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This paper develops new estimation and inference procedures for dynamic panel
data models with fixed effects and incidental trends. A simple consistent GMM es-
timation method is proposed that avoids the weak moment condition problem that is
known to affect conventional GMM estimation when the autoregressive coefficient
(p) is near unity. In both panel and time series cases, the estimator has standard
Gaussian asymptotics for all values of p € (—1, 1] irrespective of how the composite
cross-section and time series sample sizes pass to infinity. Simulations reveal that
the estimator has little bias even in very small samples. The approach is applied to
panel unit root testing.

1. INTRODUCTION

In simple dynamic panel models, it is well known that the usual fixed effects
estimator is inconsistent when the time span is small (Nickell, 1981), as is the or-
dinary least squares (OLS) estimator based on first differences. In such cases, the
instrumental variable (IV) estimator (Anderson and Hsiao, 1981) and generalized
method of moments (GMM) estimator (Arellano and Bond, 1991) are both widely
used. However, as noted by Blundell and Bond (1998), these estimators both
suffer from a weak instrument problem when the dynamic panel autoregressive
coefficient (p) approaches unity. When p = 1, the moment conditions are com-
pletely irrelevant for the true parameter p, and the nature of the behavior of the es-
timator depends on 7. When T is small, the estimators are asymptotically random,
and when T is large the unweighted GMM estimator may be inconsistent and the
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efficient two-step estimator (including the two-stage least squares estimator) may
behave in a nonstandard manner. Some special cases of such situations are studied
in Staiger and Stock (1997) and Stock and Wright (2000), among others, and Han
and Phillips (2006), the latter in a general context that includes some panel cases.

Methods to avoid these problems were developed in Arellano and Bover (1995),
Blundell and Bond (1998), and more recently in Hsiao, Pesaran, and Tahmis-
cioglu (2002). Arellano and Bover (1995) and Blundel and Bond (1998) propose a
system GMM procedure that uses moment conditions based on the level equations
together with the usual Arellano and Bond type orthogonality conditions. Hsiao
et al. (2002), on the other hand, consider direct maximum likelihood estimation
based on the differenced data under assumed normality for the idiosyncratic er-
rors. Both approaches yield consistent estimators for all p values, but there are
remaining issues that have yet to be determined in regard to the limit distribution
when p is unity and 7 is large.

In a recent paper dealing with the time series case, Phillips and Han (2008) in-
troduced a differencing-based estimator in an AR(1) model for which asymptotic
Gaussian-based inference is valid for all values of p € (—1, 1]. The present paper
applies those ideas to dynamic panel data models, where we show that significant
advantages occur. In panels, the estimator again has a standard Gaussian limit for
all p values including unity, it has virtually no bias, and it completely avoids the
usual weak instrument problem for p in the vicinity of unity.

As discussed later, this panel estimator makes use of moment conditions that
are strong for all values of p € (—1, 1] under the assumption that the errors are
white noise over time. (The white noise condition is stronger than that on which
the usual IV/GMM approaches by Anderson and Hsiao, 1981, or Arellano and
Bond, 1991, are based.) Under this condition, the proposed estimator is consis-
tent, supports asymptotically valid Gaussian inference even with highly persistent
panel data, and is free of initial conditions on levels. These advantages stem from
the following properties: (i) The limit distribution is continuous as the autoregres-
sive coefficient passes through unity; (ii) the rate of convergence is the same for
stationary and nonstationary panels; and (iii) differencing transformations essen-
tially eliminate dependence on level initial conditions.

Furthermore, there are no restrictions on the number of the cross-sectional units
(n) and the time span (7') other than the simple requirement that n7 — oo. Thus,
neither large 7 nor large n is required for the limit theory to hold. Gaussian
asymptotics apply irrespective of how the composite sample size nT — oo, in-
cluding both fixed T and fixed n cases, as well as any diagonal path and relative
rate of divergence for these sample dimensions. This robust feature of the asymp-
totics is unique to our approach and differs substantially from the existing litera-
ture, including recent contributions by Hahn and Kuersteiner (2002), Alvarez and
Arellano (2003), and Moon, Perron, and Phillips (2005), who analyze various
cases with large n and large 7. Apart from the fact that the asymptotic variance
of our proposed estimator can be better estimated by different methods when n is
large and T is small (because the variance evolves with T'), no other modification
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or consideration is required in the implementation of our approach, so it is well
suited to practical implementation. This wide applicability does come at a cost
in efficiency for the fixed effects model and a loss of power for the incidental
trends model compared with existing methods. For example, the convergence rate
A/nT is slower than the /nT rate obtained in Levin, Lin, and Chu (2002) for a
bias-corrected OLS estimator.

In what follows, Section 2 considers the model and estimator for a simple dy-
namic model with fixed effects, where the basic idea of our transformation is
explained. Section 3 deals with a dynamic panel model where exogenous vari-
ables are present, and Section 4 studies the case with incidental trends. Section 5
applies the new approach to panel unit root testing. Section 6 contains some con-
cluding remarks. Proofs are in Appendix A and additional formulas are given
in Appendix B. Throughout the paper we define 0° = 1 and use T; to denote
max (7 — j,0). We assume that data are observed fort =0,1,...,T.

2. SIMPLE DYNAMIC PANELS
2.1. A New Estimator and Limit Theory

We consider the simple dynamic panel model

Yie =0 +uis, Ui = pui—1+ei,  p € (=1,1],

implying

yie = (1= p)ai + pyie—1 +€ir, 1)

where «; are unobservable individual effects and ¢;; ~ i.i.d. (0, 02) with finite
fourth moments.

This model differs slightly in its components form from the usual dynamic
panel model y;; = a; + pyir—1 + €ir in that the individual effects disappear when
p = 1. This formulation is made only to guarantee continuity in the model for-
mulation and the asymptotics at p = 1. When |p| < | the two models are not
distinguishable. Without this alternative parametrization, the data generating pro-
cess has a discontinuity at p = 1, at which point the individual effects become
individual trends.

As is well known, the OLS estimator based on the ‘within’ transformation
yields an inconsistent estimator because the transformed regressor and the cor-
responding error are correlated—see Nickell (1981), among others. This bias is
also not corrected by first differencing

Ayiy = pAyi—1+ Aey, 2

because the transformation induces a correlation between Ay;;—; and Agj. In-
stead, following Phillips and Han (2008), we transform (2) further into the form

2Ayi+ Ayi—1 = pAyi—1 + i, Nir =20y + (1= p)Ayir—1. 3
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Then, this formulation produces the following key moment conditions. !

LEMMA 1. IfEsl-zt = 02for all t and E¢iseir =0 for all s # t, then
Egi(p) = EAyi—1[2Ayi+ (1 = p)Ayi—1]1 =0, t=2,....,T )

for every p € (—1,1].

It is worth noting that the moment conditions in (4) are based on the pattern of
covariogram of u;; = y; — a; implied by the AR(1) assumption. In particular,
when u; is stationary, the key conditions are Eu,z[ =o2/(1— p2) and Eujujiq =
pE ulzt More precisely, we have

git(p) = Ayi—1[2Aei + (14 p) Ayir—1]
= —2yir—2 Aeir+ 2yir—18ir — 2ir—18i—1 + (1+ p) (Ayi—1)*.

When |p| < 1 and Euj;a; = 0, the first two terms have zero mean under Ahn and
Schmidt’s (1995) “standard assumptions.” But in order for the sum of the remain-
ing two terms to have zero mean, it is required that E(Au;)? =202/(1+ p),
which is implied by Eulzl = 02/(1 — p2) and Eujujy— = pEuth. These neither
imply nor are implied by the assumptions of Ahn and Schmidt (1995).

The T (i.e., T — 1) moment conditions in (4) are strong for all p € (—1,1]
in the sense that the expected derivatives of the moment functions g;;(p) differ
from zero for all p as long as Ay;;—; has enough variation across i. This is easily
verified by the calculation Edg;;(p)/op = —E(Ayi—1)>.

There are many ways to make use of these 71 moment conditions. The simplest
is to use pooled least squares estimation of (3), which leads to

S S Ayi—1 QA+ Ayi—1)
S ST (Ayier)?

which we call the first difference least squares (FDLS) estimator. This estimator
has the following limit distribution.

pAols =

>

THEOREM 1. For each T, /nT1(pois — p) = N(0, Voi5.7) as n — oo for all
p € (—1,1], where

ETl_l (Z,T:z Ayir—1 ’71‘1)2

[ETI_I > (Ayi- )2] .

Vols, T =

As T— 00, V5,1 = 2(1+ p), and furthermore, \/nT1(pois—p)= N(0,2(1+ p)).

The Gaussian limit theory is valid for any n/T ratio as long as nT; — oo,
including finite 7" values for which the variance V7 evolves with T'. Most re-
markably, the joint limit as both n and T pass to infinity is identical to the limit
where T — oo individually, or the sequential limit as 7 — oo and then n — oo
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or the sequential limit as n — oo and then 7 — oc0. As a result, the limit theory
is remarkably robust to different sample size constellations of (n, T'), and simula-
tions support the resulting intuition that testing based on Theorem 2 should show
little size distortion.

