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DEVWUDFW

Zh frqvlghu dq hqylurqphqw lq zklfk lqglylgxdov uhfhlyh lqfrph vkrfnv wkdw duh xqrevhuy0
deoh wr rwkhuv dqg fdq sulydwho| vwruh uhvrxufhv1 Zh surylgh d vlpsoh fkdudfwhul}dwlrq ri
wkh h!flhqw doorfdwlrq lq fdvhv lq zklfk wkh udwh ri uhwxuq rq vwrudjh lv vx!flhqwo| kljk ru/
dowhuqdwlyho|/ lq zklfk wkh zruvw srvvleoh rxwfrph lv vx!flhqwo| gluh1 Zh vkrz wkdw/ xqolnh lq
hqylurqphqwv zlwkrxw xqrevhuydeoh vwrudjh/ wkh v|pphwulf h!flhqw doorfdwlrq lv ghfhqwudo0
l}deoh wkurxjk d frpshwlwlyh dvvhw pdunhw lq zklfk lqglylgxdov wudgh ulvn0iuhh erqgv dprqj
wkhpvhoyhv1

�Wklv sdshu zdv suhylrxvo| flufxodwhg xqghu wkh wlwoh/ �D Plfurirxqgdwlrq iru Lqfrpsohwh Vhfxulw| Pdunhwv/�
Uhvhdufk Ghsduwphqw Zrunlqj Sdshu 8::/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv1 Zh wkdqn Fkulvwrskh
Fkdpoh|/ Y1Y1 Fkdul/ Mdqlfh Hehuo|/ Hg Juhhq/ Mrkq Khdwrq/ Wlp dqg Sdw Nhkrh/ Urehuw Oxfdv/ Ohh
Rkdqldq/ dqg Fkulv Skhodq iru frpphqwv dqg vxjjhvwlrqv1 Vhh wkh Plqqhdsrolv Ihg*v krph sdjh rq wkh
Zruog Zlgh Zhe dw kwws=22zrrgurz1psov1iue1ihg1xv iru ixuwkhu uhylvlrqv/ dv zhoo dv rwkhu sdshuv1 Wkh ylhzv
h{suhvvhg khuhlq duh wkh wkrvh ri wkh dxwkruv dqg qrw qhfhvvdulo| wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri
Plqqhdsrolv ru wkh Ihghudo Uhvhuyh V|vwhp1



41 Lqwurgxfwlrq
Lq wklv sdshu/ zh frqvlghu dq hqylurqphqw lq zklfk lqglylgxdov kdyh udqgrp lqfrph/

dqg fdq dffxpxodwh dvvhwv wkurxjk d vwrudjh whfkqrorj|1 Wkhlu lqfrph uhdol}dwlrqv dqg

wkhlu dvvhw srvlwlrq duh sulydwh lqirupdwlrq1 Jlyhq wkhvh lqirupdwlrqdo iulfwlrqv/ zh surylgh

d vlpsoh fkdudfwhul}dwlrq ri wkh h!flhqw doorfdwlrq lq fdvhv lq zklfk wkh udwh ri uhwxuq rq

vwrudjh lv vx!flhqwo| kljk ru/ dowhuqdwlyho|/ lq zklfk wkh zruvw srvvleoh rxwfrph lv vx!flhqwo|

gluh1 Zh vkrz wkdw wkh v|pphwulf h!flhqw doorfdwlrq lv ghfhqwudol}deoh wkurxjk d frpshwlwlyh

dvvhw pdunhw lq zklfk lqglylgxdov wudgh ulvn0iuhh erqgv dprqj wkhpvhoyhv1

Wkhuh lv d odujh sulru olwhudwxuh zklfk h{dplqhv wkh fkdudfwhulvwlfv ri h!flhqw ulvn0

vkdulqj lq g|qdplf vhwwlqjv lq wkh suhvhqfh ri sulydwh lqirupdwlrq14 Xqolnh rxu sdshu/ wklv

olwhudwxuh jhqhudoo| �qgv wkdw h!flhqw doorfdwlrqv gr qrw frlqflgh zlwk wkh htxloleulxp door0

fdwlrqv ri dq| hfrqrp| zlwk d frpshwlwlyh erqg pdunhw +vhh Dwnhvrq dqg Oxfdv +4<<5, lq

sduwlfxodu,1 Wkh nh| gl�huhqfh ehwzhhq rxu sdshu dqg wkhvh suhfhglqj rqhv lv wkdw wkh hduolhu

olwhudwxuh dvvxphv hlwkhu wkdw djhqwv fdqqrw dffxpxodwh uhvrxufhv ryhu wlph/ ru wkdw/ li wkh|

fdq/ wklv dffxpxodwlrq lv revhuydeoh1 Lq frqwudvw/ zh dvvxph wkdw erwk djhqwv* lqfrphv dqg

wkhlu vwruhg uhvrxufhv duh sulydwh lqirupdwlrq1 Lw lv wklv frpelqdwlrq ri dvvxpswlrqv wkdw

ohdgv wr rxu uhvxow1

Rxu �qglqjv duh uhplqlvfhqw ri Doohq*v +4<;8,1 Kh frqvlghuv d g|qdplf sulqflsdo0djhqw

uhodwlrqvkls lq zklfk wkh djhqw lv ulvn dyhuvh dqg kdv klgghq vwrfkdvwlf lqfrph1 Wkh djhqw

lv deoh wr vhfuhwo| eruurz dqg ohqg dw wkh vdph lqwhuhvw udwh wkdw wkh sulqflsdo idfhv1 Wkh

delolw| wr vhfuhwo| eruurz dqg ohqg phdqv wkdw wkh djhqw zloo/ uhjdugohvv ri klv wuxh klvwru|/

fodlp wr kdyh wkh klvwru| ri lqfrph uhdol}dwlrqv wkdw gholyhuv wkh wudqvihu vhtxhqfh zlwk wkh

kljkhvw qhw suhvhqw ydoxh +QSY,1 Khqfh/ lw lv qrw lqfhqwlyh0frpsdwleoh iru wkh QSY ri wkh

sulqflsdo*v sd|phqwv wr wkh djhqw wr ghshqg rq wkh djhqw*v klvwru| ri lqfrph uhdol}dwlrqv1 Lw

iroorzv wkdw wkhuh lv rqo| rqh lqfhqwlyh0frpsdwleoh frqvxpswlrq doorfdwlrq dqg lw lv wkh vdph

dv wkh rqh lq zklfk wkh djhqw eruurzv dqg ohqgv rq klv rzq zlwkrxw uhfhlylqj wudqvihuv iurp

wkh sulqflsdo1

4Frqwulexwlrqv wr wkh olwhudwxuh rq klgghq lqfrph lqfoxgh Wrzqvhqg +4<;5,/ Juhhq +4<;:,/ Wdxe +4<<3,/
Juhhq dqg Rk +4<<4,/ Dwnhvrq dqg Oxfdv +4<<5,/ Dl|djdul dqg Doyduh} +4<<8,/ dqg Zdqj +4<<8,1 Frqwul0
exwlrqv wr wkh olwhudwxuh rq klgghq h�ruw lqfoxgh Wkrpdv dqg Zruudoo +4<<3,/ Skhodq dqg Wrzqvhqg +4<<4,/
Dwnhvrq dqg Oxfdv +4<<8,/ dqg Skhodq +4<<8,



Lq rxu sdshu/ wkh djhqwv duh doorzhg wr vwruh vhfuhwo| +hvvhqwldoo|/ vdyh, dw d �{hg udwh

ri uhwxuq/ exw qrw eruurz1 Ehfdxvh djhqwv fdqqrw eruurz vhfuhwo|/ wkh lqfhqwlyh0frqvwudlqwv

lq rxu vhwwlqj duh orrvhu wkdq wkh rqhv lq Doohq*v prgho1 Lw lv hdv| wr vkrz wkhuh lv d �qlwh0

glphqvlrqdo vhw ri lqfhqwlyh0frpsdwleoh doorfdwlrqv/ qrw mxvw rqh lqfhqwlyh0frpsdwleoh doorfd0

wlrq dv lq Doohq*v prgho1 Wkh frqwulexwlrq ri rxu sdshu lv wr vkrz wkdw wkh v|pphwulf h!flhqw

hohphqw ri wklv odujh vhw ri lqfhqwlyh0frpsdwleoh doorfdwlrqv lv/ xqghu vrph frqglwlrqv/ htxly0

dohqw wr dq doorfdwlrq lq zklfk djhqwv eruurz dqg ohqg dw d ulvn0iuhh udwh1

Iru d wzr0shulrg vhwwlqj/ wkh lqwxlwlrq ehklqg rxu uhvxowv zrunv dv iroorzv1 +Wkh

h{whqvlrq ri wkh uhvxow wr d jhqhudo �qlwh0krul}rq vhwwlqj lv d vrphzkdw hoderudwh dssolfdwlrq

ri edfnzdugv lqgxfwlrq1, Iru wkh djhqwv lq d wzr0shulrg yhuvlrq ri rxu prgho/ vhtxhqfhv

ri wudqvihuv kdyh wzr nh| fkdudfwhulvwlfv1 Wkh �uvw lv wkh qhw suhvhqw ydoxh ri wkh wudqvihu

vhtxhqfh1 Wkh vhfrqg lv zkhwkhu wkh wudqvihuv duh uhodwlyho| kljk lq wkh �uvw shulrg +iurqw0

ordghg,/ ru lq wkh vhfrqg shulrg +edfn0ordghg,1 Ehfdxvh ri wkhlu delolw| wr vhfuhwo| vwruh/

wkh djhqwv lq rxu prgho/ fhwhulv sdulexv/ suhihu wr kdyh iurqw0ordghg wudqvihu vhtxhqfhv> wkh|

fdq dozd|v xvh wkhlu vwrudjh whfkqrorjlhv wr vprrwk vxfk vhtxhqfhv ryhu wlph1 Exw wkhlu

zloolqjqhvv wr vxevwlwxwh QSY iru iurqw0ordglqj gl�huv> lq sduwlfxodu/ djhqwv zlwk whpsrudulo|

kljk lqfrphv kdyh d vwurqjhu uhodwlyh suhihuhqfh iru QSY dv rssrvhg wr iurqw0ordglqj1

Ehfdxvh djhqwv zlwk whpsrudulo| kljk lqfrphv kdyh d vwurqjhu suhihuhqfh iru QSY/ lw

lv qrw lqfhqwlyh0frpsdwleoh iru wkhp wr uhfhlyh vwulfwo| ohvv QSY wkdq djhqwv zlwk whpsrudulo|

orz lqfrphv1 Exw/ wr rewdlq h!flhqw ulvn0vkdulqj/ wkh sodqqhu zdqwv wr gholyhu pruh QSY

wr wkh djhqwv zlwk whpsrudulo| orz lqfrphv1 Wkxv/ wkh glfwdwhv ri h!flhqf| duh lq h{dfw

rssrvlwlrq wr wkh glfwdwhv ri lqfhqwlyh0frpsdwlelolw|1 Lq d Sduhwr rswlpdo doorfdwlrq/ wkh

whqvlrq ehwzhhq h!flhqw ulvnvkdulqj dqg lqfhqwlyh0frpsdwlelolw| lv uhvroyhg e| doo djhqwv

hqglqj xs zlwk wkh vdph QSY/ dqg rswlpdoo| vprrwklqj wkdw QSY ryhu wkhlu olihwlphv1 Wklv

lv htxlydohqw wr wkh djhqwv* eruurzlqj dqg ohqglqj dprqj wkhpvhoyhv xvlqj ulvn0iuhh erqgv1

Rxu uhvxowv surylgh dq h{solflw plfurirxqgdwlrq iru wkh lqfrpsohwh pdunhwv vwuxfwxuh

dvvxphg lq d qxpehu ri sdshuv lqfoxglqj Oxfdv +4<;3,> Ehzoh| +4<<6,> Kxjjhww +4<<6,>

Dl|djdul +4<<7,> Uðrv0Uxoo +4<<7,> Khdwrq dqg Oxfdv +4<<9,> dqg Jrphv/ Juhhqzrrg/ dqg

Uhehor +4<<:,`1 Wkhvh sdshuv vwxg| lqfrpsohwh pdunhwv prghov lq zklfk d frqwlqxxp ri

djhqwv zlwk lglrv|qfudwlf lqfrph vkrfnv frpshwlwlyho| wudgh d ulvn0iuhh erqg ryhu wlph1 Rxu
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sdshu dovr pdnhv d phwkrgrorjlfdo frqwulexwlrq1 Ixghqehuj/ Kropvwurp/ dqg Plojurp +4<<3,

surylgh fkdudfwhul}dwlrqv ri h!flhqw doorfdwlrqv lq d zlgh fodvv ri g|qdplf hqylurqphqwv vxfk

wkdw djhqwv* suhihuhqfhv ryhu frqwlqxdwlrq frqwudfwv duh frpprq nqrzohgjh diwhu dq| klvwru|1

Rxuv lv wkh �uvw sdshu wr rxu nqrzohgjh wr surylgh d fkdudfwhul}dwlrq ri h!flhqw doorfdwlrqv lq

dq hqylurqphqw lq zklfk wklv surshuw| lv qrw vdwlv�hg1 Whfkqlfdoo|/ wkh idloxuh ri wklv surshuw|

pdnhv rxu wdvn fkdoohqjlqj ehfdxvh h!flhqw frqwudfwv duh qr orqjhu Pdunry lq frqwlqxdwlrq

xwlolwlhv1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh od| rxw d �qlwh krul}rq yhuvlrq

ri rxu hqylurqphqw1 Lq vhfwlrq 6 zh fkdudfwhul}h h!flhqw doorfdwlrqv1 Lq vhfwlrq 7 zh vkrz

wkdw wkhvh h!flhqw duudqjhphqwv fdq eh vxssruwhg e| wudgh lq ulvn0iuhh erqgv1 Lq vhfwlrq 8

zh h{whqg rxu uhvxowv wr yhuvlrqv ri rxu prgho wkdw lqfoxgh dq lq�qlwh krul}rq/ glplqlvklqj

uhwxuqv wr vwrudjh/ dqg orwwhulhv1 Zh dovr glvfxvv krz rxu pdlq uhvxow fdq eh uhlqwhusuhwhg

dv dsso|lqj wr dq hqylurqphqw zlwk klgghq h�ruw1 Lq vhfwlrq 9 zh frqfoxgh1

51 Hqylurqphqw
Wkhuh lv d frqwlqxxp ri lghqwlfdo djhqwv zkr hdfk olyh iru A shulrgv1 Wkhuh lv d vlqjoh

frqvxpswlrq jrrg S lq hyhu| shulrg1 Lq shulrg ?/ lqglylgxdo suhihuhqfhv ryhu frqvxpswlrq

vwuhdpv duh uhsuhvhqwdeoh e| wkh xwlolw| ixqfwlrq

.?

