (sin? (A/2)) " sin (A/2) cos (A/2) fuu ()\)‘ n ‘(4 sin (\/2)) " ., ()\)‘
< Cylsin(A/2) 2 LGN <o,

7.3.3 Sub-Lemma
For 0 < A4+ Xj <2mand 0 <A\ <,

A=XID A+ X)) <2, (15)
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Proof Because |D(\)| = |D (27— \)| for 1 < A < 27, and in view of Sub lemma

7.3.1 (3),
X=X D (A4 Aj)]
< 2‘?1—;\;’ O0<A+A <7
< QH T <A+ A\ <2m,
and
pEe i vearesy ELIRES
= 2)\(i‘3'(—;j>‘_))\)§1, A <A
el e PRI
(A=)

2 — 2 + (N — ) S

7.3.4 Sub-Lemma

If ki Aj < Aj+ A <21 — Ko\ for ki, ko > 0, sup A |D (A\j + )| < oo.
If Kl)\j < )\j —A<27 — KQ)\j for K1,k > 0, sup)\j ‘D()\J — )\)‘ < 0.

Proof
2X; 2
A]|D(/\]+)\)|§/\]—|—]A < /'Q_17 /{1)\j§/\j—|—/\§7r
)\.’D()\.+)\)<2—)‘j < 2 T <A+ A< 2T — Ko\
J J _27T—/\j—/\ - IQQ’ J - 27

similarly for A\; |[D (A; — ). W

With these technicalities in hand, the proof of theorem 4.1 is almost identical to
that in Robinson (1995). The main difference is that fxx () is bounded by ||~
over the full range of A, and the evaluation of |D ()| becomes complicated because
Aj is not restricted to a neighborhood of the origin. We proceed with each part in
turn.

7.3.5 Proof of (a)

We start by showing

Ew(X\) @A) =fxx (N) = " ex () = fxx MK (A=) dA=0 (flxj—?d 1nn) .
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where K (\) = (2mn) DD P ei(t_S)A} is Fejer’s kernel. By sub-lemmas 7.3.1
and 7.3.2,

L

i/2<A<m

< Lm0 [0 =i =) i
A 2j/2
O (Aj_l_anl/ |D (A=) dA) , because A — \; € (=);/2,m — ;) C [-, 7]
/2
= 0 <)\j12dn1 / |D(\)] dA)
= 0 ()\j_l_an_l lnn) =0 (j_l)\j_Qd lnn) .

The symmetry of fxx (A) and sub-lemma 7.3.3 (applicable since 0 < A+ \; < 27 )
yields

‘/‘)‘j/Q

= ‘/:/2 {fxx (N) = fxx (A} K (A + Aj) dA

IN

[ 1 0 [ i

Aj/2<A<T

Aj/2<A<m

_ / -1 . .
= O <{/\j/r§12§\(§ﬂ‘fXX ()\)}}n .//\j/2|D()\—|—)\])|d/\>
0O (/\j_l_mflf1 In n) =0 (jfl)\j_Qd In n) .

- 0({ max \fs(Xu)}}n—l/;?M—Aﬂ|D<A+Aj>|2cu>

For the remaining part, as in Robinson (1995),
/2
Lo

Finally, by sub-lemma 7.3.2,

A /2
) KA =) ./Aj/g {Ifxx NI+ 1 fxx Oy)dA  (16)

-0 (n—l)\j—l—Qd) -0 <j71)\;2d> .

Elw ()@ () /frx ()] =140 (57 Ay fx (4)) = 140 (7 ).

7.3.6 Proof of (b)
By Robinson (1995), we have

Elw(wg)] = [ Lo )~ Fox () B () dx, (1)

27



for 0 < k < j < n/2, where Ej, (\) = (2mn) ' D(\; —A) D (A — \g). The calcula-
tions are similar to those given before, but we have to check the range of integration
for each subinterval.

L

/:/2 2mn) H {fxx (A) = fxx M) YD (N = A) D (A + );) dA

IA

A /2SN ;

(A‘l 2dp, 1/ |D ()\+)\j)\d)\>
/2

= 0 (/\]71*2“{71_1 In n) =0 (j_l)\jfzd In n) ,

{ max | fix (O >\}<2m>—1/ﬂ Ny~ A[1D (A — N[ 1D (A 4+ A dA
@)

because —m < —7 + A; < A;j — A < \;/2 < 7. Similarly,

—Xj/
‘ [ e ) = Fxx 001} @7 D3y = X1 D (A4 Ay

= ‘/:/2 {fxx (A) = fxx (A\j)} (2mn) ! D (Xj—A)D (A+ ;) dA

= 0 (j_l)\;M lnn) .