We remark that the fourth-moment condition £ sﬁ < 00 is required for the limit
theory to hold. For small 7', the variance Vs, can be expressed directly in terms
of the parameters, using the general formula given in (B.7) in Appendix B. For
example, if &; ~ N (0, ¢2) or more weakly Eeﬁ =30* and if T = 2, then we have
Voiso = (14 p)(3—p). For T > 2 (and fixed) the variances V, 1 are plotted in
Figure 1. The expression is quite complicated for general p, and is unlikely to
be practically useful because V7 depends on the nuisance fourth moment of
gir, except for p =1 (see Corollary 1 below), and because V7 can be readily
estimated by just replacing the expectation operators with averaging over i and the
error process 7;; with the residuals 7;; from the regression of (3). More specifically,
when n is large, V1 is estimated by

- A \2
Vo1 = (nT)~ 'S (Zthz Ayi—17ir)
ols, T — 7
[T~ S 3 (Ayi-1)?]

where 7y = 2Ayir + Ayir—1 — poisAyir—1. The corresponding standard error for
pAols is

(€))

1172
n T n T 5
se(pois) = | 2, | D Ayi—17n > Y (Ayi-1)* (6)
i=1 \¢=2 i=1t=2
< 4
®
o
>DN_
’ s — T=2
_ - -- T3
- - T=4
—— T=10
—- T=1000
o
[ [ [ I T
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rho

FIGURE 1. V7 for various 7' with normal errors. As T — 00, Vs 7 approaches
2(1+ p). The convergence is fast when p > 0.
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As T — o0, both V. 7 and \A/OlS,T converge to 2(1+ p), and the N (0,2(1+ p))
limit holds if T — oo whether or not n — oo. Technically speaking, the joint
limit as both n» — oo and T — oo coincides with the sequential limit as n — oo
followed by T — oo or the sequential limit as 7 — oo followed by n — oo.
In this case, both (5) and 2(1 + p,ys) are consistent for V7, so either formula
can be used. This undiscriminating feature is a characteristic of the new approach.

If n is small and T is large, then performance of (5) may be poor, as it re-
lies on the law of large numbers across cross-sectional units. But in this case
the 2(1 + p,y5) formula approximates the actual variances quite well. This good
performance of the asymptotic theory has been confirmed in earlier simulations
reported in Phillips and Han (2008) for the time series case where n = 1.

When p = 1, the differenced data (Ayj) are i.i.d. over both cross-sectional and
time-series dimensions, resulting in the same Gaussian limit holding as n7T — oo
(more precisely, nT; — oo) irrespective of the n/ T ratio, as given in the following
result:

COROLLARY 1. If p = 1, then (nT1)"/?(pois — 1) = N(0,4) as nT| — oo.

This specific asymptotic distribution can also be derived from Bond et al.
(2005).

Simulation results are given in Table 1 for 7 =2 and T = 24. The exact form
of V5,7 is provided in (B.7) in Appendix B. The simulated test size based on
t-ratios with the standard errors obtained by (6) are given in the “size” columns.
The results generally reflect the asymptotic theory well, including the consistency
of both the estimator and the standard error. When 7 is relatively small, the stan-
dard errors according to (6) slightly underestimate the true variance. The asymp-
totic variance formula 2(1 + p) for «/nT|(pois — p) from Theorem 1, which is
appropriate when 7' — oo, obviously does not perform as well when T is as
small as it is in this experiment, although the formula is surprisingly good when
p is close to unity. Also, when T > 3, the formula 2(1 + p) is rather close to the
true variance for reasonably large p values (e.g., p > 0.5), at least if the errors are
normally distributed. For error distributions with thicker tails, one might expect
that larger values of 7" might be needed to get a good correspondence with the
asymptotic formula based on 7' — o0.

Table 2 presents a brief comparison of FDLS, first-differenced GMM (Dif-
fGMM), system GMM (SysGMM), and first-differenced MLE (DiffMLE) for
vir = a; +uj and u;; = puj;—1 + €i;. We observe that the small sample properties
of system GMM depend on the variance of a; as noted by Hayakawa (2007).
Both first-differenced MLE and FDLS are consistent, and obviously the MLE is
more efficient than FDLS. (This efficiency gap becomes larger as 7 increases.
For example, when N =50 and T = 10 with p = 0.5, the variance of the FDLS
estimator is approximately 2.5 times as large as that of the MLE, according to un-
reported simulations.) It is worth noting that the comparison of GMM estimates
and FDLS should be interpreted with caution because they are based on different
sets of moment conditions.



GMM ESTIMATION FOR DYNAMIC PANELS WITH FIXED EFFECTS 125

TABLE 1. FDLS for ¢; ~ N(0, 1). Simulations conducted using Gauss with
10,000 iterations. The limit variance V1 (denoted by V in this table) is cal-
culated by (B.7) in Appendix B. The sizes of test based on the ¢-ratios using (6)
are listed in the “size” columns.

T=2
p=0(V=3) p=-05(V=175) p=-09(V=0.39)
n mean nTvar size mean nT(var size mean nTyvar size

50 0.000 3.189 0.077 —-0.499 1.857 0.076 —-0.900 0.401 0.071
100 0.002 3.081 0.063 —=0.500 1.822 0.063 —0.900 0.387 0.058
200 0.000 3.031 0.054 -0.500 1.734 0.054 -0.900 0.392 0.051
400 0.000 3.032 0.053 —0.499 1.779 0.054 —-0.900 0.387 0.055

p=05(V =3.75) p =09 (V =3.99) p=1(V=4)

n mean nTivar size mean nTjvar size mean nTjvar size

50 0498 3968 0.075 0.901 4.049 0.067 1.001 4.066  0.068
100 0.500 3.808 0.064 0900 4.041 0.061 1.001 3.980 0.058
200 0.501 3.823 0.057 0.899 3.962 0.055 1.000  4.047 0.057
400 0.500 3.846 0.054 0900  3.930 0.052 1.001 4.098 0.058

T=24
p=0(V=2.043) p=—=05(V=1074) p=-09(V=02313)
n mean nTjvar size mean nT(var size mean nTyvar size

50 0.001 2.057 0.061 -0.498 1.091 0.062 -0.899 0.329 0.069
100 0.000 2.077 0.059 —0.499 1.095 0.056 —0.899 0.321 0.060
200 0.000 2.039 0.052 -0.500 1.053 0.049 -0.900 0.325 0.057
400 0.000 2.035 0.050 -0.500 1.079 0.051 -—=0.900 0.324 0.050

p=0.5(V =2.987) p=0.9(V =3.758) p=1(V=4)

n mean nT(var size mean nTjvar size mean nTjvar size

50 0.500 2986 0.059 0900 3.735 0.059 1.000 3.988 0.059
100 0.500 3.036 0.054 0900 3.723 0.053 1.000  4.039 0.057
200 0.500 3.036 0.056 0.900 3.685 0.050 1.000 3.841 0.045
400 0.500 3.073 0.054 0900 3.817 0.053 1.000 4.071 0.055

As the moment functions are correlated over ¢, optimal GMM, which we call
first difference GMM (FDGMM), is possibly a more efficient alternative to pooled
OLS. The efficiency gain, however, looks marginal in our case. When p = 1, it
can be shown that OLS equals the optimal GMM. For other p values, the variance
ratio Vgmm / Vois (Where Vg, and Vo are the variances of FDGMM and FDOLS,
respectively) is evaluated in Figure 2 in the case of standard normal errors,
with p = —0.5,0,0.5,0.9,1 and T = 2,3,...,100. The lowest variance ratio is
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TABLE 2. Comparison of various estimates (10,000 iterations).
DGP: y; = a; +ujp, iy = pitjp—1 +&ir, €0~ N (0, 1), a; ~ N(1,02);
sd(ui—1) =1 —=p>)~V2{|p| < 1}4+25{p =1}, N =200, T =3.

og=1,0,=1

p DiffGMM SysGMM DiffMLE FDLS

0.5 0.487 (0.155)  0.497 (0.090)  0.499 (0.079)  0.501 (0.089)
0.7 0.679 (0.188)  0.687 (0.093)  0.698 (0.082)  0.700 (0.093)
0.9 0.848 (0.294)  0.875 (0.107)  0.896 (0.083)  0.899 (0.097)
1.0 0.000 (0.940)  0.945 (0.138)  0.996 (0.082)  0.998 (0.100)

0q =5,0,=1

P DiffGMM SysGMM DiffMLE FDLS

0.5 0.448 (0.298)  0.507 (0.151)  0.499 (0.079)  0.501 (0.089)
0.7 0.572(0.453)  0.668 (0.167)  0.698 (0.082)  0.700 (0.093)
0.9 0.579 (0.707)  0.816 (0.200)  0.896 (0.083)  0.899 (0.097)
1.0 —0.004 (0.931) 0.884 (0.237) 0.996 (0.082)  0.998 (0.100)

approximately 0.99, which is obtained at p = 0.5 and T = 5, indicating that
the efficiency gain of optimal GMM over OLS is marginal. But note that this
simulation result applies only to normally distributed errors. From additional ex-
periments (not reported here) it was found that the efficiency of GMM over OLS
is responsive to kurtosis, but for reasonable degrees of kurtosis, the efficiency
gain of FDGMM remains marginal. For example, when var((g; /o)%) = 7, the
minimal Vg / Vs ratio is approximately 0.98.

