CRITICAL TYPES
JEFFREY C. ELY AND MARCIN PESKI

ABSTRACT. Economic models employ assumptions about agents’ infinite hierarchies of be-
lief. We might hope to achieve reasonable approximations by specifying only finitely many
levels in the hierarchy. However, it is well known since Rubinstein (1989) that the behav-
iors of some fully specified hierarchies can be very different from the behavior of such finite
approximations. Examples and earlier results in the literature suggest that these critical
types are characterized by some strong assumptions on higher-order beliefs. We formalize
this connection. We define a critical type to be any hierarchy at which the rationalizable
correspondence exhibits a discontinuity. We show that critical types are precisely those
types for which there is common belief in a certain class of event. All types from finite
type spaces and almost all types in common prior type spaces are critical. On the other
hand, we show that regular types, i.e. types which exhibit no discontinuities, are generic. In
particular they form a residual set in the product topology. This second result strengthens
a previous one due to Weinstein and Yildiz (2006) in two ways. First, while Weinstein and
Yildiz (2006) considered a fixed game, our regular types have continuous behavior across all
games. Second, our result applies to an arbitrary space of basic uncertainty and does not
require the rich-fundamentals assumption employed by Weinstein and Yildiz (2006). Our
proofs involve a novel characterization of the strategic topology first introduced by Dekel,
Fudenberg, and Morris (2006a).

1. INTRODUCTION

Economic models are simplified approximations of complicated environments. We can have
confidence in simplifying assumptions when we know that they deliver conclusions which
also approximate the outcomes of richer models. In game-theoretic models, to completely
describe the environment requires specifying agents’ infinite hierarchies of belief. In practice,
researchers typically pay close attention only to beliefs of finite order and the model is closed
by imposing assumptions about higher-order beliefs made mostly for convenience. More
typically, the model is specified in reduced form using types in a Harsanyi type space, so
that assumptions about hierarchies are made only implicitly. However, it is well-known
since the example of Rubinstein (1989) that the details of higher-order beliefs can matter for
predicted outcomes. Some critical types give rise to hierarchies whose behavior is far from
the behavior of approximating hierarchies which coincide on finitely (but arbitrarily) many
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levels. Formally, a critical type is a point of discontinuity in the solution mapping relative to
the standard product topology on hierarchies of belief. We characterize critical types. Our
characterization is based on new results concerning the structure of the universal type space.
First, we observe that the universal type space admits a non-trivial partial order >, where
u; = v; iff in every game the set of rationalizable actions for hierarchy wu; includes the set
of rationalizable actions for hierarchy v;. Second, we present new results on the topological
structure of the universal type space. We show that the metric topology introduced by Dekel,
Fudenberg, and Morris (2006a) is in fact the weakest topology such that the e-rationalizable
correspondences are both upper and lower-hemicontinuous.! It follows, that a type u; is a
critical type if and only if the product topology is strictly weaker than the strategic topology
at the point wu;.

Our characterization of critical types establishes the connection between continuity of
behavior and common-belief in events, as defined by Monderer and Samet (1989). Say that
a subset W, of hierarchies for 7 is an upper-contour set if it includes all hierarchies that
are larger under > than the hierarchies in W;. Our first main theorem shows that wu; is
a critical type if and only if there exists an upper contour set W; that is a closed (in the
product topology) proper subset of the universal type space for i such that for some p > 0,
u; exhibits common p-belief in the set W,;. We show that nearly all types ever employed in
applied models satisfy this condition and are therefore critical types.” In particular, all types
from finite type spaces and almost all types in common prior type spaces are critical.

For applied analysis, our results have the following implications. When we use common-
priors, finite type spaces or other simple models, we are implicitly imposing some common-
belief assumptions. Often these type spaces are used for convenience and these implicit
assumptions are unintended consequences, indeed they are typically too subtle to even see
or state explicitly. But they bring with them behavioral consequences that may just as
well be unintended. Indeed, for any critical type there are types which coincide with these
up to arbitrarily high orders of the belief hierarchy but do not satisfy any common-belief
assumption. These types are usually harder to describe and therefore less convenient, but
they may do just as well as models for the informational assumptions that the analyst has
explicitly in mind. Our results show that there always exist games in which the behavior of

IDekel, Fudenberg, and Morris (2006a) define the strategic topology by a metric and show that convergence
of a sequence in this topology is equivalent to convergence of rationalizable behavior. Because convergent
sequences do not uniquely define a topology, their analysis leaves open the question of whether there exists
a weaker, non-metric topology which characterizes continuity of rationalizable behavior.

2We know of no example of a type space used in applications which does not consist entirely of critical

types.
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these types is very different than the behavior of the critical type. The conclusions we draw
from simple type spaces must therefore be interpreted with caution.

Nevertheless, our second main result shows that critical types are rare. Indeed, their
complement in the universal type space (which we call the set of regular types) is a resid-
ual set: generic in the product topology. This result strengthens the earlier result due to
Weinstein and Yildiz (2006) in two ways. First, in Weinstein and Yildiz (2006) a specific
game was held fixed so that the regular types they found were only guaranteed to exhibit
continuous behavior in that given game. We find a generic set of regular types which by
construction have continuous behavior across all games.® Second the results in Weinstein and
Yildiz (2006) require an assumption that the space of payoff-relevant events is sufficiently
rich that all actions are dominant actions for some types. Our results require no assump-
tion about the space of payoff-relevant events apart from the standard technical assumption
that it is a compact Polish space. On the other hand, Weinstein and Yildiz (2006) obtain
generic uniqueness of rationalizable actions, a property that would not hold without some
assumption of this type. We draw further comparisons with Weinstein and Yildiz (2006) in
subsubsection 1.2.3.

Our results on the special nature of commonly used type spaces extend an earlier insight
of Morris (2002). In that paper, it was shown that all types in finite type spaces and types in
continuum type spaces with bounded densities exhibit discontinuous rationalizable behavior
in a specific, infinite, “higher-order expectations” game. Our contribution here is to charac-
terize exactly what makes a type critical, namely common-belief in certain events. Indeed,
the crucial property identified in Morris (2002), namely that the higher-order expectations of
these types converge to a cycle, is a special case of our characterization. Our characterization
reveals the internal source of the discontinuity and also allows us to go further and identify
additional classes of critical types, for example common prior type spaces attach probability
one to critical types.

1.1. Overview of Results. In this subsection we briefly preview some of our main results.
The exposition here is informal and precise definitions are deferred to the main body of the
paper.

Throughout, an underlying space €2 of basic uncertainty is held fixed. The elements of
2 are called states of nature. We consider the universal type space U;(AQ) introduced in

3We follow Ely and Peski (2006) and Dekel, Fudenberg, and Morris (2006a) in characterizing types in
terms of their behavior in all games. That is, we fix the space of hierarchies of beliefs over fundamental
uncertainty and allow the game to vary. In addition to being convenient and instructive, it is essential for
applications such as mechanism design where the game is not fixed but instead chosen as a response to the
players’ information.
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Ely and Peski (2006)." The elements of U;(AQ) represent players’ hierarchies of beliefs as
originally modeled by Mertens and Zamir (1985), but suitably enriched in order to capture
the determinants of interim rationalizable behavior. The space U;(A€?) has a natural product
topology which captures convergence of higher-order beliefs.

A two-player game G of incomplete information is defined by, for each i, a set of actions
A;, and a payoff function g; : A; X Ay x {2 — R depending on the pair of actions chosen and
the state. For any game G and any type u; € U;(AQ), we can identify the set of interim
rationalizable actions for type u;, denoted R;(u;|G). Similarly, given e > 0, the set of interim
e-rationalizable actions is denoted R;(u;|G,¢).”

We can partially-order the types in U;(AQ) according to their rationalizable behaviors.
Take two hierarchies u; and u;. We say that w; = u} if u; has a weakly larger set of e-
rationalizable actions than u} in all games, for all € > 0, i.e. R;(u}|G,e) C R;(u;|G,e). A set
V C U;(AQ) is called an upper-contour set if V' includes all hierarchies that are larger than
those in V' under the relation »=. Formally V = U, cv{u; : u; = v;}.

Monderer and Samet (1989) introduced the concept of common p-belief. A hierarchy w;
exhibits common p-belief in a subset V' C U;(AQ) if w; € V, and w; assigns probability at
least p to the set of hierarchies for —¢ who assign probability at least p to V', etc. A formal
definition is given in Section 4.2 below. We let C*(V') denote the set of i’s hierarchies for
which it is common p-belief that ¢’s hierarchy is in V. Our characterization of critical types

is based on the following two lemmas.

Lemma 1. Let V C U;(AQ) (strict inclusion.) For any p > 0, the complement of C* (V) is
dense in the product topology. If V is closed in the product topology, then the complement of
C?(V) is open.

Thus, given any type u;, there is a sequence of types which do not have common p-belief
in V' but whose higher-order beliefs converge to those of u;. In fact, our proof of Lemma 1
shows that for every k, there is a hierarchy in the complement of C? (V') which is identical

to u; up to order k.

4We showed in Ely and Peski (2006) that the space U;(AQ) was the minimal type space for characterizing
interim rationalizability. All of the results in this paper have counterparts for the alternative concept of
interim correlated rationalizability introduced by Dekel, Fudenberg, and Morris (2007).

5To be precise, the solution concept of interim rationalizability is not defined directly on hierarchies, but
rather on Harsanyi type spaces which are implicit models of hierarchies. But any two types with the same
hierarchies in U;(AQ) will have the same rationalizable actions in all games, regardless of the type space to
which they belong. We may thus think of the rationalizable correspondence as depending only on hierarchies.
See Ely and Peski (2006) and also Theorem 1 below.
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Lemma 2. Let W C U;(AQ) (strict inclusion) be an upper contour set which is closed in
the product topology. For p > 0 small enough, for any ¢ > 0 there exists V C U;(AQ) (strict
inclusion), a game G, and an action a; such that W CV and
(1) If u; € C*(W) then a; is interim-rationalizable for u;.
(2) If u; ¢ C’f_gs(l_p)(‘/) then a; is not interim-c-rationalizable for u;.

This lemma says that we can always find a game with an action whose rationalizability
hinges on whether there is common p-belief in certain events. There is a simple intuition
behind the Lemma. We construct a coordination game with a pair of actions (a;, a_;) such
that player ¢ plays a only if her hierarchy of beliefs belongs to V' and she believes with
probability at least p that the opponent plays a_; On the other hand, player —i plays a_;
only if she believes with probability at least p that player 7 plays a;

Putting these lemmas together provides a sufficient condition for a type to be critical.
Suppose that type t; has a hierarchy u; which exhibits common p-belief in some product-
closed, upper-contour, proper subset of U(Af2). Then by the first lemma, for any set V,
there is a sequence of hierarchies which do not have common p/2-belief in V' and whose
higher-order beliefs converge to those of w;. By the second lemma, there exists a game G
and an action a; such that a; is rationalizable for ¢; but not e-rationalizable for any type
along the sequence, where ¢ = 4(1’%]3). Thus there is a discontinuity® in rationalizable behavior
at the type t;, i.e. t; is a critical type.

In fact we show the converse: critical types are exactly the types whose hierarchies satisfy
common p-belief of this form for some p > 0. The necessity part is a consequence of the

following lemma:

Lemma 3. For any game G, any player i, there is a product-closed, upper contour, proper
subset W; C U; (AQ) and p* > 0, such that for any p < p*, for any type with hierarchy u} ¢
C? (W;), there is an open neighborhood V' > u} such that if action a; is interim rationalizable
for any type with a hierarchy u}, then, it is 6p-interim rationalizable for any type with a
hierarchy u; € V.