For the remaining part, Aj/2 < A\; — X < 3);/2 < 27 — A;/2 and sub-lemma 7.3.4
yield

—X;/2
/_ (ex O = fxx )} By (A) dA

X;/2

_ o( S jmy‘/:j{rfmw+erX<Aj>\}dA)

AI<A;/2

= O (n AN =0 ()

7.3.7 Proof of (c)
Similar to Robinson (1995), we expand the integral as follows, for 0 < k < j <n/2,

Efw\)@(\)] = / ) fxx () Eji (A) dA

—T

_ /( {Fxx ) = Fxx (0} Eje (V) dA (18)

J(Xj+AR)/2

{(Aj+Ae)/
+ [ex ) = fxx 0} Ex (N (19)
Ak/Q
“(Aj+AK)/2
—{fxx (Nj) — fxx (M)} 2 Ejp (A dX (20)
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Ak /2
g

{fxx (N) = fxx (N} Eji (A) dA. (21)

First, because —m < Aj — 7 < A\j — A < (A\j — Ag) /2 <, (18) is bounded by

max
(Aj+A)/2<A<T

Fix (A)\} nl

4 -1
{(/\j+>\k)/2<>\<7r ‘fXX (A)‘} n
o ()\;172(1”_1 In n)

O (jfl)\j_Qd In n)

1+d
(0] </{:_1)\j_d)\];d Inn <E> )
J

O (K7Ix; A nn)

/ A = A ID (A = V] D (A — Ap)| dA
. ()\j+/\k)/2

/O\j-i-)\k)/Q

1D (A — Ag)| dA (22)

Next, when k > j/2, (19) is bounded by,

| fxx

(A)\}

max
A /2SA< (A + ) /2

{ max ‘ fix

Ak /2SAZ(Nj+Ag) /2

O <)\,;1_2dn*1 In n)

Ciycay—ay o (E\T
Ok )\j)\klnnj

O (K71A A )

. /'(Afr/\k)/?
n

()\)‘} 1 /(Aj+>‘k)/2
n
An/2

A= Xl [D (Aj = DD (A= Ae)| dA
AR/2

1D (A — A)| dA

because —m < —Ap/2 <A — X < (Aj — A\p) /2 <, and, when k < j/2, by

(Nj+Ax)/2
E; d
{)\k/12n<aAX<Aj lfxx (N + | fxx (Ak)\} /}\k/2 |Ejk (A)] dA
“(Aj+Ar)/2
- 0 (A;2d+>\,;2d) (j —k)_l/ \D(A—)@]dA)
Ap/2

0] k_l)\;d)\,;d Inn (

O

KTIAIA YInn (

O (KA “A )

EHORIGE)
OGN
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because 0 < (A\j — Ag) /2 <A — A<\ <.
Similarly, (20) is bounded by

(/\j—/\k){ max | fix (A)}} /‘(AMkWIEjk ()] dA

AR SASA; Ar/2

N L TAR)/2
= 0<]—Ak1 2 (5 — k) 1/ |D (A= Xg)| dX
n J /2

= O(N"n tn) = 0 (kA7 ") .

when k£ > j/2, and by

(gHAn)/2
(fx O9)] = Lxx Qw)} G — k) / 1D (A= Ay dA
a2
_ o<(x;2d+A,;2d) (j— k)~ / |D(/\)|d/\>

= O (k_l)\;d)\,;dlnn) :

when k < j/2.

Finally, (21) is calculated by dividing the interval into [—m, —X; /2], [—};/2, =\ /2] ,and
[—Ak/2,A\/2] . First, for the integral on [—m, —\;/2], we use |D (—=\)| = |D (\)| and
sub-lemma 7.3.3 to derive

—Aj/2
/ (2m0) ™ {fxx (N = fex (A} D (A = A) D (A= Ag) dA

—T

IN

/:/2 (2mn) " {fxx (N) = fxx O)}HD (g + V[ D (A + Ap)| dA

- o({ max \f;(Xu)\}/Aj/Qn— |A—Aj||D<Aj+A>||D<A+Ak>|dA>

Aj/2<A<T

= O </\j12dn_1/ |D(>\+>\k)|d/\>
\;/2
= O (/\j*l*%n*1 In n) =0 (k‘*l)\;d)\,;dln n) .

