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(C.1") and (C.2') are the necessary and sufficient conditions on {Vtr}r=1,2;t=a,b, {z}}r=12;t=a,, and
{IT}r=12:t=a guaranteeing that there exist {A]}r=1,2;t=0, satisfying (C.1)-(C.3). Elimination of

{V;}r=12:t=ap yields the equivalent expression: 3{z] }r=12;t=a, such that
(C.1") pMa?—12})<0=p*(z}-2})>0, t=a,b

(C4) paf=I], r=1,2t=a,b

(C5) pr#p* =zt #2], t=ab

(C6) 2z} >0, r=1,2;t=a,b

(C7) zi+zj=w", r=1,2

(C.1") is the necessary and sufficient condition that guarantees there exist {V3}r=1,2:t=0p satisfy-

ing (C.1')—(C.2'). Note that we have just shown how, for two observations, SSARP can be derived
by quantifier elimination. Next, elimination of {z}},=1,> and usage of (C.4) yields the expression:

Jz!, z2 such that

(C.A"1) p ol <I=pzs>I, s#r

(C1"2) p(w —zl)SE=>p (v —23)>I, s#r
(C4") prat=IT, r=1,2

(C.5") p' #p* = (2} # 22) & (v! — 2} # w? — 20)]
(C6) 0<al<w' , r=1,2

(C7) DI+ =pw, r=1,2

Let 2z} = argmax,{p°z[p'z = I], 0 < z < w"}, where r # 5. Note that I] + I] = p"w” implies
z

that 27 + 2] = w". Then, elimination of zZ gives: 3z} such that
(C.1".1) pzl <I? = p'72 > I}

(C.1"2) pP(w! —al) < I = pl(w? — 22) > I}
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(C.1™.3) [(pPa} < I2) & (p*(w! —22) < )] = p'w? > plw!

(C4") plag=1,

(C.6') 0<z!<w!

(C7) I+ =pw , r=1,2

((C.5") does not impose restrictions.) Finally, elimination of z! yields
(C.1*.1) p'22 < I} = p?zL > I?

(C1°2) P -2) <} = Pl —20) > I}

(C.13) [(p'22 < I}) & (p'(w? - 22) < )] = pPw' > pPu’

(C.1"4) [(p%7} < ID) & (PA(w' - 2) < )] = p'w? > plu!

(C) II+=pw, r=1,2

This family of polynomial inequalities can be written as:

(I vr=1,2, I+ =pw"

(I) (Yr,s=1,2(r#s)) (Vt=0,b), (0’7 < I}) = (9% > I})]
() (Vr,s=1,2(r#3), (PP <L) & (p°7, < B)] = (p"w* > p'w’)

which is our Weak Aziom of Revealed Equilibrium (WARE).

Direct Proof of Theorem 3: Suppose that there exist strictly monotone, strictly concave C*°
utility functions V, and Vj such that p" is an equilibrium price vector for (I3, I}, w") for r = 1, 2.
Let z] be the unique maximizer of V; subject to the budget constraint determined by (p", I7) for
r=1,2and t = a,b. Then

0<z;, r=1,2;t=a,b (3.1)

itz =w, r=1,2 (3.2)
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Let us show that WARE is satisfied. First note that
I+ =pz,+pz,=pw for r=1,2

Next suppose that p"z; < I7. Then for all z such that 0 < z < w® and p°z = I}, p'z < I7. In
particular, p"z{ < I7. Since zj and z} satisfy SSARP, p°z} > I;’. Hence p°Z{ > I? and we have
shown that conditions (I) and (II) of WARE are satisfied.

Next suppose that when s # r, p’75 < I7 and p'Z; < Ij. Then p’z; < I7 and p'zj < Ij.
By SSARP p°z] > I? and p°z} > Ij. Since z} + zj = w’, it follows that p’w” = p*(z + z})
> I + IPp°w®. So p*w” > p*w’® and we have shown that condition (IIT) of WARE is satisfied.
This completes the proof of necessity.

To prove sufficiency, we show that WARE implies that there exists {z}}r=1,2:t=a,6 satisfying
SSARP, the budget equations, and the market clearing equations. The result will then follow
from Chiappori and Rochet [9].

We first note that WARE implies that there exists s = 1 or s = 2 such that either
CASE 1: p'23 > I7 and p*z] > I for r # s, or
CASE 2: p'Z5 > I7, p'Z > I}, and p"w® > p'w" for r # s.

To see this, note that when

(r°Z. < ;) & (P°7 < Ip) (3.3)

Conditions (II) and (III) in WARE imply that Case 2 occurs. When (3.3) is not satisfied, one of

the following situations must occur: either

Pz <) & P > L), or (3:4)
(r°z. > 1) & (PPZ < L), or (3.5)
Pz > 1) & (P°% > L) - (3.6)

If (3.4) or (3.5) occurs, Condition (II) implies that Case 1 occurs. We can divide the case where

(3.4) occurs into [(3.4) & (p*w” > p’w?®)] and [(3.4) & (p°w™ < p*w?)]. The first situation falls
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in Case 2. In the second situation, Condition (III) in WARE implies that either (p"z5 > I7) or
(p"Z; > I7), which imply that Case 1 occurs.

