OPTIMAL BANDWIDTH SELECTION
INHETEROSKEDASTICITY-AUTOCORRELATION
ROBUST TESTING

BY

YIAIAO SUN, PETER C. B. PHILLIPS, and SAINAN JIN

COWLESFOUNDATION PAPER NO. 1221

COWLESFOUNDATION FOR RESEARCH IN ECONOMICS
YALE UNIVERSITY
Box 208281
New Haven, Connecticut 06520-8281

2007

http://cowles.econ.yale.edu/



Econometrica, Vol. 76, No. 1 (January, 2008), 175-194

OPTIMAL BANDWIDTH SELECTION IN
HETEROSKEDASTICITY-AUTOCORRELATION ROBUST TESTING

By YIXIAO SUN, PETER C. B. PHILLIPS, AND SAINAN JIN!

This paper considers studentized tests in time series regressions with nonparametri-
cally autocorrelated errors. The studentization is based on robust standard errors with
truncation lag M = bT for some constant b € (0, 1] and sample size 7. It is shown
that the nonstandard fixed-b limit distributions of such nonparametrically studentized
tests provide more accurate approximations to the finite sample distributions than the
standard small-b limit distribution. We further show that, for typical economic time
series, the optimal bandwidth that minimizes a weighted average of type I and type 11
errors is larger by an order of magnitude than the bandwidth that minimizes the asymp-
totic mean squared error of the corresponding long-run variance estimator. A plug-in
procedure for implementing this optimal bandwidth is suggested and simulations (not
reported here) confirm that the new plug-in procedure works well in finite samples.

KEYWORDS: Asymptotic expansion, bandwidth choice, kernel method, long-run
variance, loss function, nonstandard asymptotics, robust standard error, type I and
type II errors.

1. INTRODUCTION

IN TIME SERIES REGRESSIONS with autocorrelation of unknown form, the stan-
dard errors of regression coefficients are usually estimated nonparametrically
by kernel-based methods that involve some smoothing over the sample autoco-
variances. The underlying smoothing parameter (b) may be defined as the ratio
of the bandwidth to the sample size and is an important tuning parameter that
determines the size and power properties of the associated test. It therefore
seems sensible that the choice of b should take these properties into account.
However, in conventional approaches (e.g., Andrews (1991); Newey and West
(1987, 1994)) and most practical software, the parameter b is chosen to min-
imize the asymptotic mean squared error (AMSE) of the long-run variance
(LRV) estimator. This approach follows what has long been standard prac-
tice in the context of spectral estimation (Grenander and Rosenblatt (1957))
where the focus of attention is the spectrum (or, in the present context, the
LRV). Such a choice of the smoothing parameter is designed to be optimal in
the AMSE sense for estimation of the relevant quantity (here, the asymptotic
standard error or LRV), but is not necessarily best suited for hypothesis testing.

! An earlier version of the paper is available as Sun, Phillips, and Jin (2006). The present version
is a substantially shorter paper and readers are referred to the earlier version for further details,
discussion, proofs, and some asymptotic expansion results of independent interest. The authors
thank Whitney Newey, two anonymous referees, and many seminar participants for comments on
earlier versions. Phillips acknowledges partial research support from the Kelly Foundation and
the NSF under grant SES 04-142254. Jin acknowledges financial support from the NSFC (grant
70601001).
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In contrast to the above convention, the present paper develops a new ap-
proach to choosing the smoothing parameter. We focus on two-sided tests and
consider choosing b to optimize a loss function that involves a weighted aver-
age of the type I and type 1I errors, a criterion that addresses the central con-
cerns of interest in hypothesis testing, balancing possible size distortion against
possible power loss in the use of different bandwidths. This new approach to
automatic bandwidth selection requires improved measurement of type I and
type II errors, which are provided here by means of asymptotic expansions of
both the finite sample distribution of the test statistic and the nonstandard limit
distribution.