For the integral on [—Ax/2, Ai/2], note that both \; |[D (A; — A)| and A |D (A — A)|
are bounded (see sub-Lemma 7.3.4) because A\;/2 < A\j — A <27 — \;/2 and A\,/2 <
A — A< 27— >\k/27 and then

/2
/_A P (2mn) " {fxx (A = fxx ADFID (A = VD (A= Ap)|dx  (23)

Ap/2
= ‘//\ P (27T7”L)*1 {fxx (N) = fxx M) }ID (A — N)||D (A — A)| dA
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k

O

oy )\k {|fXX( )+ 1 fxx ()\j)|}d)\>

(=
(n )\1 2d | )\de)\k))
(v
(+

0]
O 1)\—2d —1)\71—2(1)
O 1/\ 1)\1 2d 4 - 1/\ 1 2d>

A
1 d k —1\y—1-2d _ —1\y—dy—d
O(k )\ Ay </\> +n )\j )—O(/{: )\j AL lnn>.

J

In evaluating the integral on [—\;/2,—\;/2] , we use sub-lemma 7.3.4 and \; <
Aj+ A <21 —\;/2 for \p/2 < X< \j/2, giving

IN

‘7 k/
[ ) e 0) — o O} DOy = N D (= )

—Xj/2

Aji/2
/A |, 7 U () = fox )} D 0y + ] D (O Al

')\j/2
A LD+ N D (A + M) | dA 24
O(Ak/%ixgj””( )I.Ak/2 n D (A + A D (A + A ) (24)

O (()\de 4 )\;2d) IHT”>

O (nA N I+ 07N nn) = 0 (KA ).

7.3.8 Proof of (d)

Efw () w

W] = [ {ex () = fex ()} e ()
= [ om0 = Fxx DD Oy =) D (v A i

—T

The evaluations are similar to those in the proof of (c). In particular,

/:/2 (2mn) " {fxx (A = fxx (M)} D (A = A) D (A+ Ag) dA

0 N|nt i D (A + M\)|d)

O (A;lﬂdn_l In n)

0O (kil)\;d)\,;d In n) ,
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because —m < A\j — 7 < \j — A < \;/2 < 7. Next,

=X/
/ v 2mn) H{ fxx (A) = fxx A)FD (A — A) D (A+ \g) dX

IA

/:/2 2mn) " { fxx (A = fxx A)FID (A + M) [D (A= Ag)| dA

= 0 v (A 1/7TD)\—>\ d\
(Aj/%lgifq‘fxx( )‘n )\j/Qf ( k)| )
= O(/\jflﬁdn_llnn)

= O (kA7)

by 0 < Aj + A < 27 and sub-lemma 7.3.3. The same argument as used in (24) yields

Ak/2
IR L, 7 o ) = Lo DOy = ) DO A

\j/2
A , 27 {00 = fex O5)} 1D 0y V1D (= Al ax

Aj/2
_ o( max nyX(A)\//Q n_llD(Aj+)\)HD(>\—>\k)!d)\>

Ap/2SA<A;
1
= 0 ((A—Qd +X7%) r;”) =0 (kA7 ") .
Further, the same argument as in (23) yields

Ap/2
/_ L@ L () = Fxx Q) Dy =) DO+ 3

1 A /2
- 0( , / {|fXX<A>|+|fXX<Aj>|}dA>
J=Ap/2

= O (kil)\;d)\,;d lnn) .

Finally,

2;/2
A P 2mn) " {fxx (\) = Fxx A} D (N = A) D (A + Ag) dA

Ae /2SN,
- 0 <<)\k2d +2,) h}") =0 (KA " Inn) |

by 0 < A;/2 < \j — A <7 and sub-lemma 7.3.4. B

"Aj/2
= O( max Ifxx(A)l/ 2 nt ID(Aj—A)IID(A+>\k)|dA>
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7.4 Proof of Lemma 4.3

The following elementary result is useful.

7.4.1 Sub-Lemma
1. InM =0 (Inm),
2. Inn=0(Inm),
3. Intn=0 (ln*1 m) .

Proof n =2mM and M/m — 0 implies

InM = O(lnm),
In2+Inm+InM =0 (Inm),

Inn
Inm Inm
Inn ln2—|—lnm+ln]V[_O(1)'.