A[
|'?

q|3?�ES|�

zkhuh zh dvvxph wkdw �E�� lv �2 ryhu Efc4�/ �� lv srvlwlyh/ ��� lv qhjdwlyh/ dqg *�4S<f �
�ES� '

41 Wkh grpdlq ri � lv wkh hqwluh uhdo olqh> �ES� ' �4 iru S 	 f� Zh dovr dvvxph wkdw

� glvsod|v qrqlqfuhdvlqj devroxwh ulvn dyhuvlrq +QLDUD, ryhu ?n1 Wklv dvvxpswlrq lpsolhv

wkdw �� lv vwulfwo| frqyh{ ryhu wklv uhjlrq1

Lq hdfk shulrg/ dq lqglylgxdo uhfhlyhv d vwrudeoh xqrevhuydeoh vwrfkdvwlf hqgrzphqw1

Zh ghqrwh wkh uhdol}dwlrq ri wkh hqgrzphqw jrrg lq shulrg | e| w|c dqg zh dvvxph wkdw lw

kdv �qlwh vxssruw t ' i+�c ���c +aj ri qrqqhjdwlyh uhdov/ zkhuh +� 	 +�n�� Zh dvvxph wkdw

hqgrzphqwv duh l1l1g1 erwk dfurvv lqglylgxdov dqg dfurvv wlph/ dqg zh ghqrwh wkh suredelolw|

ri dq lqglylgxdo uhfhlylqj hqgrzphqw +� e| ZE+�� : f� Zh dvvxph wkdw wkh jurvv uhwxuq rq

vwrudjh ri wkh hqgrzphqw jrrg lv - : f dqg wkdw lqglylgxdov fdq vwruh jrrgv lq d sulydwh
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vwrudjh xqlw wkdw lv xqrevhuydeoh wr rwkhuv ru lq d sxeolf vwrudjh idflolw| wkdw lv revhuydeoh wr

doo1 Dv zh vkdoo vhh/ wkh delolw| wr vwruh sxeolfo| grhv qrw lpsuryh vrflhwdo zhoiduh/ exw doorzlqj

iru wklv srvvlelolw| grhv pdnh surylqj rxu uhvxowv vrphzkdw hdvlhu1 Zkloh zh jhqhudoo| uhvwulfw

dwwhqwlrq wr wkh fdvh zkhuh lqlwldo vwrudjh lv }hur/ zh odwhu glvfxvv krz rxu uhvxowv uhdglo|

h{whqghg wr wkh fdvh zkhuh lqlwldo vwrudjh lv srvlwlyh1

Wklv vlpsoh vwuxfwxuh/ zlwk wkh h{fhswlrq ri rxu �qlwh0krul}rq dvvxpswlrq/ fruuhvsrqgv

wr rxu qrwlrq ri wkh fodvvlf g|qdplf lqfrph lqvxudqfh vwuxfwxuh zlwk fdslwdo dqg jurzwk1 Wkh

vshfl�fdwlrq ri lqfrph vkrfnv lv zkdw Juhhq +4<;:, ruljlqdoo| dvvxphg1 Xqolnh Juhhq/ zh

gr qrw dvvxph h{srqhqwldo xwlolw| zlwk dq xqerxqghg frqvxpswlrq vsdfh/ exw lqvwhdg xvh d

suhihuhqfh fodvv wkdw qhvwv srzhu xwlolw| ^dv lq Dwnhvrq dqg Oxfdv +4<<5,` dqg dvvxph wkdw

frqvxpswlrq lv erxqghg iurp ehorz1 +Rxu uhvxowv zrxog h{whqg wr dq hqylurqphqw zlwk

h{srqhqwldo xwlolw| dqg lqglylgxdo frqvxpswlrq vhwv wkdw duh xqerxqghg iurp ehorz1, Rxu

vwrudjh whfkqrorj| lv h{dfwo| wkh olqhdu surgxfwlrq vwuxfwxuh wkdw lv dvvxphg lq pxfk ri

wkh hqgrjhqrxv jurzwk olwhudwxuh15 Zh dvvxph d �qlwh krul}rq vr wkdw zh fdq h{srvlw rxu

pdlq lghdv vlpso|1 Lq Vhfwlrq 8/ zh frqvlghu d qxpehu ri h{whqvlrqv wr rxu edvlf iudphzrun/

lqfoxglqj doorzlqj wkh krul}rq wr eh lq�qlwh dqg doorzlqj iru d frqfdyh djjuhjdwh surgxfwlrq

ixqfwlrq1

Zh xvh wkh iroorzlqj qrwdwlrq1 Zh ghqrwh wkh klvwru| ri vkrfnv wkurxjk shulrg | e|

w| � iw�c ���c w|j�

Zh ghqrwh wkh suredelolw| ri d klvwru| w| e|

ZEw|� �
|\

?'�

ZEw?��

Zh ghqrwh wkh vhw ri srvvleoh klvwrulhv lq shulrg ?c jlyhq w| zkhuh ? � |c e|

t ?Ew|� � iw|j � t ?3|�

Jlyhq d klvwru| w| ' Ew�c ���c w|� ri vkrfnv uhdol}hg wkurxjk shulrg |c zh ghqrwh e| w?Ew|� �
Ew�c w2c ���c w?� wkh vxeklvwru| uhdol}hg wkurxjk shulrg ? � |c dqg zh ghqrwh e| w?Ew

|� wkh vkrfn

lq shulrg ? � | lpsolhg e| wkh klvwru|1

5Vhh/ iru h{dpsoh/ Mrqhv dqg Pdqxhool +4<<3, dqg Uhehor +4<<4,1
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Lq wklv vhwwlqj/ dq doorfdwlrq lv d yhfwru ES|c r|c � |c 7|�
A
|'�c zkhuh

S| G t | $ ?
r| G t | $ ?n

� | G t | $ ?
7| 5 ?

Khuh/ S|Ew
|� lv wkh frqvxpswlrq ri dq lqglylgxdo zkr kdv klvwru| w| 5 t |/ r|Ew

|� lv wkdw lq0

glylgxdo*v qrqqhjdwlyh sulydwh vwrudjh ohyho/ dqg � |Ew
|� lv wkh wudqvihu ri frqvxpswlrq wkdw

wkh lqglylgxdo uhfhlyhv +qrwh wkdw lw fdq eh qhjdwlyh,1 7| lv wkh ohyho ri sxeolf vwrudjh xq0

ghuwdnhq e| wkh vrflhw|1 Qrwh wkdw rxu qrwlrq ri doorfdwlrq lpphgldwho| dvvxphv wkdw djhqwv

fdq rqo| eh glvwlqjxlvkhg wkurxjk wkhlu klvwrulhv1 +Irupdoo|/ dq lqglylgxdo zlwk klvwru| w|

kdv hqgrzphqw w|Ew
|� dqg sulydwh vdylqjv ohyho r|3�Ew

|3�Ew|�� lq shulrg |( krzhyhu/ dv orqj dv

qr dpeljxlw| lv fuhdwhg e| grlqj vr/ zh zloo ghqrwh wkhvh ydoxhv e| w| dqg r|3�Ew
|3����

Dq doorfdwlrq lv ihdvleoh li=

;E|c w|�c S|Ew|� n r|Ew
|� � -r|3�Ew

|3�� n � |Ew
|� n w|c+4,

;|c 7| n
[
w|Mt |

ZEw|�� |Ew
|� � -7|3�c+5,

;|/ 7| � f

7f ' fc rf ' f�

Vlqfh erwk lqfrph uhdol}dwlrqv dqg sulydwh vwrudjh duh xqrevhuydeoh/ lqglylgxdov fdq

ghyldwh iurp doorfdwlrqv lq wzr zd|v1 Iluvw/ lqglylgxdov fdq suhwhqg wr kdyh gl�huhqw lqfrph

klvwrulhv/ dqg wkhuhe| uhfhlyh wkh wudqvihu sd|phqwv dvvrfldwhg zlwk wkdw klvwru|1 Vhfrqg/

lqglylgxdov fdq fkrrvh gl�huhqw ohyhov ri vwrudjh1 Ohw P eh wkh vhw ri uhsruwlqj dqg vwrudjh

vwudwhjlhv Eew|c er|�A|'�/ zkhuh=
ew| G t | $ t

er| G t | $ ?n
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Ohw w ghqrwh wkh wuxwk0whoolqj vwudwhj| lq zklfk 	w|Ew
|� ' w| iru doo E|c w

|��

Jlyhq d wudqvihu doorfdwlrq � c dq lqglylgxdo uhfhlyhv +h{0dqwh, xwlolw| T Eewc er( �� iurp
iroorzlqj uhsruwlqj vwudwhj| ew dqg vwrudjh vwudwhj| er/ zkhuh=

T Eewc er( �� �
A[
|'�

[
w|Mt |

q|ZEw|��Ew| n-er|3�Ew|3�� n � |Eew|Ew|��� er|Ew|��
jlyhq erf ' f�

Zh vd| wkdw dq doorfdwlrq ESc rc � c 7� lv lqfhqwlyh0frpsdwleoh li=

T Ewc r( �� � 4@ 
Eewcer�MP

T Eewc er( ���+6,

Dq doorfdwlrq wkdw lv erwk lqfhqwlyh0frpsdwleoh dqg ihdvleoh lv vdlg wr eh lqfhqwlyh0ihdvleoh16

61 H!flhqw Doorfdwlrqv
Rxu jrdo lq wklv sdshu lv wr fkdudfwhul}h wkh h!flhqw lqfhqwlyh0ihdvleoh doorfdwlrqv lq

wklv hqylurqphqw1 Vlqfh doo lqglylgxdov duh h{ dqwh lghqwlfdo dqg zh duh uhvwulfwlqj rxuvhoyhv

wr v|pphwulf doorfdwlrqv/ wkhvh doorfdwlrqv zloo eh wkh vroxwlrq wr wkh iroorzlqj sureohp=

�� G 4@ 
EScrc�c7�

A[
|'�

[
w|Mt |

q|3�ZEw|��ES|Ew
|��

vxemhfw wr

T Ewc r( �� � T Eewc er( � � ;E	wc 	r� 5 P

;E|c w|�c S|Ew|� n r|Ew
|� ' -r|3�Ew

|3�� n � |Ew
|� n w|

;|c 7| n
[
w|Mt |

ZEw|�� |Ew
|� � -7|3�

;E|c w|�c r|Ew|�c 7| � f

7f ' fc rf ' f

Lq wklv sureohp/ wkh �uvw frqvwudlqw uhtxluhv wkdw doorfdwlrqv eh lqfhqwlyh0frpsdwleoh> wkh

rwkhu wkuhh frqvwudlqwv uhtxluhv wkdw wkh doorfdwlrq eh ihdvleoh1 Fohduo|/ wkhuh h{lvwv d vroxwlrq

wr S4/ ehfdxvh wkh frqvwudlqw vhw lv frpsdfw dqg wkh remhfwlyh ixqfwlrq lv frqwlqxrxv1

6Lw lv vwudljkwiruzdug wr vkrz wkdw dq doorfdwlrq lv lqfhqwlyh0frpsdwleoh +dv gh�qhg khuh, li dqg rqo| li
lw lv wkh Qdvk htxloleulxp rxwfrph ri vrph dqrq|prxv phfkdqlvp1 Vhh Froh dqg Nrfkhuodnrwd +4<<;, iru
ixuwkhu ghwdlov1

9



Ehfdxvh sulydwh vwrudjh dqg sxeolf vwrudjh kdyh wkh vdph udwh ri uhwxuq/ wkhuh lv qr

orvv wr kdylqj wkh sodqqhu gr doo ri wkh vwrudjh sxeolfo|1 Wklv orjlf jlyhv ulvh wr wkh iroorzlqj

sursrvlwlrq/ zklfk khosv vlpsoli| sureohp S4�

Sursrvlwlrq 41 Jlyhq dq| lqfhqwlyh0ihdvleoh doorfdwlrq ESc rc � c 7�/ wkhuh h{lvwv dqrwkhu lqfhqwlyh0

ihdvleoh doorfdwlrq ESc fc � �c 7 ���

Surri1 Gh�qh � �|Ew
|� ' � |Ew

|� � r|Ew
|� n -r|3�Ew

|3�� dqg 7�| '
S

w| ZEw
|�r|Ew

|� n 7|� Zh

fodlp ESc fc � �c 7 �� lv lqfhqwlyh0ihdvleoh1 Wkh ihdvlelolw| lv reylrxv1 Vxssrvh ESc fc � �c 7 �� lv qrw

lqfhqwlyh0frpsdwleoh/ dqg wkhuh h{lvwv Eewc er� vxfk wkdw=

T Eewc er( � �� : T Ewc f( � �+7,

Exw wkhq gh�qh wkh vwrudjh vwudwhj|= rW| Ew
|� ' r|E

ew|Ew|�� n er|Ew|� dqg qrwh wkdw +7, lpsolhv

wkdw T Eewc rW( �� : T Ewc r( � �/ zklfk frqwudglfwv wkh lqfhqwlyh0frpsdwlelolw| ri ESc rc � c 7�� �

D1 Fkdudfwhul}lqj H!flhqw Doorfdwlrqv

Lq wklv vhfwlrq/ zh hvwdeolvk rxu pdlq fkdudfwhul}dwlrq ri h!flhqw doorfdwlrqv1 Lw frq0

vlvwv ri wzr frqglwlrqv rq frqvxpswlrq doorfdwlrqv1 D frqvxpswlrq doorfdwlrq S vdwlv�hv wkh

frqvxpswlrq vprrwklqj frqglwlrq li=

;| 	 A dqg w| G+8,

��ES|Ew
|�� ' q-

[
w|n�Mt

ZEw|n���
�ES|n�Ew

|c w|n���

D frqvxpswlrq doorfdwlrq S vdwlv�hv wkh qhw suhvhqw ydoxh +QSY, frqglwlrq li=

;wA c
A[
|'�

-3|Ew|Ew
A �� S|Ew

|EwA ��� ' f+9,

Xqghu wklv frqglwlrq/ wkh QSY ri wudqvihuv/ dorqj dq| klvwru| wA c lv htxdo wr }hur vlqfh

7f ' rf ' f1 +Khuh dqg wkurxjkrxw wkh uhvw ri wkh sdshu/ wkh QSY ri d wudqvihu vfkhph lv

srwhqwldoo| vwrfkdvwlf/ ehfdxvh lw uhihuv wr wkh QSY ri wudqvihuv dorqj d jlyhq klvwru|1,

Wkhvh wzr frqglwlrqv zrxog hphujh iurp dq hqylurqphqw lq zklfk lqglylgxdov zhuh

fkrrvlqj wkhlu frqvxpswlrq rswlpdoo| jlyhq wkdw wkh| frxog rqo| vdyh dqg eruurz dw udwh -�

:



Lq wkh dsshqgl{/ zh ghprqvwudwh wkdw wkhuh lv d xqltxh frqvxpswlrq doorfdwlrq wkdw vdwlv�hv

wkh QSY dqg frqvxpswlrq0vprrwklqj frqglwlrqv +vhh vhfwlrq D4,1

QRWDWLRQ= Wkh v|pero SW uhihuv wr wkh xqltxh frqvxpswlrq doorfdwlrq wkdw vdwlv�hv

frqvxpswlrq vprrwklqj +8, dqg wkh QSY surshuw| +9,1

Zh gh�qh SW wr eh ihdvleoh li wkhuh h{lvwv vrph ihdvleoh doorfdwlrq ESWc rc � c 7�1 Lw lv

srvvleoh wkdw SW lv qrw ihdvleoh/ ehfdxvh lw pd| lpso| wkdw djjuhjdwh vwrudjh lv qhjdwlyh lq

vrph gdwh1 Lq sduwlfxodu/ lw lv vwudljkwiruzdug wr vkrz wkdw SW lv ihdvleoh li dqg rqo| li=

