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Abstract

This paper determines coverage probability errors of both delta method and parametric

bootstrap confidence intervals (CIs) for the covariance parameters of stationary long-memory

Gaussian time series. CIs for the long-memory parameter d0 are included. The results establish that

the bootstrap provides higher-order improvements over the delta method. Analogous results are

given for tests. The CIs and tests are based on one or other of two approximate maximum

likelihood estimators. The first estimator solves the first-order conditions with respect to the

covariance parameters of a ‘‘plug-in’’ log-likelihood function that has the unknown mean replaced

by the sample mean. The second estimator does likewise for a plug-in Whittle log-likelihood.

The magnitudes of the coverage probability errors for one-sided bootstrap CIs for covariance

parameters for long-memory time series are shown to be essentially the same as they are with iid

data. This occurs even though the mean of the time series cannot be estimated at the usual n1=2 rate.
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1. Introduction

This paper considers statistical inference for a stationary long-memory Gaussian
time series with unknown mean m0 and spectral density f y0 that lies in a parametric
family ff y : y 2 Y � RdimðyÞg. For this situation, Dahlhaus (1989) establishes the
consistency and asymptotic normality of a plug-in maximum likelihood estimator of
y0, which maximizes the likelihood function with the unknown mean m0 replaced by
a preliminary consistent estimator, such as the sample mean. Dahlhaus showed that
this estimator is asymptotically efficient. His results allow one to construct ‘‘delta
method’’ confidence intervals (CIs) and tests for elements of y0, including the long-
memory parameter, d0, using an asymptotic normal approximation.1 Fox and
Taqqu (1986) provide similar results for the Whittle maximum likelihood estimator
of y0.

In this paper, we establish the asymptotic order of magnitude of coverage
probability errors and null rejection rate errors of delta method CIs and tests
concerning elements of y0. We consider CIs and tests that are based on plug-in
maximum likelihood estimators that are defined in terms of the first-order conditions
(FOCs) of a plug-in log-likelihood (PLL) function or a plug-in Whittle log-likelihood
(PWLL) function. We refer to these estimators as PML and PWML estimators. The
PLL and PWLL functions are the Gaussian log-likelihood and Gaussian Whittle
log-likelihood, respectively, with the sample mean plugged-in in place of the
unknown mean.

In addition, we introduce parametric bootstrap CIs and tests for elements of y0
based on PML and PWML estimators and establish bounds on the asymptotic order
of magnitude of the coverage probability errors and null rejection rate errors of these
procedures. We show that the bootstrap yields higher-order improvements over the
delta method in certain cases. To our knowledge there are no other results in the
literature, even first-order results, concerning the asymptotic properties of bootstrap
methods for long-memory processes.

The results of the paper cover two- and one-sided delta method CIs and t tests.
They cover symmetric two-sided and one-sided parametric bootstrap CIs and tests.
Both null-restricted and non-null-restricted parametric bootstrap tests are con-
sidered. The former are preferred on theoretical grounds.

The coverage probability errors of two- and one-sided delta method CIs for
elements of y0 are shown to be Oðn�1Þ and Oðn�1=2Þ, respectively, where n is the
sample size. These errors are the same as for CIs in models for independent and
identically distributed (iid) observations. This occurs even though the mean m0
cannot be estimated at the typical n1=2 rate. Results for null rejection rate errors of
delta method t tests are analogous.

The coverage probability errors of symmetric two-sided and one-sided parametric
bootstrap CIs are shown to be Oðn�3=2 lnðnÞÞ, and Oðn�1 lnðnÞÞ, respectively. Apart
from the lnðnÞ term, the latter error is the same as for iid data. The error for
1Following the standard terminology in the bootstrap literature, we refer to asymptotic t tests and CIs

based on them using a normal approximation as ‘‘delta method’’ tests and CIs.
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symmetric two-sided CIs is not as small as the error Oðn�2Þ that has been established
for many CIs in iid contexts, see Hall (1988, 1992). This may be because our bound
on the error is not sharp.

The results show that symmetric two-sided and one-sided bootstrap CIs exhibit
higher-order improvements in terms of coverage probabilities over their delta
method counterparts of magnitude at least n�1=2 lnðnÞ.

All of the bootstrap results just stated hold under a certain condition on the
variance of the normalized vector of PLL or PWLL derivatives denoted Condition
NSs(iv) below. This condition holds quite generally for PWLL derivatives, but less
generally for PLL derivatives. For example, it holds for all stationary Gaussian
ARFIMAðp; d; qÞ processes for PWLL derivatives, but only for ARFIMAð0; d; qÞ
processes for PLL derivatives. If this condition does not hold, then the bounds
obtained on the delta method and bootstrap CI coverage probability errors are
larger.

We provide some Monte Carlo simulation results for ARFIMAð0; d; 0Þ processes
with unknown variance s2. The simulations show that the errors in coverage
probabilities of bootstrap CIs tend to be smaller than those of delta method CIs. For
example, for nominal 95% CIs, the average over five values of d of the absolute
deviations of the true coverage probability from the nominal coverage probability is
0.016 and 0.010 for delta method and bootstrap CIs, respectively, based on the PML
estimator. For CIs based on the PWML estimator, the corresponding average
absolute deviations are 0.054 and 0.012. Hence, we conclude that the theoretical
asymptotic results of the paper regarding the advantages of the parametric bootstrap
over the delta method are reflected in finite samples at least in the limited number of
cases considered.

Although the results of this paper are for stationary processes with d 2 ð0; 1
2
Þ, they

also can be utilized when the underlying process is nonstationary with d 2 ðb; bþ 1
2
Þ

for some b40, such as b ¼ 1
2. In this case, one can b-difference the observations (as in

Gil-Alaña and Robinson, 1997, p. 249), apply the results of this paper to the b-
differenced observations, and then transform the results for d back to the original
series by adding b.

The results of this paper apply to CIs for autocorrelation and variance parameters
y0. They do not apply to CIs for the population mean m0. The sample mean is an
unbiased estimator of m0 with (exact) normal distribution, which can be used to
develop inference concerning m0.

Empirical papers in the economics literature that utilize the parametric estimators
considered in this paper include Diebold and Rudebusch (1991), Diebold et al.
(1991), Cheung (1993), Baillie and Bollerslev (1994), and Crato and Rothman (1994).
Theoretical papers in the econometrics literature that consider the parametric
estimators considered in this paper include Sowell (1992) and Cheung and Diebold
(1994). For additional references, see Baillie (1996).

We now outline the method of obtaining the asymptotic results described above.
First, we obtain a valid Edgeworth expansion for the normalized vector of PLL or
PWLL derivatives. For the PLL case, we do this by extending the results of
Lieberman et al. (2003) (LRZ), who consider the long-memory Gaussian case with
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known mean. In particular, we verify the conditions of Durbin’s (1980) Theorem 1,
which gives a general result for the validity of an Edgeworth expansion for the
density of a normalized random vector that holds uniformly over parameter values
in a compact set. Durbin’s result is a generalization of an Edgeworth expansion for
the density of a normalized sum of iid random variables given by Feller (1971). We
convert the Edgeworth expansion for the density of the PLL derivatives into an
Edgeworth expansion for their distribution function using a result of Skovgaard
(1986, Corollary 3.3). For the PWLL case, we use the Edgeworth expansion derived
in Andrews and Lieberman (2005).

Next, we show that t statistics based on the PML and PWML estimators can be
approximated arbitrarily closely by a smooth function of a vector of PLL and PWLL
derivatives of sufficiently high order. The argument follows that of Bhattacharya and
Ghosh (1978, Theorem 3(b)). These results are combined to give Edgeworth
expansions for the distributions of the t statistics that hold uniformly over parameter
values in a compact set.

We then show that the uniform Edgeworth expansions for the t statistics yield
Edgeworth expansions for the bootstrap t statistics because the bootstrap generating
(BG) estimator lies in a neighborhood of the true value with probability that goes to
one at a sufficiently fast rate as n!1. The coefficients of the Edgeworth
expansions of the bootstrap t statistics depend on the BG estimator, whereas those of
the t statistics depend on the true parameter. We show that these coefficients differ
by Oðn�1=2 lnðnÞÞ with probability that goes to one quickly. This implies that the
difference between the Edgeworth expansions equals the order of the second term,
viz., n�1=2, times Oðn�1=2 lnðnÞÞ, which gives a difference of Oðn�1 lnðnÞÞ, on a set with
probability that goes to one quickly. This result is used to show that the coverage
probability error of the one-sided parametric bootstrap CI is Oðn�1 lnðnÞÞ.

Results for symmetric two-sided bootstrap CIs are obtained by a similar
argument. The primary difference is that the second terms in the Edgeworth
expansions are order n�1 terms, because the n�1=2 terms drop out due to symmetry.
In consequence, the two Edgeworth expansions differ by Oðn�3=2 lnðnÞÞ, rather
than Oðn�1 lnðnÞÞ, and the coverage probability errors are similarly reduced in
magnitude.

A drawback of the results is their use of the assumption of Gaussianity. If the
PML or PWML estimator is n1=2-asymptotically normal for non-Gaussian processes,
then the delta method and parametric bootstrap CIs considered in the paper are
asymptotically correct to first order. For linear non-Gaussian processes, the
asymptotic normality of the PWML estimator is established by Giraitis and
Surgailis (1990). (Analogous results are not available for the PML estimator.) On the
other hand, Giraitis and Taqqu (1999) show that the PWML estimator is not
necessarily n1=2-asymptotically normal for nonlinear non-Gaussian long-memory
processes.

Another drawback of the results is the use of a technical condition called
Condition Cs. The same condition is used in the classic results of Bhattacharya and
Ghosh (1978) concerning Edgeworth expansions of PML estimators. We show that
there exists a sequence of PML and PWML estimators that satisfies Condition Cs.
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But, as in Bhattacharya and Ghosh (1978), we do not show that all PML and
PWML estimators satisfy Condition Cs.

We conjecture that all of the results of this paper based on the PLL function
extend to the case where (i) the mean m0 of X i is replaced by a linear regression
function Z0ib0 with regressor vector Zi, (ii) no conditions are placed on the regressors
except that they are nonstochastic and their number is independent of n, and (iii) the
PLL function utilizes the least-square estimator of b0, rather than the sample mean.
This extension would allow for deterministic time trends and/or seasonal dummies,
among other regressor variables.