From the proof of lemma 3.3, we have

Xy —X;=0(/j),

uniformly in 1 < j < M. Also, E (g5;) = O (Inn/s) uniformly for m < s < 2/n

because In? n = o (m). It follows that

<~ 1 "3 g Inn
S b -t -0 (L35 1) o (1)
js:mj+1 § J

{s:As€B;}

because 1/s = O (1/mj) in {s : \s € B;}. Therefore,

Inn =0(nn)=0(nm). A

4 4
Z Z E(ésj) (ij —Y_j) =0 Z j2

Jj=1

7.5 Proof of Lemma 4.4

Var(es;) = 72/6 + O (Inn/s) and Cov(es;, e
s < n/2 because In?n = o (m) . Hence

=0 (1112 n/ t2) uniformly for m <t <

Var Z Esj (ij —Y_j)

{s:As€Bj}
mj+m mji+m

-X. ) Var (e55) + 2 Z Z ) (X5 —

= ) (X
t=mj+1 s=t+1

X i) cov (s5,€t5)
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mj+m mj+m

2 2
— 2 /(7 In 1 In“n
© e (o () o (£ 35S
{s:As€B;} t=mj+1 s=t+1
2 — 2 1 mm In 1 mI mln®n
=5 2 Mo Xro|f > ThIE0\lE 2 T
{s:Xs€B;} s=mj+1 t=mj+1
2 — 1 1 mln?
- S T o () vo ()
{s:As€Bj} J J mJ
2 2
- Ty (%, 7])%0(—“3”)
J
{s:As€Bj}
2 1 2
- = Z (XSJ'_X~j)2+O<n3m>’
{s:As€Bj}
because 1/s = O (1/myj) and Z:i]ntﬁl L~ [;Z]ilm 4 = ﬁ — = O (1/my).

For the covariance, we have for j > k

Cov { Z Esj (ij — Y,j) , Z Etk (th - Yk)}

{s:Xs€B;} {t:\€By}
= Z Z (XSJ — Y]) (th _Yk) COV (8Sj7€t]€)
{SZ)\SEBj}{tZAtEBk}
1 In?n
- B 5,0l

{S:/\SEBj} {t:/\tGBk}

1 mj+m mk+m 1H2n
=0l X X &

s=mj+1t=mk+1

1 min?n In’n In?m
o) o) o 2) =

7.6 Proof of Lemma 4.5

Cov Z esj (X — X 5), Z e (X0 — X.O)}

_{S:ASEB]'} {t:\¢t€Bo}
i b n
= Cov Z Esj (ij - Y]) ; Z 10 (Xt() - 70)
_{SZ)\SEBJ'} t=1
+COV Z 65j (ij — YJ) 5 Z Et0 (XtO Yo):| .
{s:Xs€B;} t=In® n+1
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First,

In®n
Cov |: Z esj (Xoj — X ), Z et0 (X0 — 7.0)}
=1

{s:As€B;} =
1/2 16 1/2
< Var Z Esj (XS]- —Y,j) Var Z €10 (Xto —7.0)
{s:Xs€B;} t=1
-0 <7\/m i 7m> :
J
because
In®n
Var (Z €40 (Xto — X.O)) =0 (11114 m) ,
=1
by HDB p.25, and as shown in the proof of lemma 4.3,
_ 2 — 9 In2n
Var Z esj (Xoj —X5) | = n Z (X —X4)" +0 | —
{S:ASEBJ‘} {SZ)\SEB]'} J
72 1 In’n
-5 .2, o) o)
{s:As€B;}

- ofs)

Next,

Cov |: Z Esj (ij — 7]) 5 Z E+0 (Xt() — Yo)

{s:As€B;} t=In® n41

= Z Z (ij — YJ) (XtO — YO) Cov (5sj; EtO)
{s:2s€Bj} t=In® n+1

mj+m

Inm i In2n

Sofs £ S
t=In® n+1 s=mj+1

Inm i mlnn

. o(—j $ )

t=In® n+1

- o(s) ol
JjIn*n 71In°m

m 1 m dt __ 1 _ 1 1
by Zt:lne n+12 ~ b nt1 2 T Wt m o <1n6n) -;
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7.7 Proof of Lemma 4.6
Var {Zﬁ:o > (saeeB;) Esi (Xsj — Y_j)} can be decomposed into the following parts:

Var

YD) ey (X —X )

J=0 {s:Xs€B;}

¢
= Z Var
§=0

Y e (X —X)

{s:Xs€B;} ]
L
—|—Z Cov Z Esj (ij — Yj) 5 Z Etk (th — Yk)
J#k {s:Xs€B;} {t:ME€By}

{s:As€Bj}

- ZOVar|: Z esj (X5 — X )