Because the performance of the feasible two-step GMM estimator may deteri-
orate due to inaccurate estimation of the covariance matrix, the two-step efficient
GMM may yield a poorer estimator than OLS when the efficiency gain of the in-
feasible optimal GMM is marginal. When ¢;; is normally distributed, this is likely
to be the case. According to simulations not reported here, the two-step efficient
GMM (using OLS as the first step estimator) looks less efficient than OLS for a
wide range of p and T values up to quite a large n. So we generally recommend
FDLS over FDGMM for practical use.

It is interesting to view FDLS in the context of method of moments and
compare it with other consistent estimators. For the model y; = a; + uj,
Uiy = puj—1 + €jr, under the further assumption that ¢; is uncorrelated with
eir (and u; _1), we get the moments

Eyiyis = Eaf +a?p"™l/(1=p%), |pl <1,

Eyuyis = Ea} + Eul_j+0*(snt+1), p=1,
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FIGURE 2. Variance ratio Vg / Vs for normal errors for T = 2,3, ..., 100. The mini-
mum efficiency of FDLS relative to FDGMM is approximately 0.99, with the low point be-
ing attained at p = 0.5 and 7' = 4. The efficiency gain of FDGMM over FDLS is marginal.

forallz,s =0,1,..

Eyizo = Eai2+p2Eul-2’_1 +a2,
EyioAyiy=—0p'"' /(14p) - 1jpcry, 121,

E(Ayq)?=20%/(14p), and

EAyiAyis =—c?pl =17 (1= p)/(14p), t#5,
or in matrix form as
/
yio | | Yio
E
|:Ayi:| {Ayl}
[ & —lip<y —pip<1)
—lip<ny 2 —(1—=p)
2
— —pip<y  —{=p) 2
1+p
T
L=piy<1y —PR=p) —pB(1-p)

T
“Pip<ny
—p2(1=p)
—pB(1-p)

., T, which in turn provide (7 + 1)(7 +2)/2 distinct moments.

Next, rewrite the moments in terms of ( y;q, Ayl-/)’ = (yi0, Ayi1,..., Ayr) as

(D)
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where ¢, = (Eoci2 +p2Eul42’_1 +02)(14 p)/o?. (Note that the moments Eyizo and
E Ay;yio depend on the condition that the a; are uncorrelated with u; _ and &;
but the moments E Ay; Ay; do not.) Rewriting the moments E'y; yi’ as (7) does not
waste any information because we can recover the original moments Ey;y! by
a linear transformation. Now, among these (7 + 1)(T + 2)/2 distinct moments,
Eyl.z0 contains the nuisance parameters Eocl»2 and Euiz’_1 and, in fact, only E yi20
does so. Thus this element does not contribute to the estimation of p and can be
safely ignored. Now, in what follows, we will show that each conventional (con-
sistent) estimator can be derived as a (generalized) method of moments estimator
using a subset of the above moment conditions.

Let us first consider the conventional IV/GMM estimators such as those of
Anderson and Hsiao (1981) and Arellano and Bond (1991). The moment
conditions

Efi1i(p) = Eyio(Ayiy—pAyy—1) =0, t>2, ®

are obtained by combining any two consecutive elements of the first column
(except for E yl.zo). Furthermore, any lower off-diagonal element of EAy; Ay! and
the element below it provides the moment condition

Ehis(p) = EAyis(Ayiy —pAyy—1)=0, s <t—1, )]

for some s and ¢. These moment conditions are strong when p < 1, so the
IV/GMM estimators are consistent. But if p =~ 1, then the moment conditions
are weakly identifying, and in case p = 1, each moment condition in (8) and (9)
fails to identify the true parameter because then Efi1;(p) =0 and Eh;s(p) = 0.
When p =1, if T is small and fixed, then the limit distribution of the GMM
estimator is nondegenerate due to the lack of identification (see, e.g., Phillips,
1989; Staiger and Stock, 1997). But if T is large, then the unweighted GMM us-
ing these moment conditions converges to zero (under some regularity conditions
for u; —1 = yi,—1 — a;), because the unweighted criterion function satisfies the
convergence

2

2
+ 3 [n-l/zzhmm] =, (L4 pH)a,
i=I

s<t—1

T n
'y [n_l/z Y fin(p)
i=1

=2 i=

(if the initial condition that (nT)~!/? Y7 4i,—1 = p 0 holds under other regularity
conditions) due to the accumulating signal variability and despite the fact that
each moment condition fails to identify any p value, and this limit is minimized
at zero (see Han and Phillips, 2006, for a detailed study of such situations), where
gn = (T = 1)+ (T —1)(T —2)/2 is the total number of moment conditions. So
IV/GMM estimation based on (8) and (9) can hardly be used successfully when p
may take values near unity. The behavior of the two-step efficient GMM estimator
in this case has not been determined.
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Unlike this IV/GMM estimator, which uses the off-diagonal elements of (7),
our approach works from the moment conditions on the diagonal elements of
EAy; Ay!. Each diagonal element of EAy; Ay/ in (7) and the element right below
it construct a moment condition in (4), i.e., (1 — p)E(Ayi—1)> +2EAy;_1 Ay =
0, or equivalently, EAy;;—1[2Ay;; + (1 — p)Ay;i;—1] = 0. It is also interesting that
more moment conditions can be obtained by combining the diagonal elements
and their left elements, viz.,

Egi(p) = EAyul2Ayi—1 + (1= p) Ayl =0, 1=2,...,T. (10)

These moment conditions are symmetric to (4) and are obtained by swapping the
roles of Ay;; and Ay;;—1. We may consider GMM estimation or OLS estimation
using these additional moment conditions together with those in (4). Simulations
illustrate that the efficiency gain over p,;; by considering (10) is considerable
when T = 2, especially for negative p, but the contribution of these additional
moment conditions diminishes with 7. Furthermore, when p = 1, g;;(p) of (4)
and g7 (p) of (10) are asymptotically identical when evaluated at the true param-
eter, so the moment conditions are singular and the traditional feasible optimal
GMM procedure does not provide standard asymptotics should we use both (4)
and (10). In that case, procedures based on analytically calculated optimal weights
(so the weights are a function of p) could avoid the singularity, but this sort of
general analytic weighting scheme cannot be implemented because the optimal
weighting matrix depends on the nuisance parameter £ 83. When ¢;; ~ N(0,02),
however, the variances of g;(p) and g;;(p) are almost equal except for p >~ —1
according to simulations, implying that the unweighted sum g;;(p) + g/;(p) is an
(almost) optimal transformation of g;;(p) and g7, ( p). Especially, when Zthz gir(p)
is used (as in the derivation of p,) instead of each g;;(p) separately, the un-
weighted sum Y7 [gi(p) + g5 (p)] is an almost optimal exactly identifying
moment condition with normal errors. This leads to a natural OLS regression
of the pooled dependent variable (2Ay;; + Ayir—1,2Ayi—1 + Ayi)’ on the cor-
respondingly pooled independent variable (Ay;—1, Ay;)’. Let us denote this
estimator by /. According to simulations, when p =0 and T = 2, the variance
ratio var(p))/var( poss) is about 0.75, meaning that by additionally using the
moment condition that Eg7,(p) = 0, we can reduce 25% of the variance. For
other values of p and T, Table 3 reports the ratio of the variance of the OLS
estimator based on g;;(p) to the variance of the OLS estimator based on both
gir(p) and g} (p). Note again that this result applies only to normal errors, and
when the tails of the error distribution are thicker (e.g., the 5 distribution), g/;(p)
will have larger variance than g;(p), and as a result, the estimator p;; may be
even less efficient than p,;s because of the failure of optimal weighting.

In summary, the loss of efficiency from using OLS rather than GMM is
marginal, and the gain from adding g7,(p) is not big enough compared with the
possible risk of singularity (in case of GMM) and efficiency loss (in case of
pooled OLS). In view of these many considerations, the original FDLS method
(which yields p,y5) is again recommended for practical use.
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TABLE 3. Efficiency gain by adding g7,(p). Variance
ratios var(p);)/var(pos) are reported.

p\T 2 3 4 5 7 10 20

—-05 044 047 056 062 073 079 090
00 075 078 086 0.88 092 095 098
05 093 095 097 098 0.99 099 1.00
09 09 100 100 1.00 1.00 1.00 1.00
1.0 100 100 100 1.00 1.00 1.00 1.00

2.2. The Explosive Case

When p > 1, the differences Ay;; continue to manifest explosive behavior and all
the good properties of FDLS do not hold. The estimator is inconsistent and the
limit depends on the n/T ratio and the initial status u; —1. The following lemma
is indicative of what happens in this case.