The proof of Lemma 3 shows that there exists a set of actions A* C A; and an open, lower
contour set of hierarchies U = U; (AQ) \W, such that a; € A* is a rationalizable action for
any type with a hierarchy in U. Suppose that p > 0 is small and find any type with hierarchy
ui ¢ C? (U; (AQ)\U) . Such a type believes with a probability at least 1 — p that player —i
believes with a probability at least 1 — p that hierarchy of beliefs of ¢ belongs to set U, or
that i believes with a probability at least 1 — p that ... (at most, finitely many times) that
player ¢’s hierarchy of beliefs belongs to U. We use the fact that U is open to show that any

6Precisely, there is a failure of lower hemi-continuity.
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action that is rationalizable for a type with hierarchy u; is also 6p-rationalizable for types
with hierarchies sufficiently close to u}. (Note that set A* plays a similar role to the dominant
action in Weinstein and Yildiz (2006). Because we can find A* with appropriate properties
for any game GG, we do not need their richness assumption.)

Suppose now that u; does not satisfy any non-trivial common p-belief statement:

wi ¢ | U Cr(W).

p>0 WCU; (AQ),
W is closed and upper contour

It follows from Lemma 3 that u; is not critical.

Finally, we show that reqular types, i.e. those that are not critical, are generic. For any
p > 0 and closed proper subset W, the set of types which do not have common p-belief in
W is open and dense. By the previous results, the set of regular types is the intersection of
all such sets. We show there is a countable collection of closed upper-contour sets W* such
that the regular types consist of all hierarchies which do not have common p belief in W*
for all £ and for all rational p. Thus, the set of regular types is a countable intersection of
open and dense sets, hence residual in the product topology.

1.2. Examples. In this subsection, we present some examples to illustrate critical and reg-
ular types and other aspects of the results.

1.2.1. Partial Order. An important ingredient in our characterization is a partial order on
types. We say that w; = u, if u; has a weakly larger set of e-rationalizable actions than w in
all games, for all € > 0, i.e. R;(u;|G,¢e) C R;(u;|G,¢). To see that this is indeed a non-trivial
order, recall the example from Ely and Peski (2006), reproduced below.

~1 41 ~1 41
~1]0 |1/4|=1]1/4] 0
+101/4] 0 [+1 | 0 [1/4

w=—1 w=+1

FIGURE 1. A type space

The figure illustrates a type space over a space of basic uncertainty containing two ele-
ments, w € {—1,+1}. There are two players, each with two types, also labeled {—1,+1}.
The type space has a common prior and the tables show the probabilities of various type-
profile/state combinations. We can compare this type to a simpler type space in which each
player has exactly one type, labeled * and the common-prior attaches equal probability to
the two states.
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Let us first compare, for player 1 say, type * with any of the types from Figure 1, say +1.
There is a close connection between their best-reply correspondences. Recall that a game is
an action set and a payoff function mapping action profiles and states into utilities. For any
game, take any action a played by type * of player 2, and consider the set of best-replies
for type * of player 1. This is exactly the set of best-replies for type +1, to the strategy
of player 2 which plays a irrespective of type. The same argument applies to e-best-replies.
Thus, any action which can be a best-reply for * is also a best-reply for type +1. It follows
that (the hierarchy represented by) +1 is weakly larger than (the hierarchy represented by)
. Indeed the ordering is strict. As demonstrated by the example in Ely and Peski (2006),
there are games in which the set of rationalizable actions for +1 strictly includes the set of
rationalizable actions for *. On the other hand, the types +1 and —1 have the same Best-
response correspondences and therefore their hierarchies are equivalent under the ordering.
This example illustrates a partial characterization of the ordering > that can be stated
directly in terms of belief-hierarchies. First u; ~ wu; if and only if u; = u,. That is, two
types have the same rationalizable actions in all games if and only if they have the same
A-hierarchies. This was the main result in Ely and Peski (2006) and the result is restated
below in Theorem 1. Second, u; = w} only if w; and wu} represent the same Mertens-Zamir
hierarchies of belief. This follows from a result in Dekel, Fudenberg, and Morris (2006a),
namely that for any two types with distinct Mertens-Zamir hierarchies there is a game in

which they have mutually disjoint rationalizable sets.

1.2.2. Finite Types. We now turn to some examples illustrating our characterization of crit-
ical types. Critical types are pervasive. In most models of incomplete information used in
applied analysis, simple type spaces are used for convenience. For example, finite type spaces
are often adopted for analytical simplicity. All types in finite type spaces are critical types.
We can derive this result from our characterization as follows. Let T" be a finite type space.
First, consider the finite subset W of the universal type space corresponding to the hierarchies
represented by the types in T;. The set W is common-knowledge for all of the hierarchies
in W. Next, for each of the hierarchies u; in W, consider the corresponding upper-contour
set {v; : v; = u;}. This is a closed, proper subset of the universal type space. The fact that
it is closed follows from the result that rationalizable behavior is upper hemi-continuous in
the product topology (see Dekel, Fudenberg, and Morris (2006a).) Because it contains only
hierarchies that represent the same Mertens-Zamir hierarchy, it is a proper subset. It follows
that the set V' := Uy, ew{v; : v; = u;} is an upper-contour proper subset that is closed (as the
union of finitely many closed sets) and includes W. Since W is common-knowledge among all
the hierarchies in W it follows that V' is also common-knowledge among these hierarchies.
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We have found a closed, upper-contour proper subset that is common-knowledge, hence all
of the types in T; are critical.

Rubinstein first illustrated the special nature of finite types in the example of the e-mail
game. While the example is now familiar, we will revisit it here as it will be a useful starting
point for discussing critical types in more complicated cases.

Two players play a game of incomplete information in which there are two payoff-relevant
states w € {—1,+1}. We first consider the simplest type space in which it is common-
knowledge that each player has exactly one type and with probability 1 the state of the
world is +1. A game is now described by a set of actions for each player and a payoff
function giving the players’ utilities as a function of the action profile and the state. The
Rubinstein game has two actions A and B for each player and the payoffs are given in the
following tables.

A B A B
A 33 /00 A 103 100
B 10,0 |22 B |10 | 12
w=+1 w=—1

F1GURE 2. The E-mail game

When it is common-knowledge that the state is +1, the game is effectively one of complete
information and both actions are rationalizable for each player. In particular, the action
profile (A, A) is rationalizable and indeed constitutes a (Bayesian) Nash equilibrium. Next we
consider a type space in which there is some non-trivial incomplete information. Each player ¢
has a countable set of types T; = {t¥}°,. There is a common prior p € A({—1,+1} x T} x T3)
from which the state and the type profile are drawn. The prior p is defined by p(—1,t{,t9) =
1/2 and for some (3 less than but close to 1,

ADF itk —lork=1+1

p(+1, 1], t5) = _
0 otherwise

For each player, we can view the sequence of types (t¥) as approximating the complete-
information type from the first type space. Indeed, for every k, the first k orders of belief
for the type t¥ are identical to the first k orders of belief of the complete-information type,
namely mutual knowledge of order k (1 knows that 2 knows that ..., k times) that the
state is +1. Formally, this sequence of hierarchies converges in the product topology to the
hierarchy representing complete information.
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Rubinstein showed that B is the unique rationalizable action for every type of both players.
In fact the action A is not even approzimately rationalizable for any type. Formally, for e > 0,
an action is an e-best-reply to some strategy for the opponent, if it earns an expected payoft
within ¢ of the payoff to a best-reply. An action is e-rationalizable if it survives an iterative
procedure of elimination of actions which are not e-best-replies to the surviving strategies.
Action A is not e-rationalizable for any type of either player for any ¢ < 1/2. Here is the
discontinuity. The minimum e such that A is e-rationalizable for the approximating types

does not converge to zero, which is the corresponding value for the complete-information

type.

1.2.3. Common Prior Types. In the Rubinstein example, the “limit” type is a critical type
because it exhibits common-knowledge in a single payoff-relevant state. On the other hand,
the types in the email information structure do not have common-knowledge in any proper
subset of payoff-relevant states. They would therefore seem to be immune to the type of
construction we applied to the complete-information type. Nevertheless, we can apply our
characterization and show that all of the e-mail types are critical types as well. This is
because our characterization of critical types is in terms of common belief in subsets of
hierarchies, not states. Common belief in a proper subset of hierarchies is a strictly weaker
requirement than common-belief in a subset of payoff-relevant states.

Indeed, we show below in Theorem 5 that in any type space with a common prior, almost
all types have common belief in a proper subset of hierarchies, and indeed almost all types
are critical types. (Formally, critical types have probability 1 under the common prior.)

We can illustrate this result using the email types from the Rubinstein example. We will
show that for each of these types, rationalizable behavior is “discontinuous” as we approxi-
mate their hierarchies to higher and higher orders. Indeed, for this example we are able to
construct a single game to exhibit the discontinuity for all of the email types. The game is

presented below.

L @ R
Ul22+w ] 0572 [22-w
D 1,0 2,5/2 1,0

FIGURE 3. A game showing that the Rubinstein types are critical

This game, together with the Rubinstein information structure, has a Bayesian Nash
equilibrium in pure strategies as follows. All types of player 1 play U. All types of player 2
play L with the exception of type 0 who plays R. This is clearly a best-reply for player 1,
whose payoffs do not depend on the state. For player 2, the best reply to U is either L or
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R depending on the probabilities attached to the two states. Type 0 who, for § close to 1
is almost certain of state —1, optimally chooses R, and all other types, who are certain of
state 1 optimally choose L.

We will now show how to construct for each player i, each type t¥ and for every n, a
hierarchy which coincides exactly with the hierarchy represented by t¥ up to order n. The
actions L and R will not be rationalizable for any of the hierarchies we construct for player
2 and the action U will not be rationalizable for any of the hierarchies for 1. To begin with
we consider any hierarchy u" for player 2 whose first-order belief assigns equal probability
to the two states. For any such hierarchy, the action @ is (interim) strongly dominant and
hence the unique rationalizable action. Now consider any of the Rubinstein types t¥ and
any n. Consider a hierarchy which coincides with that of t¥ up to order n and for all orders
m > n, exhibits mutual knowledge of order m — n that player 2 has hierarchy u°. It is
straightforward but notationally demanding to show the existence of such a hierarchy, either
implicitly through a type space or by explicit construction. The formal construction appears
below in the proof of Lemma 1.7

When player 1 knows that player 2 has hierarchy u", player 1 knows that player 2 will play
&. The unique best-reply for player 1, regardless of the state, is to play D. Thus, D is the
unique rationalizable action for any such hierarchy for 1. When player 2 knows that player 1
knows that 2 has hierarchy u", player 2 knows that 1 will play D. Neither action L nor R is a
best-reply to D, regardless of the state. Thus, neither L nor R can be rationalizable for such
a hierarchy for 1. We can continue the argument to show that for none of the hierarchies we
have constructed will U, L or R be rationalizable. In fact, for no € smaller than 1/2 will any
of these actions be even e-rationalizable.

The construction in this example exploited the fact that for all of the Rubinstein types, it
is common-knowledge that the first-order beliefs of both players belong to a proper subset,
indeed a finite subset, of the set of all first-order beliefs. However, a similar construction
can be applied to types which have only common p-belief for some p < 1 in a proper subset
of first-order beliefs. Indeed, even types for which there is no common belief in any proper
subset of first-order beliefs can be critical types. Our characterization shows that any type
which has common p-belief for some p > 0 in some proper subset of hierarchies (that is
closed and upper-contour) is a critical type.