{S:)\SEB]'} {t:)\tEBQ}

—l-Qi:COV |: Z Esj (ij —Y,j) , Z €10 (XtO X.O)}

k=1 j:k+1 {SZ)\SEB]'} {tZAtEBk}

)4 L
+2Z Z Cov { Z Esj (ij —Y,j) , Z €tk (th 7k):| .
By theorem 1 of HDB,

Var

Z es0 (Xs0 — X 0)

{s:As€Bo}

For the remaining parts,

V4
ZVar
j=1

L ) 2
_ T — In“m
> wl-X)| = (T T (w-Xpo ()
{s:Xs€B;} j=1 {s:As€B;} J
2
= 7%47715—#0(7)2)—l—O(anm)

2
= %4m5+0(m) ,

E;COV{ Y e (X —X5), D ew (X —Xo)

{S:ASEB]'} {t:)xtEBo}

= 0 (ﬁhﬂmln]ﬁ) +0 (M) =o(m),

In°m
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and

Z Z Cov { Z esj (Xoj — X 5) Z Etk (thX.k)}

k=1 j=k+1 {s:2s€B;} {t: \e€By}
£ I4 2 £ 2
In“m In“mlIn M 3
ZZ O( R > :ZO<T> =0 (In’m) =o(m). M
k=1j=kt1 k=1

7.8 Proof of Theorem 4.8

Recall

d—d=

_X-j) n Zg OZ{S)\ €B;}Csj (XSJ _75)

X5 Yo Y enen) (X — X )

25:0 Z{S:ASGBJ-} Ms;j (ij
Z;L':o Z{S:ASGB]} (ij

By lemma 8 of HDB,

E( Z ESO(XSOX,O)) :O(ln3m).

{s:As€Bo}

Using this result and lemmas 3.2, 3.3, 4.3 and 4.6, we obtain

ﬂ.2 1’1.’11. m3 m3
2(i_q) — —%% n2L+0< n2L) O (In’ m) + O (Inm)
(“) - 4m (1 +E) + o (m) 4m (1 +E) + o (m)
w2 " (0) m2L m?L In®m
= — — +o|l—— | +0O ,
6(14+Z2) fuu (0) n? n? m
A 4 2
WW@)::Mmﬂ+3+omﬂ2[%mﬂ+a+omﬂ

72 n 1
= ———t+o—].
24(1+Z2)m m

For the mean squared error, we have

<MSE(@

e <”2 >fi‘z§0)m2L+0(“iL>+0(1“lm)}2




7.9 Proof of Lemma 5.1

First, we modify the propositions in Theorem 2 of Robinson (1995, p.1056). The
assumptions f,, (0) =0 and |f}, (w)| < Bz < oo imply a = 2. The univariate model
in our case implies there is no (3 here. Therefore, (4.2) on p.1060 in Robinson changes

to p(\) —CAP =0 [(%)2)‘;6]

and (a)-(d) in his Theorem 2 become

where
A = 21k /n, IU(A)::QU(A)/<c§/2A—d), w(N) = (27n) 7Y et

In the following, we repeat Robinson’s argument (1995, pp.1067-70) with corre-
sponding modifications, although we try to keep the derivations here as self-contained
as possible. Write y, = m~/2a,Uy. Fix an integer N. Then, E (Y, x;)" is a sum
of finitely many terms of the form

ZZE(H) %)
k1 ki =1

where Ni,, ..., Ni, are all positive and sum to N and 1 < K < N. Fix such a K
and Ny, ..., Ny, . Introduce the 2—vector v} = (v (\) , v’ ()\k))/ and 2K x 1 vector

v* = <UZ’1 s U |, which is normally distributed with zero mean.
Theorem 2 of Robinson (1995) implies that

Inj i\ 2 1
R+O<ﬂ+(l>>, Jj=k, R=3l,
J n 2

Inj .
= e k
O(k‘)’ j >k,

as n — oo. It follows that, ¥* = E (v*v*') satisfies

. Iném m\? —1/2-A

E (vjv;)
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as n — oo.
For n sufficiently large, ¥ = %* ! exists by (26). Denote by W;; the (i,7) th 2 x 2
submatrix of ¥ and write

0 VK
It follows that
U=I¢k®R 4o (m_1/2_A> , U=o (m_l/Q_A) as n — oo. (27)

Now denote by ¢, the density function of a p-dimensional standard normal variate.
Then (25) is