The results of this paper are related to the parametric bootstrap results of
Andrews (2005) for weakly dependent Markov processes. The results also are related
to the extensive literature on block bootstraps for weakly dependent time series. For
brevity, we do not provide references. Davidson (2001) considers a residual-based
bootstrap for testing for cointegration with fractionally integrated processes. He
analyzes the properties of this procedure by Monte Carlo.

To our knowledge, the only papers in the literature that consider Edgeworth
expansions for statistics based on long-memory processes, other than LRZ and
Andrews and Lieberman (2005), are Lieberman et al. (2000) and Giraitis and
Robinson (2003). Taniguchi (1986, 1991) establishes Edgeworth expansions for
(weakly dependent) Gaussian autoregressive-moving average processes.

The remainder of the paper is organized as follows. Section 2 introduces the
model, the estimators, and the delta method CIs and tests. Section 3 defines the
parametric bootstrap CIs and tests. Section 4 states the assumptions. Section 5
provides the results for the delta method CIs and tests. Section 6 provides the results
for the bootstrap CIs and tests. Section 7 provides the Monte Carlo results. An
Appendix contains proofs of the results given in Sections 5 and 6.
2. Model

We consider a discrete-time stationary Gaussian long-memory process fX i : iX1g
with mean m0 2 R and spectral density f y0ðlÞ for l 2 ð�p;pÞ. Both m0 and y0 are
unknown parameters. The true spectral density f y0ðlÞ is assumed to lie in a
parametric family ff yðlÞ : y 2 Yg, where Y � RdimðyÞ is the parameter space for y.
The first element of y is the long-memory parameter d. That is,
y ¼ ðy1; y2; . . . ; ydimðyÞÞ

0
¼ ðd; y2; . . . ; ydimðyÞÞ

0. The true value of d is denoted d0. The
long-memory feature of the spectral densities in the parametric family is captured by
the following basic assumption:2 for all y 2 Y,

f yðlÞ ¼ Oðjlj�2d�dÞ as jlj # 0; 8d40 and d 2 ð0; 1=2Þ. (2.1)
2The condition (2.1) on f yðlÞ is satisfied if f yðlÞ ¼ Oðjlj�2d Þ as jlj # 0. The latter condition often appears

in the literature. It is slightly stronger than (2.1), but is simpler. On the other hand, some of this simplicity

is lost when one considers derivatives of f yðlÞ with respect to d, because a logðjljÞ term arises. Condition

(2.1) has the advantage of including cases where f yðlÞ ¼ jlj
�2d gyðlÞ and gyðlÞ is slowly varying at l ¼ 0.
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The spectral density f yðlÞ is unbounded at the origin, but f yðlÞ is integrable and
the process is covariance stationary, because d is restricted to ð0; 1

2
Þ. A process whose

spectral density satisfies (2.1) exhibits long memory. An example of such a process is
the ARFIMAðp; d; qÞ process. Additional assumptions on the parametric spectral
densities f yðlÞ are given in Section 4 below.

The observed sample of size n is

X ¼ ðX 1; . . . ;X nÞ
0. (2.2)

The n� n (Toeplitz) covariance matrix corresponding to f yðlÞ is denoted Tnðf yÞ

and has ðj; kÞ element defined by

Tnðf yÞj;k ¼

Z p

�p
eiðj�kÞlf yðlÞdl. (2.3)

The log-likelihood function is

Lnðy; mÞ ¼ �
n

2
lnð2pÞ �

1

2
lnðdetðTnðf yÞÞÞ

�
1

2
ðX � m1nÞ

0T�1n ðf yÞðX � m1nÞ, ð2:4Þ

where 1n is an n-vector of ones.
The Whittle log-likelihood function is

LW ;nðy;mÞ ¼ �
n

2
lnð2pÞ �

n

4p

Z p

�p
lnðf yðlÞÞdl

�
1

2
ðX � m1nÞ

0Tnðð2pÞ
�2f �1y ÞðX � m1nÞ. ð2:5Þ

The Whittle log-likelihood is an approximation to the log-likelihood based on the
fact that (i) n�1 lnðdetðTnðf yÞÞÞ ! ð2pÞ

�1
R p
�p lnðf yðlÞÞdl as n!1 and (ii)

Tnðð2pÞ
�2f �1y Þ approximates the inverse of Tnðf yÞ for large n in the sense that

T1ðf yÞT1ðð2pÞ
�2f �1y Þ ¼ I1, see Beran (1994, pp. 109–110) for details.

Let X n ¼ n�1
Pn

i¼1 X i denote the sample mean.We refer to Lnðy;X nÞ and
LW ;nðy;X nÞ as the plug-in log-likelihood (PLL) and plug-in Whittle log-like-

lihood (PWLL) functions, respectively. Like most papers in the literature, we utilize
the PLL and PWLL functions rather than log-likelihood functions that depend on
both y and m. There are three reasons why we do so. First, results of Dahlhaus (1989)
and Fox and Taqqu (1986) imply that any consistent solution to the FOCs for the
PLL or PWLL function is asymptotically efficient.3 Second, computation using the
PLL or PWLL function is simpler than with the full log-likelihood or Whittle log-
likelihood because its argument is of lower dimension. Third, the asymptotic
information matrix for the parameter vector ðy0;mÞ0 is singular in the long-memory
case (when the Hessian is normalized by n�1). This creates a problem when trying to
obtain an Edgeworth expansion for the maximum likelihood or Whittle maximum
likelihood estimator of ðy0;mÞ0. This problem does not arise with estimators based on
3In fact, this is true with X n replaced by any estimator bmn of m0 for which n1=2�d0 ðbmn � m0Þ ¼ Opð1Þ.
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the PLL or PWLL function, because the asymptotic information matrix for y alone
is nonsingular.

Let In denote the n by n identity matrix. Let 1n denote the n vector of ones.
The PLL and PWLL functions can be written as

Lnðy;X nÞ ¼ �
n

2
lnð2pÞ �

1

2
lnðdetðTnðf yÞÞÞ �

1

2
X 0MnT�1n ðf yÞMnX ,

where

Mn ¼ In � Pn; Pn ¼ ene0n; en ¼ n�1=21n

and

LW ;nðy;X nÞ ¼ �
n

2
lnð2pÞ �

n

4p

Z p

�p
lnðf yðlÞÞdl�

1

2
X 0MnTnðð2pÞ

�2f �1y ÞMnX ,

¼ �
n

2
lnð2pÞ �

n

4p

Z p

�p
flnðf yðlÞÞ þ f �1y ðlÞInðlÞgdl,

where

InðlÞ ¼
1

2pn

Xn

j¼1

eijlðX j � X nÞ

�����
�����
2

. (2.6)

Eq. (2.6) shows that the PWLL function can be written as a quadratic form in X or
as a function of the periodogram InðlÞ.

Let bYn denote the set of solutions to the FOCs of the PLL (or PWLL) function.
(For notational simplicity, we do not distinguish between estimators based on the
PLL and PWLL functions.) That is,

q
qy

Lnð
byn;X nÞ ¼ 0 or

q
qy

LW ;nð
byn;X nÞ ¼ 0

� �
(2.7)

for all byn 2 bYn. If no solution to the FOCs exists, then for specificity bYn is defined to
contain values that maximize the PLL (or PWLL) function (or maximize it up to
some arbitrarily small constant e40Þ. We show below that at least one solution to
the FOCs exists with probability that goes to one (at a fast rate) as n!1.
(In consequence, for the asymptotic results given below, it does not matter how one
defines bYn when no solution to the FOCs exists.) Let byn denote an element of bYn. We
call byn a FOCs plug-in maximum likelihood (PML) estimator (or a PWML
estimator).

A complete definition of bYn requires the specification of the set of parameter
values y from which one selects solutions to the FOCs. We allow for two cases. In the
first case, this set is the parameter space Y, which contains the true value y0 and
which only contains values y that generate stationary long-memory processes
fX i : iX1g. Thus, Y contains parameter values y for which d 2 ð0; 1

2
Þ. In this case, we

refer to bYn as the set of stationarity-restricted PML (SR-PML) (or SR-PWML)
estimators.
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In the second case, the set of parameter values from which one selects solutions to
the FOCs is a setYþ that is larger thanY. In particular, the setYþ may be chosen to
relax the restriction that d 2 ð0; 1

2
Þ and allow d to take values in the nonstationary

region (dX1
2), the weak dependence region (d ¼ 0), and/or the intermediate

dependence region (do0). In this case, we refer to bYn as the set of unrestricted
PML (UR-PML) (or UR-PWML) estimators. The reason for considering UR-PML
and UR-PWML estimators is because of their greater robustness to misspecification
of the range of d.

Dahlhaus (1989) and Fox and Taqqu (1986) show that consistent SR-PML, UR-
PML, SR-PWML, and UR-PWML estimators are asymptotically normal and
asymptotically efficient provided the true parameter y0 lies in the interior of Y. They
also show that the estimator that maximizes the PLL or PWLL function over Y is
consistent and, hence, is a PML or PWML estimator (provided the true parameter
lies in the interior of YÞ.

The asymptotic covariance matrix of a consistent PML or PWML estimator byn is
Sðy0Þ, where

SðyÞ ¼
1

4p

Z p

�p

q
qy

lnðf yðlÞÞ
q
qy0

lnðf yðlÞÞdl
� ��1

. (2.8)

Provided f yðlÞ is smooth with respect to y, a consistent estimator of Sðy0Þ is SðbynÞ.
Let yH denote some element of Y. Let y0;r, yH;r, and byn;r denote the rth elements of

y0, yH , and byn, respectively. Let Sr;rð
bynÞ denote the ðr; rÞth element of SðbynÞ.