LEMMA 2. If p > 1, then

1 L 2 1 2

Eﬁ Y (Ayi—1)*=(p+ D' [24v(p,T)]c”, and
=2

1 T
ET 2 Ayi—1ni =v(p, T)O'z,
1

=2
where
20 2T
p-(p=1 =1)J, 2 2 2
vip, T)=|——FFF1, 0, = —D)Eu; _/o"+1.
(p,T) l Tip D) p = (p”"—DEuj_,/

When T is fixed, this lemma implies, by the law of large numbers, that

plim s = p+ LT DV T)
oo’ 2+4v(p.T)

Thus, in the case where p is close to unity and Eul-z’_1 is small so that v(p, T) is
negligible, the inconsistency of p,ys is also small. For a given p, the bias of p,; is
bigger when T is large than when 7 is small. If p is even closer to unity and such
that \/nv(p, T) — 0, then the bias of «/nT|(pois — p) is negligible, leading to a
Gaussian limit whose variance changes continuously as p deviates slightly from
unity into the explosive area. This observation implies that the limit distribution
of Theorem 1 is continuous as p passes through unity to very mildly explosive
cases.
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The case with large 7" and fixed n can be analyzed by Theorems 2 and 3 of
Phillips and Han (2008), who consider the time series case. Again, the asymp-
totics are continuous as p passes through unity under the initial condition that
(pr — Duj _; =, 0 where p = pr | 1.

If both n and T are large, the N(0,2(1 + p)) asymptotics are still continuous
as p passes through the boundary of unity into the explosive area, though the
boundary of p for the continuous asymptotics is then correspondingly narrower
on the explosive side of unity.

2.3. Heterogeneity and Cross-Section Dependence

The remainder of this section considers issues of cross-sectional heteroskedastic-
ity, heterogeneity, and cross-section dependence.

If the error variance E g% is different across i, then Theorem 1 still applies as
long as the Lindeberg condition holds, with the only modification to V,, 7 being
the more general expression

lim (nTl)_l ?:1 E(ZIT=2 Ayir—1 ’7it)2

.
"2 [T )T S E X (Ayi-1)?]

Computation of standard errors by (6) remains valid.
If the AR coefficient changes across i so that the model involves u;; = p;u;—1 +
&ir, then we have the limit

n
Pols —p plim Z Wi pi

n— oo i=1
if the limit on the right-hand side exists, where

Zfzz(AYit—l)z
w; = n T 2°
Zizl Zt=2(Ayn-1)

Noting that E(Ay;_1)*> = 201'2 /(1 + p;), we see that an individual unit with
smaller p; is given a bigger weight if there is no heterogeneity.

To allow for cross-section dependence, let ¢;; = Z,le Aik frr + vir, where the
fxe are common shocks i.i.d. over ¢ and independent of other shocks, 4 are the
factor loadings, and the v;; are i.i.d. Since the compounded error ¢;; is still white
noise, the moment conditions (4) still hold. However, consistency does not hold
unless 7 — oo or K — oo (where K is the number of common factors). The case
K =1 is exemplary. Here (Ay,',_l)2 involves (1;1 f1,)2, and the randomness in
the double sum

n T n T
T Y Y G it =nt Y241 Y R
i=1 =2

i=1r=2
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persists unless 7 is large (cf. Phillips and Sul, 2007). When T is small, as is
the case in typical microeconometric work, K may be considered large and each
factor loading is assumed to be sufficiently small to ensure convergence. (Then
the variation of the cross-section dependence term 2521 Aik fxe 1s correspondingly
controlled.) As long as the common factors fi, are white noise over time, the
moment conditions (4) hold, and under further regularity to ensure convergence,
the FDLS estimator would be consistent. See Phillips and Sul (2007) for details
on panel models with these characteristics.

3. DYNAMIC PANELS WITH EXOGENOUS VARIABLES

This section considers the model with exogenous variables y; = a; + f'xir + ur,
where uj; = puj—1 + ¢ for p € (—1, 1], which may be transformed to

vie = (1 = p)a; + B (xit — pxir—1) + pYie—1 + €ir. an

Let z;s =yir — B’ xir. Then the model (11) is written as z; = (1 — p)a; + pzir—1 + €ir»
which is the same as (1) with y; replaced with z;. By applying the same trans-
formation, we get

2Azii+ Azi—1 = pAZis—1 + it Mir =208+ (14 p)Azjr—1.

For all p, Azj—1 and #;, are uncorrelated and these moment conditions are strong
for all p, as before. Next, if we allow a; to be arbitrarily correlated with x;, then
we can apply the within transformation to (11), giving

Fit = pYir—1 = Kir — pXi—1) B+ it

where i = yi — T7' ST, yis, Yir—1 = vim1 = T7' 1| yis—1, and so on. From
the fact that the within-group estimator is efficient when «; is allowed to be
correlated with x;; in the usual linear panel data model (see Im, Ahn, Schmidt,
and Wooldridge, 1999), we propose the following exactly identifying moment
conditions:

T

EY Azi—1[Q2Azi+ Azy—1) — pAzi—1]1 =0, (12)
=2
T

E ) (Xi— pXi—1) [(ylt = pYi—1) — (i — Pxit—l)/ﬂ] =0, 13)

t=1

where Az = Ay; — Ax],ff. Note that when there is no exogenous variable, the
first moment condition (12) leads to the FDLS estimator of Section 2. We can
estimate p and f by the method of moments. In practice, after (12) and (13)
are rewritten in terms of the sample moment conditions, the parameters can be
estimated by estimating p and £ iteratively between (12) and (13) if the procedure
converges.
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For the asymptotic variance, we can use the usual “(D’ Q_lD)_l” formula,
where D contains the expected scores of (12) and (13) and Q is the variance
matrix of those moment conditions, both evaluated at the true parameter. Con-
veniently, D is block diagonal, and if ¢;; has zero third moment, then so is
the Q matrix, separating the estimation of p from the estimation of f. (See
Appendix B for further details.) As a result, we can treat the final estimator ,63 as
the true f parameter in computing the Az;’s and then estimate p and compute
its standard error; similarly, we can treat the final p as the true p parameter and
compute the standard errors of [;’ using usual within-group estimation technique
after transforming x;; and yj; to xj; — pxj;—1 and yj; — pyi—1, respectively.

4. INCIDENTAL TRENDS

When the model includes incidental trends so that y; = o; + yit + uir, ujy =
puir—1 + €jr, it may be written in the form

yie = (L= p)aj + pyi + (1= p)yit + pyir—1 + €. (14)
Double differencing eliminates the combined fixed effects, giving
A%yir = pA%yi—1 + e, (15)

which implies that

o0 o

Ny =Y pl Nej_j=ei— Q2= plea—1+(1—=p)> Y plei_ja.

Jj=0 J=0

When p =1, we have A2y,~,: Acgjs, SO E(Azyit_l)2 =202 and EAzy,-,_l AZgj =
—302. When |p| < 1, we have

1=p)*] > _2G-p)0?
1—p2 I+p

E(A%yi )= [1+2—p)*+

and
EA2}’it—1 A28it = —(4 - p)O'z,
so these formulas cover the case of p = 1. Thus,

+(1+P)(4—P)A2
3=p

ir—1-

EAzyit—lﬁit =0, 7= 2A%g;,
This corresponds to transforming (15) to the model in differences

_U=p?

207+ Ay = 0Ny + iy, 0= 3—p

(16)
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Correspondingly, the double difference least squares (DDLS) estimator 0 is

py Z,T:3 Az)’it—l(zAz)’h + Az)’it—l)

2?21 Z,T=3 (A2yiz—1)2
Note that§ € (—1,0] forall p € (—1, 1] and # =0 if p = 1. When point estimation
of p is of interest, we can simply run pooled OLS on (16) to get § and censor at

0and —1, and then recover 5 from by jp = %[24—9 — (9% —80)"/2]. Alternatively,
we may also consider method of moments estimation based on (16) using the

moment condition
1— 2
1+ (1=p) ] A)’iz—1> =0.
3=p

6=

T
E 2 Azyit—l <2A2)’it+
=3

Some caution is needed here because the parameter § = —(1 — p)2/(3 — p) can
never exceed zero for all p € (—1, 1], and therefore the sample moment function
may not attain zero at any parameter value.

The asymptotic distribution of the DDLS estimator for 6 is given as follows.

THEOREM 2. For each T, «/nTz(é —0) = N(0, Wy, 1) for some positive
Wois, . Furthermore, W57 — Wois for some Wyis > 0 as T — o0o. Whether or
notn — 00, /nT2(0 —8) = N0, W).

The variance W, 7 is presented in Appendix B for the special cases of p =0 and
p = 1 and is given in general form because of the complexity. An expression for
W,is is given in Theorem 4 of Phillips and Han (2008).