. /K
Z' Z |‘I’|1/2 / (H X]k\jk> P2k (‘III/QU*> dv’, (28)
k1 kx : i=1

for n sufficiently large. Consider

> ZWP/QH{ e (w20 ) a | (20)

k1

The difference between (28) and (29) is
e ~ 1
%:; RE / (1_[1 Xk;”) VoK (\Pl/QU*) {exp (—y}*'@v*) — 1} dv*.  (30)
K 1=

For any positive integer r, the mean value theorem indicates that ‘e“ — ZZ;& ut/ t!) <

lu|" el“l /71, for all u. For all € > 0 there exists Cc < oo such that [u|" < C.el* for
all u. Following (27), choose n so large that |[¥|| < e, where ||| is the Euclidean

2
il

norm, that is, exp (% }v*'@v*}) < exp <%5Hv
o (m’l/Q’A H’U*HQ) uniformly in v*. Thus

r—1 1%yt
| P —sv¥ Wy T N
exp <—§U T > — E %‘ =0 (m /78 exp (€||U ||2)) ,

t=0

). Again using (27), ‘v*’@v*‘ =

as n — oo, uniformly in v*. Thus the difference between (30) and

1/2 (h Ni; Tl/2,, = (_% */\IIU ) *
Z Z V| Hin VoK <‘I’ v ) dv (31)
k1 kx i=1

t=1

18

. K
0 mT/QTA;u-kz: |\If|1/2 / 1_[1 ’X]k\jkl exp {—%v*' (ﬁf — 6.721() U*} dv*
1 K =

(32)
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In view of (26), |¥| = O (1), while $v* (\I’ - 6121{) vt > 1In ||v*||* for some 7 > 0.
Because ||x,|| < m /2 |ag|||Us||, we deduce from the finiteness of the moments of all
orders of the log of a chi-squared variate that (32) is o (an ¢ - mE—N/2=r/ 2_TA)
on choosing r = max (2K — N, 1).

Now (31) makes a contribution only when such » > 2, which occurs only when
2K — N > 2. Let D be the number of IV, which equal 1. Clearly D > 2K — N, that
is, D >tfort=1,...,r—1=2K— N —11in (31). Note that v*¥v* is bilinear in the
vy and for each ¢ = 1,...,7 — 1, hence (U*’@v*)t cannot involve more than t of the
v, The corresponding ¢ or fewer k; can overlap with the Dk; for which Ng, =1, but
because D > r — 1, the (k:l, ..., kg¢,t)'th summand in (31) can be written

r\WH ( [ (w207 i) (38)
X/M< [T e (Wi )M) (34)

=D—t+1

— 0

>From (27),
©9 <\11212/2ka) = ¢, <R_1/21)Zi) (1 + 0 (m_l/Q_A) Hv}; 2) , (35)

uniformly in v§ and [ x4, (R’l/ 2uf) dvi = 0. For all positive p and ¢, uniformly in
k,

[ e s (R0 dog = 0 ol

Thus (33) is 0 <m (D=0)=AD=4) [T ]aki\) and (34) is o (m*t*(N*D)/Q*tA | J A ‘aki‘Nki) .

It follows from the third part of (14) that (31) is o (In" ¢ mE-N/2=D/2=AD) _, ¢
as n — oo. Thus, we have shown that (30) — 0 as n — oo. Now from (27),
9] = |RI™ +o0(m */*"2) and

\R!_l/ ? / X0 (\Iﬁ/ %7;.) dvy, = u,gfv’”) (1 +o (m_l/ Q—A)) ,

where u \R]_I/Q I xXhes (R L/2y%) dv}. The difference between (29) and

2 I (36)

kK’ll

is readily seen to be o (In” ¢- mK_N/Q_(l/Q) maX(LD)_A) using (35), and using K —
N/2—-D/2 <0 when D >1 and K < N/2 when D = 0. However, (36) is

Therefore, we have shown that the moments of ), x; differ negligibly from those
of the variate m~1/2 >k ax Wy, which converges in distribution to N (0,¢’ (1)) upon
applying (14), Wy ~ iid (0,7’ (1)) and the Lindeberg-Feller CLT.
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7.10 Proof of Lemma 5.2
We adopt the argument from HDB, theorem 2. Let