The t statistic for testing the null hypothesis H0 : y0;r ¼ yH;r is

tnðyH;rÞ ¼ n1=2ðbyn;r � yH;rÞ=S1=2
r;r ð
bynÞ. (2.9)

Let za denote the 1� a quantile of the standard normal distribution.
The two-sided delta method CI for y0;r with (approximate) confidence level 100ð1�

aÞ% based on the PML estimator byn is

DCI2ðbynÞ ¼ ½
byn;r � za=2S

1=2
r;r ð
bynÞ=n1=2; byn;r þ za=2S

1=2
r;r ð
bynÞ=n1=2�. (2.10)

The upper one-sided delta method 100ð1� aÞ% CI for y0;r is

DCIupð
bynÞ ¼ ½

byn;r � zaS1=2
r;r ð
bynÞ=n1=2;1Þ. (2.11)

Correspondingly, the two-sided delta method t test of H0 : y0;r ¼ yH;r versus H1 :
y0;rayH;r with significance level a rejects H0 if jtnðyH;rÞj4za=2. The one-sided delta
method t test of H0 : y0;rpyH;r versus H1 : y0;r4yH ;r with significance level a rejects
H0 if tnðyH;rÞ4za.
3. Parametric bootstrap

Parametric bootstrap samples are generated using an estimator eyn of y0 that is
referred to as the BG estimator. We allow the BG estimator eyn to differ from the
PML or PWML estimator byn that is used to construct CIs and test statistics because
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for bootstrap tests we want to allow the BG estimator to be a null-restricted

estimator, as explained below.
By definition, given a BG estimator eyn, the parametric bootstrap sample X � ¼

ðX �1; . . . ;X
�
nÞ
0 has conditional distribution given X that is the same as the distribution

of the original sample except that the true parameters are ðeyn;X nÞ rather than
ðy0;m0Þ. That is, X � consists of stationary Gaussian random variables with mean X n

and spectral density feyn
ðlÞ conditional on the original sample X .

The bootstrap PLL and PWLL functions, L�nðy;X
�

nÞ and L�W ;nðy;X
�

nÞ, are defined in
the same way as the PLL and PWLL functions are defined, but with X � and X

�

n ¼

n�1
Pn

i¼1 X �i in place of X and X n, respectively. Let Y� denote the set of solutions in
Y or Yþ (depending on whether bYn is defined using solutions in Y or YþÞ to the
FOCs for the bootstrap PLL or PWLL function. We define the bootstrap estimator
y�n to be the element in Y� that is closest to byn in Euclidean distance.4

The bootstrap t statistic is defined such that its distribution mimics the null
distribution of the t statistic even when the sample is generated by a parameter in the
alternative hypothesis. This is done by centering the statistic at eyn;r. We define the
bootstrap t statistic to be

t�nð
eyn;rÞ ¼ n1=2ðy�n;r � eyn;rÞ=S1=2

r;r ðy
�
nÞ, (3.1)

where y�n;r denotes the rth element of y�n.
Let z�jtj;a and z�t;a denote the 1� a quantiles of jt�nð

eyn;rÞj and t�nð
eyn;rÞ, respectively. To

be precise, we define z�jtj;a to be a value that minimizes jP�ðjt�nð
eyn;rÞjpzÞ � ð1� aÞj

over z 2 R. (This definition allows for discreteness in the distribution of jt�nð
eyn;rÞj.

Although the distribution of the absolute value of the parametric bootstrap t statistic
undoubtedly is absolutely continuous, it is simpler to allow for discreteness than to
prove absolute continuity.) The precise definition of z�t;a is analogous.

The symmetric two-sided bootstrap CI for y0;r with (approximate) confidence level
100ð1� aÞ% based on byn is

CI symðbynÞ ¼ ½
byn;r � z�jtj;aS

1=2
r;r ð
bynÞ=n1=2;byn;r þ z�jtj;aS

1=2
r;r ð
bynÞ=n1=2�. (3.2)

The upper one-sided bootstrap 100ð1� aÞ% CI for y0;r is

CIupð
bynÞ ¼ ½

byn;r � z�t;aS
1=2
r;r ð
bynÞ=n1=2;1Þ. (3.3)

Correspondingly, the symmetric two-sided bootstrap t test of H0 : y0;r ¼ yH;r

versus H1 : y0;rayH;r with significance level a rejects H0 if jtnðyH;rÞj4z�jtj;a. The one-
sided bootstrap t test of H0 : y0;rpyH;r versus H1 : y0;r4yH;r with significance level a
rejects H0 if tnðyH ;rÞ4z�t;a.

For bootstrap CIs, the BG estimator typically is taken to be the PML or PWML
estimator upon which the CI is constructed. When constructing bootstrap tests, the
bootstrap is used to generate critical values that reflect the null behavior of the test
statistic whether or not the null is true. In consequence, one has two types of
4If the closest element is not unique, then any of the closest elements can be used.
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estimator that can be used as the BG estimator. First, one can take the BG estimator
to be an estimator that does not impose the null hypothesis restriction that the rth
element of y equals yH;r. The PML and PWML estimators discussed in the previous
section are examples of such estimators. In this case, the centering of the bootstrap t

statistic around eyn;r, rather than yH;r, ensures that the distribution of the bootstrap
test statistic mimics its null distribution.

Alternatively, when considering a bootstrap test, one can take the BG estimator to be
an estimator that imposes the null hypothesis restriction that the rth element of y equals
yH;r. In this case, the PML or PWML estimator byn that is used to construct the t test
statistic is necessarily different from the BG estimator eyn, because the former does not
impose the null hypothesis. We refer to the resulting bootstrap test as a null-restricted

parametric bootstrap test. Examples of null-restricted estimators are PML or PWML
estimators that solve the FOCs given in (2.7) with the rth equation deleted and with the
rth element of the estimator equal to yH;r. We refer to such estimators as NR-PML or
NR-PWML estimators. When a null-restricted BG estimator is employed, one centers
the bootstrap t statistic at yH;r, which equals eyn;r by definition of the BG estimator.

For carrying out a bootstrap test, it is preferable to use a null-restricted BG
estimator. Such an estimator guarantees that the distribution of the bootstrap
sample is a null hypothesis distribution. Furthermore, results of Davidson and
MacKinnon (1999) indicate that the error in test rejection probability under the null
hypothesis for one-sided tests is smaller asymptotically when using a null-restricted
BG estimator than when using a BG estimator that is not null-restricted (although
their results are not for long-memory cases). The results given below do not
demonstrate this, but it may be true because the results given below for null-
restricted bootstrap tests are not known to be sharp.

Finally, we note that for bootstrap CIs the choice between null-restricted and
nonnull-restricted BG estimators does not arise because there is no null hypothesis
upon which to base a null-restricted BG estimator. For CIs one uses a non-null-
restricted BG estimator.5
4. Assumptions

In this section, we state the assumptions. The assumptions are different, though
similar, for the PML and PWML estimators. In consequence, we give the
assumptions in two separate sections below. We also specify the parameter values
for which the results hold. For example, with an ARFIMAðp; d; q) model, our results
do not hold if the parameter value is one for which there are common roots to the
autoregressive and moving average components of the model.
5Strictly speaking, this is not true. One could use a null-restricted BG estimator to construct t tests for

H0 : y0;r ¼ yH;r for a range of values of yH;r and invert the tests to obtain a CI. That is, take the CI for y0;r
to be the set of all values yH;r for which the null-restricted parametric bootstrap t test of H0 : y0;r ¼ yH;r

fails to reject the null hypothesis. Such a CI has the same higher-order properties as the null-restricted tests

upon which it is based. This bootstrap CI has the disadvantage, however, that it may be difficult to

compute. To compute the CI, one has to compute null-restricted t tests for a range of values of yH;r.
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4.1. PML assumptions

The assumptions stated below for the PML estimator are essentially those of LRZ
(with their aðyÞ equal to our 2d). The assumptions are strengthened versions of
Dahlhaus’ (1989) Assumptions A0, A2, A3, and A7–A9, which Dahlhaus used to
establish the asymptotic normality of the PML estimator. Most of these assumptions
control the behavior of the spectral density and its derivatives in a neighborhood of
the origin. The strengthening of Dahlhaus’ assumptions is necessary because
Edgeworth expansions require higher-order spectral density derivatives than are
necessary for asymptotic normality.

Assumptions II–VI below depend on a positive integer sX3 that indexes the order
of the PLL derivatives that are used in the Edgeworth expansions employed in the
proofs of the CI coverage probability results.

Assumption I. The parameter space Y is a subset of RdimðyÞ with nonempty interior.

Assumption II. For some integer sX3, f yðlÞ is sþ 1 times continuously differentiable
with respect to y, and all of its derivatives are continuous in ðl; yÞ for la0. In
addition, f �1y ðlÞ is continuous in ðl; yÞ for all l 2 ½0; p� and y 2 Y.

Assumption III. The derivatives ðq=qlÞf �1y ðlÞ and ðq
2=ql2Þf �1y ðlÞ are continuous in

ðl; yÞ for la0. In addition, there exists c1ðy; dÞo1 such that

qk

qlk
f �1y ðlÞ

�����
�����pc1ðy; dÞjlj2d�k�d

for k ¼ 0; 1; 2 and all d40, where y ¼ ðd; y2; . . . ; ydimðyÞÞ
0 and d 2 ð0; 1=2Þ.

Assumption IV. There exist c2ðy; dÞo1 and c3ðy; dÞo1 such that for all d40 and
l 2 ð0; pÞ :
(a)
 jf yðlÞjpc2ðy; dÞjlj�2d�d and

(b)
 for all ðj1; . . . ; jkÞ with kpsþ 1, with duplication among the ji allowed,

qk

qyj1 . . . qyjk

f �1y ðlÞ

�����
�����pc3ðy; dÞjlj2d�d.
Assumption V. For any compact subsetYc ofY, there exists a constant CðYc; dÞo1
such that c1ðy; dÞ, c2ðy; dÞ, and c3ðy; dÞ in Assumptions III and IV are bounded by
CðYc; dÞ for all y 2 Yc.

Assumption VI. (a) There exists a function OðlÞ that is integrable over ð0;pÞ and a
constant c4ðyÞo1 such that for all ðj1; . . . ; jkÞ with kpsþ 1, with duplication among
the ji allowed,

qk

qyj1 . . . qyjk

f yðlÞ

�����
�����pc4ðyÞOðlÞ
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for l 2 ð0;pÞ. For any compact subset Yc of Y, there exists a constant eCðYcÞo1
such that c4ðyÞp eCðYcÞ for all y 2 Yc.

(b) When computing derivatives of the form ðqk=qyj1 . . . qyjk ÞgyðuÞ for kpsþ 1 and
u ¼ 0; 1; . . ., the derivatives may be taken inside the integral sign of (2.3), where
gyðuÞ ¼ EyðX i � m0ÞðX iþu � m0Þ and Ey denotes expectation when the true parameter
is y.

See LRZ for a discussion of Assumptions I–VI. As noted in LRZ, Assumptions
I–VI hold for ARFIMA (p; d; q) processes for all sX3.

4.2. PWML assumptions

The assumptions stated below for the PWML estimator are those of Andrews and
Lieberman (2005) (with their aðyÞ equal to our 2d). The assumptions are
strengthened versions of Fox and Taqqu’s (1986) Assumptions A.1–A.5, which
Fox and Taqqu used to establish the asymptotic normality of the PWML estimator.
As with the PML assumptions, most of these assumptions control the behavior of
the spectral density and its derivatives in a neighborhood of the origin.