We first examine the asymptotic properties of the statistical test under dif-
ferent choices of b. Using a Gaussian location model, we show that the distrib-
ution of the conventionally constructed ¢ statistic is closer to its limit distribu-
tion derived under the fixed-b asymptotics than that derived under the small-b
asymptotics. More specifically, when b is fixed, the error in the rejection prob-
ability (ERP) of the nonstandard z-test is O(T~"), while that of the standard
normal test is O(1). The result is related to that of Jansson (2004), who showed
that the ERP of the nonstandard test based on the Bartlett kernel with b =1
is O(log T/ T). Our result strengthens and generalizes Jansson’s result in two
aspects. First, we show that the log(T") factor can be dropped. Second, while
Jansson’s result applies only to the Bartlett kernel with b = 1, our result applies
to more general kernels with both b =1 and b < 1. On the other hand, when b
is decreasing with the sample size, the ERP of the nonstandard ¢-test is smaller
than that of the standard normal test, although they are of the same order of
magnitude. As a consequence, the nonstandard ¢-test has less size distortion
than the standard normal test. Our analytical findings here support earlier sim-
ulation results in Kiefer, Vogelsang, and Bunzel (2000, hereafter KVB), Kiefer
and Vogelsang (2002a, 2002b, hereafter KV), Gongalves and Vogelsang (2005),
and our own work (Phillips, Sun, and Jin (2006, 2007), hereafter PSJ).

The theoretical development is based on two high-order asymptotic expan-
sions. The first is the expansion of the nonstandard limiting distribution around
its limiting chi-squared form. The second is the expansion of the finite sample
distribution of the ¢ statistic under conventional joint limits where the sample
size T — oo and b — 0 simultaneously. These higher-order expansions enable
us to develop improved approximations to the type I and type II errors. For
typical economic time series, the dominant term in the type I error increases
as b decreases while the dominant term in the type II error decreases as b de-
creases. Since the desirable effects on these two types of errors generally work
in opposing directions, there is an opportunity to trade off these effects. Ac-
cordingly, we construct a loss function criterion by taking a weighted average
of these two types of errors and show how b may be selected in such a way as
to minimize the loss.

Our approach gives an optimal b that generally has a shrinking rate of at
most b = O(T~%*V) and that can even be O(1) for certain loss functions,
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depending on the weights that are chosen. Note that the optimal b that mini-
mizes the asymptotic mean squared error of the corresponding LRV estimator
is O(T—24/atDy (cf., Andrews (1991)). Thus, optimal values of b for LRV es-
timation are smaller as 7" — oo than those that are most suited for statistical
testing. The fixed-b rule is obtained by attaching substantially higher weight to
the type I error in the construction of the loss function. This theory therefore
provides some insight into the type of loss function for which there is a decision
theoretic justification for the use of fixed-b rules in econometric testing.

To implement the optimal bandwidth selection rule for two-sided tests in a
location model, users may proceed via the following steps:

1. Specify the null hypothesis Hy:8 = By and an alternative hypothesis
H,:|B — Bol = co > 0, where ¢, may reflect a value of scientific interest or eco-
nomic significance if such a value is available. (In the absence of such a value,
we recommend that the user may set the default discrepancy parameter value
6 =21n (1) below.)

2. Specify the significance level « of the test and the associated two-sided
standard normal critical value z, that satisfies ®(z,) =1 — «/2.

3. Specify a weighted average loss function (see (45) below) that captures
the relative importance of the type I and II errors, and reflects the relative cost
of false acceptance and false rejection. Normalize the weight for the type II
error to be unity and let w be the weight for the type I error.

4. Estimate the model by ordinary least squares (OLS) and construct the
residuals u,.

5. Fit an AR(1) model to the estimated residuals and compute

. 2p o1&
(1) d:m, Uz:ﬁZ(uz—Pum)z, §=+Tc
t=1

1—p

o

b

where p is the OLS estimator of the autoregressive (AR) coefficient. Set § =2
as a default value if the user is unsure about the alternative hypothesis.