The result that common priors attach probability 1 to critical types may at first seem at
odds with the result from Weinstein and Yildiz (2006) that common prior types generically
exhibit robust rationalizable behavior. There are two differences between our statement

"The difficulty in explicitly constructing the hierarchy is in ensuring that it satisfies the requirement of

coherency which is a necessary condition for a hierarchy to be derivable from some type space.
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and theirs. First, Weinstein and Yildiz (2006) consider a fixed game and characterize the
types with robust behavior for that particular game, whereas we are interested in types with
robust behavior across all games. This first difference is less important than it appears. For
example, suppose that the space of basic uncertainty 2 is finite, and we consider finite action
spaces. The set of games is isomorphic to the set of payoff functions over actions and €2 and
there is a countable dense set I' of these. For each of the games G in T, there is an open
and dense set of common-prior types with robust behavior in G. Thus, as a consequence of
the results in Weinstein and Yildiz (2006), the set of types whose behavior is robust in all
of the games in I is, in a topological sense, generic among common-prior types: a countable
intersection of open and dense subsets. On the other hand, our results imply that this set
is, for practical purposes, vanishingly small. Indeed, in any common-prior type space, the
common prior itself attaches probability zero to this set. In applications, common priors are
modeled using type spaces and not individual types, the negative result would seem to carry
the more important message for applied work.

1.3. Upper Contour Sets. Because our characterization refers to upper contour sets, it
is desirable to have an alternative characterization that is stated completely in terms of the
primitive description of a type, i.e. its hierarchy of beliefs. We are able to provide a sufficient
condition in these terms by exploiting a result due to Dekel, Fudenberg, and Morris (2006a).
They showed that any two types with distinct Mertens-Zamir belief hierarchies have non-
nested sets of rationalizable actions.® This implies that any set of hierarchies which reduce
to the same Mertens-Zamir hierarchy is an upper contour set. Moreover, the mapping which
associates hierarchies in U(AQ) with their associated Mertens-Zamir hierarchy is continuous
and hence any set in U(A{2) which maps to a closed (in the product topology) subset of
Mertens-Zamir hierarchies is a closed upper-contour set. Thus, any type in U(AQ) which
exhibits common p-belief in some closed proper subset of Mertens-Zamir hierarchies is a
critical type.

This sufficient condition in fact is satisfied by all of the examples above. It is not, however,
a necessary condition for a critical type. In Appendix A, following our construction of a
regular type, we show how to construct a critical type which does not satisfy this condition.

1.3.1. Regular Types. While critical types are pervasive in applications, they are in a formal
sense very rare: they form a residual subset of the universal type space relative to the natural
product topology on higher-order beliefs. The regular types, those with no discontinuities
in behavior, are the typical ones. Nevertheless, they are in a certain sense elusive: actually
describing a regular type is a serious challenge in its own right. It is thus not surprising that

8We quote their result below (12.) To be precise, their result applies to an alternative version of interim

rationalizability, but the same proof works for the version of rationalizability we are using here.
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they do not appear in applied analysis. Indeed, without the simplifying tools of either finite
or common-prior type spaces to implicitly describe hierarchies, we are not well-equipped to
describe them at all. In Appendix A we provide a non-constructive description of a regular
hierarchy via a type space. Here we give an informal sketch.

The universal type space has a countable, dense subset (). We consider the set of all
finite truncations of the hierarchies in (). Now we construct a single hierarchy by “stacking”
these finite truncations. To see how this is done, take the first k-order belief truncation of a
hierarchy u, and the first [-order belief truncation of a hierarchy v. Now construct a k + -
order finite hierarchy. We first copy the initial k-orders of belief from u. Then, the orders
k +m ranging between k + 1 and k + [ are taken to be k-order mutual certainty of the m-th
order belief of v. We continue in this way, interweaving all of the finite truncations of all of
the hierarchies in ). The resulting type u* is regular. This follows from two observations.
First, any set W which is common belief for «* must include ). This is because every
hierarchy in @) is believed with probability 1 at some level of the hierarchy. Next, since (@) is
dense, there is no closed, proper subset which includes ), thus by our characterization u* is

regular.

2. MODEL

If X is a measurable space, then AX refers to the space of Borel probability measures on
X. When X is a topological space, we treat X as a measurable space equipped with the
Borel g-algebra. If f: X — Y is a mapping between two measurable spaces, then we write
Af: AX — AY for the induced mapping between the corresponding spaces of measures.

We consider two-player games with incomplete information. We fix throughout a space
of basic uncertainty €2. In a game with incomplete information, payoffs depend on action
choices as well as the realization of ). We assume that €2 is a compact Polish space with at
least two elements”’.

The players’ uncertainty is modeled by a Harsanyi type space over §2. A type space over €2,
denoted T = (T3, ;) i1, consists of a pair of measurable spaces T; and two belief mappings
wi 2 Ty — A(Q x T_;). The probability measure p;(t;) € A(Q x T_;) indicates the belief of
type t; about the basic uncertainty and the type of the opponent. Throughout, we use the
notation Caopu;(t;)(+) : T—; — A(£2) to represent a version of conditional probability over € as
a function of the opponent’s type. We assume that there exist jointly measurable functions

9This ensures that there is non-trivial incomplete information and there exists more than one (in fact

infinitely many) hierarchies of belief.
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Bi Ty x T_; — AQ, such that

By (i, t_i) = Cap (t;) (t_i) 1°.

Let 7(Q2) be the collection of all type spaces over .
A game form (or simply game) over {2 is a tuple G = (A;, g:);_, 5, where for each i, A4; is
a finite set of actions and ¢; : A; X A_; x 2 — R is a continuous payoff function.

2.1. Interim Rationalizability. We base our analysis on the concept of interim rational-
izability. An early definition was given in Morris and Skiadis (2000) for games with finitely
many types. Our definition of interim rationalizability generalizes to games with infinitely
many types.'! An alternative concept, interim correlated rationalizability has been proposed
by Dekel, Fudenberg, and Morris (2007). We discuss in Section 6 how to extend the results
in this paper to interim correlated rationalizability.

Fix a type space T' € 7(Q2), and a game G = (A;, g;). An assessment is a pair of subsets
a = (aq,a9) where oy C T; x A;. Alternatively an assessment can be defined by the pair
of correspondences «; : T; = A;, with a;(t;) := {a; : (t;;a;) € o;}. The image «;(t;) is
interpreted as the set of actions that player ¢ of type ¢; could conceivably play.

A behavioral strategy for player i is a measurable function o; : T; — AA;. The expected
payoff to type t; of player ¢ from choosing action a; when the opponent’s strategy is o_; is
given by

m-(ai,a_i]ti) = / / gi(ai,a_i,w)da_i(t_i)dui(ti). (21)
T_iXQ A_i

The strategy o; is a selection from the assessment « if for each i, o;(t;) € Aa;(t;) for all
t; € T;. Let X;(cy) be the set of all strategies for i that are selections from a.

For any € > 0, an action a; is an interim e—best-response for t; against o_; if m;(a;, o_;|t;) >
mi(al,o_;, |t;) — € for all a) € A_;. Let B;(0_;|t;,e) denote the set of all interim e—best-
responses for ¢; to o_;. If o an assessment, then B;(«_;|t;; €) is the set of all e—best-responses
to strategies in ¥_;(a_;).

An assessment « has the e—best-response property if every action attributed to player 7 is

a interim e-best-reply to some selection from a_;, i.e.,
a; CH{(ti,a;) : a; € By (a—i|ti;e)}
If the above is satisfied with equality, then we say that o has the ¢ fixed-point property.

10Thus, we consider type spaces with strongly measurable beliefs as in Ely and Peski (2006). It has
recently been shown by Shmaya (2007) that this is without loss of generality when Q and the type spaces
are Polish.

HSee Ely and Peski (2006) for additional details.
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Definition 1. Given a type space T', and a game G, the interim c—rationalizable correspon-
dence is the maximal assessment with the e-fized-point property, denoted R (-|G,e). We say
that a; is interim e—rationalizable for type t; if a; € R;(t;|G,¢).

Ely and Peski (2006) show that the interim O—rationalizable correspondence exists and can
be understood as a measurable function from 7} to 24¢. The same is true of the e —rationalizable
correspondence. The next Lemma makes a convenient connection between e-rationalizability

and &’-rationalizability:

Lemma 4. For each game G = (A, 9;) and each € > 0, there is a game G' = (A;-,g;-),
where A} = A; x A_;, such that for any t; € T;, any &’ >0

a; € R; (t;|G,e +£') if and only if (a;,a_;) € R; (t;|G',€").
Proof. Define payofts

gz (( a;, a; ) ) (@:zjfbl—z) 7w) =G (Gﬁaajaw) +e-1 {CLZ = ai—i :
Then, for any player i, her payoffs do not depend on the choice of action a; . They depend on
the opponent’s choice of action a’ ; - and in particular, player i may get € payoff additionally
if the opponent’s choice is equal to ’s choice a! = a" ;. 0
We will also consider the strict e-rationalizable correspondence, denoted
(|G, e) U R(-|G,€") (2.2)
e’ <e

Thus, an action is strictly e-rationalizable if it is ¢’-rationalizable for some ¢’ < . In partic-

ular, no action is strict O-rationalizable. '> We conclude this subsection with the following
lemma whose proof is in Appendix C.

Lemma 5. For any € > 0, any game G,
(|G, e) m R; (-|G,€")
e'>e

2.2. The Universal Type Space. A type space is an implicit description of a player’s
higher-order beliefs. Our characterization of critical types will be in terms of their hierarchies
of beliefs, explicitly described. This ensures that our classification is not dependent on any
particular choice of type space.

Mertens and Zamir (1985) consider the space U (2) = (U; (), i), , where the belief
mapping p; : U;(2) — A(Q x U_;(Q2)) makes U (Q2) a type space over . U; (€2) can be

defined the set of all coherent hierarchies from infinite product [] UF(AQ) of sequences
k=1

2Note that this is distinct from iterated elimination of actions which are not e-strict best responses.
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of finite hierarchies. Ely and Peski (2006) consider the universal type space over X = A€,
called the space of A-hierarchies. The higher-order beliefs of a given type implicitly described
within a given type space associates this type with a unique element of U;(Af2). Each
hierarchy u; € U;(AS) is uniquely associated with a belief which is a probability measure
in A(AQ x U_;(AQ)). We use the symbol u; interchangeably to refer to the hierarchy or
the belief. It turns out that rationalizable behavior of any type is determined by this type’s
A-hierarchy:

Theorem 1 (Ely and Peski (2006)). For any type space T'= (T}, p;) , there exist measurable
mappings ¢F = Ty — U; (AQ), such that for any player i, any types t;,t, € T;, any game G
over ), any e > 0

R; (t:|G,e) = R; (ti|G, ) iff ¢ (t:) = ¢ (t;).
The mappings ¢! preserve beliefs. In particular, ¢F (t;) = u; implies that for any measurable
F CU_(AQ),
-1
OF (F) = ilts) [(0F) ™ (F)]

Also, there exists type space over €1, denoted L = (Li,,uf) , such that pr is continuous in
the weak*-topology on A(2 x L_;), ¢F is continuous and onto, the inverse correspondence
(1)1 Ui(AQ) = L; is continuous and the correspondence R (:|G,¢€) : Ly = A; is upper
hemi-continuous.

Proof. Ely and Peski (2006) show the Theorem when ¢ = 0. For € > 0. apply Lemma 4. O

Theorem 1 allows us to consider R; as a correspondence defined directly on U;(AQ), i.e.
R;(u;|G,¢) is the set of e-rationalizable actions for any type ¢; whose A-hierarchy is wu;,
independent of the type space to which ¢; belongs. It follows from the last part of the
theorem that this correspondence is upper hemi-continuous.

2.3. Structure of the Universal Type Space. The space U;(Af) has some natural topo-
logical and order structure.

Definition 2. The product topology on U; (AQY) is the Tychonoff topology inherited from the
infinite product [] UF (AQ).
k=1

By standard results, this topology is separable and metrizable. Throughout the paper, we
write u]' — u; to denote convergence in the product topology.