;|c
[
w|Mt |

ZEw|�
|[

?'�

-|3?Ew?Ew
|�� SW?Ew

?Ew|��� � f+:,

Odwhu/ zh surylgh vx!flhqw frqglwlrqv rq wkh h{rjhqrxv sdudphwhuv Eqc �c +c Z� vxfk wkdw SW

lv ihdvleoh1

Wkh pdlq sursrvlwlrq wkdw zh suryh lq wklv vhfwlrq lv=

Li SW lv ihdvleoh/ wkhq dq lqfhqwlyh0ihdvleoh doorfdwlrq ESc rc � c 7� lv h!flhqw +vroyhv S4,

li dqg rqo| li S ' SW�

Zh suryh wklv sursrvlwlrq xvlqj wkh iroorzlqj olqh ri orjlf1 Iluvw/ zh gh�qh S5/ d sur0

judpplqj sureohp zlwk wkh vdph remhfwlyh exw d odujhu frqvwudlqw vhw1 Vhfrqg/ zh ghprq0

vwudwh wkdw dq doorfdwlrq vroyhv S5 li dqg rqo| li wkh frqvxpswlrq doorfdwlrq S ' SW� Wklug/ zh

hvwdeolvk wkdw SW lv lqfhqwlyh0ihdvleoh iru S4 li SW vdwlv�hv rxu qrqqhjdwlyh frqglwlrq +:,1 Khqfh/

lw iroorzv wkdw li wklv frqglwlrq lv vdwlv�hg/ S ' SW lq dq| vroxwlrq wr S41 +Wkh uhdvrq iru wkh

srwhqwldo pxowlsolflw| ri vroxwlrqv wr S4 lv wkdw wkhuh zloo w|slfdoo| eh pdq| lqfhqwlyh0ihdvleoh

doorfdwlrqv zklfk gl�hu vroho| lq wkhlu glylvlrq ri vdylqjv ehwzhhq wkdw zklfk lv sulydwho|

revhuydeoh dqg wkdw zklfk lv sxeolfo| revhuydeoh1,

E1 Wkh Uhod{hg Sureohp dqg Lwv Vroxwlrq

Wr gh�qh wkh uhod{hg sureohp S5/ frqvlghu wkh iroorzlqj vxevhw P- ri wkh vhw ri doo

uhsruwlqj dqg vwrudjh vwudwhjlhv P� D vwudwhj| Eewc er� lv dq hohphqw ri P- li=

�� E;| 	 Ac ;w|3�c � ' 2c ���c a�c ew|Ew|3�c +�� 5 i+�c +�3�j
ew|Ew|3�c +�� ' +�3� ru 	r|Ew

|� 9' f, ew?Ew|3�c +�c w?| � ' w? ;| 	 ? � A /

2� E;| 	 Ac ;w|3��c ew|Ew|3�c +�� ' +�c

;



� ;E|c w|�c 	r|Ew
|� � f�

Wkh �uvw uhvwulfwlrq vwdwhv wkdw/ lq shulrgv | 	 Ac djhqwv fdq hlwkhu whoo wkh wuxwk ru olh

grzqzdugv e| rqh qrwfk lq wkh julg ri srvvleoh lqfrph uhdol}dwlrqv/ dqg li dq djhqw hyhu olhv

ru vwruhv/ kh pxvw wkhuhdiwhu whoo wkh wuxwk1 Wkh vhfrqg uhvwulfwlrq vd|v wkdw li dq djhqw kdv

wkh orzhvw srvvleoh lqfrph uhdol}dwlrq/ kh fdq rqo| whoo wkh wuxwk1 Wkhuh lv qr uhvwulfwlrq rq

srvvleoh vwrudjh vwudwhjlhv eh|rqg qrqqhjdwlylw|1

Jlyhq wklv gh�qlwlrq ri P-/ wkh uhod{hg sureohp S5 lv frqvwuxfwhg iurp S4 lq wkuhh

zd|v1 Iluvw/ zh uhtxluh sulydwh vwrudjh ohyhov wr eh }hur> iurp Sursrvlwlrq 4/ zh nqrz wkdw wklv

grhv qrw d�hfw wkh pd{lpl}hg ydoxh ri wkh remhfwlyh1 Vhfrqg/ zh doorz 7| wr eh qrqqhjdwlyh

iru | 	 A� Ilqdoo|/ zh uhtxluh djhqw vwudwhjlhv wr olh lq P-> uhvwulfwlqj wkh vhw ri srvvleoh

ghyldwlrqv iurp d jlyhq doorfdwlrq h{sdqgv wkh vhw ri doorfdwlrqv wkdw olh lq wkh frqvwudlqw vhw1

�2 G 4@ 
EScrc�c7�

A[
|'�

[
w|Mt |

q|3�ZEw|��ES|Ew
|��

vxemhfw wr

T Ewc f( �� � 4@ 
Eewcer�MP-

T Eewc er( ��
;E|c w|�c S|Ew|� ' � |Ew

|� n w|

;|c 7| n
[
w|Mt |

ZEw|�� |Ew
|� � -7|3�

7A � f

7f ' fc rf ' f

Qrwh wkdw e| frqvwuxfwlrq/ li ESc fc � c 7� vroyhv S5c dqg ESc fc � c 7� lv lqfhqwlyh0ihdvleoh/

wkhq ESc fc � c 7� vroyhv S41 Fohduo|/ wkhuh h{lvwv d vroxwlrq wr S5/ ehfdxvh wkh frqvwudlqw vhw lv

erxqghg dqg forvhg/ dqg wkh remhfwlyh ixqfwlrq lv frqwlqxrxv1

Zh qrz vkrz wkdw li dq doorfdwlrq ESc fc � c 7� vroyhv �2/ Spxvw vdwlvi| wkh frqvxpswlrq0

vprrwklqj dqg QSY frqglwlrqv1

Sursrvlwlrq 51 Ohw=

� W| Ew
|� � SW| Ew

|�� w|Ew
|�

<
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Wkh doorfdwlrq ESWc fc � Wc 7W� lv wkh xqltxh vroxwlrq wr S5�

Surri1 Vhh wkh dsshqgl{1

Zh suryh wklv sursrvlwlrq e| vkrzlqj wkdw li ESc fc � c 7� vroyhv S5/ wkhq S vdwlv�hv wkh

frqvxpswlrq0vprrwklqj frqglwlrq +8, dqg wkh QSY frqglwlrq +9,1 Zh gr vr xvlqj edfnzdugv

lqgxfwlrq1 Lw lv vwudljkwiruzdug wr vkrz wkdw li ESc fc � c 7� vdwlv�hv wkh lqfhqwlyh frqvwudlqwv lq

S5/ wkhq lw vdwlv�hv wkh frqvxpswlrq0vprrwklqj dqg QSY frqglwlrqv lq shulrg A� Wkhq/ zh

dvvxph wkdw dq rswlpdo ESc fc � c 7� vdwlv�hv wkh frqvxpswlrq0vprrwklqj dqg QSY frqglwlrqv

iurp shulrg | rqzdugv7/ dqg xvh wklv dvvxpswlrq wr suryh wkdw wkh wzr frqglwlrqv pxvw dovr

krog lq shulrg E|� ���

Wkh surri ri frqvxpswlrq0vprrwklqj lq shulrg E|� �� lv dv iroorzv1 Iluvw/ lqglylgxdov

fdq rqo| eh eruurzlqj frqvwudlqhg/

��ES|Ew
|�� : q-.w|�

�ES|n�Ew
|n���c

dqg qrw vdylqjv0frqvwudlqhg/ zkhuh wkh lqhtxdolw| lv uhyhuvhg/ vlqfh wkh| fdq dozd|v sulydwho|

vwruh1 Jlyhq wklv idfw/ zh frqvwuxfw d ehwwhu doorfdwlrq e| kdylqj wkh sodqqhu �eruurz� dw

udwh - +uhgxfh 7|� dqg wkhq r�hu d ordq wr wkh frqvwudlqhg lqglylgxdo dw klv vkdgrz lqwhuhvw

udwh1 Wkh vkdgrz udwh lv kljkhu wkdq -/ ehfdxvh wkh lqglylgxdo lv eruurzlqj0frqvwudlqhg/ dqg

vr wklv jhqhudwhv h{wud uhvrxufhv iru wkh sodqqhu1 Ehfdxvh ghyldqw vwudwhjlhv duh uhvwulfwhg wr

olh lq P-c ghyldqw lqglylgxdov fdq rqo| kdyh pruh uhvrxufhv lq wkh fxuuhqw shulrg1 Zh suryh

wkdw ehfdxvh wkh| kdyh d orzhu vkdgrz lqwhuhvw udwh/ vxfk lqglylgxdov duh pdgh zruvh r� e|

wkh sodqqhu*v ordq1

Surylqj wkdw wkh vroxwlrq vdwlv�hv wkh QSY frqglwlrq lq shulrg E| � �� lv pruh fkdo0

ohqjlqj1 Zh qrwh �uvw wkdw/ jlyhq frqvxpswlrq0vprrwklqj/ dq| wudqvihu vfkhph wkdw jlyhv

dq lqglylgxdo zlwk d orzhu hqgrzphqw vkrfn d kljkhu ��V vhtxhqfh ri wudqvihuv pxvw olh

rxwvlgh wkh frqvwudlqw vhw ri �2 +ehfdxvh lqglylgxdov zlwk d kljk hqgrzphqw vkrfn zloo olh

grzqzdug wr jhw wkh kljk ��V wudqvihu vhtxhqfh,1 Wkhq zh vkrz wkdw li wkh ��V ri wkh

7Dq doorfdwlrq vdwlv�hv wkh QSY frqglwlrq iurp shulrg w rqzdugv li
SW

q@w
Uw�q+�q�fq+�

q,, lv lqghshqghqw
ri +�w> ===> �W ,=
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wudqvihu wr dq lqglylgxdo zlwk d kljkhu hqgrzphqw vkrfn lv dovr kljkhu/ wkhq wkh sodqqhu

vkrxog vkliw uhvrxufhv iurp wkh djhqwv zlwk kljk uhdol}dwlrqv wr wkrvh zlwk orz uhdol}dwlrqv1

Ehfdxvh ri ulvn dyhuvlrq/ wklv wudqvihu xvhv ihzhu wrwdo uhvrxufhv exw nhhsv h{ dqwh xwlolw| wkh

vdph1 Ilqdoo|/ zh suryh wkdw wklv fkdqjh lq sodq uhgxfhv wkh zhoiduh ri ghyldqw lqglylgxdov1

Dv lw wxuqv rxw/ wklv lv d gluhfw frqvhtxhqfh ri QLDUD1

F1 Htxlydohqfh ri S5 dqg S4

Zh kdyh hvwdeolvkhg d vlpsoh fkdudfwhul}dwlrq ri wkh vroxwlrq wr wkh uhod{hg sureohp

�2= Lq dq| vroxwlrq wr �2c wkh frqvxpswlrq doorfdwlrq htxdov SW� Wklv phdqv wkdw wkh djhqwv

uhfhlyh wkh vdph ��V/ uhjdugohvv ri zkdw wkh| uhsruw/ dqg whoolqj wkh wuxwk lv zhdno| rswlpdo/

ehfdxvh wkh sodqqhu rswlpdoo| vprrwkv d wuxwk0whoolqj djhqw*v frqvxpswlrq vwuhdp1 Lw iroorzv

wkdw dq| vroxwlrq wr �2 lv lqfhqwlyh0frpsdwleoh1 Wkh rqo| srvvleoh uhdvrq wkdw d vroxwlrq wr

�2 pljkw qrw eh lqfhqwlyh0ihdvleoh lv wkdw SW pljkw qrw eh ihdvleoh1

Wklv orjlf lv wkh edvlv iru wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 61 Li SW lv ihdvleoh/ wkhq dq lqfhqwlyh0ihdvleoh doorfdwlrq ESc rc � c 7� lv h!flhqw

+vroyhv S4, li dqg rqo| li S ' SW�

Surri1 Vhh wkh dsshqgl{1

Qrwh wkdw wkh srwhqwldo lqihdvlelolw| ri d vroxwlrq wr S5 rqo| dulvhv ehfdxvh zh dvvxph

wkdw rxu hfrqrp| lv forvhg1 Li zh zhuh wr lqvwhdg iroorz Juhhq +4<;:, dqg dvvxph wkdw wkh

edvlf hqylurqphqw zdv d vpdoo rshq hfrqrp|/ zlwk wkh zruog lqwhuhvw udwh htxdo wr wkh qhw

uhwxuq rq vwrudjh/ wkhq SW zrxog dxwrpdwlfdoo| eh ihdvleoh1 Lw zrxog iroorz iurp Sursrvlwlrq 6

wkdw wkh frqvxpswlrq doorfdwlrq lq wkh vroxwlrq vhw wr �2 lv dovr wkh doorfdwlrq ri frqvxpswlrq

lq wkh vroxwlrq vhw wr wkh vpdoo rshq hfrqrp| yhuvlrq ri S4�

Wkhuh lv rqo| rqh vroxwlrq ESWc fc � Wc 7W� wr S51 Sursrvlwlrq 4 jxdudqwhhv wkdw li SW lv

ihdvleoh/ wkhq ESWc fc � Wc 7W� vroyhv S41 Krzhyhu/ wkhuh duh pdq| vroxwlrqv wr S4/ ehfdxvh wkh

djjuhjdwh vwrudjh fdq eh vsolw duelwudulo| ehwzhhq sxeolf dqg sulydwh vwrudjh1 Wkxv/ wkhuh duh

pdq| lqfhqwlyh0ihdvleoh doorfdwlrqv ESWc rc � c 7�c dqg wkh| doo vroyh S41

Wkh deryh fkdudfwhul}dwlrq ri h!flhqf| dssolhv rqo| wr hqylurqphqwv lq zklfk wkh

frqvxpswlrq doorfdwlrq SW lv ihdvleoh1 Wkh iroorzlqj sursrvlwlrq pdnhv fohdu wkdw wkhuh lv d

qrq0hpsw| vhw ri vxfk hqylurqphqwv1
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Sursrvlwlrq 71 Wkh frqvxpswlrq doorfdwlrq SW lv ihdvleoh li hlwkhu ri wkh iroorzlqj wzr frq0

glwlrqv lv vdwlv�hg=

E��� - � q3�

E���� +� ' f�

Surri1 Vhh wkh dsshqgl{1

Wkh surri iru frqglwlrq +l, zrunv r� wkh idfw wkdw li pdujlqdo xwlolw| lv frqyh{/ wkhq

frqvxpswlrq vprrwklqj lpsolhv wkdw dyhudjh frqvxpswlrq pxvw eh jurzlqj1 Wkh surri iru

frqglwlrq +ll, lv d gluhfw frqvhtxhqfh ri wkh Lqdgd frqglwlrq rq pdujlqdo xwlolw| dqg wkh QSY

frqglwlrq rq wudqvihuv1 Li SW lv lqihdvleoh/ wkhq vrph lqglylgxdo pxvw kdyh frqvxphg pruh

wkdq klv lqfrph lq whupv ri ��V ryhu wkh sdvw | shulrgv1 Wklv phdqv wkdw wkh ��V ri klv

ixwxuh wudqvihuv pxvw eh qhjdwlyh/ uhjdugohvv ri zkdw hqgrzphqwv duh dfwxdoo| uhdol}hg1 Exw

wklv lv lpsrvvleoh/ ehfdxvh zlwk srvlwlyh suredelolw|/ wkh lqglylgxdov uhfhlyh }hur lqfrph lq

hyhu| ixwxuh shulrg1

Sursrvlwlrq 7 rqo| hvwdeolvkhv wkdw d qrqhpsw| vhw ri hqylurqphqwv h{lvwv lq zklfk SW

lv ihdvleoh1 Zkhq zh xvh wkh wkhruhp ri wkh pd{lpxp/ lw lv hdv| wr vhh wkdw iru doo �c tc dqg Z/

wkhuh h{lvwv vrph qW 	 -3� vxfk wkdw SW lv ihdvleoh zkhq q � qW1 Vlploduo|/ iru doo �c Zc q/ dqg

i+2c ���c +aj/ wkhuh h{lvwv +W� : f vxfk wkdw li +� � +W
�
/ wkhq SW lv ihdvleoh1 Pruh jhqhudoo|/ wkh

nh| uhtxluhphqw wr jxdudqwhhlqj wkh ihdvlelolw| ri SW lv wkdw lqglylgxdov qhhg wr eh vx!flhqwo|

zloolqj wr h{fkdqjh fxuuhqw frqvxpswlrq iru ixwxuh frqvxpswlrq1 Wklv uhtxluhphqw fdq eh

jhqhudwhg lq wzr zd|v= uhwxuqv rq vwrudjh wkdw duh forvh wr wkh lqyhuvh ri wkh glvfrxqw idfwru

ru ulvn| lqfrph vwuhdpv wkdw jlyh ulvh wr d vljql�fdqw suhfdxwlrqdu| vdylqjv ghpdqg1