When Case 1 is true, let z3 = Z3 and z} = Z;. Then,

Pz, =1, Pgy =1, (3.7)

a
Pzl >I;, pPrp> 1. (3.8)

Let z§ = w* — z2 and 2], = w" — z]. Then {z]};=12;t=q satisfly the equilibrium equalities by
definition and SSARP by (3.8). By (3.7) and Condition (I) in WARE, z} and z satisfy the

budget equations.

When Case 2 is true,? it follows from Condition (I) in WARE that

I=p v -L <p'w -1 . (3.9)

a

Since p'z] > I] and 7} = w® — z3, it follows that p"25 < p"w® — I]. So, since p'z; > I and

I < p"w® — I}, there must exist z satisfying

0<z: < v, (3.10)
p’zi =1, and (3.11)
I<pzi<pw' -I. (3.12)

Let z; = w® — z3. Then z} and z] satisfy the equilibrium equality. By (3.11) and Condition (I)

in WARE, p°z} = I;. By (3.12) p*z} = p"(w* —z}) = p'w® — p'z} > p'w’ — p"w® + I} = I}. So,
P> I . (3.13)

Let z7 be any vector such that 0 < z, < w" and p"z] = I]. Let 2} = w" — z]. It then follows that
prz; = p'w” —p'z] = I and 0 < z} < w'. Finally, by (3.12) and (3.13), {2} }r=1,2;t=a,s satisfy

SSARP.

2 The original proof of this case contained an error. We thank Susan Snyder for pointing it out to us.
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Derivation of H-WARE Using Quantifier Elimination: We have to eliminate the quantifiers

in the following expression: 3z, 22, 2}, zZ such that
(H.1) (p'z2)(p*22) 2 e

(H2) (p'z§)(P?z}) = 1

(H3) paf=I, r=1,2;t=a,b
(H4) 27 >0, r=1,2;t=a,b
(H5) zi+zj=w", r=1,2

This is equivalent to: 3z}, z2 such that
(H.1) (p'z2)(p’za) 2 7

(H2) (pH(w? - 22)) (PP’ = 21) > 3
(H3) praf =10, r=1,2

(H4) w">27>0, r=1,2

(H5) L+ =pw, r=1,2

which is equivalent to: 3z} such that

— Ya
(H‘l'l) (plzg) _>_ pzzl
b 1,2
(H12) plud - 2 > pl2
p*(w! —z3)
(H.1.3) plw?- Tb Ja

P’ -2} © pal

(H.3") p'zl =1}
(H4") w'>27 >0
H5") I+ =pw, r=1,2

Or, equivalently, 3z} such that
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- (P23 (p*w') - % > pizl > s

Tw
1Y
(7.L1) (p'w? — p'2 P'Z;

(H1.2) (P'w?)(P*23)* + (1 — 7w = 12)(P*2}) + 7ap’w! <0

(H3") plzl=1}, r=1,2

(H4") w'>zl>0, r=1,2

(HS") I+ =pw , r=1,2

Using the fact that w? — 22 = 72, (H.1.1’) can be written as
Tb

H.1.1" 2,,1 _ 16 S 2z1>_7¢1_
( ) pP'w ng_}’ e = iz

The necessary and sufficient condition for the existence of z. satisfying (H.1.1"), (H.1.2'), (H.3")-

(H.5") are:

» _TJa 151 2,1 2,1 _ b Ya 2,1 _ b
H.1 < < - —, and <p‘w
(H.17) pizz SPZs PLSPw =5 pis? SP =

(H2") WQ = (‘I’l)2 - 47a7w >0

o ¥ -V¥ 1=1 2.1
(H.3%) —W—_sza? p°z; <

(H4*) L+ =pw , r=1,2

Conditions (H.1*)-(H.4*) are our Homothetic Weak Axiom of Revealed Equilibrium.

Direct Proof of Theorem 4: We first prove the necessity of H-WARE. Suppose that there exist
monotone, concave, and homothetic utility functions rationalizing the data. Let {z]},=1 2:t=q, be
obtained by maximizing such utility functions over the budget constraints determined by {p"},=1,2
and {I7},=1.2. Then,

z; 20, r=1,2;t=a,b (4.1)

pri=IL, r=1,2t=a,b (4.2)

otz =w , r=1,2 (4.3)
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(p'z3)(p’2;) > 72 and (4.4)
(P2 (Fah) 2 % (45)
By (4.3) and (4.5), 75 < p'(w? — z2)p?*(w! — z}). So that

¥ = =7 — T

(' w?)(p*w?) — (P w?)(p?zl) — (p'22)(P*w') + (p'22)(P*2}) — Yo — Yw

IA

—(p'z2)p?*(w! - z}) — (p'w?)(p*zl) — 7. < O .