The assumptions below depend on a positive integer sX3 that indexes the order of
the PWLL derivatives that are used in the Edgeworth expansions employed in the
proofs of the CI coverage probability results.

Assumption W1. The parameter space Y is a subset of RdimðyÞ with nonempty
interior.

Assumption W2. gðyÞ ¼
R p
�p log f yðlÞdl and hðyÞ ¼

R p
�p f �1y ðlÞInðlÞdl can be differ-

entiated sþ 1 times under the integral sign.

Assumption W3. f yðlÞ is continuous at all ðl; yÞ for which la0, f �1y ðlÞ is continuous
at all ðl; yÞ, and 8d40 9c1ðy; dÞo1 such that

jf yðlÞjpc1ðy; dÞjlj�2d�d

for all l in a neighborhood Nd of the origin, where y ¼ ðd; y2; . . . ; ydimðyÞÞ
0 and

d 2 ð0; 1
2
Þ.

Assumption W4. For all ðj1; . . . ; jkÞ with kpsþ 1 and ji 2 f1; . . . ; dyg,
ðqk=ðqyj1 � � � qyjk ÞÞf

�1
y ðlÞ is continuous at all ðl; yÞ and 8d40 9c2ðy; dÞo1 such that

qkf �1y ðlÞ
qyj1 . . . qyjk

�����
�����pc2ðy; dÞjlj2d�d 8l 2 Nd.

Assumption W5. ðq=qlÞf yðlÞ is continuous at all ðl; yÞ for which la0, and
8d40 9c4ðy; dÞo1 such that

qf yðlÞ
ql

���� ����pc4ðy; dÞjlj�2d�1�d 8l 2 Nd.

Assumption W6. For all ðj1; . . . ; jkÞ with kpsþ 1 and ji 2 f1; . . . ; dyg,
ðqkþ1=ðqlqyj1 � � � qyjk ÞÞf

�1
y ðlÞ is continuous at all ðl; yÞ for which la0 and
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8d40 9c5ðy; dÞo1 such that

qkþ1f �1y ðlÞ
qlqyj1 . . . qyjk

�����
�����pc5ðy; dÞjlj2d�1�d 8l 2 Nd.

Assumption W7. For any compact subset Y of Y there exists a constant CðY; dÞo1
such that the constants ciðy; dÞ for i ¼ 1; . . . ; 6 and c3ðyÞ are bounded by
CðY; dÞ 8y 2 Y, 8d40.

See Andrews and Lieberman (2005) for a discussion of Assumptions W1–W7.
Note that Assumptions W1–W7 are satisfied for Gaussian ARFIMAðp; d; q) models.
4.3. Parameter values

We now specify the parameter values y for which we establish higher-order
improvements of the parametric bootstrap.

We only obtain such results for parameter values that are in the interior of Y and
for which the asymptotic covariance matrix, SðyÞ, of the PML or PWML estimator
is nonsingular. This is not surprising because, for parameter values that do not
satisfy these conditions, the PML or PWML estimator is not asymptotically normal.
Thus, in an ARFIMAðp; d; q) model, parameter values y for which there are
common roots of the autoregressive and moving average characteristic equations are
not parameter values for which we establish higher-order improvements. Rather than
excluding such parameter values from the parameter space Y, which would be
unnatural and artificial, we allow the parameter space Y to include such values, but
we exclude them from the set of parameter values for which we establish higher-
order improvements.

Next, we introduce some additional notation. Let ZnðyÞ denote 2n times the vector
of all log-likelihood derivatives (LLDs), DnLnðyÞ, or Whittle log-likelihood
derivatives (WLLDs), DnL

W
n ðyÞ, up to order s� 1. (See (A.1) and (A.2) of the

appendix for the form of these partial derivatives for the PLL case. See (A.3) and
(A.4) of the appendix for the PWLL case.) Let DnðyÞ denote the covariance matrix of
n�1=2ZnðyÞ when the true parameter is y. The ðj; kÞ element of DnðyÞ is

DnðyÞj;k ¼
2

n
trfMnBn;nj

ðyÞMnTnðf yÞMnBn;nk
ðyÞMnTnðf yÞg,

where

Bn;nj
ðyÞ ¼ ð�1=2ÞDnj

T�1n ðf yÞ for the LLDs,

Bn;nj
ðyÞ ¼ ð�1=2ÞDnj

Tnðð2pÞ
�2f �1y Þ for the WLLDs, ð4:1Þ

and Dnj
denotes partial differentiation with respect to some indices, such as

ðqj1þ���þjd=qyj1 � � � qyjd Þ. By Lemma 8 in the Appendix for LLDs and by Andrews

and Lieberman (2005, Eq. (9)) for WLLDs, the asymptotic covariance matrix
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DðyÞ ð¼ limn!1DnðyÞÞ of n�1=2ZnðyÞ exists and its ðj; kÞ element is

DðyÞj;k ¼
1

p

Z p

�p
fDnj

f �1y ðlÞgfDnk
f �1y ðlÞgf

2
yðlÞdl. (4.2)

Given any sub-vector ZnðyÞ of ZnðyÞ, let DnðyÞ and DðyÞ denote the finite-sample

and asymptotic covariance matrices of n�1=2ZnðyÞ, respectively, when the true
parameter is y.

We establish higher-order improvements for the parametric bootstrap that hold
uniformly over compact sets that lie in any set eY � Y that satisfies the following
‘‘nonsingularity’’ condition:

Condition NSs. (i) eY is an open subset of Y.
(ii) SðyÞ is nonsingular for all y 2 eY.
(iii) For some sub-vector ZnðyÞ of ZnðyÞ, the asymptotic covariance matrix DðyÞ of

n�1=2ZnðyÞ is nonsingular for all y 2 eY and the asymptotic covariance matrix of any
sub-vector of n�1=2ZnðyÞ that strictly contains n�1=2ZnðyÞ is singular for all y 2 eY.

(iv) For n sufficiently large, the finite-sample covariance matrix of any sub-vector
of n�1=2ZnðyÞ that strictly contains n�1=2ZnðyÞ is singular for all y 2 eY.

Condition NSs depends on s because ZnðyÞ includes all LLDs or WLLDs up to
order s� 1. Conditions NSs(i) and NSs (ii) restrict consideration to parameter values
for which the PML or PWML estimator is asymptotically normal.

Condition NSs (iii) requires that the same LLDs or WLLDs are linearly
independent asymptotically for all parameter values in eY. This is not very restrictive
because our results hold for different choices of the set eY and there is a finite number
of different sub-vectors ZnðyÞ of ZnðyÞ that might be the ZnðyÞ vector that arises in
Condition NSs (iii).

Condition NSs (iv) requires certain finite-sample covariance matrices of LLDs or
WLLDs to be singular whenever the corresponding asymptotic covariance matrix is
singular. For WLLDs, this always occurs because the finite-sample covariance
matrix of the WLLDs closely mirrors the asymptotic covariance matrix, see Andrews
and Lieberman (2005) for details. Hence, for WLLDs, Condition NSs (iv) always
holds.

On the other hand, for LLDs, Condition NSs (iv) does not always hold and the
condition can be restrictive. For example, an ARFIMAðp; d; q) models with pX1,
Condition NSs (iv) generally fails whenever sX4. This occurs because the third-order
derivative of the reciprocal of the spectral density with respect to the lag-one
autoregressive parameter is zero, which causes the asymptotic covariance matrix of
any set of LLDs that includes this one to be singular, but the finite-sample
covariance matrix is not singular. In consequence, the results given below only hold
for s ¼ 3 in ARFIMAðp; d; q) models with pX1. This yields weaker higher-order
improvement results for the PML-based parametric bootstrap than are available for
models that satisfy Condition NSs (iv), such as ARFIMAð0; d; q) models. The results
are also weaker than those that are obtained for the PWML-based parametric
bootstrap for ARFIMAðp; d; q) models with any values (p; d; q).
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Let

W nðyÞ ¼ n�1=2ðZnðyÞ � EyZnðyÞÞ, (4.3)

where ZnðyÞ is as in Condition NSs. The higher-order improvement results for the
parametric bootstrap are based on an Edgeworth expansion for the vector W nðyÞ of
normalized LLD’s or WLD’s. Denote the dimension of ZnðyÞ and W nðyÞ by ds.

4.4. Condition Cs

The results given below for PML and PWML estimators hold for those estimators
that satisfy Condition Cs. We say that a sequence of estimators fyn : nX1g satisfies
Condition Cs if for all e40 and all compact subsets Yc of Y,

sup
y02Yc

Py0 ðkyn � y0k4n�1=2 lnðnÞeÞ ¼ oðn�ðs�2Þ=2Þ as n!1. (4.4)

Fox and Taqqu (1986) and Dahlhaus (1989) show that the estimators that maximize
the PWLL and PLL criterion functions are consistent and asymptotically normal.
Hence, these estimators satisfy Condition Cs with s ¼ 2. Furthermore, the following
lemma shows that sequences of PML and PWML estimators that satisfy Condition
Cs exist.

In the following lemma and elsewhere below, we make statements like ‘‘Suppose
Assumptions I–VI or W1–W7 hold. Then, PML or PWML estimators satisfy. . . .’’
By this we mean, if Assumptions I–VI hold, then PML estimators satisfy. . . or if
Assumptions W1–W7 hold, then PWML estimators satisfy. . . .

Lemma 1. Suppose Assumptions I–VI or W1–W7 hold for some sX3 and the true

parameter y0 lies in the interior of Y. Then, there exists a sequence of PML or PWML

estimators fbyn 2 bYn : nX1g that satisfies Condition Cs. (This holds whether bYn is

defined to be the set of solutions to the FOCs in Y or Yþ.)

Comments. (1) Lemma 1 is analogous to Theorem 3(a) of Bhattacharya and Ghosh
(1978), who also employ Condition Cs in their classic results for the Edgeworth
expansion of the MLE in an iid context.

(2) Verifying Condition Cs for all sequences of PML and PWML estimators is
beyond the scope of this paper.