Lq lqwhusuhwlqj Sursrvlwlrq 7/ lw lv zruwk qrwlflqj wkdw wkh uhodwlrqvkls ehwzhhq rxwsxw

dqg vwrudjh lq rxu prgho lv wkh vdph olqhdu surgxfwlrq whfkqrorj| dvvxphg lq pxfk ri wkh

hqgrjhqrxv jurzwk olwhudwxuh1 Li zh uhodeho vwrudjh dv fdslwdo/ wkhq lw zrxog vhhp rqo| qdwxudo

wr dvvxph wkdw wkh uhwxuq rq fdslwdo/ -c zdv lq idfw kljkhu wkdq q3� wr hqvxuh wkh fdslwdo vwrfn

jurzwk zlwkrxw erxqg lq htxloleulxp/ uhjdugohvv ri wkh h{rjhqrxvo| vshfl�hg glvwulexwlrq ri

lqfrph1
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71 Vxssruwlqj wkh H!flhqw Duudqjhphqw
Zh qrz frqvlghu wkh htxloleulxp rxwfrphv ri d g|qdplf lqfrpsohwh pdunhwv hfrqrp|

hpehgghg lq rxu sk|vlfdo dqg lqirupdwlrqdo hqylurqphqw1 Lq wklv wudglqj duudqjhphqw/ lqgl0

ylgxdov frpshwlwlyho| wudgh frqvxpswlrq dqg ulvn0iuhh rqh0shulrg erqgv wkdw duh dydlodeoh lq

}hur qhw vxsso| lq hdfk shulrg1 Wkhuh lv frpsohwh hqirufhphqw lq wklv hfrqrp|= lqglylgxdov

pxvw sd| r� wkhlu ghewv lq hyhu| vwdwh ri wkh zruog/ dqg wkh| fdqqrw hqg wkhlu olyhv lq ghew1

Zh vkrz li SW lv ihdvleoh/ wkh h!flhqw frqvxpswlrq doorfdwlrq SW lv dq htxloleulxp frqvxps0

wlrq doorfdwlrq lq wkh lqfrpsohwh pdunhwv hfrqrp|1 Ixuwkhu/ zh suryh wkdw li wkhuh lv dq

htxloleulxp lq wkh lqfrpsohwh pdunhwv hfrqrp| vxfk wkdw wkh udwh ri uhwxuq rq erqgv lv lq

hyhu| shulrg htxdo wr wkh qhw udwh ri uhwxuq rq vwrudjh/ wkhq wkh doorfdwlrq ri frqvxpswlrq lq

wkdw htxloleulxp lv SW1 Ilqdoo|/ zh vkrz wkdw li wkh htxloleulxp lqwhuhvw udwh lv lq dq| shulrg

ohvv wkdq E-� ��/ wkhq wkh htxloleulxp doorfdwlrq ri frqvxpswlrq lv lqh!flhqw1

Wkh g|qdplf lqfrpsohwh pdunhwv hfrqrp| wdnhv wkh iroorzlqj irup1 Lq hdfk shulrg/

lqglylgxdov wudgh frqvxpswlrq lq h{fkdqjh iru ulvn0iuhh erqgv wkdw surplvh rqh xqlw ri frq0

vxpswlrq qh{w shulrg1 Wkh lqglylgxdov wuhdw lqwhuhvw udwhv +wkdw lv/ wkh uhodwlyh sulfh ehwzhhq

erqgv dqg frqvxpswlrq lq hdfk shulrg, dv jlyhq1 Lqglylgxdov ghulyh zhdowk lq d jlyhq shulrg

iurp vwrudjh/ iurp wkh lqwhuhvw sd|phqwv rq wkhlu erqgv/ dqg iurp wkhlu lqfrph1 Lqglylgxdov

fdq xvh wkhlu zhdowk lq wkuhh zd|v= wkh| fdq vwruh lw/ wkh| fdq frqvxph lw/ ru wkh| fdq xvh lw

wr ex| dqg vhoo erqgv1

Khqfh/ lqglylgxdov fkrrvh frqvxpswlrq/ erqg kroglqjv/ dqg vwrudjh iS|c K|c r|jA|'� c
zkhuh hdfk ri wkh frpsrqhqwv ri wklv yhfwru lv d ixqfwlrq pdsslqj t | lqwr wkh uhdov1 Wuhdwlqj

wkh lqwhuhvw udwh vhtxhqfh io|j dv �{hg/ wkh lqglylgxdov pdnh wkhvh fkrlfhv vr dv wr vroyh wkh
iroorzlqj sureohp=

4@ .
A[
|'�

q|�ES|�+;,

vxemhfw wr

S| n K| n r| � w| n K|3�E� n o|� n-r|3�

KA � f

r| � f
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Kf ' fc rf ' f

Dq htxloleulxp lq wklv hfrqrp| lv d vhtxhqfh ri lqwhuhvw udwhv io|j dqg d vroxwlrq

iS|c K|c r|jA|'� wr wkh lqglylgxdo*v ghflvlrq sureohp vxfk wkdw iru | ' �c ���c A /

.iK|j ' f+<,

.iS|jn .ir|j ' -.ir|3�j+43,

zkhuh . uhsuhvhqwv wkh xqfrqglwlrqdo h{shfwdwlrq ri wkh udqgrp yduldeoh1 Htxdwlrq +<,

uhtxluhv wkdw shu fdslwd erqg kroglqjv htxdo }hur/ dqg htxdwlrq +43, uhtxluhv wkdw shu fdslwd

ghpdqg dqg shu fdslwd vxsso| duh htxdwhg lq wkh jrrgv pdunhw1

Jlyhq wklv gh�qlwlrq ri htxloleulxp/ zh fdq suryh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 81 Li SW lv ihdvleoh/ wkhq wkh h!flhqw frqvxpswlrq doorfdwlrq SW lv d g|qdplf

lqfrpsohwh pdunhwv htxloleulxp doorfdwlrq ri frqvxpswlrq1 Lq wkdw htxloleulxp/ E� n o|� ' -

iru doo |� Frqyhuvho|/ li E� n o|� ' - iru doo | lq d g|qdplf lqfrpsohwh pdunhwv htxloleulxp/

wkhq wkh htxloleulxp doorfdwlrq ri frqvxpswlrq htxdov SWc dqg vr lv h!flhqw1

Surri1 Vhh wkh dsshqgl{1

Wkh �uvw vwdwhphqw ri Sursrvlwlrq 8 iroorzv gluhfwo| iurp wkh fkdudfwhul}dwlrq ri h!0

flhqf| lq Sursrvlwlrq 5/ zkloh wkh vhfrqg vwdwhphqw iroorzv iurp wkh revhuydwlrq wkdw ehfdxvh

E� n o|� ' -c wkh g|qdplf lqfrpsohwh pdunhwv htxloleulxp doorfdwlrq lpsolhv d wudqvihu ixqf0

wlrq wkdw vdwlv�hv wkh frqvxpswlrq vprrwklqj dqg ��V frqglwlrqv�

Qrwh wkdw lq wkh g|qdplf lqfrpsohwh pdunhwv hfrqrp|/ vwrudjh frxog eh sxeolf ru

sulydwh1 Khqfh/ zkhq wkh h!flhqw frqvxpswlrq doorfdwlrq dqg wkh frpshwlwlyh htxloleulxp

frqvxpswlrq doorfdwlrq duh wkh vdph/ wkhuh lv d vroxwlrq wr S4 zlwk wkh vdph frqvxpswlrq

doorfdwlrq dqg rqo| sulydwh vwrudjh1 Lw iroorzv wkdw Sursrvlwlrq 8 dovr dssolhv wr dq hqylurq0

phqw zlwk qr sxeolf vwrudjh1 Qrwh dovr wkdw li vwrudjh zdv srvlwlyh lq hdfk shulrg | 	 Ac wkhq

wklv zrxog lpso| wkdw E� n o|� ' -1

Wkh iroorzlqj sursrvlwlrq suryhv wkdw li wkh vrflhw| idfhv d elqglqj qrqqhjdwlylw|

frqvwudlqw rq vwrudjh/ wkhq wkh htxloleulxp doorfdwlrq lv lqh!flhqw1
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Sursrvlwlrq 91 Li lq d g|qdplf lqfrpsohwh pdunhwv htxloleulxp E� n o|� 	 - iru vrph |c

wkhq wkh htxloleulxp doorfdwlrq lv lqh!flhqw1

Surri1 Vhh wkh dsshqgl{1

Wkh sursrvlwlrq iroorzv iurp wkh idfw wkdw zkhq wkhuh lv d jds ehwzhhq wkh htxloleulxp

lqwhuhvw udwh dqg wkh uhwxuq rq vwrudjh/ wkhq wkh sodqqhu fdq/ lq wkh h!flhqw doorfdwlrq/ wd{

wkh kljk lqfrph lqglylgxdov iru wkh uljkw wr vdyh dqg wudqvihu wkhvh surfhhgv wr wkh orz lqfrph

lqglylgxdov lq vxfk d zd| dv wr udlvh h{ dqwh zhoiduh1

81 H{whqvlrqv dqg Jhqhudol}dwlrqv
Lq wklv vhfwlrq/ zh jhqhudol}h rxu uhvxowv dorqj vhyhudo glphqvlrqv1 Iluvw/ zh vkrz

wkdw lq dq lq�qlwh0krul}rq yhuvlrq ri wkh deryh hfrqrp|/ li wkhuh h{lvwv vrph frqvxpswlrq

doorfdwlrq SW wkdw lv ihdvleoh dqg vdwlv�hv erwk wkh QSY dqg frqvxpswlrq0vprrwklqj frqgl0

wlrqv/ wkhq dq| lqfhqwlyh0ihdvleoh doorfdwlrq ESWc rc � c 7� lv h!flhqw1 Wklv jxdudqwhhv wkdw li

E� n o|� ' - lq d frpshwlwlyh htxloleulxp lq wkh g|qdplf lqfrpsohwh pdunhwv hfrqrp|/ wkhq

wkh htxloleulxp doorfdwlrq lv h!flhqw1 Qh{w/ zh frqvlghu wzr yduldqwv ri rxu prgho iru zklfk

rxu uhvxowv frqwlqxh wr dsso|= d klgghq dfwlrq yhuvlrq zlwk dq xqghujurxqg vhfwru dqg d yhu0

vlrq lq zklfk wkh djjuhjdwh vwrudjh whfkqrorj| lv frqfdyh1 Qh{w/ zh frqvlghu wkh urexvwqhvv

ri rxu uhvxowv wr doorzlqj vrflhw| wr xvh orwwhulhv lq wkh doorfdwlrq ri uhvrxufhv1 Ilqdoo|/ zh

frqvlghu doorzlqj iru srvlwlyh lqlwldo vwrudjh ohyhov1

D1 Lq�qlwh Krul}rq

Iru wklv vxevhfwlrq/ zh ohw A ' 4� Zh dovr dgg wkh dvvxpswlrqv wkdw � lv erxqghg

iurp deryh dqg ehorz/ - : �c dqg +� : f� Zh lpsrvh wkhvh dvvxpswlrqv rqo| ehfdxvh

wkh| duh vx!flhqw +doehlw ryhuo| vwurqj, wr jxdudqwhh wkdw wkhuh lv vrph SW wkdw vdwlv�hv

wkh frqvxpswlrq0vprrwklqj dqg QSY frqglwlrqv ^Vrwrpd|ru +4<;7,`1 Zh gh�qh dq lq�qlwh

krul}rq dqdorj ri S5 e| fkdqjlqj wkh whuplqdo frqglwlrq rq 7A wr eh=

*�4
A<"

-3A7A � f

dqg vhwwlqj wkh whuplqdo gdwh A htxdo wr lq�qlw| hovhzkhuh lq wkh sureohp1

Zh fdq wkhq suryh wkh iroorzlqj h{whqvlrq ri rxu suhylrxv uhvxowv1
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Wkh doorfdwlrq ESWc fc � Wc 7W� vroyhv �2�

Surri1 Vhh wkh dsshqgl{1

D vlpsoh fruroodu| wr Sursrvlwlrq : lv wkdw li SW lv ihdvleoh/ wkhq dq| lqfhqwlyh0ihdvleoh

doorfdwlrq ESWc rc � c 7� lv h!flhqw1 Xvlqj wkh surri ri Sursrvlwlrq 8/ zh fdq wkhq vkrz wkdw

li lq d g|qdplf lqfrpsohwh pdunhwv frpshwlwlyh htxloleulxp E� n o|� ' - iru doo |/ wkhq wkh

htxloleulxp doorfdwlrq lv SW/ dqg vr lv h!flhqw1

E1 Klgghq Dfwlrqv= D Uhlqwhusuhwdwlrq

Lq wkh hqylurqphqw glvfxvvhg lq wkh erg| ri wkh sdshu/ lqglylgxdo lqfrph lv xqrevhuy0

deoh1 Wr zkdw h{whqw grhv rxu pdlq ghfhqwudol}dwlrq uhvxow fduu| ryhu wr hqylurqphqwv lq

zklfk wkh rxwfrphv ri dw ohdvw vrph hfrqrplf dfwlylwlhv duh revhuydeoh/ exw wkh lqsxwv duh

qrwB Wr dgguhvv wklv txhvwlrq/ zh frqvlghu d vlpsoh yduldqw ri wkh prgho lq zklfk wkhuh duh

wzr vhfwruv= rqh lq zklfk rxwsxw lv revhuydeoh dqg rqh lq zklfk lw lv qrw1 Zh dvvxph wkdw

oderu h�ruw dqg surgxfwlylw| duh xqrevhuydeoh lq erwk vhfwruv1 Zh fdq lqwhusuhw wkh revhuy0

deoh vhfwru dv ohjdo pdunhw surgxfwlrq dqg wkh xqrevhuydeoh vhfwru dv hlwkhu wkh xqghujurxqg

hfrqrp| ru krph surgxfwlrq1

Dq h{dpsoh ri wkh vruw ri prgho wkdw zh kdyh lq plqg lv dv iroorzv1 Dvvxph wkdw

lqglylgxdov duh hqgrzhg zlwk d xqlw ri wlph lq hdfk shulrg wkdw wkh| fdq doorfdwh wr hlwkhu ri

wzr vhfwruv1 Ohw ,| ghqrwh dq lqglylgxdo*v oderu h�ruw lq wkh ohjdo vhfwru lq shulrg | dqg �� ,|

eh wkh dprxqw doorfdwhg wr wkh xqrevhuyhg vhfwru1 Ohw 5| ghqrwh dq lqglylgxdo*v surgxfwlylw|

lq shulrg |� Wklv ohyho ri surgxfwlylw| lv wkh vdph lq hdfk ri wkh wzr vhfwruv1 Lqglylgxdov*

rxwsxw lq wkh revhuydeoh vhfwru lv jlyhq e| 5|,| lq shulrg | dqg lq wkh xqrevhuydeoh vhfwru e|