L
mfl/QZ Z esj (Xoj — X j) =T1 +To + T3,

7=0 {s:\s€B;}

where
1 In®m o
T = m Z €s0 (XSO _X.O) s
=1
. Sm0.5+5
T, = ml/2 Z €s0 (XSO _Y.O) )
s=1+In®m
1 “ —
I3 = m Z €50 (XSO - XO m1/2 Z Z 58] sg - ) >
s=1+4m0-5+6 J=1{s:xs€B,}

where 0 < 6 < 0.5. Note that the condition required for theorem 2 of HDB, i.e.,
m = 0(n4/ %), is satisfied by our assumption. HDB show that T} = o0, (1) and
TQ = Op (1) .
We now prove that T3 is asymptotically normal. Let

Us =InI; —In fu, (0) — ¢ (1) +2d1In A,

as defined in Equation (2,4) of Robinson (1995). Then we have
Suu ()\S)} {|1 —exp(—i/\5)|}
Us=¢5+1In —2d1In )
{ fuu (0) As

where €5 = €,. (we drop the second subscript of €,; ). Hence,

T3 = T31 + T3 + 133,

where
T31 = m Z Us (XSO - X.O) m Z Z Usj (ij - X~j) ’
s=14m0-5+6 J=1{s:xseB;}
T = SE 2 1“{ fuu (0) } (o = Xa)
871_;'_ 0.54+6

R

J=1{s:\s€B;}

2d “ 11— exp (—ids)] -
Tss = mi/2 Z ln{ X, (Xs0 =X 0)
s= 1+m0 5+6

m1/2 Z > 1 {'1_exp( MS)'}(XSJ'—Y-J')-

7=1{s:\s€B;} As
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HDB show that the first term of T32 is 0 (1) and In{ fuu (As) /fuu (0)} = O (s*/n?)
uniformly for 1 < s < mln M. Hence the second term is, by s = O (mj),

. 5 X 1 < 521
i 2 o (= X) O\ =2 2 a5
J=1 {s:Xs€B;} J=1 {s:As€B;}

1 & m?
=0\l 2 T

J=1 {s:As€B;}

-0 <m2iL2> :
n

which is o (1) by m® = O (n*%) and L = O (In M) . Hence, Tss = 0(1).
HDB show that the first term of T33 is o (1). For the second term, from the proof
of lemma 3.2(b), we have for m <s <m (L +1)

_ lxcma oL
T gt T s MZ)°

|1 —exp(—ids)| | _ i
ln{ A =9\ae )

uniformly in s. Thus, the second term

ln‘l — s

uniformly in s. Hence,

Thus, T33 =0 (1) .
Finally, we need to prove that

1 u - 1 & -
T3 = R Z Us (Xso—X.0)+mZ Z Usj (X5 — X 5)
s=1+4+m0-5+6 J=1 {s:Xs€B;}
4 N (0,47% (1 +E) /6) .
For s = 14+m"5™ __m, HDB show that (X,; — X ;) /4 satisfies the condition (14)
of lemma 5.2. For s=m+1,...,m (L + 1), we can use the argument in the proof of
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lemma 3.2 to obtain

L
_ 1 _
T =1 {sheB;}

and

L
>
j=1 {s:

S xE =Y Y o(R)=o(Xn)<omn.
As€EB

5} J=1{s:xs€B;} i

Hence (X,; — X ;) /4(1+E), s = 1+ m®*® __ m(L+1), satisfies the condition
(14) of lemma 5.2. Also In M satisfies the condition for ¢ in Lemma 5.2, because
Cm2m®5+A /n? = O (n=2%m” In> M) — 0 by a proper choice of A and In" In M/m* —
0 for any K > 0.

Therefore,
1 o — 1 <& — .4
—7 > Us(Xeo - X,O)erl/2 >y Uy(Xg—-X,) SN (0,47° (1+E)/6). M
s=1+4+m0-5+9¢ J=1 {s:xs€B;}

7.11 Proof of Theorem 5.3

Let
12 (d d) s ZLJLO S tsaven;) si (Xs_j _ 22].)
=0 Z{S:)\SEBJ-} (Xsj — X 5)
T m S0 Y enen,y € (X — X))
Yo D sneen;) (X —Y.j)Q /2
= M+
Now
h=o (mf%j =0 <an2> —o(1).
4(1+ZE)m+o(m) ml/2 2115

giving the required result. Wl
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8 Monte Carlo simulation results