We can partially order the hierarchies in U;(A2) according to the partial ordering of their
rationalizable actions across games. Two hierarchies are ordered if the first has a smaller set

of rationalizable actions in every game.
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Definition 3. For any u;,v; € U; (AQ), we write v; =< u; iff for any game G and any ¢ > 0,
R (v;|G,e) C R (w|G,e).

Definition 4. Set A C U; (AQ) is a lower contour set if

A ={v; : there isu; € A, s.t. v; S u;}.
Set A C U; (AQ2) is an upper contour set if

A ={v; : there isu; € A, s.t. u; S v;}.

Hence, set A is lower contour if it contains all hierarchies that are smaller with respect to
the relation ”<” from all hierarchies in set A. Observe that if A is a lower contour set, then
U;(AQ) \ A is an upper contour set. One can show that upper contour sets are closed in the

product topology.*

3. STRATEGIC TOPOLOGIES ON HIERARCHIES OF BELIEFS

We are interested in a topology on types which is derived from strategic behavior. Dekel,
Fudenberg, and Morris (2006a) introduced one such topology connected to correlated in-
terim rationalizability. Here, for both solution concepts, we will investigate several natural
alternative definitions and show that they are all equivalent.

3.1. Strategic topology. Perhaps the most natural approach is to derive the topology from
the rationalizable correspondences. It is known from more familiar contexts, such as complete
information games, that the e-rationalizable correspondence is upper hemi-continuous and
the strict e-rationalizable correspondence is lower hemi-continuous. Recall that if Y and Z
are two topological spaces, then a correspondence F' : Y — Z is upper hemi-continuous if
for every open U C Z, the strong inverse image {y € Y : F(y) C U} is open, and lower
hemi-continuous if the weak inverse image {y € Y : F(y) N U # ()} is open. This leads to
our first definition.

Definition 5 (Strategic Topology). The strategic topology on U;(X) is the coarsest topology
such that for every € > 0, the e-rationalizable correspondence is upper hemi-continuous and

the strict e-rationalizable correspondence is lower hemi-continuous.

13Indeed, suppose that u; < v} for each n. Then, for each action a;, if a; € R (u;|G, €), then a; € R (v}|G, €)

for each n. If v — wv;, then, because rationalizable correspondence is uw.h.c., a; € R (v;|G, €) .
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A sub-basis'* for the strategic topology thus consists of sets of the form

{u; : R(u;|G,e) C B}
{u; : R°(u;|G,e) N B # 0}

for all ¢ > 0 games G and subsets B of actions in (G. Note that upper hemi-continuity
obtains if and only if the first class of subsets is included and lower hemi-continuity if and
only if the second class of subsets is included. Since rationalizable correspondence is upper
hemi-continuous in product topology, the sets of the first class are open in product topology.
Sets from the second class are not necessarily open.

3.2. h-topology. Another familiar property of these correspondences leads to an alternative
definition. For any game GG and action a;, define

h (ai, G,uz) = inf{a ta; € RZ(UZ’G, 8)}

In games with complete information, where there is a single state and hence u; is fixed, the
function A is a continuous function of the payoffs. It is therefore natural to seek a topology
on types which reproduces this continuity.

Definition 6 (h-topology). The h-topology is the coarsest topology on U;(X) such that for
each fired G and a;, the function h(a;, G,-) is continuous.

A sub-basis for the h-topology is thus the following collection of open sets for € > 0

{Ui : h(ai, G,Ul) > 8},
{u; : h(a;, G u;) < e}.

Again, the two subcollections separately correspond to upper and lower hemi-continuity

respectively.

3.3. C-topology. Next, we can motivate a definition by considering sequences that “should”

converge.

Definition 7. A sequence uf lower-converges to a limit type u; if for every action a; that is
0-rationalizable for u;, there is a sequence €* | O such that a; is €*-rationalizable for u*. The

7: .
sequence upper-converges to u; if for every action a; that is not 0-rationalizable for w;, there

is a k' such that a; is not 0-rationalizable for u¥ for all k > k'

HMRecall that a collection of sets B is a basis for a topology if every open set is a union of sets in B. A
collection B is a sub-basis if B together with all of its finite intersections forms a basis. The resulting topology
is said to be generated by B.
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These convergence notions were proposed by Dekel, Fudenberg, and Morris (2006a). While
the requirement that these sequences converge does not in general “define” a topology, it
suggests a natural topology which we call the C-topology.

Definition 8 (C-topology). The C-topology is generated by the following class of sets for
e>0

{u; : a; ¢ R(u;|G,¢e)},
{u; : a; € R} (u;|G,e)}.

The first class clearly corresponds to upper-convergence. The connection between the sec-
ond class and lower-convergence deserves some explanation. Note that a; is e-rationalizable
if and only if it is strictly é-rationalizable for all £ > . Thus, the collection {u; : a; €
RS (u;]G,€)} for € > € is a family of neighborhoods for the limit type u;. The sequence u?

enters such a neighborhood iff a; is £€*-rationalizable for some é* < £,

3.4. Metric topology. Finally, we define a metric, which leads to a metric topology on the
space of hierarchies. For any two games (G, G’ with the same action sets A = A; x Ay, we
denote a distance between games
0(G,G") =max sup |g;(a,w)— g;(a,w)|.
U aeAweQ

Let G,, be the subclass of games with at most m actions whose payoffs are bounded by 1,
i.e. max,eaweq |¢i (a,w)| < 1. Because € is compact, space G, is separable in the topology
on games induced by ¢ (G,G") . In particular, there is a countable subset G C G, such that
for each G € G,,, for any € > 0, there exists G’ € G* so that d (G,G’) < e. Let G* = Ug:n.
Because G* is countable, there exists enumeration of all elements of G*. Let G1,Gs, ... € G*
be such an enumeration. Then, for any 0 < g < 1, let

d (u;, u Zﬁk sup |h (as, Gy, u;) — h (a;, Gy, ul)] (3.1)

a;€A;

As in Dekel, Fudenberg, and Morris (2006a), one shows that the above is a proper metric.'

Definition 9 (Metric Topology). The metric topology is the topology generated by the metric
(5.1).

15Dekel, Fudenberg, and Morris (2006a) work with a slightly different definition of metric topology

dpra (ui,uf) Zﬁm sup sup |h(a;, G, u;) — h(a;, G, uf)|

m—1 GeGm aicA;

These two topologies are equivalent when € is finite (as it is assumed in Dekel, Fudenberg, and Morris
(2006a)).
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3.5. Equivalence. We show that all definitions of topology from above are equivalent.

Theorem 2. The strategic topology is equivalent to topologies h and C' and the metric topol-
0gy.

The Theorem is proved in the Appendix B.

4. CRITICAL TYPES

4.1. Regular and critical hierarchies. We have defined a critical type to be a type with
a hierarchy of belief such that changes in beliefs at arbitrarily high order can have a discon-
tinuous effect on rationalizable behavior. Precisely, at a critical type, there is either a failure
of upper hemi-continuity of the e-rationalizable correspondence or there is a failure of lower
hemi-continuity of the strict e-rationalizable correspondence, relative to the product topol-
ogy on hierarchies of belief. Given our definition/characterization of the strategic topology
as the weakest topology yielding continuity of these correspondences, we have the following

formal definition of a critical type.

Definition 10. We say that hierarchy u; € U; (AQ) is regular if for any set u; € V; C
U; (AQ), V; open in the strategic topology, there is a set U;, open in the product topology,
such that u; € U; CV;. We say that hierarchy is critical if it 1s not regular.

We are going to say that type is critical (or regular) if it has critical (or regular) hierarchy
of beliefs. The critical types are those around which the product topology is strictly weaker
than the strategic topology. In the remainder of this section, we will characterize critical

types in terms of a version of common belief.
4.2. Common Belief. Fix subsets of hierarchies, W; C U, (AQ), for j = 1,2. The set of
hierarchies for player j that p-believe in W_; is given by
B?(W,J) = {Uj € UJ(AQ) . UJ(AQ X W,j) > p}
For the product event W = W7 x W, we define
BI(W) = W, 1 By(W.) (41)

BP(W) = Bi(W) x B (W) C U(AQ). (4.2)

Note that BP(W) C W. Common p-belief in W occurs when both players p-believe in W,

and both players p-believe in BP(W), and .... This concept was introduced by Monderer
and Samet (1989). Formally,

cr(w) = () [B"" (W).

k>1
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We have the following version of the original characterization due to Monderer and Samet
(1989).

Lemma 6. Let W C U(AQ) be a product event. Then CP(W) is a product event, i.e.
cr(Ww) = I C}(W) and
j=1,2

C?(W) =W, nBYC? (W) = BY (ﬂ [BF)* (W)) :

k>0
Abusing notation, when W; € U;(A2) we can view it implicitly as the product event
W; x U_;(AQ) and write
BI(W,) = BY(W; x U_,(AQ)
CP(W]) = C]p (W] X U_j (AQ)) .

J

4.3. Characterization of Critical Types. The main result of the paper characterizes the
set of regular hierarchies.

Theorem 3. A hierarchy u{ € U; (AQ) is critical if and only if there exists p > 0 and a
closed upper contour proper subset W; C U; (AQ), such that

u) € CP (W;).

Proof. The proof applies Lemma 1 and Lemma 2 stated in the introduction. The proofs of
these lemmas are in the following subsections. Suppose that v € C? (W;) for some closed
p

upper contour proper subset W; C U; (AQ2). Let € = 09 Then, by Lemma 2, there exists

V C U; (AQ) and a game G with an action a;, such that
a; € RZ(uZ|G, 0)
but
a; g_ﬁ Ri(Ui‘G,E)
for any v; ¢ C7 /2 (V). By Lemma 1, there is a sequence of hierarchies u! — u
ul' ¢ C’fﬂ (V). Hence, v is critical.
Now, suppose that u? ¢ C? (W;) for every closed upper contour subset W; C U; (AQ) and

0

79

and

every p > 0. We will show that u is regular, i.e. for any set V' > u?, such that V is open
in the strategic topology, there is a set O with v € O C V and O is open in the product
topology.

We can assume w.l.o.g. that V' is an element of the subbasis of the strategic topology. By
Theorem 2, strategic topology is equivalent to C-topology (Definition 8). Suppose that first
for some € > 0, game G and action a;

V = {uz 1 a; ¢ R(UZ|G7 5)} :
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Then our result follows from the fact that the rationalizable correspondence is u.h.c. on the
universal type space U; (A2) (see remarks after Theorem 1).
Next, suppose that for some € > 0, game G and action a; € A;

V =A{u; : a; € R} (w;|G,¢e)}.
By the definition of the correspondence R° (-) in equation (2.2), there is 0 < ¢’ < ¢, such
that
U? € {Ul ta; € Rl(’ul’G, 8/)} Q V.
By Lemma 4, there is a game G’ and action @, such that
u) € {u; 1 a’ € Ri(u;|G',0)}
CH{u;:d € Ry (u|G'e — €'}
= {u, ta; € RZ(UZ|G,€/)} cV.
Let W; C U;(AQ) be the closed upper contour set and p* > 0 be the probability given by

Lemma 3, and let p = min (p*, 5’65/) > 0. Since u? ¢ CP(W;), Lemma 3 implies that there is
an open neighborhood O such that

u) € O C{u;:d € Ry (w|G'e =€)}y C V.
[

Recall that subset of topological space is residual if it is a countable intersection of dense

and open sets.

Theorem 4. The set of reqular types forms a residual subset (in the product topology) of
U; (AQ).