For testing, we can rely on this asymptotic distribution. Just as for the case
without incidental trends, the limit theory is continuous and joint as n — oo or
T — oo or both pass to infinity with W, 7 evolving with 7. However, as is
apparent from the relation § = —(1 —p)?/(3 — p), an O (n_l/4T_1/4) neighbor-
hood of p =1 corresponds to an O (n_l/ -1/ 2) neighborhood of § = 0, and for

p =1, it is easily seen that the rate of convergence of j is at the slower n'/* T21 &

rate, while that of  is n!/ 2T21/ 2. For p < 1, the rates of convergence of p and

0 are both n'/2 Tzl/ 2, Hence, there is a deficiency in the convergence rate for p
around unity.

When T is small, W, depends on E &‘ﬁ, and the algebraic form of W, r for
small 7" is too complicated to be of interest. But when n is large, as in typical
microeconometric projects, the standard error of 0 is easily calculated by

\/27:1 ()5 A%yi—17ir)?
2?:1 2?:3(A2)’it—1)2

with #;; denoting the residuals from the regression of (16). On the other hand,
in macroeconometrics, where 7 is often moderately large, then /nT>(0 —6) =

se(é) = 17)



GMM ESTIMATION FOR DYNAMIC PANELS WITH FIXED EFFECTS 135

N(0,lim7— 0 Wy, 7), where an expression for limz_; o Wy, 7 is given in The-
orem 4 of Phillips and Han (2008). As presented in Theorems A.l and A.2 in
Appendix A, the convergence is uniform in the sense that the limit of the variance
is the variance of the limit distribution as 7 — oo. Note that when p < 1, the
asymptotic variance of p (indirectly obtained from 0) may be obtained using the
delta method.

As a special case, if p = 1, then

\/nT20 = N(0,2+x4/2T») (18)

for all T as n — oo, where x4 = var(sizt) /o* (this variance is calculated in
Appendix B), and the limit distribution as T — oo is simply N (0, 2) whether 7 is
large or small.

5. PANEL UNIT ROOT TESTING
5.1. Fixed Effects Model

The inferential apparatus and its limit theory may be applied directly to panel unit
root testing. Consider the fixed effects panel y; = (1 — p)a; + p; yir—1 + €ir Where
the ¢;; are i.i.d. The unit root null hypothesis is that p; = 1 for all i. The OLS es-
timator p,s and its limit theory in Theorem 1 and Corollary 1 can form the basis
of a statistical test. More precisely, the test statistic is 7o := (nT1)"/?(pors — 1)/2.
This test statistic is derived under the assumption of cross-sectional homoskedas-

ticity. If the variances a = E¢? ¢;, differ across i and p; = 1, then the standard
deviation of the limit d1str1but10n of Dols 18 approximated by

1/2 -1 1/2
2( ln 10i ) 2 ( Zl 10i )

= X , 19)
11/22:';101'2 (nTl)l/z n='3r o}

which is larger than the simple standard error form 2/(nT)'/? obtained for ho-
moskedastic data. Under heteroskedasticity, the 7( statistic can be computed by
using formula (6) for the standard error, or by replacing aiz in (19) with the esti-
mate &iz =7"! Zsz | (Ayi)?. Under the null hypothesis, 7o = N (0, 1), and under
the alternative hypothesis that p; < 1 for some i (where the number of such i
is a nonnegligible fraction of n), plimp,, < 1, and as a result, 79 —, —00 as
nT — oo. So, the test is consistent for any passage of nT — oo.

Unlike Levin and Lin (1992) or Im, Pesaran, and Shin (1997), this test does
not require any restriction on the path to infinity such as 7 — co and n/7T — 0.
Only the composite divergence nT — oo is required, and there is virtually no
size distortion when 7 is small. On the other hand, while the point optimal test
for a unit root has local power in a neighborhood of unity that shrinks at the
rate n=1/21-! (see Moon and Perron, 2004; Moon, Perron, and Phillips, 2006b),
the 7o test has only trivial asymptotic power in n~!/2T~! neighborhoods and
nontrivial local asymptotic power in n~!/2T~1/2 neighborhoods of unity. So in
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this model at least, there is an infinite power deficiency in neighborhoods of order
n=l2T=1

This deficiency is partly due to the fact that p,;; depends only on differenced
data, which thereby reduces the signal relative to that of point optimal and other
tests that make direct use of the nonstationary regressor. But that is not the only
reason, and, interestingly, a common point optimal test based on the differenced
data may attain the optimal rate of n'/2T. To illustrate this possibility, consider
the common point likelihood ratio test for the case where the ¢;; are i.i.d. N(0, o 2)
and o2 is known. The test for Hy : n'/?>T (1 — p) = 0 against the alternative Hj :
n'/2T (1 — p) = ¢ using the differenced data Ay; is based on the likelihood ratio

Uynr(c) =2 [logL (1—n—1/2T—1c) —logL(l)}, (20)

where log L(-) is calculated based on the joint distribution of Ay; = (Ay;i,...,
Aynr)/, i.e.,

nT nT n 1 & _
log L(p)=—"1-log(2m)=—-logo*— J10g|Qr (p)| =55 3, AviQr (p) " 'Ayi,
i=1

with
Qr(p) = (14p) Toeplitz {2, (1= p), =p(1 =p),...=p(1=p)} . @D
In the above, the notation Toeplitz{ay, ..., a,—1} denotes the m x m symmetric

Toeplitz matrix whose (i, j) element is @), j|. As shown in the Appendix, when
n'2T(1 = p) = ¢ (i.e., under the alternative hypothesis), we have

Unr(c) =>a N(c?/8,c%/2). (22)

So if the null hypothesis of n'/>T (1 — p) = 0 is tested against the alternative that
n'/2T (1 — p) = ¢ such that the null hypothesis is rejected for U,7(&) > Zoc/+/2
where ®(—z,) = a, and if the ¢ happens to equal the true c, then the local power
of this test is

c
(o} (4 NG za).
For all ¢ > 0, this local power function resides below the power envelope
®(c/~/2 —7Z,) based on the level data for large T obtained by Moon Perron,
and Phillips (2006b). Nonetheless, it is remarkable that the optimal rate can be
attained by using differenced data.

As discussed so far, the deficiency of testing using p,;; comes partly from
differencing and partly from inefficient use of the moment conditions. This fact
may at first seem to contradict our earlier observation that ., is almost as good
as the (infeasible) optimal GMM estimator based on the differenced data (e.g.,
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Figure 2). Nonetheless, it seems that maximum likelihood estimation on the
differenced model combines the moment conditions so cleverly that at p = 1
(at which point the levels-based MLE is superconsistent), the otherwise use-
less moment conditions contribute to estimating p = 1. (See the last part of
Section 2.3.) A full analysis and comparison of panel MLE in levels and dif-
ferences that explores this issue will be useful and interesting, and deserves a
separate research paper.

To return to testing based on the FDLS estimator, the deficiency in power based
on this procedure may be interpreted as a cost arising from the simplicity of the
7o test, the uniform convergence rate of the estimator, and its robustness to the
asymptotic expansion path for (n, 7). Table 4 reports the simulated size and power
of the 7y test, in comparison to Im et al.’s (1997) test, for the data generating pro-
cess yi = (1 — pi)a; + pivii—1 + oi€j; with alternative parameter settings, where
a; and g; are standard normal and o; ~ U(0.5, 1.5). To simulate power, the cases
pi =0.9 and p; ~ U (0.9, 1) are considered. Panel length is chosen to be 7 = 6
and T =25, choices that roughly illustrate size and power for small and moderate
T. (T = 6 is the smallest value covered by Table 1 of Im et al. (2003).) Note that
the 7y test does not require bias adjustment. It is also remarkable that the 7( test
seems to have better power than the IPS test when 7 is small. But with larger
T (T = 25 in the simulation), the IPS test has better power, which is related to the
O(V/nT) convergence rate of the FDLS estimator.

For panels with small 7', Bond et al. (2005) report size and power for vari-
ous tests such as OLS in levels, Breitung and Meyer’s (1994) test, Harris and
Tzavalis’s (1999) test based on LSDYV, a test based on Blundell and Bond’s (1998)
system GMM, a test using Hsiao et al.’s (2002) MLE in differences, the test based
on FDLS (labeled “FD” in their paper), and others. See their paper for more on
the comparison. Note that FDLS, system GMM, and MLE in differences are con-
sistent both under the null and the alternative hypotheses, while others are based
on estimators consistent only under the null hypothesis.