5|E�� ,|�� Zh dvvxph wkdw wkh glvwulexwlrq ri 5| lv wkh vdph dv w| lq rxu xqrevhuydeoh0lqfrph

prgho1 Lq wklv prgho/ dgmxvwlqj ,| zrunv h{dfwo| olnh o|lqj derxw wkh vl}h ri rqh*v lqfrph

vkrfn1 Ixuwkhupruh/ wkh h!flhqw wudqvihu vfkhph dqg wkh frqvxpswlrq doorfdwlrq duh h{dfwo|
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wkh vdph dv lq wkh ruljlqdo hqylurqphqw1

Wkh h{whqvlrq wr d klgghq dfwlrq prgho uhlqirufhv wkh srlqw wkdw h{sdqglqj wkh vsdfh

ri xqrevhuydeoh dfwlylwlhv lqglylgxdov fdq xqghuwdnh pd| uhgxfh wkh frpsoh{lw| ri h!flhqw

doorfdwlrqv/ wkhuhe| doorzlqj iru pruh dsshdolqj ghfhqwudol}dwlrqv1 Qrwh wkdw hyhq wkrxjk

wkhvh dgglwlrqdo klgghq dfwlylwlhv pdnh wkh rswlpdo duudqjhphqw vlpsohu +dqg dujxdeo| pruh

uhdolvwlf,/ wkh| qrqhwkhohvv pdnh lqglylgxdov zruvh r� h{ dqwh +dv orqj dv wkh qhz klgghq

dfwlylwlhv duh qrw pruh surgxfwlyh wkdq wkrvh dydlodeoh sxeolfo|,1

F1 Glplqlvklqj Pdujlqdo Uhwxuqv wr Vwrudjh

Dvvxph/ dv lq Dl|djdul +4<<7,/ wkdw wkh uhwxuq wr wrwdo vwrudjh dw wkh djjuhjdwh ohyho

lv jlyhq e| wkh frqfdyh/ frqwlqxrxv/ dqg qrqqhjdwlyh ixqfwlrq -E��c zkhuh -Ef� ' f dqg

-�Ef� ' 41 Dvvxph wkdw lqglylgxdov fdq dgg sulydwh vwrudjh wr wkh sxeolf dprxqw dqg

zlwkgudz lwv surfhhgv zlwkrxw ehlqj ghwhfwhg1

Li �7| ghqrwhv wkh wrwdo ohyho ri sulydwh vwrudjh/ wkhq wkh shu xqlw uhwxuq lq shulrg |n�

rq vwrulqj �7| lq shulrg | lv d-E7| n �7|� � -E7|�o* �7|� Zh fdq vkrz wkdw jlyhq dq| ihdvleoh

doorfdwlrq/ wkhuh lv dq htxlydohqw }hur sulydwh vwrudjh doorfdwlrq/ mxvw dv zh glg lq Sursrvlwlrq

41 Jlyhq wklv/ zh fdq rqfh djdlq uhvwulfw dwwhqwlrq wr }hur sulydwh vwrudjh doorfdwlrq/ dqg

ehfdxvh lqglylgxdov duh lq�qlwhvlpdo/ wkh shu xqlw uhwxuq rq dq| lqglylgxdo zkr ghyldwhv dqg

vwruhv d srvlwlyh dprxqw lv vlpso| -�E7|�� Zh fdq wkhq xvh wklv delolw| ri wkh lqglylgxdo

wr vwruh olqhduo| dw wkh vdph pdujlqdo udwh dv wkh sodqqhu wr vkrz/ e| hvvhqwldoo| wkh vdph

dujxphqwv zh xvhg lq wkh surri ri Sursrvlwlrq 5/ wkdw wkh vroxwlrq wr �2 zloo vwloo vdwlvi|

rxu frqvxpswlrq vprrwklqj frqglwlrq dqg wkdw wkh ��V ri wudqvihuv lv lqghshqghqw ri dq

lqglylgxdo*v uhsruwv1 Krzhyhu/ wkh ��V zloo qrw eh }hur/ ehfdxvh wkh surgxfwlrq whfkqrorj|

h{klelwv ghfuhdvlqj uhwxuqv wr vfdoh/ dqg/ khqfh/ wkhuh zloo eh srvlwlyh sur�wv dvvrfldwhg zlwk

lw1 Zh fdq vwloo hvwdeolvk wkdw wkh vroxwlrq wr �2 lv d vroxwlrq wr S4 e| wkh vdph dujxphqw dv

ehiruh1 Ixuwkhupruh/ dq| vroxwlrq wr �2 zloo h{klelw qrqqhjdwlyh vwrudjh1

Wkh vroxwlrq wr �2 fdq eh ghfhqwudol}hg li zh dvvxph wkdw d sulfh0wdnlqj �up rshudwhv

wkh djjuhjdwh vwrudjh whfkqrorj| dqg wkdw/ dw gdwh 3/ wkh fodlpv wr wkh sur�wv ri wkh �up

duh glvwulexwhg htxdoo|1 Vlqfh lq dq| frpshwlwlyh htxloleulxp wkh lqwhuhvw udwh zloo vdwlvi|

o| ' -�E7|�� �c wkh dvvrfldwhg doorfdwlrq lv h!flhqw1
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G1 Orwwhulhv

Zh kdyh wkxv idu uhvwulfwhg rxuvhoyhv wr ghwhuplqlvwlf doorfdwlrqv/ exw wklv uhvwulfwlrq

lv lqqrfxrxv lq rxu hqylurqphqw1 Orwwhulhv fdq srwhqwldoo| doorz wkh sodqqhu wr vfuhhq rq wkh

edvlv ri ulvn/ wkhuhe| dfklhylqj ehwwhu rxwfrphv1 ^Vhh Froh +4<;<,1` Krzhyhu/ lw lv hdv| wr

vkrz wkdw rxu dvvxpswlrq wkdw suhihuhqfhv h{klelw QLDUD lpsolhv wkdw wkhuh lv qr jdlq iurp

orwwhulhv lq wklv hqylurqphqw1 Wkh surri lv vlplodu wr wkdw ri wkh ��V surshuw| lq Sursrvlwlrq

51 Wr vhh wklv/ qrwh wkdw li lq shulrg Ac vrph w|sh wA3� zdv uhfhlylqj d udqgrp wudqvihu/

zh frxog uhgxfh wkh h{shfwhg wudqvihu zkloh nhhslqj wklv w|sh*v h{ dqwh xwlolw| wkh vdph1 E|

wkh vdph orjlf zh xvhg lq wkh surri ri Sursrvlwlrq 5/ zh fdq xvh rxu dvvxpswlrq ri QLDUD

wr suryh wkdw wklv zrxog orzhu .A3��
�ESA � iru wklv w|sh/ dqg/ khqfh/ qr rqh zrxog zdqw wr

ghyldwh xqghu wkhvh qhz wudqvihuv li kh glgq*w xqghu wkh ruljlqdo wudqvihuv1 Zh fdq wkhq

h{whqg wkh uhvxow wr suhylrxv shulrgv e| edfnzdug lqgxfwlrq/ mxvw dv zh glg lq wkh surri1

Ilqdoo|/ orwwhulhv gr qrw doorz xv wr rewdlq d vlpsoh ghfhqwudol}dwlrq zkhuh zh rwkhuzlvh

frxog qrw1 Suhvfrww dqg Wrzqvhqg +4<;7, sursrvh d ghfhqwudol}dwlrq ri hqylurqphqwv zlwk

sulydwh lqirupdwlrq1 Krzhyhu/ lq wkh hqylurqphqw frqvlghuhg e| Juhhq +4<;:,/ dv zhoo dv lq

rxu hqylurqphqw zlwk klgghq lqfrph dqg klgghq vwrudjh/ Suhvfrww dqg Wrzqvhqg*v +4<;7,

ghfhqwudol}dwlrq vlpso| dvvxphv wkdw wkhuh duh frpshwlqj �upv zkr r�hu lqvxudqfh frqwudfwv

dv ri wlph }hur/ dqg wkh lqglylgxdov fdq fkrrvh dprqj wkh frqwudfwv1 Khqfh/ Suhvfrww dqg

Wrzqvhqg*v +4<;7, ghfhqwudol}dwlrq dovr fdqqrw doorz iru wudgh lq wkh vruw ri vlpsoh dvvhwv

dvvxphg lq wkh lqfrpsohwh pdunhwv olwhudwxuh1

H1 Qrq}hur Lqlwldo Vwrudjh

Zh fdq hdvlo| doorz iru 7f : f� Wklv zrxog fkdqjh rxu QSY frqglwlrq wr eh d uh0

txluhphqw wkdw vlqfh wkh QSYv ri wkh wudqvihu doo kdyh wr eh htxdo/ wkh| kdyh wr htxdo wkh

shu fdslwdo ohyho ri lqlwldo sxeolf vwrudjh1 Kdylqj srvlwlyh lqlwldo sxeolf vwrudjh zrxog h{sdqg

wkh vhw ri uhwxuqv rq vwrudjh - dqg glvwulexwlrqv ri lqfrph t iru zklfk rxu uhvxowv zrxog

jr wkurxjk1 Lw zrxog dovr hqdeoh xv wr uhod{ wkh dvvxpswlrq wkdw +� : f lq sursrvlwlrq :/

vlqfh zkdw zh qhhg lv hlwkhu +� : f ru 7f : f lq rughu wr hqvxuh wkdw wkh pdujlqdo ydoxh ri

dgglwlrqdo uhvrxufhv lv �qlwh lq shulrg 41 Ilqdoo|/ qrwh wkdw wkhuh lv qr glvwlqfwlrq ehwzhhq

srvlwlyh lqlwldo sxeolf vwrudjh dqg srvlwlyh lqlwldo sulydwh vwrudjh li wkhvh ohyhov duh frpprq
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nqrzohgjh1

91 Frqfoxvlrq
Zh frqvlghu dq hqylurqphqw lq zklfk lqglylgxdov kdyh lglrv|qfudwlf lqfrph vkrfnv1 Lq

wklv hfrqrp|/ wkhuh lv d xqltxh frqvxpswlrq doorfdwlrq vxfk wkdw frqvxpswlrq lv vprrwkhg

ryhu wlph dqg wkh ��V ri wudqvihuv uhfhlyhg e| lqglylgxdov lv lqghshqghqw ri wkh vkrfnv

wkh| h{shulhqfh1 Wkh pdlq uhvxow lq wklv sdshu lv wkdw li wklv xqltxh doorfdwlrq lv sk|vlfdoo|

ihdvleoh/ wkhq lw lv wkh rqo| h!flhqw doorfdwlrq ri frqvxpswlrq1

Zh xvh wklv fkdudfwhul}dwlrq wr vkrz wkdw wkh v|pphwulf h!flhqw doorfdwlrq lv ghfhq0

wudol}deoh wkurxjk d g|qdplf lqfrpsohwh pdunhwv wudglqj duudqjhphqw/ lq zklfk lqglylgxdov

frpshwlwlyho| wudgh ulvn0iuhh erqgv dprqj wkhpvhoyhv dqg idfh lq�qlwh frvwv ri g|lqj lq ghew1

Wkxv/ dssduhqwo| dg krf uhvwulfwlrqv rq wkh vhfxulwlhv dydlodeoh iru wudgh duh frqvlvwhqw zlwk

wkh lpsohphqwdwlrq ri wkh h!flhqw doorfdwlrq lq wklv vhwwlqj18

Rxu uhvxowv duh urexvw wr vhyhudo qdwxudo h{whqvlrqv ri rxu edvlf prgho1 Li zh vlpso|

uhlqwhusuhw rxu hqylurqphqw dv ehlqj d vpdoo rshq hfrqrp| dqg dvvxph wkdw wkh h{rjhqrxv

zruog udwh lv htxdo wr wkh uhwxuq wr vwrudjh/ wkhq wkh qrqqhjdwlyh vwrudjh frqglwlrq lv uhpryhg/

dqg rxu uhvxowv zloo krog iru dq| qrqghjhqhudwh lqfrph glvwulexwlrq1 Rxu h{whqvlrq wr d

frqfdyh surgxfwlrq whfkqrorj| pdnhv fohdu wkdw wkh dvvxpswlrq ri d olqhdu vwrudjh whfkqrorj|

lv pdgh iru h{srvlwlrqdo hdvh1 Ixuwkhupruh/ dv orqj dv wkh pdujlqdo uhwxuq wr vwrudjh lv

kljk uhodwlyh wr wkh glvfrxqw idfwru iru orz vwrudjh ohyhov/ rxu uhvxowv zloo djdlq krog iru

dq| qrqghjhqhudwh lqfrph glvwulexwlrq1 Wklv dvvxpswlrq lv vdwlv�hg e| yluwxdoo| doo wkh

surgxfwlrq vwuxfwxuhv dvvxphg lq djjuhjdwh prghov1

Rxu uhvxowv gr/ ri frxuvh/ ghshqg rq h{lvwhqfh ri klgghq vwrudjh ru klgghq lqyhvwphqw

rssruwxqlwlhv1 Krzhyhu/ wklv ihdwxuh ri wkh prgho vhhpv hdv| wr udwlrqdol}h1 Wkurxjkrxw

klvwru|/ shrsoh kdyh klgghq zhdowk xvlqj judlq/ jrog/ dqg mhzhou|/ dv zhoo dv iruhljq edqn

dffrxqwv/ fxuuhqf|/ dqg kdug wr revhuyh dvvhwv zlwklq d exvlqhvv1 Rxu uhvxowv dovr ghshqg

xsrq wkh udwh ri uhwxuq rq klgghq dqg sxeolf vwrudjh ehlqj htxdo1 Krzhyhu/ rqh fdq vkrz

8Nhkrh dqg Ohylqh +4<<6, dqg Doyduh} dqg Mhupdqq +4<<:, glvfxvv zd|v wr ghfhqwudol}h h!flhqw doorfdwlrqv
lq hqylurqphqwv zlwk hqirufhphqw iulfwlrqv1 Wkhvh ghfhqwudol}dwlrqv uhtxluh d frpsohwh vhw ri vhfxulwlhv
frpelqhg zlwk eruurzlqj frqvwudlqwv1 Khqfh/ zkloh hqirufhphqw iulfwlrqv fdq h{sodlq olplwhg ulvn0vkdulqj/
wkh| fdqqrw udwlrqdol}h wkh holplqdwlrq ri lqfrph0frqwlqjhqw vhfxulwlhv1

4<



wkdw li wkh udwh ri uhwxuq rq sulydwh vwrudjh lv qrw wkdw gl�huhqw iurp wkdw rq sxeolf vwrudjh/

vlpsoh ghew frqwudfwv surylgh d jrrg dssur{lpdwlrq wr wkh h!flhqw doorfdwlrqv1
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Dsshqgl{

Lq surylqj wkh ydulrxv uhvxowv/ lw zloo suryh frqyhqlhqw wr gh�qh wkh sd|r� wr d �qlwh

krul}rq vdylqjv sureohp1 Ohw LE�c |� eh gh�qhg dv wkh vroxwlrq wr

�� G LE�c |� ' 4@ 
tS?�

.i
A[
?'|

q?3|�ES?Ew
?��mw|3�j+D4,

vxemhfw wr

;wA c
A[
|'?