(3) The proof of Lemma 1 for PML estimators is analogous to that of Theorem
4(a) of LRZ using Lemma 7(b). For PWML estimators, the result of Lemma 1 holds
by Theorem 6(a) of Andrews and Lieberman (2005).
5. Coverage probability errors of delta method CIs

In this section, we establish bounds on the coverage probability errors of one- and
two-sided delta method CIs based on PML and PWML estimators. These results
immediately provide bounds on the errors in the null rejection rates of one- and two-
sided delta method t tests.



ARTICLE IN PRESS

D.W.K. Andrews et al. / Journal of Econometrics 133 (2006) 673–702688
The main result of this section is the following.

Theorem 2. Suppose Assumptions I–VI or W1–W7 hold, fbyn 2 bYn : nX1g are PML or

PWML estimators that satisfy Condition Cs, and eY is any set that satisfies Condition

NSs with s as specified below. Let Yc be any compact subset of eY. Then,
(a)
 supy02Yc
jPy0ðy0 2 DCI2ðbynÞÞ � ð1� aÞj ¼ Oðn�1Þ for s ¼ 4,
(b)
 supy02Yc
jPy0ðy0 2 DCI2ðbynÞÞ � ð1� aÞj ¼ Oðn�1=2Þ for s ¼ 3, and
(c)
 supy02Yc
jPy0ðy0 2 DCIupð

bynÞÞ � ð1� aÞj ¼ Oðn�1=2Þ for s ¼ 3.
Comments. (1) The errors in coverage probability of delta method CIs in the case of
iid data typically are Oðn�1Þ and Oðn�1=2Þ for two- and one-sided CIs, respectively,
e.g., see Hall (1988, 1992). Hence, parts (a) and (c) of the theorem show that delta
method CIs in the long-memory case have coverage probability errors with the same
order of magnitude asymptotically as in the iid case.

Note that the theorem only applies to CIs for autocorrelation and variance
parameters. It does not apply to CIs for the mean parameter. On the other hand, the
sample mean is an unbiased estimator with (exact) normal distribution, which can be
utilized to develop inference for the population mean.

(2) The error in part (a) of the theorem is sharp except in the special case where the
coefficient on the n�1 term of the Edgeworth expansion of jtnðy0;rÞj is zero. Similarly,
the error in part (c) is sharp except when the coefficient on the n�1=2 term of the
Edgeworth expansion of tnðy0;rÞ is zero. In such cases, sharp errors are determined by
the first nonzero terms in the Edgeworth expansions of jtnðy0;rÞj and tnðy0;rÞ given in
Lemma 12(a) in the Appendix. The error in part (b) may not be sharp.

6. Higher-order improvements of the bootstrap

The main result of this paper is the following theorem. The theorem establishes
bounds on the asymptotic orders of magnitude of coverage probability errors of
bootstrap CIs based on PML or PWML estimators.

Theorem 3. Suppose Assumptions I–VI or W1–W7 hold, the PML or PWML
estimators fbyn 2 bYn : nX1g satisfy Condition Cs, the BG estimators feyn : nX1g satisfy

Condition Cs, and eY is any set that satisfies Condition NSs with s as specified below.

Let Yc be any compact subset of eY. Then,
(a)
 supy02Yc
jPy0ðy0 2 CI symðbynÞÞ � ð1� aÞj ¼ oðn�3=2 lnðnÞÞ for s ¼ 5,
(b)
 supy02Yc
jPy0ðy0 2 CIupð

bynÞÞ � ð1� aÞj ¼ oðn�1 lnðnÞÞ for s ¼ 4, and
(c)
 the errors in parts (a) and (b) are oðn�1=2Þ for s ¼ 3.
Comments. (1) Theorem 3 provides results for bootstrap tests based on the t statistic

tnðyH;rÞ as well as for CIs. For parameter values y0 for which y0;r ¼ yH;r, we have
Py0 ðy0;r 2 CI symðbynÞÞ ¼ Py0 ðjtnðyH;rÞjpz�t;aÞ and likewise for upper CIs and tests.
Hence, for parameter values y0 in the null hypothesis, parts (a) and (b) of the
theorem give bounds on the error in rejection rates of symmetric two-sided and
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upper one-sided bootstrap tests, respectively. For these results to hold, the
estimators byn and eyn only need to satisfy Condition Cs for parameter values y0
that satisfy the null hypothesis. That is, Yc can be restricted to parameters that
satisfy the null hypothesis. In consequence, the results cover tests based on null-
restricted BG estimators, which are consistent only for parameters y0 that satisfy the
null hypothesis (and hence do not satisfy Condition Cs for all compact sets Yc � eYÞ,
as well as non-null-restricted BG estimators.

The results of the theorem do not provide information regarding the rejection
rates of parametric bootstrap tests when the null hypothesis is false, because
Py0 ðy0;r 2 CI symðbynÞÞ aPy0 ðjtnðyH;rÞjpz�t;aÞ for such parameter values. However, it
can be shown that the bootstrap critical values z�jtj;a and z�t;a equal za=2 þ oð1Þ and
za þ oð1Þ, respectively, where za is the 1� a standard normal quantile, whether or
not the null hypothesis is true, under fairly general conditions on the BG estimator.
In consequence, bootstrap tests have power against non-null parameter values y0.

(2) Comparison of the results of Theorems 2 and 3 show that the bootstrap CIs
CI symðbynÞ and CIupðbynÞ have smaller coverage probability errors than the two- and
one-sided delta method CIs, respectively, by the multiplicative factor oðn�1=2 lnðnÞÞ
(provided the Assumptions and Conditions Cs and NSs hold for s ¼ 5 and 4,
respectively).

(3) For upper CIs, the bootstrap improvements are almost the same as those that
have been established for parametric and nonparametric bootstrap CIs in iid
scenarios, which are Oðn�1=2Þ typically, e.g., see Hall (1988, 1992). In fact, the slight
difference (by a lnðnÞ factor) is undoubtedly due to the method of proof. Hence, for
upper CIs, the parametric bootstrap for long-memory time series performs
essentially as well asymptotically as for iid sequences of random variables.

For symmetric two-sided CIs, the higher-order improvements of the theorem are
not as large as those that have been obtained for iid sequences. It may be the case
that the errors in Theorem 3(a) are actually Oðn�2Þ due to an argument analogous to
that of Hall (1988, 1992) for the iid case. It seems difficult to establish such a result
rigorously in the long-memory case, however, and we leave such results to future
research.

(4) If the Assumptions and Conditions Cs and NSs only hold with s ¼ 3, then part
(d) of Theorem 3 shows that the parametric bootstrap improves the CI coverage
probability error Oðn�1=2Þ given in Theorem 2(b) and (c) to oðn�1=2Þ. This occurs with
CIs based on the PML estimator in ARFIMAðp; d; q) models with pX1. Note,
however, the results in Theorem 2(b) and Theorem 3(c) may not be sharp.

If the Assumptions and Conditions Cs and NSs only hold with s ¼ 4, not 5, then
the error in part (a) of the Theorem is oðn�1Þ. In this case, we see that the parametric
bootstrap improves the error Oðn�1Þ of the delta method to oðn�1Þ.6
6The stated result holds by the same proof as for part (a) with n�3=2 replaced by n�1 throughout and

with lnðnÞ deleted in (A.11).
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(5) If the n�1=2 term in the Edgeworth expansion of tnðy0;rÞ (given in Lemma 12 of
the Appendix) does not depend on y0 and the Assumptions and Conditions Cs and
NSs hold with s ¼ 5, then the error in Theorem 3(b) is reduced by the factor n�1=2 to
oðn�3=2 lnðnÞÞ. In this case, the improvement of the parametric bootstrap upper CI
over the delta method upper CI is of order n�1 lnðnÞ (provided the first term in the
expansion is not identically zero).7 (This holds by the same proof as for Theorem
3(b), but with four terms in the Edgeworth expansions instead of three, the second
equation of (A.6) for i ¼ 1 replaced by p1ðd;kn;4ð

eynÞÞFðzÞ ¼ p1ðd;kn;4ðy0ÞÞFðzÞ for all
z because p1ðd; kn;4ðy0ÞÞ does not depend on y0, and n�1 replaced by n�3=2

throughout.)
The situation just described occurs in the Gaussian ARFIMAð0; d; 0Þ model using

the PML estimator. Lieberman and Phillips (2004) show that the n�1=2 term of the
Edgeworth expansion of the PML estimator does not depend on d. Their results are
for a zero mean process. The results given in the Appendix show that the n�1=2 term
of the Edgeworth expansion of the PML estimator is the same whether one uses the
sample mean or the true mean in the log-likelihood function. Furthermore, the
variance of the PML estimator does not depend on d, so the t statistic tnðy0;rÞ is
proportional to the normalized PML estimator, n1=2ðbyn;r � y0;rÞ, and, hence, has an
Edgeworth expansion in which the n�1=2 term does not depend on d. Finally,
Assumptions I–VI and Conditions Cs and NSs hold for s ¼ 4 in this case. So, we
conclude that in the Gaussian ARFIMAð0; d; 0Þ model with unknown mean CIupð

bynÞ

has coverage probability error of magnitude oðn�3=2 lnðnÞÞ. In contrast, the one-sided
delta method CI has error that is Oðn�1=2Þ.

Similarly, if the n�1 term in the Edgeworth expansion of jtnðy0;rÞj does not depend
on y0 and the Assumptions and Conditions Cs and NSs hold with s ¼ 5, then the
error in Theorem 3(a) is reduced by n�1=2 to oðn�2 lnðnÞÞ.
7. Monte Carlo simulations

In this section we compare the coverage probabilities of delta method and
parametric bootstrap two-sided CIs for some ARFIMAðp; d; qÞ processes. We take
the number of bootstrap repetitions to be 999 and the number of simulation
repetitions to be 1000. This requires solving roughly one million nonlinear estimation
problems for each parameter combination. In consequence, for computational ease,
we take p ¼ q ¼ 0 and we consider ARFIMAð0; d; 0Þ processes with unknown long-
memory parameter d and unknown variance s2.