Using (4.4), (4.5), the definitions of 2 and %2, and (4.3), it follows that

2, 1 N a) Ya > Ya r
2 =25 71 (4.6)
Pae = 0PR)d) 2 plad) 2 7
and
2w - z1) = p?al = (P%)(P )> 2L
p (w Ia) - p p .T = plzz el pIE§
so that
2.1 2,1 T
P%SPw";l—E-g‘—Tz- (4.7)
Using again (4.4) and (4.5) we get that
Ya 1.2 2L
> d >
P pral P pet —al)

so that adding up and using (4.3) we get

1,2 Ya Yo
pw 2
Pl | P

o1y o (P)(P'ea)” + (1 = e = w)(p'za) +7eptw! S0

Consider the quadratic function f(t) = (p'w?)t2 + (76 — Yo — Yw)t + 7ap*w!. Notice that
f(0) = vap®w! >0, f(0) = (13 — % — W) = ¥1 <0, f(p?z}) < 0, and f'(t) = 2p'w? > 0
for all t. Hence the equation f(t) = 0 must have real roots t; and t;, which implies that ¥, =

(Y6 = Ya = Yw)? = 4%aYw 2 0, proving (H.1), and

0<t; <plzl <ts. (4.8)
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Since by (4.6) and (4.7), 11 < p?zl < r, it follows that s; = max{0, r, t;} < p?zl <
min{ry, 23} = s, which proves (H.II). Moveover, since s; < p?z} < sg, it follows by the def-
initions of 7} and 2! that p%z} < s and p?z} > sy, which prove (H.III) and (H.IV). Finally, (H.V)
is satisfied by (4.2) and (4.3). This completes the proof of necessity. To show the sufficiency of
H-WARE, we first note that by (H.1) #; and t; are real numbers and by (H.II) and the defini-
tion of s1, 0 < t5. By (H.II)-(H.IV), there exists zl such that p'z} = I}, 0 < z! < w!, and

51 < p’zl < sy. Take one such zl. It follows that

t; < p’zl <t and (4.9)
r<pzy<ry. (4.10)
The latter expression implies that
p’zl < pPw! — ;g—;—g- = ptuw! - pl(_wzb:g) and p’zl > I—;’Iy—;z- so that
P2 < plu? pl(wjb_ o1y 2nd (4.11)
P> pZ;}, : (4.12)

Let f(t) = (t—t1)(t—1t2). Forall t € [t;, t2] f(t) < 0. Hence, (4.9) implies that (p?z} —t;)(p?z -

t2) <0, or, for

-, — 1/2 ¥ ¥, )1/2
tl = 1—(q,2)__ and t2 — LU}__ we have
2plw2 2p1w2
v 2!
2,12 2,1 1 p
(p za) + (p za, p1w2 +7aplw2 S 0 M
Rearranging terms, we get that
Ya 1.2 Yo
<
peel S P T a0t — gy

Hence,

Ya < (p'z2)(p?zl) and 7, < p(w? - 22)pP(w! —2l) . (4.13)
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With (4.13) we have completed the proof that {p"}r=1,2, {I; }r=1,2, and {2 }r=1,2 satisfy HARP.
Let z} = w! — 2! and 2? = w? — z2. Since 0 < zl < w?, 0 < 22 < w?, plzg = I3, and p*zl = I2,
it follows, using (H.V), that 0 < z} < w!, 0 < 2% < w?, p'z} = I, p*z} = IZ, and by above

v < (p'2?)(p*z}). Hence, also {p"},=12, {I[J}r=12, and {2}},=1,2 satisfy HARP.

Proof of Theorem 5: Let z" and y" denote, respectively, a consumption and production plan
in observation r. If (p”, w")N, satisfy CC, then (p", 2" = w", y" = 0),=1,.. N satisfy the Afriat
inequalities for utility maximization and profit maximization (see Varian [18]), and markets clear.
Suppose that (p", w™)V_, does not satisfy CC but lies in the equilibrium manifold. Let z™ and y"
denote, respectively, any equilibrium consumption and equilibrium production plan in observation

r. Since CC is violated, there exists {s, v, f, ..., €} such that
pawv < pswa’ pvwf < pvwv’ “‘,Pews < pewe (51)

where at least one of the inequalities is strict. Profit maximization (p*y"
< p*ye, p¥y! < pUvY, ..., P°y® < p°y°®) and markets clearing (z¥ = w¥ 4+ y¥, z° = w® + ¢°, zf =
wl + 7, ..., 2¢ = w® + ¢°) imply with (5.1) that

p’z® < p'z®, p'zf <p'z?, .., P2’ < pef (52)

where at least one of the inequalities is strict. Since (5.2) is inconsistent with utility maximization,

a contradiction has been found.
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