5.2. Incidental Trends Model

Next consider the case where incidental trends are present, as laid out in Section
4. Let O be the pooled OLS estimator from the regression of (16). Noting
that p = 1 corresponds to # = 0, we can base the panel unit root test on the
statistic 7] := 0/se(d) = N(0,1), where se(d) is given in (17) when n is
large or se(d) = «/2/nT; when T is large. (Again note that (17) is robust
to the presence of cross-sectional heteroskedasticity.) The null hypothesis
Hy : p; = 1 for all i is rejected if 7) is less than the left-tailed critical value
from the standard normal distribution. When some p; are smaller than unity
(again with the number of such i comparable to n), or equivalently when some
0; are smaller than 0, 0 converges in probability to the limit of ¥ | @;0;, where
w; = ZtT:3(A2y,~,_1)2 Y Z,T:3(A2 yi—1)?. As long as a nonnegligible portion
of individual units i have p; < 1, this limit is strictly negative, and hence the test
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TABLE 4. Simulated size and power of unit root tests with in-
cidental intercepts case. DGP: yi; = a; + ujr, uir = pittii—1+
oi€i, ai, &y ~ 1i.d. N(0, 1), o; ~ i.i.d. U(0.5, 1.5). Significance

level: 5%
T=6
pi=1 pi =09 pi ~U09,1)
n HP IPS HP IPS HP IPS
50 6.09 5.83 20.13 10.76 12.13 7.95
100 6.00 5.47 28.37 14.77 13.37 9.20
200 5.30 5.56 42.88 22.05 18.49 11.52
400 5.54 5.97 66.30 35.02 26.77 15.63
T =25
pi=1 pi =09 pi ~U(0.9,1)
n HP IPS HP IPS HP IPS
50 6.17 5.14 49.56 84.26 22.66 33.61
100 5.89 5.34 72.64 98.63 30.01 54.62
200 5.05 5.31 93.00 99.99 47.09 81.03
400 491 5.70 99.73 100.0 71.05 97.83

statistic 7] diverges to —oo in probability. Thus, the test 7 is consistent regardless
of the existence of incidental trends.

Local power of the test is relatively weak, which can be explained by the defini-
tion of @ in (16). Since 0 has an (nT»)'/? rate of convergence, the test should have

some local power when @ is in an O (n~!/2 T2_1/ 2) neighborhood of zero. But that

is the case when p isinan O(n~1/4 Tz_l/ 4) neighborhood of unity, which shrinks
at a far slower rate than the optimal n~!/4T~! rate attained by a point optimal
test when the incidental trends are extracted from the panel data as described in
Moon, Perron, and Phillips (2006b).

Interestingly there may exist a unit root test based on the double-differenced
data that has local power in a neighborhood of unity shrinking at the n~!/2 Tl_l/ 2
rate when T /+/n — 0 and at a correspondingly faster rate when T grows faster.
(An earlier version of this paper, Han and Phillips, 2007, contains an analysis
regarding this point.) Compared to large-7" point optimal tests (such as Ploberger
and Phillips, 2002) which have nontrivial power under the O(n~"/4T~") local
alternatives, this +/n7 rate would imply the possible existence of more efficient
estimators using double-differenced data for panel data with large N and small 7.
This interesting issue presents a major challenge for future research.
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6. CONCLUSION

This paper develops a simple GMM estimator for dynamic panel data models,
which is largely free from bias as the AR coefficient approaches unity, and which
yields standard Gaussian asymptotics for all values of p and without any discon-
tinuity at unity. The limit theory is also robust in the sense that it performs well
under all possible passages to infinity, including n — oo, 7' — 00, and all diag-
onal paths. The method also extends in a straightforward manner to cases with
exogenous variables, cross-section dependence, and incidental trends.

The approach leads to standard Gaussian panel unit root tests. These tests do
not suffer from size distortion regardless of the n/ T ratio. Illustration of power
properties of some infeasible likelihood ratio tests indicates that the optimal con-
vergence rate can perhaps be achieved using (double) differenced data while at the
same time preserving standard Gaussian limits. Such tests can be expected to be
particularly useful when n is large and 7 is small or moderate, and to outperform
existing point optimal tests and exceed the usual power envelope for such sample
size configurations. Extension of the present line of research in this direction is a
major challenge and is left for future work.

NOTE

1. These moment conditions are also found in Kruiniger (2007). Our approach is different from
his in that we use only globally strong (strong at all p values) moment conditions and combine them
to form a least squares estimator, which yields simple asymptotics. Bond, Nauges, and Windmeijer
(2005) consider this least squares estimator for micro-panel unit root testing.
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APPENDIX A: Proofs

The assumed model in the fixed effects case is yj; = a; +ujy, ujy = puj—1 + €jr, where
iy ~1ii.d. (0,02). Obviously we can express, for all p € (—1, 1],

00 x .
Ayi—1= Y, pl Aegy—i—j=eqm1 —(1=p) Y, p/ s, (A1)
j=0 =

and
2N j-1
nit =20ej+ (14 p)Ayj—1 =2¢j — (1= p)ey—1 — (1 —p*) X, p! T ej—j1,  (A2)
Jj=1
where 0-+o0 = 0.
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Proof of Lemma 1. If p = 1, then Ay;; = ¢, and 5;; = 2¢j;. So we have EAy;— iy =
2Eej_yeip = 0. If |p| < 1, then EAyy_iny = —(1 — p)o® + (1 — p)(1 — p?)
(1-pH~le2=0. u

Next, we present some lemmas that are useful in proving the theorems (Theorem 1 in
particular). Let 7;;, = max(T —m,0). Let X;; = 280 cjeir—j and Yj = 280 djej;—j where
eir ~ i.i.d. (0,52). We will frequently assume that

Y (les|+1ds]) < oo and (A3)
0

o0
Y s(c?+d?) < oo. (A4)
0

THEOREM A.1 If E¢2 < oo, then under (A.4),

Z Xtt —p 0226

m—+1

1

nTm i=li=
for any small m (e.g., 2 or 3), as nT;; — oo.
Of course, the part of condition (A.4) related to dj is not relevant in this case.

Proof. If T is fixed and n — oo, then by Khinchine’s law of large numbers,

1 L 1L ) )

T 2 ZX —=p 7 Z EXj = zt—” ZC’

T r=m+1 ["i=1 I t=m+1

where the first equality on the right hand side holds because of stationarity. If n is fixed
and T — 0o, then the result follows from the convergence 7, ! th=m X 5 —p o2 >3 c?
for each i under the stated conditions (Thm. 3.7 of Phillips and Solo, 1992) and the cross-
sectional i.i.d. assumption. If both n and T increase to infinity, by Theorem 1 of Phillips
and Moon (1999), it suffices to show that (a) limsup,, 7 nl 2?21 EZi{ZiT > no} =0
for all 6 > 0 where Z;7 = T,;l th:m+1 Xl.2t (a notation that is used only in this proof),
because all other conditions in Phillips and Moon’s (1999) theorem are obviously sat-
isfied. Because the Z;7 are i.i.d. across i, condition (a) is equivalent to EZ|7{Z7 >
no} = 0 for all 6 > 0, which is implied by the uniform integrability of Z;7 (over T).
Since Z11 —p o2 e 12 the uniform integrability of Z|7 (over T) is equivalent to the

convergence EZj7 — 022 2 which is obviously true because EZ 1 = azz g 2 for
all T.

Next, we establish a panel CLT for the sample covariance of X;; and Y;;. We assume that
Xis and Yj; are uncorrelated by imposing the condition

o0
> cjdj =0. (A.5)
0

THEOREM A2 Let 11; , =cjdj i +cjird;. Ing;t < 00, then under (A.3), (A.4), and
(A.5), for any fixed T and small m (e.g., 2 or 3),

n T
Upr = Tw)"2Y Y XuYi = N, Vr) (A.6)
i=lt=m+1
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as n — 0o, where

Vr = ATvar(e%) + BTO'4,

with
00 5 .2 2 T t—m—1 o0

Ar=2cdi+— X X 2 ¢dicirrdjtrs (A7)
0 Mmit=m+2 r=1 j=0
00 00 ) 2 T t—m—1 00 o0

Br=Y S el Y S S Y, ™
j=0r=1 M =m42 k=1 j=0r=I

Furthermore,

o0 o0 2
Vr > o*B=0*Y ( D Hj,,> (A9)

r=1 \j=0
as T — oo. Whether or not n — oo, Uy = N(O,O’4B) as T — oo.

Proof. When T is small, (A.6) follows from the central limit law for i.i.d. variates
because fourth moments are finite. The variance V7 is computed as follows. Since

o0 5 [c.elNe o]
XY=, cjdjey_;+ > > 0 e i j—rs (A.10)
j=0 j=0r=1
we have
N 22 2 SN2 )4
Co =var(X;Yy) = chdj var(ej;) + Z ZHj,r o, (A.11)
j=0 j=0r=1
Also
o0 2 o0 o0
Xir—iYir—k = Y, cjdjei_—j+ > > 0 eif—k—jEit—k—j—r» (A.12)
Jj=0 Jj=0r=1

and from (A.10) and (A.12), Cy := cov(X;;Yis, Xjr—i Yir—r) i

00 ) 0 © 4
Cy = Z cjdjcjixdjtk var(ej;) + 2 z I Mgk, o

Jj=0 j=0r=I
Now

T T t—m—1
_ 2
Tm‘var< > X,-,Y,-,):CO+T S Y Ci=Apvarel)+Brot,  (A13)
t=m+1 Mmi=m+2 k=1

as stated. Lemmas A.3 and A.4 below, respectively, show that A7 — 0 and By — B under
(A.3) and (A.4), and thus the convergence (A.9) is obvious from (A.13).