The values of d considered are 0; :1; :2; :3, and :4. The value of s2 is one. The
sample size n is 100. Again for computational ease, we approximate the integrals in
the definition of the PWML estimator by a finite grid with grid size :0628 ð¼ 2p=nÞ.
This allows us to use the fast Fourier transform.
7If the n�1=2 term in the Edgeworth expansion of tnðy0;rÞ is identically zero, not just independent of y0,
then the error for the delta method upper CI is given in Comment 3 following Theorem 2, rather than in

Theorem 2(c).
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Table 1

Coverage probabilities of delta method and parametric bootstrap confidence intervals for the long-

memory parameter d based on plug-in ML and plug-in Whittle ML estimators for ARFIMAð0; d; 0Þ
processes

d Avg Abs Dev

0 .1 .2 .3 .4

(a) Nominal 95% confidence interval

Delta method PML .928 .930 .935 .954 .970 .016

Bootstrap PML .944 .960 .948 .958 .972 .010

Delta method PWML .886 .890 .883 .895 .928 .054

Bootstrap PWML .950 .942 .924 .940 .964 .012

(b) Nominal 99% confidence interval

Delta method PML .978 .988 .977 .988 .996 .007

Bootstrap PML .992 .990 .992 .995 .999 .004

Delta method PWML .966 .954 .956 .971 .970 .027

Bootstrap PWML .991 .989 .990 .990 .990 .000

(c) Nominal 90% confidence interval

Delta method PML .869 .872 .882 .913 .940 .026

Bootstrap PML .890 .886 .876 .880 .937 .021

Delta method PWML .816 .821 .810 .831 .891 .066

Bootstrap PWML .894 .889 .888 .873 .938 .019
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The parametric bootstrap samples are simulated normal random variables with
their mean and covariance matrix given by the estimated values from the original
sample.8 The samples are computed by truncating the formula for an
ARFIMAð0; d; 0Þ process and using a start-up of 500 observations. For selected
cases, no difference is found in the results between using 500, 1000, or 1500 start-up
observations. (This method is easier computationally than simulating a vector of iid
normal random variables and multiplying it by the square root of the covariance
matrix of an ARFIMAð0; d; 0Þ process because it circumvents the computation of the
covariances.)

Coverage probabilities for nominal 95%, 99%, and 90% confidence levels are
reported in Table 1. The last column of Table 1 reports the average absolute
deviation of the true coverage probabilities from the nominal coverage probability,
where the average is over the five values of d. This column gives a good summary of
the relative performances of the different CIs.

Table 1 shows that the delta method CIs tend to under cover. This is especially
true for the PWML-based CI. For example, the latter has an average coverage
probability over the five values of d of .896 when the nominal coverage probability
8The bootstrap sample is not constructed by resampling the errors from the original sample because the

bootstrap considered in this paper is a parametric bootstrap, not a residual-based bootstrap. The

parametric bootstrap uses simulated Gaussian random variables because the parametric model is for

Gaussian random variables.
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is .95. In consequence, the delta method CI based on the PML estimator
outperforms that based on the PWML estimator. The bootstrap CIs sometimes
under cover and sometimes over cover.

The absolute deviation of the bootstrap CI coverage probability from the nominal
confidence level is less than that of the corresponding delta method CI in 24 out of 30
cases. For nominal level 95%, the bootstrap reduces the average absolute deviation
from .016 to .010 for the PML-based CIs and from .054 to .012 for the PWML-based
CIs. In consequence, the results of Table 1 indicate that the bootstrap CIs
outperform the delta method CIs. This is especially true for the CIs based on the
PWML estimator. Table 1 also shows that the relative performance of the two
bootstrap CIs is about equal.

We conclude that the theoretical asymptotic advantages of the bootstrap over the
delta method derived above are reflected in the finite sample cases considered here.
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Appendix A. Proofs

A.1. Edgeworth expansion for the log-likelihood derivatives

We begin by establishing an Edgeworth expansion for the ds-vector of centered
and normalized PLL derivatives (LLDs), W nðyÞ, defined in (4.3), that holds
uniformly for y in compact subsets Yc of eY, where eY satisfies Condition NSs. The
order of the Edgeworth expansion can be arbitrarily large because moments of all
orders of W nðyÞ exist. The Edgeworth expansion of the LLDs is a key ingredient in
the proofs of Theorems 2 and 3 given below for the case of the PML estimator.

Let n ¼ ðr1; . . . ; rqÞ
0 denote a q-vector of positive integers each less than or equal to

dimðyÞ. We write the real-valued qth order partial derivative of the PLL objective
function specified by n as

Ln;nðyÞ ¼ DnLnðy;X nÞ

¼
qq

qyr1 . . . qyrq

Lnðy;X nÞ

¼ Fn;nðyÞ þ X 0MnBn;nðyÞMnX , ðA:1Þ

where

Fn;nðyÞ ¼ �
1

2
Dn lnðdetðTnðf yÞÞÞ

¼
Xb

k¼1

aktr
Ypk

j¼1

T�1n ðf yÞTnðgy;k;jÞ

 !
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and

Bn;nðyÞ ¼ �
1

2
DnT

�1
n ðf yÞ

¼
Xb

k¼1

ak

Ypk

j¼1

T�1n ðf yÞTnðgy;k;jÞ

 !
T�1n ðf yÞ ðA:2Þ

for some fixed constants b, ak, and pk that depend on n and with gy;k;j being certain
partial derivatives of the spectral density with respect to the components of y of
order q or less. The quantities ak, pk, b, and gy;k;j are of the same form, but are not
identical, in Fn;nðyÞ and Bn;nðyÞ. For notational simplicity, we do not make a
distinction.

In the first equation of (A.2), the second equality holds by application of the
facts that if A ¼ AðaÞ is a nonsingular n� n matrix that depends on a scalar a,
then ðq=qaÞ lnðdetðAÞÞ ¼ trðA�1ðq=qaÞAÞ, e.g., see Dhrymes (2000, Corollary 5.6,
p. 159), and ðq=qaÞA�1 ¼ �A�1ððq=qaÞAÞA�1, e.g., see Dhrymes (2000, Corollary
15.14, p. 167). In the second equation of (A.2), the second inequality holds
by repeated application of the second result just stated. See Taniguchi (1986,
Eqs. (4.4) and (4.5)) for exact expressions for the LLDs Ln;nðyÞ of orders one, two,
and three.

Let Gnðu; yÞ for u 2 Rds be the density of W nðyÞ when the true parameter is y. LeteGt�2
n ðu; yÞ be the formal Edgeworth expansion of W nðyÞ of order t� 2. For brevity,

we do not specify the precise form of eGt�2
n ðu; yÞ. See LRZ for details.

Theorem 4. Suppose Assumptions I–VI hold and eY satisfies Condition NSs for some

integer sX3. Then, for all compact sets Yc � eY and all tX3,
(a)
 supy02Yc
supu2Rds jGnðu; y0Þ � eGt�2

n ðu; y0Þj ¼ oðn�ðt�2Þ=2Þ andR t�2

(b)
 Py0ðW nðy0Þ 2 CÞ ¼

C
eGn ðu; y0Þduþ oðn�ðt�2Þ=2Þ, uniformly over all Borel sets C

and all y0 2 Yc.
Comments. (1) When Theorem 4 is employed in the proofs of Theorems 2 and 3, we
take t ¼ s.

(2) Theorem 4(a) is proved in Section A.3 by verifying the conditions of
Theorem 2 of Durbin (1980), which provides an Edgeworth expansion for the
density of W nðy0Þ. Theorem 4(b) converts the result of part (a) into an Edgeworth
expansion for the distribution function of W nðy0Þ using Corollary 3.3 of Skovgaard
(1986).

A.2. Edgeworth expansion for the Whittle log-likelihood derivatives

In this section, we state an Edgeworth expansion for the vector of centered and
normalized PWLL derivatives (WLLDs), W nðyÞ, defined in (4.3), that is established
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in Andrews and Lieberman (2005). The Edgeworth expansion is used in the proof of
Theorems 2 and 3 for the case of the PWML estimator.

We write the real-valued qth order partial derivative of the PWLL objective
function specified by n as

LW ;n;nðyÞ ¼ DnLW ;nðy;X nÞ

¼ F n;nðyÞ þ X 0MnBn;nðyÞMnX , ðA:3Þ

where

Fn;nðyÞ ¼ �
n

4p

Z p

�p
Dn lnðf yðlÞÞdl

and

Bn;nðyÞ ¼ �
1

2
DnTnðð2pÞ

�2f �1y Þ. (A.4)

As above, let Gnðu; yÞ for u 2 Rds be the density of W nðyÞ when the true parameter

is y. Let eGt�2
n ðu; yÞ be the formal Edgeworth expansion of W nðyÞ of order t� 2. We

do not specify the precise form of eGt�2
n ðu; yÞ. See Andrews and Lieberman (2005) for

details.

Proposition 5. Suppose Assumptions W1–W7 hold and eY satisfies Condition NSs for

some integer sX3. Then, for all compact sets Yc � eY and all tX3,
(a)
 supy02Yc
supu2Rds jGnðu; y0Þ � eGt�2

n ðu; y0Þj ¼ oðn�ðt�2Þ=2Þ and
(b)
 Py0ðW nðy0Þ 2 CÞ ¼
R

C
eGt�2

n ðu; y0Þduþ oðn�ðt�2Þ=2Þ, uniformly over all Borel sets C

and all y0 2 Yc.
A.3. Proof of validity of the Edgeworth expansion for the log-likelihood derivatives

In this section, we prove Theorem 4. The proof uses the following three lemmas.
As specified in Condition NSs (iii), ZnðyÞ denotes the ds-vector of nonredundant

LLDs Ln;nðyÞ or WLLDs LW
n;nðyÞ up to order s� 1. For LLDs, we can write

ZnðyÞ ¼ ðLn;nð1ÞðyÞ; . . . ;Ln;nðdsÞðyÞÞ
0, where each vector nðjÞ is of the same form as n

defined above (A.1) for some qpds for j ¼ 1; . . . ; ds. For WLLDs, ZnðyÞ can be
written analogously.

Let jnðo; yÞ ¼ Ey expðio0ZnðyÞÞ denote the characteristic function of ZnðyÞ when y
is the true value, where o 2 Rds . Let Z ¼ ðZ1; . . . ; ZqÞ

0 be a q-vector of nonnegative
integers each of which is less than or equal to ds. Define Do;Z ¼ qq=ðqoZ1 � � � qoZq

Þ.
Let kn;sðyÞZ denote the Z cumulant of ZnðyÞ when y is the true value. Note that kn;sðyÞZ
is a cumulant of order q. By definition, kn;sðyÞZ ¼ i�qDo;Z lnðjnðo; yÞÞjo¼0, where
i ¼

ffiffiffiffiffiffiffi
�1
p

. The vector kn;sðyÞ is composed of elements kn;sðyÞZ for vectors Z of
dimension qps.
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The following lemma holds for both the PLL and PWLL cases.