6. Specify the kernel function to be used in heteroskedasticity—autocorre-
lation consistent (HAC) standard error estimation. Among the commonly used
positive definite kernels, we recommend a suitable second-order kernel (g = 2)
such as the Parzen or quadratic spectral (QS) kernel.

7. Compute the automatic bandwidth,

(qgc?[wcg,ug) - G;(zg)]>”3T_z/3

czZKs(z2)
() b= d[wGy(22) — Gy(22)] > 0,
logT
T 2

dlwG)(22) — G(22)] <0,
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where

3) B { 6.000, Parzen kernel, B { 0.539, Parzen kernel,

1.421, QS kernel, 1.000, QS kernel.

G5(-) is the cumulative distribution function (cdf) of a (non)central chi-
squared variate with 1 degree of freedom and noncentrality parameter 6°, and
K;(-) is defined in equation (26).

8. Compute the HAC standard error using bandwidth M = bT and con-
struct the usual ¢ statistic ¢;.

9. Let z,; =z, + k3i3 + k4132, where k3 and k, are given in Table 1. Reject
the null hypothesis if |#;| > z, ;.

The rest of the paper is organized as follows. Section 2 reviews the first-
order limit theory for the #-test as T — oo with the parameter b fixed and as
T — oo with b approaching zero. Section 3 develops an asymptotic expansion
of the nonstandard distribution under the null and local alternative hypothe-
ses as b — 0 about the usual central and noncentral chi-squared distributions.
Section 4 develops comparable expansions of the finite sample distribution of
the statistic as 7 — oo and b — 0 at the same time. Section 5 compares the
accuracy of the nonstandard approximation with that of the standard normal
approximation. Section 6 proposes a selection rule for b that is suitable for im-
plementation in semiparametric testing. The last section provides some con-
cluding discussion. Proofs and relevant technical results are available in Sun,
Phillips, and Jin (2006, 2007, hereafter SPJ).

2. HETEROSKEDASTICITY-AUTOCORRELATION ROBUST INFERENCE

Throughout the paper, we focus on inference about B in the location model,
4) yv=B+u, t=1,2,...,T,

where u, is a zero mean process with a nonparametric autocorrelation struc-
ture. The nonstandard limiting distribution in this section and its asymptotic
expansion in Section 3 apply to general regression models under certain con-
ditions on the regressors; see KV (2002a, 2002b, 2005). On the other hand,
the asymptotic expansion of the finite sample distribution in Section 4 applies
only to the location model. Although the location model is of interest in its
own right, this is a limitation of the paper and some possible extensions are
discussed in Section 7. o

OLS estimation of B gives B =Y = %Z; v;, and the scaled and centered
estimation error is

N 1
(5) ﬁ(B—B): ﬁST;
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where S, =" _ u,. Leti, =y, — £ be the demeaned time series and let S, =
>'_, ii, be the corresponding partial sum process.

The following condition is commonly used to facilitate the limit theory (e.g.,
KVB and Jansson (2004)).

ASSUMPTION 1: 87, satisfies the functional law

(6) T8, = oW (r), rel0,1],

where w? is the long-run variance of u, and W (r) is standard Brownian motion.
Under Assumption 1,

(7) T8, = 0V (r), rel0,1],

where V' is a standard Brownian bridge process, and

(8) VT(B - B) = oW (1) = N0, o),

which provides the usual basis for robust testing about . It is standard empir-
ical practice to estimate w? using kernel-based nonparametric estimators that
involve some smoothing and possibly truncation of the autocovariances. When
u, is stationary, the long-run variance of u, is

) 0 =v+2) v,

j=1

where y(j) = E(u,u,_;). Correspondingly, heteroskedasticity—autocorrelation
consistent (HAC) estimates of w? typically have the form