Table 3. G ((ay,a2) = (—0.5,0.0)),d =0.3

BIAS VAR  MSE BIAS VAR  MSE BIAS VAR  MSE

n =200 (m =31) n =500 (m = 56) n=1000 (m =89)
dapH -0.0221 0.0156 0.0161 -0.0190 0.0073 0.0077 0.0252 0.0065 0.0071
(/i;oooled -0.0580 0.0148 0.0182 -0.0400 0.0071 0.0087  0.0167 0.0068 0.0070
JGPH(?)m) -0.3242 0.0051 0.1102 -0.1439 0.0020 0.0228 -0.0800 0.0014 0.0078
(/jpooled(m) 0.0918 0.0647 0.0731 0.0246 0.0176 0.0182 0.0207 0.0092 0.0096

Table 4. H ((a1,a2) = (0.0,0.0)), d = 0.3

BIAS VAR  MSE BIAS VAR  MSE BIAS VAR  MSE

n =200 (m =31) n =500 (m = 56) n=1000 (m =89)
daprH 0.0026 0.0154 0.0154 -0.0035 0.0073 0.0073 0.0343 0.0065 0.0077
c/i;,ooled 0.0019 0.0148 0.0148 -0.0046 0.0071 0.0071 0.0374 0.0066 0.0080
JGPH(?)m) -0.0478 0.0050 0.0073 -0.0118 0.0021 0.0022 -0.0015 0.0014 0.0014
(/jpooled(m) 0.1174 0.0708 0.0846 0.0323 0.0177 0.0187 0.0278 0.0096 0.0104

Table 5. T ((a1,a2) = (0.5,0.0)), d=0.3
BIAS VAR MSE BIAS VAR MSE BIAS VAR MSE
n =200 (m=31) n=>500 (m = 56) n=1000 (m = 89)

dapH 0.1697 0.0158 0.0446 0.0932 0.0075 0.0162 0.0992 0.0065 0.0163

c/i;,ooled 0.1936 0.0152 0.0527 0.1203 0.0072 0.0217 0.1281 0.0066 0.0230

JGPH(?)m) 0.3160 0.0049 0.1047 0.2888 0.0021 0.0855 0.2461 0.0014 0.0620

gooled(m) 0.2059 0.0712 0.1136 0.0793 0.0174 0.0237 0.0593 0.0097 0.0132

P
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Table 6. A ((a1,a2) = (—0.6,-0.6)),d=10.3

BIAS VAR MSE BIAS VAR MSE BIAS VAR MSE

n =200 (m =31) n=>500 (m = 56) n=1000 (m = 89)

dapH -0.0988 0.0151 0.0249 -0.0539 0.0073 0.0102 0.0063 0.0067 0.0067
dpooled -0.1629 0.0148 0.0413 -0.1240 0.0070 0.0224 -0.0376 0.0068 0.0083

dgpp(3m) -0.5242 0.0042 0.2789 -0.4990 0.0020 0.2510 -0.2886 0.0015 0.0848
dpooted(m)  0.0352  0.0539 0.0552  0.0052 0.0170 0.0170  0.0096 0.0089 0.0090

Table 7. B ((a1,a2) = (0.6,—0.6)), d = 0.3

BIAS VAR MSE BIAS VAR MSE  BIAS VAR  MSE

n =200 (m =31) n=>500 (m = 56) n=1000 (m = 89)

dapo -0.2376  0.0152 0.0717 -0.1079 0.0074 0.0190 -0.0261 0.0066 0.0073
dpooled -0.1286  0.0147 0.0313 -0.1003 0.0071 0.0171 -0.0384 0.0067 0.0082

depup(3m) 0.1692 0.0042 0.0328 -0.0821 0.0021 0.0088 -0.2384 0.0014 0.0582
dpooled(m)  0.0127 0.0731 0.0732 -0.0156 0.0181 0.0183 -0.0011 0.0094 0.0094

Table 8. C ((a1,a2) = (1.0,-0.6)), d = 0.3

BIAS VAR MSE BIAS VAR MSE  BIAS VAR  MSE

n =200 (m =31) n=>500 (m = 56) n=1000 (m = 89)

dapH -0.2478 0.0153 0.0767 -0.1574 0.0074 0.0322 -0.0585 0.0066 0.0101
C/l;oooled -0.1350 0.0148 0.0330 -0.0604 0.0072 0.0108 -0.0179 0.0066 0.0069
JGPH(?)m) 0.4783 0.0051 0.2339 0.2561 0.0021 0.0677 0.0635 0.0015 0.0055
cipooled(m) 0.0018 0.0728 0.0728 -0.0353 0.0187 0.0200 -0.0155 0.0094 0.0096
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