Lemma 6. Suppose Assumptions I–VI or W1–W7 hold for some integer sX3. Then,
(a) jnðo; yÞ ¼ expði

Pds
j¼1 ojF n;nðjÞðyÞÞdet

�1=2
ðIn � 2i

Pds
j¼1 ojMnBn;nðjÞðyÞMn Tnðf yÞÞ,

where F n;nðjÞðyÞ and Bn;nðjÞðyÞ have the form given in (A.2) or (A.4) with different

constants and spectral density derivatives for each j,
(b) Z cumulants of order one satisfy:

kn;sðyÞZ ¼ Fn;nðZÞðyÞ þ trðMnBn;nðZÞðyÞMnTnðf yÞÞ,

where F n;nðZÞðyÞ and Bn;nðZÞðyÞ are of the form given in (A.2) or (A.4) and Z is an integer

between one and ds,
(c) Z cumulants of order qX2 satisfy:

kn;sðyÞZ ¼ Cqtr
Yq

r¼1

ðMnBn;nðZrÞ
ðyÞMnTnðf yÞÞ

 !
for some constant Cqo1, where Bn;nðZrÞ

ðyÞ is of the form given in (A.2) or (A.4) with

different constants and different spectral density derivatives for each Zr.

The proof of Lemma 6, as well as those of Lemmas 7 and 8 below, have been
omitted for brevity at the request of the editor. They are given in Andrews and
Lieberman (2002, Section 8.4), which is available on the web.

We now establish some results for the case where ZnðyÞ is based on the PLL
function (not the PWLL function).

Let kAk ¼ ðtrðA�AÞÞ1=2 denote the Euclidean norm of A.
Let Z0

nðyÞ denote the same vector of LLDs as ZnðyÞ, but with Ln;nðyÞ ð¼
DnLnðy;X nÞÞ replaced by DnLnðy;m0Þ, where m0 is the true mean. Let k0n;sðyÞ denote
the same vector of cumulants as kn;sðyÞ, but for Z0

nðyÞ rather than ZnðyÞ. Note that
k0n;sðyÞZ equals the same expression as given for kn;sðyÞZ in Lemma 6(b) and (c),
but with Mn deleted. We show that supy2Yc

kkn;sðyÞ � k0n;sðyÞk ¼ OðndÞ for all d40.
LRZ show that supy2Yc

kk0n;sðyÞk ¼ OðnÞ. These results combine to give
supy2Yc

kkn;sðyÞk ¼ OðnÞ, which is needed for application of Durbin’s (1980)
Theorem 1.

Lemma 7. Suppose Assumptions I–VI hold and eY satisfies Condition NSs for some

integer sX3. Let Yc be any compact subset of eY. Then, for the cumulants k0n;sðyÞ and

kn;sðyÞ based on the log-likelihood and PLL functions, respectively, we have
(a)
 supy2Yc
kk0n;sðyÞk ¼ OðnÞ,
(b)
 supy2Yc
kkn;sðyÞ � k0n;sðyÞk ¼ OðndÞ for all d40, and
(c)
 supy2Yc
kkn;sðyÞk ¼ OðnÞ.
Next, we show that the variance of n�1=2ZnðyÞ, denoted DnðyÞ, converges to a
matrix DðyÞ as n!1 uniformly over y 2 Yc. The proof relies on Theorem 2 of
LRZ, which extends Theorem 5.1 of Dahlhaus (1989), on the limiting behavior of
traces of products of certain n� n Toeplitz matrices.
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Lemma 8. Suppose Assumptions I–VI hold and eY satisfies Condition NSs for some

integer sX3. Let Yc be any compact subset of eY. Then, for DnðyÞ and DðyÞ based on the

PLL function, we have

lim
n!1

sup
y2Yc

jDnðyÞ �DðyÞj ¼ 0,

where the ði; ‘Þ element of DðyÞ has the form

½DðyÞ�i;‘ ¼
Xbi

u¼1

Xb‘
v¼1

aðiÞu að‘Þv

Z
ð�p;pÞ

f yðlÞ
�ðpuþpvÞ

Ypu

m¼1

g
ðiÞ
y;mðlÞ

( ) Ypv

r¼1

g
ð‘Þ
y;rðlÞ

( )
dl,

bi, b‘, aðiÞu , að‘Þv , pu, pv, are constants, and g
ðiÞ
y;mðlÞ and g

ð‘Þ
y;rðlÞ are partial derivatives with

respect to y of f yðlÞ of order s or less, as in (A.2), for i; ‘ ¼ 1; . . . ; ds.

Proof of Theorem 4. To prove part (a) we verify the conditions of Theorem 2 of
Durbin (1980), which establishes the validity of an Edgeworth expansion for the
density of a sequence of random vectors. Durbin’s Theorem 2 relies on his
Assumptions 2–4 plus the assumptions given in his paragraph containing (28) that (i)
W nðyÞ has a density with respect to Lebesgue measure for n large and (ii) the
variance of W nðyÞ, viz., DnðyÞ, converges to a nonsingular matrix Dðy0Þ as n!1

and y! y0 jointly.
Condition (i) holds because (a) ZnðyÞ is a vector of partial derivatives of

Lnðy;X nÞ up to order s� 1, (b) by (A.1), each of these partial derivatives
is a quadratic form in the multivariate normal random vector X , and (c) the
covariance matrix of n�1=2ZnðyÞ converges uniformly over y 2 Yc as n!1 to a
nonsingular matrix DðyÞ by Lemma 8 and Condition NSs (iii). Condition (ii) holds
by Lemma 8.

Durbin’s Assumption 4 requires that the cumulants of ZnðyÞ are OðnÞ uniformly
over y 2 Yc. This holds by Lemma 7(c).

LRZ show that a modified version of Durbin’s Assumption 3 can be used in place
of his Assumption 3. In verifying Durbin’s Assumptions 2 and the modified
Assumption 3, the only difference between the present case and the known
mean case (which is considered by LRZ) is that terms of the form
trð
Qp

‘¼1ðMnBn;nð‘ÞðyÞMnTnðf yÞÞÞ reduce to trð
Qp

‘¼1 ðBn;nð‘ÞðyÞTnðf yÞÞÞ in the known
mean case. By the proof of Lemma 7(b), the difference between these two expressions
is negligible (specifically, it is OðndÞ for all d40Þ compared to the magnitude of the
second expression (which is OðnÞÞ. In consequence, LRZ’s verification of Assumption
2 and the modified Assumption 3 go through in the present case.

Given part (a), part (b) follows by Corollary 3.3 of Skovgaard (1986), which
converts an Edgeworth expansion of a density to one of a distribution function. &

A.4. Lemmas used in the Proofs of Theorems 2 and 3

Next, we state several lemmas that are used in the proofs of Theorems 2 and 3. For
brevity, the proofs of these lemmas are not given here, but are in Andrews and
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Lieberman (2002, Section 8.6), which is available on the web. Each of the lemmas
holds with Yc being any compact subset of eY, where eY satisfies Condition NSs for
some sX3.

Lemma 9. Let fAnðy0Þ : nX1g be a sequence of dimðAÞ � 1 random vectors with

Edgeworth expansions for each y0 2 Yc with coefficients of order Oð1Þ and remainders

of order oðn�ðs�2Þ=2Þ both uniformly over y0 2 Yc. Specifically, there exist polynomials

fpn;iðz; y0Þ : i ¼ 1; . . . ; s� 2; nX1g in z whose coefficients are Oð1Þ uniformly over y0 2
Yc such that supy02Yc

supB2BdimðAÞ
jPy0ðAnðy0Þ 2 BÞ �

R
B
ð1þ

Ps�2
i¼1 n�i=2pn;iðz; y0ÞÞ

fSnðy0Þ
ðzÞdzj ¼ oðn�ðs�2Þ=2Þ, where fSnðy0Þ

ðzÞ is the density function of a Nð0;Snðy0ÞÞ
random variable, Snðy0Þ has eigenvalues that are bounded away from zero and infinity

as n!1 uniformly over y 2 Yc and BdimðAÞ denotes the class of all convex sets in

RdimðAÞ. Let fxnðy0Þ 2 RdimðAÞ : nX1g be a sequence of random vectors with

supy02Yc
Py0 ðkxnðy0Þk4onÞ ¼ oðn�ðs�2Þ=2Þ for some constants on ¼ oðn�ðs�2Þ=2Þ. Then,

sup
y02Yc

sup
B2BdimðAÞ

jPy0 ðAnðy0Þ þ xnðy0Þ 2 BÞ � Py0ðAnðy0Þ 2 BÞj ¼ oðn�ðs�2Þ=2Þ.

Let n�1Zþn ðy0Þ denote the vector n�1Znðy0Þ of normalized LLDs or WLLDs

augmented to include the vector of expected values of all partial derivatives with

respect to y of order s of n�1Lnðy0;X nÞ or n�1LW ;nðy0;X nÞ.
The following lemma is an extension of Theorem 4(b) of Bhattacharya and Ghosh

(1978). The lemma shows that the normalized PML or PWML estimator and the t

statistic tnðy0;rÞ can be approximated by smooth functions of n�1Zþn ðy0Þ.

Lemma 10. Suppose Assumptions I–VI or W1–W7 hold, the PML or PWML
estimators fbyn : nX1g satisfy Condition Cs, and eY satisfies Condition NSs for some

integer sX3. Let Dnðy0Þ denote n1=2ðbyn � y0Þ or tnðy0;rÞ. Let dimðDÞ denote the

dimension of Dnðy0Þ. For each definition ofDnðy0Þ, there is an infinitely differentiable

function Gð�Þ that does not depend on y0 that satisfies Gðn�1Ey0Zþn ðyÞÞ ¼ 0 for all n

large and all y0 2 Yc and

sup
y02Yc

sup
B2BdimðDÞ

jPy0ðDnðy0Þ 2 BÞ � Py0 ðn
1=2Gðn�1Zþn ðy0ÞÞ 2 BÞj ¼ oðn�ðs�2Þ=2Þ.

For some d40, let Yþc ¼ fy 2 RdimðyÞ : distðy;YcÞpdg be a compact subset of eY
that is slightly larger than Yc (where distðy;YcÞ ¼ inffky� yck : yc 2 YcgÞ. Let
Bðy; eÞ denote an open ball of radius e40 centered at y.