-|3?Ew?Ew
A �� S?Ew

?EwA ��� � �

Wkh ixqfwlrq L uhsuhvhqwv wkh pd{lpdo h{0dqwh xwlolw| wkdw lv ihdvleoh jlyhq wkdw wkh djhqw lv

hqgrzhg zlwk � xqlwv ri lqlwldo zhdowk/ kdv A � |n� shulrgv uhpdlqlqj/ dqg lv iuhh wr eruurz

dqg ohqg/ vxemhfw wr wkh frqvwudlqw wkdw kh fdqqrw glh lq ghew/ uhjdugohvv ri zkdw vhtxhqfh

ri vkrfnv d"lfwv klp1 Qrwh wkdw L lv lqfuhdvlqj/ lv frqfdyh/ dqg h{klelwv QLDUD ^Qhdyh

+4<:4,`1

Lq zkdw iroorzv/ zh xvh wkh qrwdwlrq ��E�c |� wr uhihu wr wkh sureohp �� zlwk lqlwldo

zhdowk � lq shulrg |�

D41 Surri wkdw SW lv xqltxh

Wkh sureohp S6E�c |� gh�qhg lq +D4, kdv d frpsdfw frqvwudlqw vhw dqg d frqwlqxrxv

remhfwlyh ixqfwlrq/ lw kdv d vroxwlrq1 Vlqfh wkh frqvwudlqw vhw lv frqyh{ dqg wkh remhfwlyh

ixqfwlrq lv vwulfwo| frqfdyh/ lw kdv d xqltxh vroxwlrq1 Dqg/ ixuwkhupruh/ wkh �uvw rughu

frqglwlrqv wr wklv sureohp duh erwk qhfhvvdu| dqg vx!flhqw1 Ilqdoo|/ qrwh wkdw iru ��Efc ��c

wkh �uvw rughu frqglwlrqv frqvlvw ri +8, dqg +9,1 Khqfh/ SW lv xqltxh1

D51 Surri ri Sursrvlwlrq 5

Ehiruh surylqj Sursrvlwlrq 5/ zh zloo �qg lw xvhixo wr suryh wkh iroorzlqj ohppd derxw

vdylqjv sureohpv1 Wr vhw xs wkh ohppd/ ohw 0c B : f vdwlvi| 0� B*- 	 f� Wkhq/ gh�qh=

~E+� ' 4@ 
rDf

�E+ � r� n q.5�E5 n-r�c

` E+� ' 4@ 
rDf

�E+ � rn 0� n q.5�E5 n-r� B�c

zkhuh � lv d vwulfwo| frqfdyh ixqfwlrq dqg 5 lv udqgrp vhfrqg shulrg lqfrph1
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Ohppd 41 Li ~E+@� '` E+@�c dqg +K : +@c wkhq ~E+K� : ` E+K��

Surri1 Wkh surri lv e| frqwudglfwlrq1 Gh�qh r�E+� dqg r�E+� wr eh wkh xqltxh

pd{lpl}huv ri wkh vdylqjv sureohpv ~ dqg ` uhvshfwlyho|1 Vwdqgdug dujxphqwv lpso| wkdw

wkh| duh zhdno| lqfuhdvlqj1

Vxssrvh wkdw ` E+K� � ~E+K�� Wkhq e| wkh Phdq Ydoxh Wkhruhp/ wkhuh h{lvwv +S 5
E+@c +K� vxfk wkdw ` �E+S� � ~ �E+S�� Wklv lpsolhv wkdw=

��E+S n 0� r�E+S�� � ��E+S � r�E+S���

Wkh frqfdylw| ri � lpsolhv wkdw

f � r�E+S� � r�E+S�� 0�

Wkh zhdn prqrwrqlflw| ri r� lpsolhv wkdw r�E+K� � r�E+S ��� Exw wkhq zh nqrz wkdw

~E+K� � �E+K n 0� r�E+K�� n q.�E5 n-r�E+K�� 0-�

: �E+K n 0� r�E+K�� n q.�E5 n-r�E+K�� B�

' ` E+K�c

zklfk lv d frqwudglfwlrq1 �

Surri ri Sursrvlwlrq 51 Iluvw/ zh suryh wkdw li ESc fc � c 7� vroyhv �2/ wkhq=

[
w|Mt |

� |Ew
|�ZEw|� n 7| ' -7|3� iru doo |

Zh gr vr e| frqwudglfwlrq1

Vxssrvh lqvwhdg wkdw wklv djjuhjdwh uhvrxufh frqvwudlqw grhv qrw krog zlwk htxdolw| lq

shulrg |1 Wkh sodqqhu vkrxog vwruh wkh dgglwlrqdo uhvrxufhv xqwlo shulrg A dqg jlyh wkhp wr

dq| lqglylgxdo zkr dqqrxqfhv wkdw kh uhfhlyhg wkh kljkhvw uhdol}dwlrq ri wkh hqgrzphqw jrrg/

+a c lq shulrgv 4 wkurxjk A ��� E| wkh qdwxuh ri wkh lqfhqwlyh frqvwudlqwv/ qr djhqw lv doorzhg

wr fodlp wkdw kh jrw wkh kljkhvw vkrfn li kh glg qrw> wkhuhiruh/ wkh lqfhqwlyh frqvwudlqwv fdq*w

eh ylrodwhg1 Dovr/ jlylqj pruh frqvxpswlrq wr djhqwv lq shulrg A zloo qrw ohdg wkhp wr vdyh

pruh1
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Zh qh{w suryh wkdw iru doo |c wkh iroorzlqj lv wuxh ri d vroxwlrq ESc fc � c 7� wr S5=

<�| G t
|3� $ ? v1w1+D5,

�|Ew
|3�� '

A[
?'|

�?Ew
|3�c w?|3��-

|3?

ES?Ew
?��A?'| vroyhv ��E�|Ew

|3��c |�

Khuh/ wkh qrwdwlrq w?|3� ' Ew|c w|n�c ���c w?�� Qrwh wkdw li +D5, lv wuxh iru | ' �c wkhq S ' SW1

Zh suryh +D5, e| edfnzdugv lqgxfwlrq1 Qrwh �uvw wkdw lw lv wuxh iru | ' A� Wkh

lqfhqwlyh frqvwudlqwv lpso| wkdw iru | ' Ac �A Ew
A � lv lqghshqghqw ri wA � Dovr/ SA Ew

A � '

�A Ew
A � n wA c dqg vr lw lv wulyldoo| wuxh wkdw SA Ew

A � vroyhv ��E�A Ew
A �c A ��

Qh{w/ zh pdnh wkh lqgxfwlyh dvvxpswlrq wkdw +D5, lv ydolg iru vrph |� Jlyhq wklv

dvvxpswlrq/ zh suryh wkdw iru doo w|3�c ��ES|3�Ew
|3��� ' q-

S
wMt ZEw��

�ES|Ew
|3�c w|��� Wkh

surri lv e| frqwudglfwlrq1 Vxssrvh wkdw iru vrph 7w|3� G

��ES|3�E7w
|3�

�� : q-
[
wMt

ZEw���ES|E7w
|3�

c w���+D6,

+Wkh uhyhuvh lqhtxdolw| lv reylrxvo| lqfrqvlvwhqw zlwk wkh lqfhqwlyh frqvwudlqwv ri S51,

E| wkh lqgxfwlyh dvvxpswlrq/ wkh frqwlqxdwlrq sd|r� iurp shulrg | rqzdugv lv jlyhq

e| LE�|Ew
|3��c |�c zkhuh L lv gh�qhg lq +D4, dqg �|Ew

|3�� lv gh�qhg lq +D5,1 Vhw �7|3� '

7|3�� 0ZE7w
|3�

�/ �� |3�E7w
|3�

� ' � |3�E7w
|3�

�n 0/ dqg vhw i��?E7w|3�c w?|3��jA?'|c dqg B vr wkdw

�ES|3�E7w
|3�

� n 0� n qL
�
�|E7w

|3�
�� Bc |

�

' �ES|3�E7w
|3�

�� n qL
�
�|E7w

|3�
�c |
�
c

��ES|3�E7w
|3�

� n 0� � qL
�
�|E7w

|3�
�� Bc |

�
c

dqg

iw? n ��?E7w
|3�

c w?|3��jA?'| lv d vroxwlrq wr S6E�|E7w
|3�

�� Bc |��

E| wkh hqyhorsh frqglwlrq/ ��ES|3�E7w
|3�

�� : q-
S

wMt �
�ES|E7w

|3�
c w�� lpsolhv wkdw B : 0-c dqg

vr wklv uhvkx"lqj lv sk|vlfdoo| ihdvleoh dqg fdq eh xvhg wr lpsuryh h{ dqwh xwlolw|1

Zh vwloo kdyh wr fkhfn wkh lqfhqwlyh frqvwudlqwv1 Wr gr vr zh zdqw wr vkrz wkdw wkh

frqwlqxdwlrq sd|r� xqghu �� / frqglwlrqdo rq uhsruwlqj 7w|3�c lv zhdno| ohvv wkdq � iru dq| Eewc er� 5
56



P-� Li w|3�Ew
|3�� ' 7w|3� dqg 	r|3�E7w

|3�
� ' f/ wkhq wkh frqwlqxdwlrq sd|r� iurp ghyldwlqj xqghu

�� lv wkh vdph dv xqghu � 1 Khqfh wkh rqo| uhohydqw ghyldwlrqv lqyroyh w|3�E7w
|3�

� : 7w|3� dqg2ru

	r|3�E7w
|3�

� : f� Wkhq/ li zh vhw +@ ' 7w|3�c +K ' w|3� n r|3�c 5 ' w| n -r|3�E7w
|3�

� n �|Ew
|3���

dqg � ' Lc zh fdq dsso| Ohppd 4 wr dujxh wkdw li w|3�n r|3� : 7w|3�c wkh frqwlqxdwlrq sd|r�

iurp ghyldwlqj lv ohvv xqghu �� wkhq xqghu � �

Wkxv/ li ESc fc � c 7� vdwlv�hv wkh lqgxfwlyh dvvxpswlrq dqg +D6,/ wkhuh h{lvwv EhSc fc �� c �7�
wkdw vdwlv�hv wkh frqvwudlqwv ri S5 dqg lqfuhdvhv wkh remhfwlyh ryhu ESc fc � c 7�� Lw iroorzv wkdw

wkh lqgxfwlyh dvvxpswlrq dqg wkh rswlpdolw| ri ESc fc � c 7� lpsolhv wkdw=

��ES|3�Ew
|3��� ' q-

[
wMt

ZEw���ES|Ew
|3�c w��

iru doo w|3��

Qh{w/ zh zdqw wr vkrz wkdw li frqvxpswlrq vprrwklqj krogv iurp shulrg |�� wr shulrg

|c wkhq wklv lpsolhv wkdw � |3�Ew
|3�� n -3��|Ew

|3�� lv lqghshqghqw ri w|3�� Gh�qh `�Ew
|32� '

� |3�Ew
|32c +�� n -3��|Ew

|32c +��c zklfk rqo| ghshqgv rqo| rq w|32 dqg wkh fxuuhqw uhsruw +��

Zh zdqw wr vkrz wkdw `� '`�3� iru doo � ' 2c ���c ac dqg khqfh lv lqghshqghqw ri ��

Vxssrvh wkdw lq d vroxwlrq wr S5/ wkhuh h{lvwv 7w|32 dqg � : � vxfk wkdw `�E7w
|32

� 	

`�3�E7w
|32

�� Frqvlghu dq djhqw zlwk dfwxdo klvwru| E7w
|32

c +�� zkr uhsruwv E7w
|32

c +�3��� Wklv

djhqw*v qrqqhjdwlyh vwrudjh frqvwudlqw grhv qrw elqg lq dq| ixwxuh shulrg/ ehfdxvh dq djhqw

zlwk orzhu lqfrph +�3� glg qrw kdyh d elqglqj qrqqhjdwlyh vwrudjh frqvwudlqw lq wkh ixwxuh1

Khqfh/ wkh o|lqj djhqw uhfhlyhv frqwlqxdwlrq xwlolw|

�E`�3�E7w
A32

� n +�� � 4@ 
r

�E`�3�E7w
|32

� n +� � r� n qLE-rc |��

+Qrwh wkdw LE`c |� lq S6 lv wkh h{ dqwh yhuvlrq ri �c dqg wkdw vlploduo| � lv lqfuhdvlqj/ lv

frqfdyh/ dqg h{klelwv QLDUD ^Qhdyh +4<:4,`1, Lw iroorzv wkdw`�E7w
|32

� 	 `�3�E7w
|32

� ylrodwhv

wkh lqfhqwlyh frqvwudlqwv lq sureohp �2�

Qrz vxssrvh wkdw iru vrph 7w|32 dqg �/

`�E7w
|32

� : `�3�E7w
|32

��

Zh fodlp wkdw wklv fdqqrw kdsshq lq d vroxwlrq wr S5/ ehfdxvh wkhuh lv d qhz wudqvihu vfkhph

wkdw dfklhyhv wkh vdph h{ dqwh xwlolw| e| xvlqj ihzhu uhvrxufhv1 Gh�qh `�. wr eh wkh zhdowk