Now we prove the central limit theory as 7 — oo. If n is fixed, then the result fol-
lows from Theorem 6 of Phillips and Han (2008), implied by (A.4) and the finiteness



GMM ESTIMATION FOR DYNAMIC PANELS WITH FIXED EFFECTS 143

of the second moments. For the case where both n and T increase, we will apply the
Lindeberg central limit theorem to the row-wise independent array {n_l/ 2 Wri}, where
—1/2
Wri =Tn

condition is

Z[T:m 11 XY (notation that is used only in this proof). The Lindeberg

— 2 EW3,{W3; > ne} — 0, foralle >0 (A.14)
iz

(e.g., Kallenberg, 2002, Thm. 5.12). Because the random variables are i.i.d. across i, (A.14)
reduces to £ W% l{W%1 > ne} — 0 for all € > 0 (note that 7 depends on ), which is again
implied by

sngW%l{W%l>n6}—>0 forall € > 0.

This last condition holds if W%l (as a sequence indexed by T') is uniformly integrable
over 7. When a positive random variable converges in distribution, uniform convergence
is equivalent to convergence of the means (Kallenberg, 2002, Lem. 4.11). In the case of
W%l, we have Wy —4 W ~ N(O, 0‘4B) by Theorem 6 of Phillips and Han (2008), and

by the continuous mapping theorem, W%l -4 le. But by the first part of the theorem,
EW2, = Apvar(e2) + 0% By — o*Br = EW?,
and the joint limit theory follows straightforwardly. u

The next two lemmas, respectively, show that A7 — 0 and By — B as T — o0, as
indicated above.

LEMMA A.3. Under (A.4) and (A.5), im7_y oo A7 = 0.

Proof. Let f; = c;jd; (notation used only in this proof). For any sequence {a;},

T t—m-—1 Tm—1
Y Y ar= Y (Ty—sas, (A.15)
t=m+2 r=1 s=1

and thus we have
oo T,—1

AT—Zf + 2y S Gu=95 50

Tm] =0

o0 Tm—l 1 o0 Tm—l
= l:Zf +22 2 fjf]+sj| _2|: 2 2 stfJ+Y]
mnj

j=0 s=1 =0 s=

DTEED> Zf]fm]—zz > fzf/+s—2[ jf T'"i]smﬂ}

Jj=0s=1 Jj=0s=T, =0 s=1

=A7 —2A7 —2A37, say.
Here Aj7 = (3¢° fj)2 =y cjdj)2 = 0 because of (A.5), and therefore it suffices to
show that Ap7 — O and A3 — 0as T — oo. First,

o0 o0

l[Aor] < Y, 2 Ifjf,+yl< 2|f, Iy 1fsl—>0,

Jj=0s= j=0 s=Tp
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because

- - o N2 e 172
%‘,|fj| = %|dej| < (%LJZ) <%d]2> < 00, (A.16)

by (A.4). Next,

m Tm o0
lAsr| < T, ! 2 2 S fjasl =T 2 1LY sl fjasl < T <2|fj >2s|fs|.
j=0s= =0 s=1 0

But ¥5°|fj| < 00 by (A.16), and T5s| fs| < (T sc2)/2(EP5d?)!/? < 0o by (A4).
So Az7 = O(T,;71) - 0. [

2
LEMMA A 4. Under (A.3) and (A4), limy_, oo By = B =32 | (zj%'g oI j,r) < .

Proof. The finiteness of B is proved in Theorem 6 of Phillips and Han (2008). To estab-
lish convergence, note that

=3 (En) -5 $m 258 Snn,

=0 r=1j=0 r=1j=0k=1
so we have
1 t—m—100 00
wron=2(E 5 S mon,n 38 S ) -
1j=0r t=m+2 k=1 j=0r=1
say. Using (A.15) again, we have
o0 00 00 Tn—1 co oo Tm—l o)
=2 2 X, — Y 22H17H1+kr+ ZkZ anrnﬁkr
k=1j=0r=1 k=1 j=0r=1 k=1 j=0r=
00 00 o0 1 Tn—1 co oo
=2 2 Z Wjpk,r + o > > Y kI, Mk, =Dir+ Doy, say.
k=T, j=0r=1 m k=1 j=0r=1
As shown below, we have
oo 0 0 oo o0 0
Z > Z T, 0 ek and Z )y ZHHJ Wik r| <00, (A7)
=1j=0r= =1j=0r=

which imply that D7 — 0 and Da7 = O(T,; ') = 0.
Now we prove (A.17). For the first part of (A.17), note that 2/?11 L4 x,r| < Z,fil
|Hk rl < 2 ()|H/ rls s0

[o. o lNe olENe e) o0 o0 2
2 2 2 g < X (ZOIH,/JI> . (A.18)
]:

k=1j=0r=1 r=1
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Now let a; = |cj| +|d;|, implying that |I1; | < |c;jdj|+|cj4,d;| < ajajy,. Then (A.3)
and (A.4) imply that

o0 o0 o0
Sa; <00, Yar<oo, Ysal<oo, (A.19)
0 0 0

where the second and third results hold because ajz < 2(0]2 + djz). Now, the right-hand side
of (A.18) is bounded by

gl (éoajaW)z - 2 (S‘oa’z) (Soajz”) B (?af ) (iﬁ) -

by (A.19). So the first part of (A.17) is proved.
For the second part of (A.17),

00 00 x 1/2 1/2
D kMl < 3 kajkajpkar < | X kajyy Z kaiy i
k=1 k=1

k=1

< Y kajy < ¥kt agy ;< Ykt
k=1 k=1 1
and therefore the second part of (A.17) is
35 Sz X S (S ) < (S ) (Skap) <o0
=1j=0r= j=0r= 0 1
by (A.19). L]
We apply Theorems A.1 and A.2 to the components of the FDLS estimator p,;.
LEMMA A5, (nT) "' 37 ST, (Ayi—1)? = p 202 /(1+ p) as nT; — oo
Proof. Because of (A.1), we invoke Theorem A.1 with ¢g =0, ¢; = 1, and ¢j =
—(1—=p)p’ =2 for J = 2. The calculation of 280 CJZ for the limit is then obvious. |

For the central limit theorem, we have the following lemma.

LEMMA A6. If Ec})

verges to a normal distribution with variance 804/(1 + p), and, furthermore, (nTy)
> thzz Ayi_1mis = N(O, 804/(1 + p)) whether n — oo or not.

< 00, then as n — oo, (nT1)~ 1/22‘,[_12?:2 Ayy_1nis con-
-12

Proof. Because the coefficients of the lag polynomials for Ay;;—1 and #;; decay expo-
nentially, conditions (A.3) and (A.4) are satisfied. Condition (A.5) holds by Lemma 1. The
results follow from Theorem A.2. The variances for finite 7" and infinite 7" are calculated
in Appendix B. n

Proof of Theorem 1. This follows from Lemmas A.5 and A.6. u

Proof of Lemma 2. Recall that the model is y;; = a; +uj; with u;; = puj;_ 1 +¢js. Let
the sequence be initialized at u; 1. Then

t+1
Miz—ﬂ+ uj, —1+zp181t j»
j=0
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and therefore
=2

Ayi—1 = Auj—y = p" " p = Duj _ +eyu—1+(p—1) Y, pleji—j—a,
j=0

and

E(dyim)?=(p= D202V ER_ + [14+ (o= (14 2+ p2 7D ) [ o2

= (p_1)2p2(t—1)Eui2,_l+(p+1)—l {2+(p_1)p2(t—1):| 0_2

—1
=262/(p+ 1)+ (”—) p2t=Dg25,, (A.20)

p+1
where J, = (p2 - l)Eui2 _1/0'2 + 1. Next, because #;; = 2A¢j+ (14 p) Ayj;—1, we have
EAyi_ini=(p—1)p*" Vo), (A21)
The results follow from (A.20) and (A.21). u

Proof of Theorem 2. Because the moving average coefficients of the double differenced
process decay exponentially as lag order increases, the conditions for Theorems A.1 and
A.2 are all satisfied. The result follows from Theorems A.1 and A.2. L]

Next we show that the moment conditions (12) and (13) make the expected first deriva-
tive matrix (D) block diagonal, and if E g?t = 0 then the variance-covariance matrix (Q) is
block diagonal too when evaluated at the true parameter.