The results of Theorem 3 hold uniformly for the true parameter lying in a compact
subset Yc of eY. To obtain the results of Theorem 3, we need to establish Edgeworth
expansions (and other results) that hold uniformly for the true parameter lying in the
larger set Yþc . The reason is that the parametric bootstrap uses eyn as the true
parameter and eyn 2 Yþc with probability that goes to one (at a sufficiently fast rate)
when the true parameter is in Yc. The next Lemma is a simple, but key, result that
allows one to do so. It is used in the proof of Lemma 12(b) below. The condition of
the lemma on eyn is an implication of Condition Cs.
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Lemma 11. Suppose supy02Yc
Py0 ð

eyneBðy0; dÞÞ ¼ oðn�ðs�2Þ=2Þ, where Yc is a compact

subset of eY and d is as in the definition of Yþc , and flnðyÞ : nX1g is a sequence of

(nonrandom) real functions on Yþc that satisfies supy2Yþc jlnðyÞj ¼ oðn�ðs�2Þ=2Þ. Then,
for all e40,

sup
y02Yc

Py0 ðjlnð
eynÞj4n�ðs�2Þ=2eÞ ¼ oðn�ðs�2Þ=2Þ.

The next lemma provides Edgeworth (E) expansions for tnðy0;rÞ and t�nð
eyn;rÞ.

The E expansion for tnðy0;rÞ is obtained from the E expansion for the
LLDs or WLLDs, given in Theorem 4 or Proposition 5, plus the approximation
of tnðy0;rÞ by a smooth function of the LLDs or WLLDs, given in Lemma 10.
The E expansion for t�nð

eyn;rÞ is obtained by utilizing the E expansion for tnðy0;rÞ and
Lemma 11.

Let Fð�Þ be the standard normal distribution function. Let kn;sðyÞ ¼ kn;sðyÞ=n. By
Lemma 7(c), the elements of kn;sðyÞ are Oð1Þ. Let piðd;kn;sðyÞÞ be a polynomial in
d ¼ q=qz whose coefficients are polynomials in the elements of kn;sðyÞ and for which
piðd;kn;sðyÞÞFðzÞ is an even function of z when i is odd and an odd function of z when
i is even for i ¼ 1; . . . ; s� 2.
Lemma 12. Suppose Assumptions I–VI or W1–W7 hold, the PML or PWML

estimators fbyn 2 bYn : nX1g and the BG estimators feyn : nX1g satisfy Condition Cs,
and eY satisfies Condition NSs for some sX3. Then, for all e40,

ðaÞ sup
y02Yc

sup
z2R

jPy0 ðtnðy0;rÞpzÞ � 1þ
Xs�2
i¼1

n�i=2piðd;kn;sðy0ÞÞ

" #
FðzÞj

¼ oðn�ðs�2Þ=2Þ.

ðbÞ sup
y02Yc

Py0 sup
z2R

P�eyn
ðt�nð
eyn;rÞpzÞ � 1þ

Xs�2
i¼1

n�i=2piðd;kn;sð
eynÞÞ

" #
FðzÞ

�����
�����

 

4n�ðs�2Þ=2e

!
¼ oðn�ðs�2Þ=2Þ.

The final lemma shows that the coefficients of the Edgeworth expansions of tnðy0;rÞ
and t�nð

eyn;rÞ differ by at most n�1=2 lnðnÞ except on a set whose probability goes to zero
quickly. This property leads to higher-order improvements of bootstrap CIs.
Lemma 13. Suppose Assumptions I–VI or W1–W7 hold, the BG estimators feyn : nX1g
satisfy Condition Cs, and eY satisfies Condition NSs for some integer sX3. Then, for all

e40,

sup
y02Yc

Py0 ðn
1=2kkn;sð

eynÞ � kn;sðy0Þk4 lnðnÞeÞ ¼ oðn�ðs�2Þ=2Þ,

where kn;sðyÞ denotes the vector of cumulants of the PLL or PWLL function.
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A.5. Proofs of Theorems 2 and 3

Proof of Theorem 2. We establish part (c) first. Note that Py0ðy0 2 DCIupð
bynÞÞ ¼

Py0 ðtnðy0;rÞpzaÞ. In consequence, part (c) follows immediately from Lemma 12(a)
with s ¼ 3 by replacing z by za, since FðzaÞ ¼ 1� a.

Next, we prove part (a). We have Py0 ðy0 2 DCI2ðbynÞÞ ¼ Py0ðjtnðy0;rÞjpza=2Þ. By
Lemma 12(a) with s ¼ 4, we have

sup
y02Yc

jPy0ðjtnðy0;rÞjpza=2Þ � ½1þ n�1p2ðd; kn;4ðy0ÞÞ�ðFðza=2Þ � Fð�za=2ÞÞj

¼ oðn�1Þ ðA:5Þ

because the evenness of p1ðd; kn;4ðy0ÞÞFðzÞ in z implies that p1ðd; kn;4ðy0ÞÞ
ðFðza=2Þ � Fð�za=2ÞÞ ¼ 0. Since Fðza=2Þ � Fð�za=2Þ ¼ 1� a, this establishes part (a).

To prove part (b), we apply Lemma 12(a) with s ¼ 3 to obtain (A.5) with
n�1p2ðd;kn;4ðy0ÞÞ deleted and oðn�1Þ replaced by oðn�1=2Þ. This yields part (b). &

Proof of Theorem 3. We establish part (b) first. Note that Py0 ðy0;r 2 CIupð
bynÞÞ ¼

Py0 ðtnðy0;rÞpz�t;aÞ. We show the latter equals 1� aþ oðn�1 lnðnÞÞ uniformly over
y0 2 Yc. By Lemmas 12(b), 13, and 12(a), respectively, each with s ¼ 4, we have:
8e40 and i ¼ 1; 2,

sup
y02Yc

Py0 sup
z2R

jP�ey
n

ðt�nð
eyn;rÞpzÞ � 1þ

X2
i¼1

n�i=2piðd;kn;4ð
eynÞÞ

" #
FðzÞj4n�1e

 !
¼ oðn�1Þ,

sup
y02Yc

Py0 sup
z2R

j½piðd;kn;4ð
eynÞÞ � piðd;kn;4ðy0ÞÞ�FðzÞj4n�1=2 lnðnÞe

� �
¼ oðn�1Þ,

sup
y02Yc

sup
z2R

jPy0 ðtnðy0;rÞpzÞ � 1þ
X2
i¼1

n�i=2piðd;kn;4ðy0ÞÞ

" #
FðzÞj ¼ oðn�1Þ.

(A.6)

The three results of (A.6) combine to give

sup
y02Yc

Py0 sup
z2R

jP�ey
n

ðt�nð
eyn;rÞpzÞ � Py0 ðtnðy0;rÞpzÞj4n�1 lnðnÞe

� �
¼ oðn�1Þ.

(A.7)

If t�nð
eyn;rÞ is absolutely continuous, then P�ey

n

ðt�nð
eyn;rÞpz�t;aÞ ¼ 1� a. Whether or not

t�nð
eyn;rÞ is absolutely continuous, the Edgeworth expansion of Lemma 12(b) with

s ¼ 4 implies that

sup
y02Yc

Py0 ðjP
�ey

n

ðt�nð
eyn;rÞpz�t;aÞ � ð1� aÞj4n�1eÞ ¼ oðn�1Þ (A.8)
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for all e40. This holds because the continuity in z of the Edgeworth expansion in
Lemma 12(b) implies that there exists a value z��t;a for which the Edgeworth expansion

at z ¼ z��t;a equals 1� a and, by definition of z�t;a, jP
�ey

n

ðt�nð
eyn;rÞpz�t;aÞ � ð1� aÞj

pjP�ey
n

ðt�nð
eyn;rÞpz��t;aÞ � ð1� aÞj.

Taking z ¼ z�t;a in (A.7) and combining it with (A.8) gives

sup
y02Yc

Py0 ðj1� a� Py0 ðtnðy0;rÞpz�t;aÞj4n�1 lnðnÞeÞ ¼ oðn�1Þ. (A.9)

The expression inside the absolute value sign is nonrandom. Hence, for n

large, j1� a� Py0ðtnðy0;rÞpz�t;aÞjpn�1 lnðnÞe, which establishes part (b) of the
theorem.

Next, we prove part (a). We have Py0ðy0;r 2 CI symðbynÞÞ ¼ Py0 ðjtnðy0;rÞjpz�t;aÞ. We

show that the latter equals 1� aþ oðn�3=2 lnðnÞÞ uniformly over y0 2 Yc. By
Lemmas 12(b), 13, and 12(a), respectively, each with s ¼ 5, we have: for all e40,

sup
y02Yc

Py0 sup
z2R

jP�ey
n

ðjt�nð
eyn;rÞjpzÞ � ½1þ n�1p2ðd;kn;5ð

eynÞÞ�ðFðzÞ

 

� Fð�zÞÞj4n�3=2e

!
¼ oðn�3=2Þ,

sup
y02Yc

Py0 sup
z2R

j½p2ðd;kn;5ð
eynÞÞ � p2ðd;kn;5ðy0ÞÞ�ðFðzÞ

�
�Fð�zÞÞj4n�1=2 lnðnÞe

�
¼ oðn�3=2Þ

and

sup
y02Yc

sup
z2R

jPy0ðjtnðy0;rÞjpzÞ � ½1þ n�1p2ðd; kn;5ðy0ÞÞ�ðFðzÞ � Fð�zÞÞj

¼ oðn�3=2Þ, ðA:10Þ

using the evenness of pjðd;kn;5ð
eynÞÞFðzÞ and pjðd;kn;5ðy0ÞÞFðzÞ in z for j ¼ 1; 3 in the

first and third results respectively.
The three results of (A.10) combine to give

sup
y02Yc

Py0 sup
z2R

jP�ey
n

ðjt�nð
eyn;rÞjpzÞ � Py0 ðjtnðy0;rÞjpzÞj4n�3=2 lnðnÞe

� �
¼ oðn�3=2Þ.

(A.11)

Given (A.11), the rest of the proof of part (a) is analogous to that of part (b) above.
Part (c) holds by the same proofs as for parts (a) and (b) but in the proof of part

(a) n�3=2 is replaced by n�1=2 throughout, the terms n�1p2ðd;kn;5ð
eynÞÞ and

n�1p2ðd;kn;5ðy0ÞÞ are deleted in (A.10), and lnðnÞ is deleted in (A.11) and in the
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proof of part (b) n�1 is replaced by n�1=2 throughout, the sum over i from 1 to 2 is
replaced by the summand for i ¼ 1 alone in (A.6), and lnðnÞ is deleted in (A.7), (A.9),
and the sentence following (A.9). &
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