57



ohyho vxfk wkdw=

�E`�. n +��ZE+�� n�E`�. n +�3��ZE+�3��

' d�E`�E7w
|32

� n +��ZE+�� n�E`�3�E7w
|32

� n +�3��ZE+�3��o

Qrz/ fkdqjh wkh wudqvihu vfkhph vr wkdw djhqwv zkr dqqrxqfh Ew|32c +�� ru Ew
|32c +�3�� uhfhlyh

frqwlqxdwlrq xwlolw| �E`�.n+�� ru �E`�.n+�3�� uhvshfwlyho|1 Fohduo|/ wklv qhz phfkdqlvp

iuhhv xs uhvrxufhv iru wkh sodqqhu ehfdxvh ri wkh frqfdylw| ri �� Djhqw � zloo qrw olh xqghu wkh

qhz phfkdqlvp1 Djhqw E� n �� zloo qrw olh/ ehfdxvh wkh phfkdqlvp pdnhv djhqw �*v vfkhph

ohvv dwwudfwlyh1

Zh vwloo qhhg wr fkhfn wkh lqfhqwlyh frqvwudlqwv iurp wkh suhylrxv shulrgv1 Wr gr wklv/

zh qhhg wr vkrz wkdw wkh qhz phfkdqlvp grhv qrw lqfuhdvh wkh shulrg E| � �� frqwlqxdwlrq

xwlolw| ri dq| djhqw zkr kdv uhsruwhg 7w
|32 dqg kdv vwruhg 7 +lqvwhdg ri f�� Wkh fkdqjh lq wklv

djhqw*v shulrg E|� �� frqwlqxdwlrq xwlolw| lv jlyhq e|=

{E7� ' �E`�. n +� n 7�ZE+�� n ZE+�3���E`�. n +�3� n 7�

��E`�E7w
|32

� n +� n 7�ZE+��� ZE+�3���E`�3�E7w
|32

� n +�3� n 7�

Zh nqrz wkdw {Ef� ' f� Wkh ghulydwlyh ri { zlwk uhvshfw wr 7 lv=

{�E7� ' ��E`�. n +� n 7�ZE+�� n ZE+�3���
�E`�. n +�3� n 7�

���E`�E7w
|32

� n +� n 7�ZE+��� ZE+�3���
�E`�3�E7w

|32
� n +�3� n 7�

' ���Ef��ZE+��E`�. �`�E7w
|32

��

n���Ef�3��ZE+�3��E`�. �`�3�E7w
|32

��

zkhuh f� 5 E`�. n +� n 7c`�E7w
|32

� n +� n 7� dqg f�3� 5 E`�3�E7w
|32

� n +�3� n 7c`�. n

+�3� n 7��

Ehfdxvh � vdwlv�hv �U�-�/ ��� lv dq lqfuhdvlqj ixqfwlrq dqg f� : f�3�� Khqfh/ zh

nqrz wkdw=

{�E7� 	 ZE+��E`�. �`�E7w
|32

�� n ZE+�3��E`�. �`�3�E7w
|32

��
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	 f

iru doo 7 dqg vr {E7� 	 {Ef� ' f iru doo 7�

Zh kdyh hvwdeolvkhg wkdw li ESc fc � c 7� vroyhv S5cdqg vdwlv�hv +D5, iru vrph |c ��ES|3�� '

q-.|3��
�ES|� dqg

SA

?'|3� �?Ew
?� lv lqghshqghqw ri wA|3�1 Lw iroorzv wkdw ESc fc � c 7� vdwlv�hv

+D5, iru E|� ��> e| edfnzdugv lqgxfwlrq/ ESc fc � c 7� vdwlv�hv ED5, iru doo |1

Zh kdyh hvwdeolvkhg wkdw li ESc fc � c 7� vroyhv S5/ wkhq S ' SW� Wklv lpphgldwho| lpsolhv

wkdw li ESWc fc � c 7� olhv lq wkh frqvwudlqw vhw ri S5/ lw vroyhv S51 Khqfh/ dq hohphqw ESc fc � c 7�

ri wkh frqvwudlqw vhw vroyhv S5 l� S ' SW� Lw lv hdv| wr vhh wkdw li S ' SW/ wkhq 7 ' 7W dqg

� ' � W� �

D61 Surri ri Sursrvlwlrq 6

Ohw ESWc rc � c 7� eh dq duelwudu| ihdvleoh doorfdwlrq1 Ehfdxvh SW vdwlv�hv wkh frqvxpswlrq0

vprrwklqj dqg QSY frqglwlrqv/ li dq djhqw whoov wkh wuxwk/ klv frqvxpswlrq lv rswlpdoo|

vprrwkhg1 Khqfh/ djhqwv zhdno| suhihu wr whoo wkh wuxwk dqg qrw vwruh/ dqg vr ESWc rc � c 7� lv

lqfhqwlyh0ihdvleoh1 Lw iroorzv iurp Sursrvlwlrq 4 wkdw wkhuh h{lvwv ESWc fc � �c 7 �� wkdw lv lqfhqwlyh0

ihdvleoh1 Iurp Sursrvlwlrq 5/ wklv doorfdwlrq lv d vroxwlrq wr S5/ dqg vr pxvw eh d vroxwlrq wr

S41 Lw iroorzv wkdw ESWc rc � c 7� lv d vroxwlrq wr S41 Wkh pd{lpl}hg ydoxhv ri S4 dqg S5 duh

wkh vdph1

Qrz vxssrvh ESc rc � c 7� lv vrph vroxwlrq wr S4 vxfk wkdw S 9' SW� Djdlq/ iurp Sursrvl0

wlrq 4/ wkhuh h{lvwv ESc fc � �c 7 �� wkdw lv d vroxwlrq wr S41 Ehfdxvh wkh pd{lpl}hg ydoxhv ri S4

dqg S5 duh wkh vdph/ ESc fc � �c 7 �� vroyhv S51 Exw wklv ylrodwhv Sursrvlwlrq 51 �

D71 Surri ri Sursrvlwlrq 7

Zh �uvw suryh frqglwlrq +l,1 Zh nqrz wkdw lq wkh xqltxh vroxwlrq wr �2 frqvxpswlrq

vprrwklqj lv vdwlv�hg1 Khqfh/

��ES|� ' q-.|�
�ES|n���

Iurp wkh vwulfw frqyh{lw| ri ��E��/ lw iroorzv wkdw .|�
�ES|n�� � ��E.|S|n��� Wklv lpsolhv wkdw

iru doo w|c

��ES|Ew
|�� � q-.w|�

�ES|Ew
|n��� � ��E.w|S|n�Ew

|n���
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dqg/ lq wxuq/ lw iroorzv wkdw

[
wAMt A

dS|n�Ew
|EwA ��� S|Ew

|EwA ��oZEwA � � f

zklfk lpsolhv wkdw 7| � fc ehfdxvh zh nqrz iurp Sursrvlwlrq 5 wkdw wkh uhvrxufh frqvwudlqwv

krog zlwk htxdolw|1 Wklv frpsohwhv wkh surri ri +l,1

Zh qh{w suryh frqglwlrq +ll,1 Diwhu dq| klvwru| w|c �hEw? ' f iru doo ? : |mw|� : f�

Pruhryhu/ zkhqhyhu w? ' fc wkhq �?Ew
?� � f1 Lw iroorzv wkdw diwhu dq| klvwru| w|c

|[
?'�

-?�?Ew
?Ew|�� � f�

Wklv lpphgldwho| lpsolhv wkdw vwrudjh ohyhov dvvrfldwhg zlwk dq| vroxwlrq wr �2 pxvw eh

qrqqhjdwlyh ehfdxvh ��Ef� '41 Wklv frpsohwhv wkh surri ri frqglwlrq +ll,1 �

D81 Surri ri Sursrvlwlrq 8

Wr suryh wkh �uvw vwdwhphqw/ frqvlghu d vroxwlrq wr �2 zklfk vdwlv�hv wkh qrqqhjdwlyh

vwrudjh frqglwlrq/ dqg uhfxuvlyho| gh�qh

o| ' -� �c

r| ' 7|

K|Ew
|� ' w| � S|Ew

|�� 7| n-7|3� n K|3�Ew
|3�Ew|��-�

Zh fodlp wkdw wklv lv dq htxloleulxp1 Wr vhh wkdw wkh erqg pdunhw fohduv/ qrwh wkdw li zh

pdnh xvh ri wkh lqglylgxdo*v uhvrxufh frqvwudlqw lq htxdwlrq +4,/ wklv lpsolhv wkdw

.K| ' . i� | � 7| n-7|3� n K|3�-j

zklfk/ dorqj zlwk wkh uhvrxufh frqvwudlqw dqg qrqqhjdwlyh vwrudjh/ lpsolhv wkdw .i� |� 7| n

-7|3�j' fc dqg wklv lpsolhv wkh uhvxow/ ehfdxvh Kf ' f� Wr yhuli| wkdw lqglylgxdov duh ehkdylqj

rswlpdoo|/ qrwh wkdw wkh lqwhuhvw udwh kdv ehhq fkrvhq vr wkdw wkh lqglylgxdov duh lqgl�huhqw

ehwzhhq ohqglqj dqg vwrulqj1 Zh dovr nqrz wkdw frqvxpswlrq lv vprrwkhg> wkhuhiruh/ zh

qhhg rqo| fkhfn wkdw wkh lqglylgxdov* exgjhw frqvwudlqwv krog zlwk htxdolw|1 Wr vhh wkdw wkh

lqglylgxdov* exgjhw frqvwudlqwv duh vdwlv�hg/ qrwh wkdw

KA ' ��A n-7A3� n-KA3�
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' ��A �-�A3� n-27A32 n-2KA32
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' �
A3�[
?'f

-?�A3?

' f�

Wr suryh wkh vhfrqg vwdwhphqw/ frqvwuxfw d wudqvihu2vwrudjh vfkhph e| gh�qlqj � | �
w| � S| dqg gh�qlqj 7| wr eh shu fdslwd vwrudjh +erwk sxeolf dqg sulydwh, lq htxloleulxp1

Wklv vfkhph pxvw eh dq hohphqw ri �2*v frqvwudlqw vhw/ ehfdxvh wkh ��V ri wkh gl�huhqfh

ehwzhhq lqfrph dqg frqvxpswlrq pxvw eh }hur lq wkh htxloleulxp1 Pruhryhu/ jlyhq wkdw

- ' E� n o|�/ wkh frqvxpswlrq vprrwklqj frqglwlrq lv vdwlv�hg/ dqg vr wklv vfkhph pxvw eh

d vroxwlrq wr �21 Lw lv dovr d vroxwlrq wr ��c ehfdxvh djjuhjdwh vwrudjh lv qrqqhjdwlyh1 Wkxv/

wkh fruuhvsrqglqj htxloleulxp doorfdwlrq ri frqvxpswlrq lv h!flhqw1 �

D91 Surri ri Sursrvlwlrq 9

Wr suryh wkh sursrvlwlrq zh vkrz wkdw li �no| 9' -c wkhq wkhuh h{lvwv d Sduhwr vxshulru

lqfhqwlyh0ihdvleoh doorfdwlrq1 Wr gr vr/ frqvlghu dq htxloleulxp ri wkh g|qdplf lqfrpsohwh

pdunhwv hfrqrp|/ iS|c K|c r|c o|jc zkhuh lq shulrg ?c �n o? : -� Dv lq wkh surri ri sursrvlwlrq

9/ zh fdq frqvwuxfw dq dvvrfldwhg lqfhqwlyh ihdvleoh doorfdwlrq lq zklfk wkh frqvxpswlrq

doorfdwlrq lv wkh vdph dv rxu lqfrpsohwh pdunhwv hfrqrp| dqg sulydwh vwrudjh lv }hur/ e|

gh�qlqj � | � w| � S| dqg gh�qlqj 7| wr eh shu fdslwd vwrudjh1 Zh ghqrwh wklv dvvrfldwhg

lqfhqwlyh0ihdvleoh doorfdwlrq e| ES|c fc � |c 7|�1 Iru vrph 7w?3� 5 t ?3� dqg � 	 � � ac frqvlghu

dowhulqj wkh frqvxpswlrq doorfdwlrq +dqg fruuhvsrqglqjo| wkh wudqvihu vfkhph, lq shulrg ?

e| vhwwlqj �S?Ew
?3�c +�� ' S?Ew

?3�c +��� 0c zkhuh +� � +�3� : 0 : fc dqg fkrrvlqj BE0�/ zkhuh

�S?Ew
?3�c +�3�� ' S?Ew

?3�c +�3�� n BE0�c vr wkdw h{ dqwh xwlolw| lv xqfkdqjhg/ ru

.
A[
|'?

q|3?�E�S|E7w
?3�

c w|?�� ' .
A[
|'?

q|3?�ES|E7w
?3�

c w|?���

Iru 0 vx!flhqwo| vpdoo=

5;



41 Vlqfh lqglylgxdov vwulfwo| suhihu wr whoo wkh wuxwk xqghu �� c wkh lqglylgxdo zkr kdv

lqfrph +� lq shulrg ? kdv qr lqfhqwlyh wr plvuhsruw klv lqfrph/ ru

�E�S|E7w
?3�

c +��� n .
A[

|'?n�

q|3?�E�S|E7w
?3�

c +�c w
|
?n�� :

4@ 
t	wcr�

5
7 �E+� n ��?E7w

?3�
c +�3��� r?�n

.
SA

|'?n� q
|3?�Ew| n � |E7w

?3�
c +�3�c 	w|Ew

|
?n���� r|Ew

|
?n�� n-r|3�Ew

|
?n���

6
8 �

51 Vlqfh B� : f dqg BEf� ' fc dqg lqglylgxdov vwulfwo| suhihuuhg qrw wr vwruh lq shulrg

? xqghu wkh lqlwldo doorfdwlrq/ wkh lqglylgxdo zkr kdv lqfrph +�3� lq shulrg ? vwloo kdv qr

lqfhqwlyh wr vwruh/ ru

��E�S|E7w
?3�

c +�3��� 	 -q.w?n��
�E�S|E7w

?3�
c +�3�c w?n����

61 Djdlq pdnlqj xvh wkh vwulfwqhvv ri wkh lqfhqwlyh frqvwudlqwv dqg wkh surshuwlhv ri

Bc wkh lqglylgxdo zkr kdv lqfrph +�32 kdv qr lqfhqwlyh wr plvuhsruw klv lqfrph/ ru

�E�S|E7w
?3�

c +�32�� n .
A[

|'?n�

q|3?�E�S|E7w
?3�

c +�32c w
|
?n�� :

4@ 
t	wcr�

5
7 �E+�32 n ��?E7w

?3�
c +��� r?�n

.
SA

|'?n� q
|3?�Ew| n � |E7w

?3�
c +�c 	w|Ew

|
?n���� r|Ew

|
?n�� n-r|3�Ew

|
?n���

6
8 �

71 Lqglylgxdov kdyh qr lqfhqwlyh wr vdyh ehwzhhq shulrgv ?� � dqg ?/ vlqfh

.��ES|E7w
?3�

c w|?�� .��E�S|E7w
?3�

c w|?�� ' ZE+��
k
��ES?E7w

?3�
c +���� ��ES?E7w

?3�
c +��� 0�

l

nZE+�3��
k
��ES?E7w

?3�
c +�3���� ��ES?E7w

?3�
c +�3�� n B�

l

* �ZE+�����ES?E7w?3�c +���0n ZE+�3���
��ES?E7w

?3�
c +�3���B

	 f

iurp wkh frqyh{lw| ri ���

Vlqfh

�ES|E7w
?3�

c +��� 	 �E�S|E7w
?3�

c +��� 	 �E�S|E7w
?3�

c +�3��� 	 �ES|E7w
?3�

c +�3���c
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0 : BE0�c dqg wkh uhvrxufh frqvwudlqw lv uhod{hg1 Lw*v idluo| vwudljkwiruzdug wr doorfdwh wkhvh

dgglwlrqdo uhvrxufhv lq d zd| wkdw grhvq*w ylrodwh wkh lqfhqwlyh frqvwudlqwv dqg udlvhv h{ dqwh

xwlolw| vlqfh doo ri wkh lqfhqwlyh frqvwudlqwv vwloo krog vwulfwo|1 �

D:1 Surri ri Sursrvlwlrq :