Proof. For any p > 0 and nonempty closed W; C U; (AQ), the set C? (W;) is closed as the
intersection of closed sets. Hence, U; (AQ)\C? (W;) is open. By Lemma 1, it is also dense.
Notice also that if W C W', then C* (W) C C? (W) .

Note that for any two open sets W; C W/, any p’ < p,

CP (W;) C OV (W)).

Find a sequence of open sets U}, U2, ... C U, (AQ) such that for any open lower contour set
U C U; (AQ), there is n, such that U* C U’. Such a sequence exists, since the space U; (A(2)
is separable and metrizable, hence, it has countable basis. The set of regular hierarchies of
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player ¢ is equal to

M Us (AQ)\CP (U; (AQ) \T5)

p>0,U; CU; (AQ),U; is open and lower-contour
=N AD\C™ (U (A\UT)
and is therefore residual as an intersection of a countable family of open and dense sets. [

4.4. Proof of Lemma 1. To show that set U; (AQ) /C? (V) is dense, let u; be an arbitrary
hierarchy for i. For each odd integer k, we will construct a hierarchy z; ¢ C? (V) which

agrees with u; up to order k — 1. The sequence of such hierarchies (z)*

converges to u; in
the product topology.

Let T' = (T}, ;) be any type space such that there is a type ¢} for player ¢ which has
hierarchy u; and there is also a type for ¢ which has a hierarchy that is not in V. We begin
by constructing an alternate type space 7" which has represents the same hierarchies as T
but has a convenient structure. The idea is to “factorize” T into infinitely many replicas.

For each odd positive integer k, let T% be a set and n* : T; — T* a bijective mapping
between T* and i’s space of types in 7. Similarly, for k even, let n* be a bijection between
T_; and a set T%. We construct a type space T" in which the set of types for player i is

jy _ L_J jwk

kodd

=1

k even

and the set of types for player —i is

The belief mapping p’ is derived from g as follows. For each k, and for j = 1,2

wi (0" () = Alidag xi™) [;(t))]
It is immediate that the hierarchy of beliefs for any type n*(;) is identical to that of ¢;.

We now take any type y; whose hierarchy is not in V. Fix any odd k > 3. We construct a
new type space from 7" by redefining the belief mapping. Define i_; = ¢/, and for player ¢,

1 (ys) if k=Fk
i (nk(t;))  otherwise.

fu(e"(t:) =

Consider the type space with type sets 7" and belief mappings fi. In this type space, every
type for ¢ in T* has the hierarchy of y;. Every type n’gfl(t_i) for —i in T%! has the same
first-order belief as t_; but is certain that the opponent’s hierarchy is that of y;. Every type
nF=2(t;) for i in T% 2 has the same first- and second-order beliefs as t; but is certain that
the opponent is certain that his own hierarchy is that of y;. Continuing inductively, the type
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n'(t*) has a hierarchy of beliefs z; which coincides with that of ¢,(i.e. u;) up to order k —1,
but is certain that the opponent is certain that ... that his own hierarchy is that of ;. That

is,
Eflzmes
and so in particular, z; ¢ C¥(V) for any p > 0 since y; ¢ V. O

4.5. Proof of Lemma 2. We begin with the following preliminary result, proved in Sec-
tion D.4. It provides a game with three important features. First, the action set has a
product structure and the first dimension of i’s action is irrelevant for —i’s payoffs. Second,
the rationalizable correspondence has a product structure. Finally, there is a distinguishing
subset of actions for player ¢ that are rationalizable only for a proper subset of types that
includes .

Lemma 7. Fiz player i. Let W; C U; (AQ) (strict inclusion) be a closed upper contour set.
For any type u; ¢ W;, there is € > 0, a game G = (Aj, g;), such that A; = AY x Al and

(1) Payoffs of player —i do not depend on the af-dimension of player’s i action: for any

0 g9

a_; € Ay, any al € A}, any a?,a} € AY, any w,

g—i (afia (agaail) ,W) = 09— (CL,Z', (d?>azl) 7w) .

(2) There are correspondences A : U;(AQ) = AV A : U;(AQ) = A}, such that for any

Uj,
R; (u;|G,0) = A° (u;) x A" (u;) .

(3) There is a nonempty subset A™ C A?,

[A”™ x A" (w;)] € R (w]G,0) for any u; € W,
(A% x A" (u)] N R; (uf]G,e) = 0.

To prove Lemma 2, consider the following game G*, derived from the game G given in
Lemma 7. The set of actions for j is A; x {0,1}, i.e. the product of the actions from G,
with a binary coordinate which we denote z;. The payoffs to an action profile

a* = ((as, ), (a_i, 2-4))
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are as follows.
1 ifz;=2,=1,
g; (a",w) = gi (a,w) + 1%’; if zz=1and z_; =0,
0 if z; = 0.

1 if 2 ;=2 =1and a) € A™,
* * — . - : _ 0 0% _
g% (0" w) = g_ (a,w) + % if z_; =1and (a ¢ A" or z; = 0),

0 if Z_; = 0.

The game G is simply G augmented with a binary coordination game where coordination
is desirable only if an element of the distinguished set A% is chosen by player i.
Define the following sets of hierarchies.

V= {ul c A” x A (u;) C R; (ui|G,0)} ,
Ve ={u; : A% x A" (w;) N R; (|G e) # 0} .
By the third part of Lemma 7, W C V C V¢ and V*© is a proper subset of U;(Af2). Let
7 =A% x A' x {1}

be the set of actions for ¢ in G* whose first coordinate belongs to A% and whose last coor-
dinate is z; = 1. We show in two steps that:

o If u; € CP(V), then Z N R; (u;|G*,0) # 0

o If u; ¢ CP(VF), then Z N R; (w;|G*,¢) = 0.

In order to do this, we use the definition of rationalizable correspondence as the maximal
assessment on some type space that has the best-response property. From now on, fix a type
space T = (1}, jt;). By Theorem 1, we can assume that each hierarchy of beliefs is represented
in this type space. Recall that any type space can be mapped into U(AQQ) via the mappings
o] - Tj — U;(AQ). If, for example, ¢ (t;) € B (W_;), for some W_; C U_;(AQ), then we
will conserve on notation and write, e.g. t; € BY(W_;), and we will use repeatedly the fact
that the mappings ¢7 (¢;) preserve beliefs (see Theorem 1), so that, for example, t; € BY (W_;)
is equivalent to p;(t;) [(gﬁr‘fi)_l (W,l)} > p.

Step 1: We first show that the assessment o, where

(t ) Rj (t]|G,O> X {1} for t; € CJP(V),

a,(t;) =
Y R, (t;]G,0) x {0}  for t; ¢ CP(V).

has the best response property. Thus, by Definition 1, for ¢, € C?(V), R; (t;|G,0) x {1} C
R; (t;|G*,0). Since C*(V)) C V, the definition of V' then implies Z N R; (;|G*,0) # 0. Let
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us start with player j = —i and type t_;. Take any a_; € R_; (t_;|G,0) . By definition, the
rationalizable correspondence for GG has the best-response property, so let o; be a behavioral
strategy of player ¢ in game G that makes a_; a best response for t_; and that

a; (t;) (Ri (t:]G,0)) = 0, (t:) (A% (t;) x A* (t;)) = 1 for any t;.

We used property 2 of Lemma 7 in the above equality. By property 1 we can choose o; so
that for any type t, € C7 (V) CV

Now we use o; to define a behavioral strategy for player ¢ in G*. Let

(0;(t;),1)  fort; € CP(V),
(0;(t;),0) fort; & C? (V).

Let ¢ be the probability type ¢_; assigns to the event ¢; € C? (V). We will first show that the
action (a_;, 1) is a best-reply to o} for any type t_; € C*. (V). In this case, by Lemma 6,
q > p. Since a_; is a best-reply to o;, for any o', € A_;, the difference in payoffs between
actions (a_;, 1) and (a_;,0).

m_i((a-i, 1), o7[t—i) — m-i((a—;,0) , 07|t —s) = ¢ — 1L (1—¢q)=0.

-P

Next, consider t_; ¢ C”, (V). In this case, by Lemma 6, ¢ < p. We now show that the action
(a_;,0) is a best-reply to of. For any ¢’ ; € A_;,

moil(a-6,0) 07t = moil(as 1) 0flt) 2 7o (1 - ) =g 2 0.

—P
The same argument applies for player j = i.
Step 2: Let ¢ = p — 2¢(1 — p). Observe that
U (AQ)\C (V) = U (A \ Ve U | U (a@)\ [BYB2 ] (V)
k>1

By definition, ZNR; (t;|G*, &) = 0 for any type t; € U; (AQ)\ V. We are going to show by in-
duction on k that no action (ay, 1) is e-interim rationalizable for any type ¢; ¢ [B{B,] g (Ve).
By the induction hypothesis, if ¢t_; ¢ BY, [B?Bgi}kfl (V¢), then t_; assigns probability at
most ¢ to the set of types ¢; for i such that the intersection Z N R; (t;|G*, ) is non-empty.
Thus, for any a_; € A_;, for any strategy o; of player ¢, such that o; (t;) € AR; (t;|G*,¢),

msl(as 1)) = 70, 0) ofle) < 1P g (1 +3 fp) =1 =2

Thus, (a_;,1) is not e-interim rationalizable for ¢_;. Now let ¢; be a type for i such that
t_; ¢ B{B?, [B{B*,] . (V¢). The previous argument implies that ¢_; assigns probability at
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most ¢ to types of —¢ for whom z_; = 1 is part of a e-rationalizable action. Hence, for any
action a; € A;, for any strategy o_; such that o_; (t_;) € AR_; (t_;|G*,¢)

mi((ai, 1), 0 |t;) — mi((a;, 0) 0%, ]t;) < —% +q (1 + 7 fp) = (i:]p; = —9%¢.

By property 2 of Lemma 7, R; (t;|G,e) = A°(t;) x A'(t;). By definition, for any t; ¢ V¢,
A% (t;) N A% = @. Hence, for any t; ¢ V¢, Z N R; (t;|G*, &) = @ completing the proof of step
2.

4.6. Proof of Lemma 3. Fix player ¢ and a game G. Define a collection of subsets of
actions
A.={A] C A; : R; (u;|G,e) = A for some u;.}

The collection A, is a non-empty collection of non-empty sets and it is ordered with respect
to ¢ in the following way: for any ¢’ < ¢, any A} € A., there is A} € A. such that A7 C Al
Since the number of all actions is finite, the number of all subsets of actions is finite and,
therefore, there is ¢4 > 0, such that for all 0 < & < &4, we have A. = Ay Let A be a
minimal element of Ay, i.e. A; € Ay and there is no Z; C A} belonging to .Aj. Define

UA = {ul . A: = Rz (Ui|G,€A)} .

Then, U4 is open because the correspondence R; (-|G,¢) : U; (AQ) = A; is wh.c. It is a
non-empty lower contour set because of the choice of set A?. Finally, for any 0 < & < &4, for
any u; € U4, Af = R (u|G, €).

Take any p < %. By Lemma 6, if u} ¢ C¥(W;), then

u; € U; (AQ)\C?(W;)

— U, (AQ)\B? (ﬂ 87 <m>>

k>0

= Ui (a)\ () B (187 (7))

-Uuw a5 (17" (m)

Lemma 3 follows from the next result, proved in the appendix.

Lemma 8. Consider the closed, upper contour proper subset

Wi = U; (AQ) \U*

et

& any player j, any k > 0, any

uf ¢ B (18" (W),

For any p <
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any sequence uj — ug convergent in the product topology, and any action a; € A;, such that

a; € R (u?]G, 0) , there is n* sufficiently high, so that for any n > n*, a; € R (u?|G, 6p).

Thus, for any u; ¢ C?(W;), there is an open neighborhood V' 3 u}, such that if action a; is
interim rationalizable for any type with a hierarchy u}, then, it is 6p-interim rationalizable
for any type with a hierarchy u; € V.