Proof that D and Q Are Block Diagonal. For convenience, we write (12) and (13) as

T
EAi(p.B)=E Y Azy_1[2Az;+ (1 —p)Azis] =0,
=2
T
EBiy(p,B) =E Y Git— pxi—1) [(Jit — pyir—1) — Gi — pxi—1)' B] =0,
=1
where Az = Ayir — Ax/,p.
For the D matrix, we need to show that E0A;;/0f =0 and EJB;j;/0p = 0 when evalu-
ated at the true parameter. Because Az;; = Aujr and i = (Xjp — pXi—1) B+ pYir—1 + Eir
when evaluated at the true parameter, we have

OA: T
Egt=—E ¥, [Avicumt Auil20x+ (1= p) Axi1)| =0,
=2
0B; oo . .
E 5 - _E Y [xz'z-18iz+(Xiz—/)xz'r—l)uiz—1] =0,
P =1

where 7y = 2Auy + (1 = p)Auy—y and iy = wy—y — T7UE_juoy =
Vit—1 — )'c;t_ 18- So the D matrix is block diagonal. Next, for the € matrix, at the true
parameter,

EBjAjy=FE

T T
> Gir — pxi—1éir | | Y, Auj—1mir| =0,

t=1 =2
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when E¢j; =0, E 6‘?[ =0, and ¢;; are i.i.d. So the Q matrix is also block diagonal under the
zero third-moment assumption.

Now let us obtain the limit behavior of U, (c) of (20) under the local to unity setting
p=pur=1 —n~12T7=1¢ as n — oo (whether T is fixed or T — c0).

Proof of (22). We omit the nT subscript from p,7 for notational brevity. Clearly,
Unr(e) = —nlog (107 (/107 0]) = - 3 (A’ [07() ™ —0r (] Ao,
1—1

where Q7 (-) is defined in (21). Under the alternative hypothesis that 211 = p) =c,
EUur(e) =n(rQr(p) = T = log|Qr (p)] )

_ (a=pT (1-pT
—"(ﬁ‘“’g{”ﬁb’

where |Q7(p)|=1+T(1—p)/(1+ p) (see Han, 2007, Thm. 1). Because x —log(1 +x) =
x2/2 - o(xz) when x is close to zero, we have

nT2(1 —p)2 0 <nT2(1—p)2> _ c? c?

EUpr(c) =

2(1+p)? a+p? ) " 20402 07 %

The variance of U, r(c) is calculated from the fact that var(z’Az) = 2tr(A’A) if z ~
N(0, ) and A is symmetric. In our case,

a2 Ay [QT(/J)"l - QT(l)_l] Ay =zt —Qr(p)lzi =2;Qrzi, say,
where z; =0 ~1Q7 (p)"1/2Ay; ~ N(0, 1) and

O = Toeplitz{—1,1,p,...,p"2}(1 = p)/(1+ p),

so that
VaI'(U T(c)) = 2ntr(Q/ or)= M T+2 % Tkpz(k—l)
! ! (1+p)? &
121 = p)? 2 3 2 21
—W 7t 2T Tzsz(l— )
__ 2 ]2 2(k—1) 2¢? 2
= |, 2 Ti(1=p ) =as )2[1—0(1)]% >

as n — 00. Above, the last o(1) order follows from

1 4 2k=1);_ 1 2 2% & & j k
=2 2 Till=p 1= X Tt =p™)=—3 2 Tir1(A=p) | D p7) (140"
K= =1 j

j=0

2 b 20 5
Sﬁkleka(l—P):Wkglk%O

as n — oo, whether 7 is fixed or T — o0.
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So far, we have obtained that EU,7(c) = ¢2/8 and var(U,7(c)) = ¢*/2. In the deriva-
tion of the variance, we can also verify that it is uniformly bounded, which is sufficient to
invoke the Lindeberg CLT for U, (c). Thus,

Unr(c) = a N(c?/8,¢%/2)

as claimed. u

APPENDIX B: Asymptotic Variance Formulas

The Variance of FDLS. We calculate the variance of the FDLS estimator p,; in terms

of the parameters using the expressions in Theorem A.2. Let py =1—pand pp =1— p2.

The lag polynomial coefficients of Ay,_; and #; are tabulated in Table B1, and the corre-
sponding I1; - terms are tabulated in Table B2. So

0.°]
Y 2d? = p+ pipd(1+pt 4+ ) =21 = )2 /(1 +p?), (B.1)
0

o
Y cjdjcjkdj k= —p* Y [p%Perﬂzp%ﬂ%(' ot
0

=—p* DA -p)2(1-p?)/(1+pD), k=1, (B.2)

TABLE B1. Coefficients of lag polynomials for Ay;;—; and #;;

0 1 2 3 4 j

A 0 1 - - —p? —pi—2
Vi1 pi ppI p2pi pI=2py
i 2 =, =p2 —p2 =P =P m

pr=1-p,.pp=1-p?

TABLE B2. The II; , terms

i 0 1 2 3 4 5
1 2 =2pp1 2pp1p2 2p0°pip2 20°pipn
2 =2p1 =2p%p1 2p%pip2 20%pipa 20%p1p2

3 —2pp1 =2p%p1 2p%pipa 20°pipa 207 pip2
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where 09 = 1. Also,
SR 2 2 2 2 2 2
D X, = 44pi (I +p 4 )1 +4p pi(1+p" +---)
j=0r=1
+4p?pip3 (14 p> o)A+ p*+)

(1+pH(1=p)  p2(1—p)? ®3)
I+p 1+p2 |’ ’

=41+

and (after some algebra)
SR 2k—3 2
> X g, =—4p(1=p)/(+p) ik = 1}+4p* 73 (1= p) (k> 1}
j=0r=1
—4p™ (1= p)? /(1 4%, k=1, (B.4)
The calculation of A7 and B of Theorem A.2 (with m = 1) is tedious. We will use

it_zpz(k—”: T _< 2 >1_p272
1=3k=1 1=p2 \1=p2) 1-p?

and

'S 2-d) e e T3 [P\ 1=p?D
23/ =3 3 = (s
=3k=2 i=4k=2 —p -p -p

From the definition of A7, (B.1) and (B.2), we have

_20-p? _ 2[ 1 _< P )1—p”2](1—p)2(1—p2>

T o142 T |1=p2 \1=p2) 1-p2 1+ p2
_2|0=p? pP-p-p>") ®5)
Ty | 1+p2 (I+p)(+p2) |’
and
1+p2)(1 - 2(1-p)?]
BT:4]+(+p)( p)  p-(1=p)
1+p 14 p2

+ 2 {—M{T>3}+

8 T3(1—p)  p*(1—pD)
T, I+p

1+p (1+p)?

p? }
14p% )’

L(-p) _p*1-p’"?)
1+p (1+p)?
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which equals

_ (+pHU=p)  p*(A=p?* (2 pU=p)
o= R - (7) A
(Tz) p*(1=p) (2) pt—p*) (2)p3(1—p"3)]
-2 L () A ()
(I+p)(14p%)  \T1) (A+p)>(1+p> \T1) (1+p)?
(B.6)

where A7 and Bp are defined in Theorem A.2 and m = 1 is used.
The limit variance (as n — 00) of (nT1)Y2(p,1s — p) is now obtained by multiplying
Arvar(e2) + Bro* by (1+p)? /404, viz.,

1

1 [A=p»* _ pPU=pH(1=2p")
T

1+p2 l—l—p2

Vals,T =

:| (1/2)Var(gi2t/02)

2(1 — p2)2
Ftp?+ (4D py+ 202
14p

_2(Q> P2=p? <g) pta=p*)
T 14 p2 T 1+p2

2\ 3 27,
- (7 )rFa=rm. ®.7)

2 2
- (71) p(L=p T >3}

As aspecial case, if T =2 and ¢;; ~ N (0, 02), then Var(sizt/az) =2and V,q  is simplified
to

Vois.T =B =p)(1+p), T =2, e4~N(0,0°). (B.8)

It is also easily verified that Vj;; 7 — 2(1+p) as T — oo.

The Variance of DDLS when p = 1. Next, we calculate the variance of the DDLS
(double-differencing least squares) estimator 6 for p = 1. According to Phillips and Han
(2008), A%y;_1 =3 cjeir—; and 7y = ¥3°d; 4 j, where

c0=0,c1=1,c0==Q2—p), cx =p" 31 =p)% k>3, (B.9)
dy=2,dy=—4+¢cy, dy =2+ ¢pca, di = peg, k >3, (B.10)
with ¢ = (4 — p)(1+p)/(3—p) and 0° = 1. When p = 1, we have
c0=0,c1=1,c0=—1, ¢t =0, k>3,

dy=2,dy=-1,dy=—-1,d, =0, k=>3.

So

t—m—1 oo

o0
Ycjd; =2 and 2 Z 2 ¢jdjcjprditr = —Tyi1s
0 t=m+2 r=1 j=0
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and because

Mo =2, Mpp=-2, and II;, =0 forallother;andr,

we have

00 00 ) T t—m—1 00 o0
ZZHN:& Z Z 22 jor Wk, =0.
j=0r=1 t=m+2 k=1 j=0r=I

For the DDLS estimator &, we use m = 2, and thus, by Theorem A.2, when p = 1 and
T>2,

n T
(7)Y Y Ay i —a N(0,2vare])/ To +80),
i=11=3

and because plimnT_mo(nTz)_1 Py ZIT:3(A2y,~,_1)2 =2¢% by Theorem A.1, we have
6 =1 and as nT — oo,

(nT>)' /20 =4 N (0, var(e2 /o2) /2T, +2).