Zh frqvlghu wzr dowhuqdwlyh hfrqrplhv lq zklfk lqfrph xqfhuwdlqw| glhv rxw diwhu vrph

shulrg A zlwk hlwkhu wkh kljkhvw ru wkh orzhvw srvvleoh lqfrph1 Wkh sd|r� iurp wkh h!flhqw

duudqjhphqw lq rxu lq�qlwh krul}rq hfrqrp| +lq zklfk lqfrph xqfhuwdlqw| shuvlvwv, lv eudfn0

hwhg e| wkh sd|r�v ri wkh h!flhqw duudqjhphqw lq wkhvh wzr lqfrph ulvn wuxqfdwhg hfrqrplhv1

Zh vkrz wkdw wkh vroxwlrqv wr S5 lq wkhvh wuxqfdwhg hfrqrplhv vdwlvi| wkh frqvxpswlrq0

vprrwklqj dqg QSY frqglwlrqv1 E| lqfuhdvlqj wkh wuxqfdwlrq shulrg A / zh vtxhh}h wkh

vroxwlrq wr S5 lq wkh lq�qlwh krul}rq hfrqrp| ehwzhhq wkhvh wzr doorfdwlrqv wkdw vdwlvi|

wkh frqvxpswlrq0vprrwklqj dqg QSY frqglwlrqv1 Zh vkrz wkdw wklv lpsolhv wkh vroxwlrq wr

S5 lq wkh lq�qlwh krul}rq hfrqrp| pxvw dovr vdwlvi| wkh frqvxpswlrq0vprrwklqj dqg QSY

frqglwlrqv1

Gh�qh T JR|
" wr eh wkh vxsuhpdo h{0dqwh xwlolw| ghulyhg iurp wkh doorfdwlrqv lq wkh

frqvwudlqw vhw ri S51 Frqvlghu wzr wuxqfdwhg yhuvlrqv ri wkh lq�qlwh0krul}rq hqylurqphqw1 Lq

wkh �uvw wuxqfdwhg hqylurqphqw/ lq shulrg | : Ac doo djhqwv uhfhlyh wkh kljkhvw lqfrph ohyho/ +a �

Lq wkh vhfrqg wuxqfdwhg hqylurqphqw/ wkh sodqqhu lv hqgrzhg zlwk 7f xqlwv ri vwrudjh dw wkh

ehjlqqlqj ri wlph/ dqg lq shulrg | : A / doo djhqwv uhfhlyh wkh orzhvw lqfrph ohyho/ +�� Zh fdoo

wkh �uvw hqylurqphqw MA dqg wkh vhfrqg hqylurqphqw uA E7f�� Gh�qh TMA
wr eh wkh vxsuhpdo

h{ dqwh xwlolw| ghulyhg iurp doorfdwlrqv wkdw vdwlvi| wkh frqvwudlqwv ri �2 lq hqylurqphqw MA �

Gh�qh TuA E7f� wr eh wkh vxsuhpdo h{ dqwh xwlolw| ghulyhg iurp doorfdwlrqv wkdw vdwlvi| wkh

frqvwudlqwv ri �2 lq hqylurqphqw uA E7f�� Ohw SWuA E7f� eh wkh xqltxh frqvxpswlrq doorfdwlrq

lq uA E7f� wkdw vdwlv�hv frqvxpswlrq0vprrwklqj dqg QSY frqglwlrqv +wkh h{lvwhqfh ri vxfk

dq doorfdwlrq lv jxdudqwhhg e| rxu dvvxpswlrqv wkdw � lv erxqghg/ - : �c dqg +� : f,1

Sduw 4 = Zh �uvw zdqw wr vkrz wkdw dq| vroxwlrq wr �2 lq hqylurqphqw uA E7f� lv wkh

vdph dv SWuA E7f�1 Wkh nh| wr hvwdeolvklqj wklv uhvxow lv wr ghprqvwudwh wkdw lq dq| vroxwlrq wr

�2/ frqvxpswlrq lv vprrwkhg iurp shulrg | wr shulrg E|n��c | � Ac dqg �A Ew
A �n-3���T EwA �

lv lqghshqghqw ri wA / zkhuh ��T EwA � lv wkh ��V ri wkh wudqvihuv uhfhlyhg iurp shulrg
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EA n �� rqzdug e| dq lqglylgxdo zlwk uhsruwlqj klvwru| wA � Rqfh zh hvwdeolvk wkhvh fodlpv/

lw lv vwudljkwiruzdug dsso| wkh edfnzdug lqgxfwlrq dujxphqwv lq wkh surri ri Sursrvlwlrq 5

wr suryh wkdw dq| vroxwlrq wr �2 lq hqylurqphqw uA E7f� vdwlv�hv wkh frqvxpswlrq0vprrwklqj

dqg QSY frqglwlrqv1

Zh suryh �uvw wkdw frqvxpswlrq0vprrwklqj lv vdwlv�hg iru dq| vroxwlrq wr S5 iru | � A 1

Qrwh wkdw lq dq| doorfdwlrq/ S|c iru | � Ac ghshqgv rqo| rq wA � Vxssrvh �uvw wkdw frqvxpswlrq

lv qrw vprrwkhg iurp shulrg | wr shulrg E| n �� iru vrph djhqw zlwk d klvwru| ri uhsruwv wA �

Wkhq wkh sodqqhu fdq udlvh frqvxpswlrq lq shulrg | e| B dqg orzhu frqvxpswlrq lq shulrg

E|n �� e| 0EB� vr dv wr ohdyh wkh djhqw*v xwlolw|

�ES|Ew
A � n B� n q�ES|n�Ew

A �� 0EB�� ' �ES|Ew
A �� n q�ES|n�Ew

A ��

xqfkdqjhg1 Li B lv vx!flhqwo| vpdoo/ B 	 -3�0EB�( wkhuhiruh/ wklv qhz sodq jlyhv wkh sodqqhu

h{wud uhvrxufhv1 E| dujxphqwv vlplodu wr wkrvh pdgh lq wkh surri ri Sursrvlwlrq 5/ zh nqrz

wkdw wklv fkdqjh lq wkh frqvxpswlrq sodq zloo qrw ohdg dq lqglylgxdo wr ghyldwh1 Ehfdxvh zh

kdyh irxqg d sodq wkdw lv lqfhqwlyh0ihdvleoh dqg ohdyhv wkh sodqqhu zlwk pruh uhvrxufhv/ wkh

doorfdwlrq zlwkrxw frqvxpswlrq vprrwklqj diwhu shulrg A lv qrw d vroxwlrq wr �21

E| xvlqj dujxphqwv vlplodu wr wkrvh lq sursrvlwlrq 2/ zh fdq qrz suryh wkdw �A Ew
A3�c +��n

-3���T EwA3�c +�� ' �A Ew
A3�c +�3�� n -3���T EwA3�c +�3�� iru doo �� Exw wkhq dsso|lqj wkh

vdph edfnzdug lqgxfwlrq dujxphqw dv lq Sursrvlwlrq 5 lpsolhv wkdw ESWuA E7f�c fc � c 7� vroyhv

S5 lq hqylurqphqw uA E7f��

Sduw 5 = Zh nqrz wkdw

TMA
� T JR|

" � LESW� � TuA Ef��

Li zh fdq suryh wkdw dv A jrhv wr lq�qlw|/ ETMA
� TuA Ef�� frqyhujhv wr fc zh zloo nqrz wkdw

ESWc fc � c 7� vroyhv �21 Wkh uhvw ri wkh surri frqvlvwv ri surylqj wklv1

Ohw SW|cuA E7f� ghqrwh wkh shulrg | frpsrqhqw ri wkh xqltxh frqvxpswlrq doorfdwlrq wkdw

vdwlv�hv wkh frqvxpswlrq0vprrwklqj dqg QSY frqglwlrqv lq uA E7f�� Zh fodlp wkdw

SW�cuA E7f�E+�� � SW�cuA3�E7f�E+�� iru doo ��

Vxssrvh wklv fodlp lv idovh1 Wkhq SW�cuA E7f�E+�� 	 SW�cuA3�E7f�E+�� iru vrph �� Exw iurp wkh

frqvxpswlrq vprrwklqj frqglwlrq/ SW2cuA E7f�E+�c +�� 	 SW2cuE+�c +�� iru vrph +�� Vlploduo|/ wkhuh
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h{lvwv d klvwru| wA vxfk wkdw iru doo |c

SW|cuA E7f�Ew
|EwA �� 	 SW|cuA3�E7f�Ew

|EwA ���

Wklv ylrodwhv wkh ��V uhvwulfwlrq/ ehfdxvh iru dq| klvwru|/ wkh ��V lv kljkhu lq hqylurqphqw

A wkdq lq hqylurqphqw EA � ���

Wklv phdqv wkdw T �
uA
Ef� � T �

u�
Ef� iru doo A� Qrz gh�qh 7fA ' -3A E+a � +��*E-� ��c

dqg qrwh wkdw

TuA E7fA � � TMA

ehfdxvh wkh sodqqhu fdq uhsolfdwh dq| doorfdwlrq lq MA li hqgrzhg zlwk wklv pxfk lqlwldo

vwrudjh1 Khqfh/

TMA
� TuA Ef� � TuA E7fA �� TuA Ef�

� T �
uA
Ef�7fA

� T �
u�
Ef�7fA �

Ehfdxvh 7fA frqyhujhv wr f dv A jrhv wr lq�qlw|/ wkh sursrvlwlrq lv suryhg1 �
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^4:` Kxjjhww/ Pdun1 �Wkh Ulvn0Iuhh Udwh lq Khwhurjhqhrxv0Djhqw Lqfrpsohwh0Lqvxudqfh

Hfrqrplhv1� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 4: +Vhswhpehu0Qryhpehu

4<<6,= <86�<9<1

67



^4;` Mrqhv/ Oduu| H1/ dqg Urgroir H1 Pdqxhool1 �D Frqyh{ Prgho ri Htxloleulxp Jurzwk=

Wkhru| dqg Lpsolfdwlrqv1� Mrxuqdo ri Srolwlfdo Hfrqrp| <; +Rfwrehu 4<<3,= 433;�436;1

^4<` Nhkrh/ Wlprwk| M1/ dqg Gdylg N1 Ohylqh1 �Ghew0Frqvwudlqhg Dvvhw Pdunhwv1� Uhylhz

ri Hfrqrplf Vwxglhv 93 +Rfwrehu 4<<6,= ;98�;;;1

^53` Nkdq/ Dxeln/ dqg E1 Udylnxpdu1 �Jurzwk dqg Glvwulexwlrq Zlwk Sulydwh Lqirupdwlrq1�

Pdqxvfulsw/ Xqlyhuvlw| ri Ylujlqld/ 4<<:1

^54` Oxfdv/ Urehuw H1/ Mu1 �Htxloleulxp lq d Sxuh Fxuuhqf| Hfrqrp|1� Hfrqrplf Lqtxlu| 4;

+Dsulo 4<;3,= 536�5531

^55` Pdufhw/ Doehuw/ dqg Udprq Pdulprq1 �Frppxqlfdwlrq/ Frpplwphqw/ dqg Jurzwk1�

Mrxuqdo ri Hfrqrplf Wkhru| 8; +Ghfhpehu 4<<5,= 54<�57<1

^56` Qhdyh/ Hgzlq K1 �Pxowlshulrg Frqvxpswlrq0Lqyhvwphqw Ghflvlrqv dqg Ulvn Suhihuhqfh1�

Mrxuqdo ri Hfrqrplf Wkhru| 6 +Pdufk 4<:4,= 73�861

^57` Skhodq/ Fkulvwrskhu1 �Uhshdwhg Prudo Kd}dug dqg Rqh0Vlghg Frpplwphqw1� Mrxuqdo

ri Hfrqrplf Wkhru| 99 +Dxjxvw 4<<8,= 7;;�8391

^58` Skhodq/ Fkulvwrskhu/ dqg Urehuw P1 Wrzqvhqg1 �Frpsxwlqj Pxowl0Shulrg/ Lqirupdwlrq

Frqvwudlqhg Rswlpd1� Uhylhz ri Hfrqrplf Vwxglhv 8; +Rfwrehu 4<<4,= ;86�;;41

^59` Suhvfrww/ Hgzdug F1/ dqg Urehuw P1 Wrzqvhqg1 �Jhqhudo Frpshwlwlyh Dqdo|vlv lq

dq Hfrqrp| Zlwk Sulydwh Lqirupdwlrq1� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 58 +Iheuxdu|

4<;7,= 4�531

^5:` Uhehor/ Vhujlr1 �Orqj0Uxq Srolf| Dqdo|vlv dqg Orqj0Uxq Jurzwk1� Mrxuqdo ri Srolwlfdo

Hfrqrp| << +Mxqh 4<<4,= 833�8541
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^5;` Uðrv0Uxoo/ Mrvì0Ylfwru1 �Rq wkh Txdqwlwdwlyh Lpsruwdqfh ri Pdunhw Frpsohwhqhvv1�

Mrxuqdo ri Prqhwdu| Hfrqrplfv 67 +Ghfhpehu 4<<7,= 796�7<91

^5<` Vrwrpd|ru/ Pdulogd D1 �Rq Lqfrph Ioxfwxdwlrqv dqg Fdslwdo Jdlqv1� Mrxuqdo ri Hfr0

qrplf Wkhru| 65 +Iheuxdu| 4<;7,= 47�651

^63` Vshdu/ Vwhskhq H1/ dqg Vdqmd| Vulydvwdyd1 �Rq Uhshdwhg Prudo Kd}dug Zlwk Glvfrxqw0

lqj1� Uhylhz ri Hfrqrplf Vwxglhv 87/ +Rfwrehu 4<;:,/ sdjhv 8<<�94:1

^64` Wdxe/ Eduw1 �G|qdplf Phfkdqlvpv rq d Frqwlqxxp1� Pdqxvfulsw/ Xqlyhuvlw| ri Loolqrlv/

4<<31

^65` Wkrpdv/ Mrqdwkdq/ dqg Wlp Zruudoo1 �Lqfrph Ioxfwxdwlrq dqg Dv|pphwulf Lqirupd0

wlrq= Dq H{dpsoh ri d Uhshdwhg Sulqflsdo0Djhqw Sureohp1� Mrxuqdo ri Hfrqrplf Wkhru|

84 +Dxjxvw 4<<3,= 69:�6<31

^66` Wrzqvhqg/ Urehuw P1 �Rswlpdo Pxowlshulrg Frqwudfwv dqg wkh Jdlq Iurp Hqgxulqj

Uhodwlrqvklsv Xqghu Sulydwh Lqirupdwlrq1� Mrxuqdo ri Srolwlfdo Hfrqrp| <3 +Ghfhpehu

4<;5,= 4499�44;91

^67` Zdqj/ Fkhqj1 �G|qdplf Lqvxudqfh Zlwk Sulydwh Lqirupdwlrq dqg Edodqfhg Exgjhwv1�

Uhylhz ri Hfrqrplf Vwxglhv 95 +Rfwrehu 4<<8,/ 8::�8<81
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