5. COMMON PRIOR AND CRITICAL HIERARCHIES

We will show that almost all types from types spaces with a common prior are critical.
Let T = (T}, p;) be a type space over X. Say that ¢ € A (T; x T_;) is a common prior on T
if for any bounded measurable function f :T; x T_;, any player ¢

GIf (b)) = / (i (1) [ (tisto)]) o (1)

where t¢; = margs, . This is a non-standard definition. We do not require in particular
that the common prior is a measure also over uncertainty €2. In a sense, ours is a weaker

definition and, as a consequence, the subsequent result is stronger.

Theorem 5. Suppose that 1 is a common prior on a type space T = (T;, ;) . Then, for each
player i, t; has critical hierarchy ;-almost surely.

The Theorem is a corollary to three lemmas. The first lemma says that any common prior
on type space over () corresponds to a common prior on the universal type space U (AQ).

Lemma 9. For any common prior 1 on type space T, there is a common prior Y* on the
universal type space U (AQY), such that for any measurable E; C U; (AQ) for each player
i=1,2,

U (B By) = (uf) 7 () x (uF) T ().

The second result says that the support of a common prior on U (AQ) can be approximated
by closed upper contour sets.

Lemma 10. For any common prior * on the universal type space U (AQY), any € > 0, there
are upper contour closed proper subsets V; C U; (AQY), such that

(Vi xVa)>1—e.
The following is a version of one-side of the critical path lemma by Morris-Shin.

Lemma 11. Let ¢* be a common prior on type space U (AQ). For any measurable sets
Vi CU; (AQ), there are measurable subsets S; C 'V, such that

V(S x 85) = S0 (Vi x 15) (5.1)

~3
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and for any player i, any type u; € S;,

w (AQ X S_;) > = (5.2)

SN,

Hence, S; x Sy C OV (8] x Sy) C CY4 (Vi x V3).
We can prove the Theorem:

Proof of Theorem 5. Suppose that 1)* is a common prior on the universal type space U (AQ) .
By Lemma 10, for any € > 0, there are closed, upper contour, proper subsets V; C U; (AQ),
such that ¢* (V3 x V) > 1 — e. Next, Lemma 11 implies that

POV (Vi x Vo)) > 1 — ;5-

Hence, for any player i, with ¢)*-probability at least 1 — %5, player ¢’s hierarchy is critical.
Since the latter is true for any € > 0, it means that 1 *-almost all hierarchies are critical.
Therefore, if i) is a common prior on type space 1" over €2, then, Lemma 9 implies that

1-almost all types are critical. 0

5.1. Proof of Lemma 9. Recall that the types in 7' are mapped via ¢! to the universal
type space U(AQ). This lemma is an immediate consequence of the fact that ¢! preserves
beliefs. See Theorem 1.

5.2. Proof of Lemma 10. We begin with an observation. Let ¢! : T; — U; (2) be the
Mertens-Zamir mapping assigning types to their hierarchies of beliefs over €. Dekel, Fuden-
berg, and Morris (2006a) show the following Lemma. (To be precise, they state this result for
interim correlated rationalizability, but their proof applies unchanged to interim independent

rationalizability.)

Lemma 12. [Dekel, Fudenberg, and Morris (2006a)]For any two types t;,t., if I (t;) #
¢ (t)), then there is a game G and an action a; such that a; € R;(t;|G,0) and a; ¢
R (t|G,0).

The Lemma has two implications. First, together with Theorem 1, it implies that there is
a continuous onto mapping v; : U; (AQ) — U; (), such that for any type space and a type
teT,
vi (&) (t:)) = ¢ (ta) -
Second, for any hierarchies u} = u;, any type space and types t;,t; € T;, such that ¢? (t;) = u;
and ¢! (t) = u and for any game G, it must be that ¢! (¢;) = ¢ (¢)).
For any p > 0, w; € U; (), let

Vi (wi, p) = Ui (AQ) \v™" (B (wi, p)) .
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where B (w;, p) is an open ball in the universal type space U; (2) with center at w; and radius
at p. By the above, each V' (wj, p) is a nonempty, closed, upper contour subset of U; (A).
For p small enough, V (w;, p) is a proper subset of U; (AQ2). Finally, since the cardinality
of U; (AQ) is infinite, for any ¢ > 0, there exist w; and p > 0 for any j = 1,2, such that
G Vix V) >1—e.

5.3. Proof of Lemma 11. Define inductively sets: Vi(o) =V

To save on redundant repetitions, in what follows we drop the term “A€2x” from the product

n>0

over which beliefs are defined. Let

1

Since the sequence of sets (V-(")> is decreasing, for any player i, any u; € S;, (5.2) holds.
Recall that 1; denotes the marginal prior over types of player i. Notice that

‘/'1(”+1) % VQ("‘H) _ Vl(n) % V2(n)\ U <V;(n)\‘/;(n+1)> x V.

i=1,2

By definition,
o (VW) vy = [ (a0 x V) v ()

Hence,

'1/1* (‘/1(TL+1) % ‘/2(n+1)>

k n n 1 % n n 1 k n n
>t (V) = ot (W) = qus (BT ).
By passing to the limit, we obtain

P7 (81 % 52) Z " (Vi x V) — 2 (97 (Vi\S1) + 95 (V2\52)) -

1
4

On the other hand, for each player 1,
O (Vi\S:) <1 =47 (S;) <1 =4 (5 x Sy).

Together with the above inequality, this implies that

101 (RS + 45 (\S2)) < 3 (1= 9 (Vi x 1)),

and Equation 5.1 follows.
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6. INTERIM CORRELATED RATIONALIZABILITY

All of the results in this paper have counterparts for the solution concept of interim
correlated rationalizability introduced by Dekel, Fudenberg, and Morris (2006a).

Theorem 3 has a simpler statement in this case. Hierarchy w; € U; () is critical iff
there exists a p > 0 and a closed, proper subset U C U; () such that w; € C* (U). When
we consider correlated rationalizability, then the partial order > is trivial, and the relevant
universal type space is U;(2). Also, the statement for correlated rationalizability is true for

any number of players.
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APPENDIX A. EXAMPLE OF A REGULAR HIERARCHY

The basic idea was described in the introduction. Let () be a countable dense subset of
Ui(AQ) (recall that U;(AQ) is compact.) Let N denote the set of natural numbers and let
Neven and Nygq denote the sets of even and odd numbers. Fix mappings vy : N — @ and
2+ N — Ngyen such that the mapping

m — (y(m), z(m))

is a bijection between N and ) X Ng.en. Such mappings exist because ) X Ngyen is count-
able. A regular hierarchy will be constructed by “stacking” all finite hierarchies in ). The
arrangement is coordinated by mappings m — (y(m), z(m)). Begin with m = 1. The first
z(1) orders of beliefs are taken equal to the first z (1) orders of beliefs of hierarchy y(1).
Move to m = 2. Construct z (1) 4+ 2z (2) orders of beliefs by assuming that player i 1-beliefs
that player —i 1-beliefs that ... (z (1) times) that 7’s first z (2) orders of beliefs are equal to
the first z (2) orders of beliefs of hierarchy y (2). This corresponds to stacking the first z (2)
order belief of hierarchy y (2) behind z (1) order belief of hierarchy y (1) . Thus, at each step

m, we will have constructed orders of beliefs ranging from 1 to Z z(m).
m/’<m
Rather than to offer a direct construction of a hierarchy, it will be easier to construct a

type space and a type with a given hierarchy. For each ¢ € (@), there is a type space K
containing a type ! such that ¢;(f!) = ¢. Let fi; denote the belief mappings in 749, Similar
to the proof of Lemma 1 we shall construct for each ¢ € @ type sets T} and T?; as follows.
For each ¢ € N, let T} (c) be a copy of j}? and

T = T
be an isomorphism. Define

1= |J T!o),

cENyaa

7= |J 1%

cENeven
We now consider a type space T where for j = 1,2
* q
5 =U7
qeQ
We define for each natural number m

c(m) = D Lyomy=y(my2(m)

m/'<m
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and we let E be the image of the mapping m — (y(m), c¢(m)), i.e.

E ={(q,¢) : (¢,¢) = (y(m), c(m)) for some m}.

We can now define the beliefs of an arbitrary ¢; € T;. We proceed in stages c. By construction
t; = n?’c(fj) € T/ (c) for some ¢ € Q, c € Nand t; € Tf. First consider the case that
(q,¢) ¢ E. In this case we take beliefs of type t; to be equal to the beliefs of its representative
fj in the type space Tq, except that they are concentrated on the corresponding representative
in 7%, (c+ 1),

u(t;) = A (idaq x5 [ig(E;)] - (A.1)
Next, suppose (¢,c¢) € E so that (¢,¢) = (y(m),c(m)). Observe that ¢ must be even and
take any type t; € T (¢). At such a “transition stage,” all of the types have the same belief
and they assign probability 1 to the representative of the distinguished type fzy (") Define
¢ =y(m+1)and ¢ = c¢(m+1)—z(m+1)+1. We take p;(t;) to be any belief which assigns

probability 1 to the type ni’-cl (tA'i,Z)

We will prove that every type in 7™ is regular. We will use the following lemma whose
proof is straightforward and omitted. If a type wu; exhibits finite-order mutual certainty of
some event V', then V must have non-empty intersection with any event W in which u; has

common-belief.

Lemma 13. Let V and W be subsets of the universal type space. Suppose that for some u;,
both

(1) w; € (B}BL)*V for some k, and

(2) u; € C*(W) for some p > 0.

Then W NV #0.

Let u; be an arbitrary type in T* and let ¢* denote the copy T} (¢) in which u; resides.
For any g € @, let V"™(g;) denote the set of hierarchies which coincide with ¢ up to order n.
We first show that for every ¢ in ) and for every sufficiently large n, there exists a k such
that u; € (B! B,)FV"(q).

To prove this, let m be such that y(m) = ¢, ¢(m) — z(m) > ¢* and denote z(m) = n.
Consider the type nj’c(f?) where ¢ = ¢(m) — z(m) + 1. Because ¢ is odd, this is a type for
player i, i.e. j = i. Furthermore, ¢ # ¢(m) and hence (¢,c) ¢ E. Thus, by Equation A.1,
This type has the beliefs of f;-], concentrated on 79, (c + 1), a copy of TY,. Furthermore, the
next z(m) — 1 stages of the type space are also copies of T, and so the type njq.’c(fg) has a
hierarchy of belief which coincides with that of £ up to order z(m) = n. Recall that £? has
hierarchy ¢. Thus the hierarchy of n?’c(fg) belongs to V"™(q).

Now consider any type in stage ¢ — 1, i.e. the transition stage ¢(m) — z(m). Any such

type is certain that the opponent is of type n?’c(f?) and therefore that the opponent has a
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hierarchy of belief in V"(g). By induction backward through the stages, we conclude that
all types for player i in stages below ¢, including u;, have hierarchies in (B!B*,)k¥V"(q) for
some k.

We are now in a position to prove that wu; is a regular type. Let W be any closed subset
of U;(AQ) and suppose u; € C?(W) for some p > 0. Fix ¢; € Q. Since u; € (B} BL,)*V"(¢),
by Lemma 13, W N V"(¢;) # () and moreover this is true for all sufficiently large n. Let
w” € WNV"(q). Since w* € V"(g;), the sequence w" converges to ¢; in the product
topology. Since w™ € W and W is closed, we have ¢; € W. Since ¢; was arbitrary, we have
shown that @ C W. Since @ is dense and W is closed we conclude W = U;(AQ).

This establishes that u; does not have common-belief in any closed proper subset of U;(AS)
and therefore u; is regular. O

A.1. Counterexample to the Sufficient Condition. In the introduction we argued that
any type which has common-belief in some closed, proper subset of Mertens-Zamir hierarchies
is a critical type. Here we sketch how to construct a critical type which has no common belief
in any closed proper subset of Mertens-Zamir hierarchies. The construction builds on the
regular types described above.

We construct a type space T** as follows. The types for j are T} x 2. Thus each type has
a “label” in €2. The beliefs of a type (¢j,w) € T;* are derived from those of ¢} as follows. Let

Lo T7 x Q0 — T x () be given by ¢; = (idej X idg) X idg.

W (1, w) = Ay [(0)]

Observe that this specification implies that the conditional beliefs over €2 conditional on
the opponent’s type having label w assign probability 1 to the state w. This means in
particular that all of the types in T** have the extreme Delta-hierarchies within their given
Mertens-Zamir equivalence class: it is common-knowledge that both players believe that
their opponent’s type is perfectly correlated with the payoff-relevant state.

It can be shown that Delta-Hierarchies with this property are maximal under the partial
ordering >=. Thus, the hierarchies represented in 7™* form an upper-contour set. Further-
more, because the hierarchies in 7™, were dense, and because the transformation to 7°* does
not alter the Mertens-Zamir hierarchy of any type, the Mertens-Zamir hierarchies in 7** are
dense in the set of all Mertens-Zamir hierarchies. It follows that each hierarchy in 7°* has
common-belief in a closed upper contour set and is therefore critical, but there is no closed
proper subset of Mertens-Zamir hierarchies which can be common-belief for any hierarchy in
.
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APPENDIX B. EQUIVALENCE OF TOPOLOGIES

Proposition 1. The strategic topology is equivalent to both topologies h and C.
Proof. First note that
{u; : h(a;, G u;) > e} ={u; : a; ¢ R(w;|G,e)}
and
{u; : h(a;, G, u;) < e} ={u; : a; € R} (w;|G,e)}
so that the h and C' topologies are equivalent. Next,
{u; : R°(us,e) N B # 0} = Ugep{ui : a € R°(w;|G,e)}
{ui : R(ui, ) C B} = Nagp{ui 1 a ¢ R(u,|G,e)}
so that the strategic topology is at least as fine as the C' topology. Also,
{u; :a € R°(u|G,e)} = {u; : R°(us,e) N {a} # 0}
{u; :a ¢ R(u;|G,e)} = {u; : R(uy,e) C —{a}}
so that the C' topology is at least as fine as the strategic topology. 0

The next lemma establishes an important continuity property of the mappings h.

Lemma 14. If G and G’ are two games with the same set of actions A; for each player,
then

|hi(ai, G, tz) - hi(ai, G/, tl)| S 20 (G, G,)
for all t; and for all a; € A;.

Proof. Recall the definition of function 7; in (2.1) and observe that for all ¢; and a;

Wf(ai,U,i‘ti) - WGl(ai,O',i’ti) S 0 (G, G/) . (Bl)

Pick any € > 0 and consider the e-rationalizable correspondence R(-|G, ¢) for game G. For
each (t;,a;) € R(-|G,¢), there is a behavioral strategy o_; € ¥_;(R(-|G, €)) of the opponents,
such that a; is an e-best-response of type t; in game G. By (B.1), a; is a [ + 2§ (G, G")]-
best-response in game G’. Since this bound is independent of ¢; and a;, it follows that

R(-|G,¢) C R(|G, e+ 26 (G, "))

which implies
h(ai, G/, tz) S hi(ai, G, tz) —+ 25 (G, G/) .

The lemma follows from switching the roles of G and G’ in the preceding argument. O
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Finally we show that the strategic topology is equivalent to the metric topology. Thus,
metric (3.1) generates the weakest topology consistent with continuity of the rationalizable
correspondences. This provides connection between the metric topology used in Dekel, Fu-
denberg, and Morris (2006a) and the convergence properties they propose. In fact, we can

dispense with their assumptions of finite 2 and uniformly bounded payoffs.
Proposition 2. The metric topology is equivalent to the strategic topology.

Proof. We show that for any hierarchy u; and set U > u; open in one topology, there is set
V open in the other topology and such that u; € V C U.
It is enough to show this relation for all sets U and V' in the sub-bases of the respective
topologies. For any hierarchy u; € U;, any € > 0, define
Ve (u;) = {u) : d (us,u) < e}.
Then sets V* (u;) form a sub-basis for the metric topology: for any set V' open in metric
topology, for any w; € V, there is € > 0, such that u; € V¢ (u;) C V. By Proposition 1, the
sets
{u; : h(a;, G,u;) > e} and {u; : h(a;, G,u;) < €}
form a sub-basis of the strategic topology.

Step I: Metric topology is finer than strategic topology. Take any game G, and let m be
the number of actions in G. Let G € G,, be the game derived from G by normalizing the
payoff function. Specifically, let §* = max,, |g(a,w)|. Then G is the game with the same
action set as G and payoff function g defined by g = g%' Note that a; is e-rationalizable in
G iff a; is g%—rationalizable in G*. Write € = g%.

Pick any hierarchy u; and € > 0. Suppose that

u; € {u; : ha;, G,u;) <e}.
Define
v =& — h(a;, G,u;) > 0.
Find a game G € G, such that

N
5 (G1, @) < 1.

Here, k is the number of G}, in the ordering used to define metric (3.1). By Lemma 14, for

any uj such that d (u;, u}) < gF %,

h(a;, G, uf) < hag, Gy, u)) + 20 (Gk, G)

< hlay, G wi) + 7 426 (G, G)

< h(as, Gy ;) + % +46 (G, G) <&
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Hence,
u; € Viﬁk% (w;) C {u}: h(a;, G uj) < £} = {u} : h(a;, G, u;) < e}
Next, let
u; € {u : h(a;, G, u;) > e} .
Define

v = h(a;, G,u}) — & > 0.
Find a game Gj € G, such that

5 (Gr.G) < 7.

Then, for any u] such that d (u;, uj) < 5%,
ha;, G, uf) > h(a;, Gy, u) — 26 (G, G)
’}/ —
Z h(ai7 Gk7 ul) - 1_0 —20 (Gk’7 G)

> hai, G, ;) — % — 46 (G, G) > &,

and
u; € V;ﬂk% (w;) CAu; : h(a;, G uy) > &} = {u : ha;, G, u) > e}.

/Bk(s) <

Step I1: Strategic topology is finer than metric topology. For any ¢, let k(e) satisfy 5=
We can bound the distance between two hierarchies as follows

d (u;, u;) <

7

k(e
Z sup |h (a;, Gg,u;) — h(a;, Gy, ul)]| .
k=1

a;EA;

)Jklm

Now pick any w; and € > 0, and consider the open set in the metric topology V£ (u;). The
previous inequality implies

N m{ al,ck,m)_ﬁ

k<k(e) a;€A;

1
< h(a;, Gy, u) < h(a;, Gy, u;) + m%} CVF (u).

SN—
DO ™

and the set on the left-hand side is a finite intersection of u;-neighborhoods in the strategic
topology.
O
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APPENDIX C. PROOF OF LEMMA 5

Define assessment
R} (-|G,¢) := ﬂ R; (-|G,€")
5 >e

We check that this assessment is closed with respect to best response property, i.e.

R' =R, (C.1)

By the second part of Theorem 1, there exists a type space (Li, uf) over §2 and such that
e c-rationalizable correspondence R; (+|G, €) is upper hemi continuous on L;. In partic-
ular, define set R; (G,¢) C L; X A; as
Ri (G, 8,) = {(l,, ai) ta; € Rz (ZZ|G, 8,)} .

Then, such a set is closed in L;.
e for any type space and any type t; € T}, there is a corresponding type [; € L;, such
that for any game G any € > 0

We show that (C.1) holds on type space (L;, p;). Because of (C.2), this is sufficient to
establish the Lemma.

Suppose that action a; is ¢’-rationalizable for [; and any g’ > e. Then, there is a sequence
of strategies ai/i :L_; — AA_;, such that a; € B ( "l;,0¢ ) and ai’i is &’-rationalizable, i.e.

0% (1) (R (14]G, ) = 1.

The sequence of strategies generates corresponding conjectures 1 JEAQX Loy x Ay,
such that

marg ¢, = pl (I;)
QXL,i

and for any continuous function f: L_; x A_; — R,

/ F (L, ai) dve, (I, @) / /f I, a;) do®; (1) (a;) | doe, (L) .

L_ixA_,
Moreover, each of the conjectures assigns probability 1 to the fact that the opponent strategy
is ¢’-rationalizable:
v, (2 x R, (G,€)) =
By compactness, we can find a convergent subsequence with a limit ¢°,. Then, by conti-
nuity, a; is e-best response against conjecture ¢°; and

“ QX R (Gre) = lim g (Q ¥ R_; (G,é)) _ 1,
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which follows from the definition of the correspondence R" and the fact that it is u.h.c.
Define a strategy o, : L_; — AA_; as

0%, (i) := marg ¢, (-[l_;) .

—1i

Then, 0°, (I_;) € R*, (I_;|G,¢) (one may need to modify o%; on the set of types [_; with a

total pf (1;)-mass equal to 0), and a; € B (¢|l;,0<;). This ends the proof.
APPENDIX D. PROOFS OF SECTION 4
D.1. Proof of Lemma 6. Note that for each £ > 1,
[B7)" (W) = B} [B”]" (W) x B, [B"]* (W)
is a product event and
By (B (W) = By B (W) n B} B, [B"]" " (W)
— B (Bp (Br]F! (W)) .

By definition

CP(W) [B")" (W)

x>
Vv
-

(B (B (W) x B, (B <W>)

I
DN

k>1
:ﬂBp [B*]F ﬂB
k>0 k>0

and so C?(W) is a product set and
- N BB (W
k>0
= BY(W)n () BY[B*" (W)
k>1

— W, N BYW_;)n () B (Bp (B! (W)>

k>1

=W, B! (Wj N B2, 1B <W>)

k>1

=MHW(HEMWWW0

k>0
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The last equality follows from the first (reversing the roles of players.)

D.2. Technical result. Here, we prove a useful technical result.

Lemma 15. Suppose that E is separable and metrizable, A is a finite set, and let {V,},. 4 be
an open covering of E. Let u € AE be a measure over E. Consider a (measurable) mapping

o: E — AA such that o is adapted to the covering {V,},c 4, i-e.

oe)(a) >0 = ecV,.

There is a sequence of continuous continuous mappings ¢ : E — AA, each adapted to

{Va},ea such that

o™ — o, p-almost surely.

Proof. By standard topological arguments, for each V,, there exists a sequence of continuous
functions o' : E — [0, 1] such that a'(e) > 0 if and only if e € V, and o' converges
pointwise to the indicator function for V,. Also, because E is separable and metrizable and
AA is compact Polish, there is a sequence of continuous mappings 7 : E — AA, such that
7" — 0, p-almost surely.

Note that for any e € E, > ., «
E — AA as follows. For any e € F/| for any a € A, let

ag (€) [T (e) (a) + ]
> ag(e) [rm(e) () + ]

a’€A

™ (e) > 0. Construct the sequence of mappings o™

o™ (e) (a) :=

By construction, o™ is continuous. Moreover, for each m, o™ (e) (a) > 0 if and only if e € V.
For p-almost all e € V,,

lim ol (e) 7™ (e) (a) — o(e)(a)

m—00

Thus 0™ — o, p-almost surely. 0

D.3. m-rationalizable correspondence. In order to prove Lemma 7, we need some results
about m-rationalizable actions. We start with a definition. In Ely and Peski (2006), we
showed that the set of rationalizable actions can be obtained through the iterative elimination
of not best responses (similar fact for correlated rationalizability is used in Dekel, Fudenberg,
and Morris (2006b)). This can be easily extended to e-rationalizability. Let us denote by
R™ (-|G, €) the correspondence of actions obtained in the mth round of elimination for player
7 in game G. Then, the quoted results state that

(|G, ¢) ﬂRm |G, e) (D.1)

We refer to R (|G, €) as the correspondence of m-rationalizable actions.
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It is easy to show that the set of type t;’s m-rationalizable correspondence depends only
on type t;’s hierarchy of beliefs: for any player j, any types t;,t; € T;, any game G and any
e>0,if o7 (t;) = ¢7 (), then R (t;|G,e) = R (|G, ¢) ."° Thus we can view R"(-|G,¢)
to be correspondence whose domain is U;(A€2). By standard arguments, this correspondence

is upper hemi-continuous. For any m, player j, game G, action a; and hierarchy u;, define
by (aj, G, u;) = inf{e : a; € R™(u;]G,e)}.
Lemma 16. h}' (a;, G, u;) is continuous in u;.

Proof. Suppose that uj — u} and let h = liminf, .. A7 (aj, G, u;‘) . Hence, for each ¢ > 0
there exists a subsequence u} — uj such that for each n, hy (aj, G, u?) < h+¢, or, in other
words, a; € R(u}|G, h-+¢). By the upper hemi-continuity of the correspondence R(-|G, h+e),
h (aj, G, u;) < h+ ¢ for each € > 0, and A}’ (a;, G, .) is lower semi-continuous.

We prove upper semi-continuity by induction on m. When m = 0, by definition h? (aj,G,uj) =
0. Now assume that the Lemma holds for m — 1. Fix a player j, a game G, an action a} and
a hierarchy uj. Let h* = h" (a;'f, G, u;) We are going to show that for any € > 0, there is a
neighborhood V' 5 w7, such that A7 (a;f, G, uj) < h* 4 ¢ for any u; € V.

Let L = (L;, j1;) be the type space from the second part of Theorem 1. Find a type t; € Ly,
such that ngL (tj) = uj. Let o_; be a strategy of player —j that makes a} an h*-interim best
response for type t;. For any action a_; € A_j, define

Vo, = {u_j th” (ay, Gyuy) < B —1—5/2} )

By the induction hypothesis, the collection {Vaﬁ.} 4. 1s an open covering of L_;. Also,
A—j&aL—j

if o_; (t_;) (a—;) > 0 for some type t_j, thent_; € V,_,. By Lemma 15, there is a sequence of
continuous strategies o™ ; converging f; (t;)—almost surely to o_; such that for any t_; € L_;
and action a_; € A_j, if o™, (t_;) (a—;) > 0, thent_; € V,_,.

k
J
ngL (tf) = u;“ and limy_, o 15 (tf) = 14 (t;‘) in the weak™ topology (such a sequence exists by

Take any sequence of hierarchies uj — u} and find a sequence of types t;? € Lj, such that

the last part of Theorem 1). Then, for any action a; € A;

lim lim 0; (¢5) [g5 (a5, 0™ (t=5) ,w) — g5 (aj, 0™ (t—;) ,w)]

n—oo k—oo

= lim ; () |95 (a], 07 (t-5) @) = g; (a;, 07 (t-;) ,w)] < "

n
This implies that there is a neighborhood V' 3 wj such that for all types u; € V, aj is
(h* + £/2)-interim rationalizable, i.e.

nr (aj*-, G) < h*+e.

J

6This can be shown using the product game construction in the proof of Lemma 19 below.
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Lemma 17. Suppose that v; £ uf. There are game G = (Aj,gj), action a; € A; , € > 0 and
m such that
a; € R (v;]G,0) and a; ¢ R" (u}|G,¢).

Proof. By the definition of order, there is game G and action a;, such that a;, € R; (vi|C_¥, 0)
and a; ¢ R; (uf|G,0). By Lemma 5, there is € > 0, such that a; ¢ R; (u}|G,¢). By (D.1),
there is m, such that the thesis of the Lemma holds. [l

Lemma 18. Suppose that v; & u;. There are neighborhood U; > v;, game G = (Aj,gj),
action a; € A; , € >0 and m such that

a; € R (w|G,0) for allw; € U; and a; ¢ R (u}|G,¢).

Proof. Let G, a}, be the game from Lemma 17. Because of Lemma 16, there is a neighborhood

1)

U;  v; open in the product topology and & > &” > 0, such that
a; € R (w|G',€") for all u; € U; and a} ¢ R}" (u|G',€’) .
Take ¢ = &' —&” > 0 and apply Lemma 4. O

D.4. Proof of Lemma 7. We first prove a preliminary result.
Lemma 19. Suppose that v; & u;. There are € > 0, a neighborhood U; > v;, a game
G = (4;,9;), such that A; = A) x A} and

(1) For anya_; € A_;, any a} € A}, any af,a?

9aY € AV any w,
g—i (CL@', (a?a ag) ,W) = 0—i (CLi, (a?’, ail) ,w) .
(2) There are correspondences A° : U;(AQ) = A9 Al : U;(AQ) = A}, such that for all
Uy,
(3) There is an action a?* C A?, such that
{a?*} x A (u;) C R; (u3|G,0) for all u; € Uy,
{af*} x A" (u}) N R; (uf|G,e) = 0.
Proof. Let u; € U;, game G = (Aj,gj), action a; € A; , € > 0 and m be as in Lemma 18.
Define game G = (A;, g;) : for any player j, let A; = (/_lj)m and

m—1

Notice that for any ¢’ > 0,

R; (|G,¢") = R (-|G,€') x ... x R} (:|G,¢') .
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Let A? = A, Al = (4)"",
A () =R (1G.€),
A () =R (G,E) x ... x R} (|G, €',
and a¥* = a;. The thesis of the Lemma follows. O

We can prove Lemma 7. For any v; € W;, v; £ uf and we can apply Lemma 19 to find
e@) > 0, neighborhoods UZ-(W) > vy, games G, Let v}, ...,vX € W; be a finite sequence

k
of hierarchies, such that W; C UUZ(U’) (it exists, because W; is compact.) To shorten the

notation, let G* = (A?,gj) — (") Define game G as the product game G = G! x ..G¥ :
let

A? = AMF AL = H AP* an

k
A% — {a? e AY: (ao)k = a?*’k for some k=1, ...,K},
k

and for any (a;?) € Aj, (a j) € A_j, let

Notice that for any ¢ > 0,
R(:|G,e) = R(:|G",¢) x ... x R(|G¥,¢)
The thesis of the Lemma follows from the construction.

D.5. Proof of Lemma 8. We assume here that

max |g; (a,w)| < 1. (D.2)

Jraw
This is w.l.o.g., as one can always scale the payoffs without affecting the set of rationalizable
actions.

We prove the Lemma by induction on £ and player j. In order to shorten the notation,
define
EY = U, (AQ)\BY ([Bp]k (Wi x U_; (AQ))) .

J
Note that, by construction, sets Ef are open. When k = 0 and j = ¢, then
k_ 0 _ 77A

Then, the Lemma is a consequence of the fact that U/ is open and for any hierarchy in U7,
any £ < e, the set of e-rationalizable actions is equal to A7.
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Assume that the thesis of Lemma 8 holds for £ > 0 and j = . Take any u? € Ejk and

*
—1

suppose that a
the second part of Theorem 1. Let {°;, € L_; be a type with a hierarchy ¢, (1%;) = u°,.
Let ", € L_; be a sequence of types of player —i with hierarchies ¢, (l’_‘i) = u",. By

is a rationalizable action at u’;. Let L = (L;, u;) be the type space from

construction of type space L; (see Ely and Peski (2006)),

pei (1) = pmi (12) (D.3)

in the sense of weak* topology.
Say that behavioral strategy o; : L; — AA; is d-rationalizable, if for any type l; € L;,
actions played by I; are d-rationalizable, o7 (I;) (R (I;|G,6)) = 1. Let 0} be a 0-rationalizable

*
—1

strategy of player 4, against which action a*; is a best response of type [°;. We need an

intermediate result.

Lemma 20. There is a sequence of 6p-rationalizable strategies o : L; — AA;, such that

o is continuous on ((biL)_l (Ef) and

o — a9, p_; (1°;) -almost surely. (D.4)

Proof. By the inductive hypothesis, there are sets of hierarchies
Vi(a) € (81) " (EL).

such that for each a; set V; (a;) is open in the product topology and

{te (69" (BY) : i € Ri (]G, 0)}

C Vi (ai)

C {li € (gzﬁf)_l (Ef) :a; € R (ui|G,6p)} :
In particular, {V; (a:)}, 4, is an open cover of ((biL)_l (EF). By Lemma 15, there is a se-
quence of continuous functions o™* : (gbiL)_l (EF) — AA;, such that for any [; € (ngiL)_l (EF),

o™ (1;) (a;) > 0iff [; € V; (a;) and

and 07" — o almost surely with respect to measure p%; (1°)) (| (@L)—l (Ef))

)

Define 0" : L; — AA; as

a? (I;) otherwise.

Thus, o is 6p-rationalizable and continuous on (¢ZL)_1 (EF). O
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Let o™ : L; — [0, 1] be a sequence of continuous functions, such that o/ ({;) = 0 for any
type I; ¢ ((biL)_l (EF) and lim,,_.o o™ (I;) = 1 for any [; € (qﬁiL)_l (EF) . Since EF is open
and ¢F is continuous, (gﬁiL)_l (Ef) is open and such a sequence trivially exists. To abbreviate
notation, for any function f : L; x Q — R, any measure p € A (L; x Q) , write p[f] as the
expectation of f with respect to u. For each a_; € A_;,

1 () s a0, )] = s (00) [0 (0,00,

< |p-i (1) lg-i (a—z,az ,W)] g (1%) [9-i (a—i, 07", w)]|

+ |1 (12) L9 (as, 07", @)] = i (I2) [94 (0, 07 w) ]|

< i (1) 9 <a_z,a, ,w> "= (19) g (a-s, 07", ) ]|
+\um (1—a") |+|u ) [ - ap)]

z(a i z’ ))Oé;n”
fi(aflﬁo-z(‘)? ))(1_0‘%”'

In the second inequality, we used (D.2). Because of the convergence (D.3), and the fact that

— g-
_i(a_;, 0] ,w) —g

g—i(a_;; 0 (.),w)al™(.) is a continuous function of ;,

lim sup |H’—7, (lﬁz) [g—z (a—i7 Uz'ma W) am — K- (l(lz) [g—l (a—i7 0; ,W) azmH = 0.

n—oo

Because of (D.4),

lim sup |p—; (1%) [(9-i (ai, 0", w) — g—i (a_i, 0}, w)) ]| =0,

m—00

Since

lim o (1%,) (1= ] = 1= (1) ((65) ™ (ED)) <.

m—00

we have
| | < (1) [1= ]| 4 [pacs (1) [L = o]
lim sup lim sup ‘N ( ‘ ’
meoso noo |+ |pmi (12) [(9-i (a—i 07" w) = g-i (i, 0f, w)) (1 = a]")]|
< lim sup lim sup 4p_; (1°;) [1 — "] < 4p.

m—0o0 n—oo

All the above imply that

lim sup lim sup sup | (I%;) [9- (a-s, 07", w)] = =i (I2;) [9-i (a-i, 07, w)]]

m— oo n—ooa_;EA_;

< p.

This shows that for high n and k, a*
th inductive thesis for k and 7 = —i.

*, is a 6p-best response of [, against ¢]" and it shows
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Assume that the thesis of (Lemma 8) holds for k£ and j = —i. A very similar argument to

the one above demonstrates that the inductive thesis holds for k + 1 and j = 4. This ends
the proof of the Lemma.
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