T-1 .
N J \A~, .
(10) &= Y k(ﬁ) 0t

j=—T+1

1 A
T Z il[+jilt, for _] > 0,
AL =1
=9, <,
7 Z i\lt+jljlt, forj < O,
t=—j+1
involving the sample covariances y(j). In (10), k(-) is some kernel function

and M is a bandwidth parameter. Consistency of @*(M) requires M — oo and
M/T — 0as T — oo (e.g., Andrews (1991), Newey and West (1987, 1994)).
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To test the null Hy: B = By against H;: B # By, the standard approach relies
on a nonparametrically studentized ¢-ratio statistic of the form

(1) toany = T(B— Bo)/&(M),

which is asymptotically N(0,1). Use of #;, is convenient empirically and
therefore widespread in practice, in spite of well known problems of size dis-
tortion in inference.

To reduce size distortion, KVB and KV (2005) proposed the use of kernel-
based estimators of w? in which M is set proportional to T, that is, M = bT for
some b € (0, 1]. In this case, the estimator @ becomes

T-1 .
12) o= k(4L)?UL
= 2 M

and the associated ¢ statistic is given by

(13) 4, =T"*(B— By)/».

When the parameter b is fixed as T — oo, KV (2005) showed that under
Assumption 1 &} = w>5,, where the limit 5, is random and given by

1 1
(14) =, =/ / ky(r —s)dV (r)dV (s)
0 0

with k,(-) = k(-/b), and the f, statistic has a nonstandard limit distribution.
Under the null hypothesis,

(15) t,=WME,",
whereas under the local alternative H,: 8 = By + ¢T /2,
(16) 6= @+WI)E,"",

where 6 = ¢/w. Thus, the ¢, statistic has a nonstandard limit distribution that
arises from the random limit of the LRV estimate @? when b is fixed as T — oo.
However, as b decreases, the effect of this randomness diminishes, and when
b — 0, the limit distributions under the null and local alternative both ap-
proach those of conventional regression tests with consistent LRV estimates.
It is important to point out that in the nonstandard limit distribution, W (1)
is independent 5. This is because W (1) is uncorrelated with V' (r) for any
r € [0, 1], and both W (1) and V' (r) are Gaussian.
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In related work, the present authors (PSJ (2006, 2007)) proposed using an
estimator of w? of the form

o o= 3 [W()] 50

j=—T+1

which involves setting M equal to 7 and taking an arbitrary power p > 1 of
the traditional kernel. Statistical tests based on @, and @; share many of the
same properties, which is explained by the fact that p and b play similar roles
in the construction of the estimates. The present paper focuses on ®; and tests
associated with this estimate. Ideas and methods comparable to those explored
in the present paper may be pursued in the context of estimates such as > and
are reported in other work (PSJ (2005a, 2005b)).

3. EXPANSION OF THE NONSTANDARD LIMIT THEORY

This section develops asymptotic expansions of the limit distributions given
in (15) and (16) as the bandwidth parameter b — 0. These expansions are
taken about the relevant central and noncentral chi-squared limit distributions
that apply when b — 0, corresponding to the null and the local alternative
hypotheses. The expansions are of some independent interest. For instance,
they can be used to deliver correction terms to the limit distributions under the
null, thereby providing a mechanism for adjusting the nominal critical values
provided by the usual chi-squared distribution. The latter correspond to the
critical values that would be used for tests based on conventional consistent
LRV estimates.

The expansions and later developments in the paper make use of the follow-
ing kernel conditions:

ASSUMPTION 2: (i) k(x):R — [0, 1] is symmetric, piecewise smooth with
k(0)=1and fooo k(x)xdx < oo.
(ii) The Parzen characteristic exponent defined by

1—
18 =max{qy:qy€Z", zlimﬂ<oo
q qo-4q 8ao

x—0 |x|‘10

is greater than or equal to 1.
(iii) k(x) is positive semidefinite, that is, for any square integrable function

FOO, [ J k(s =0 f(s)f(t)dsdt > 0.

Assumption 2 imposes only mild conditions on the kernel function. All the
commonly used kernels satisfy (i) and (ii). The assumption [;~ k(x)xdx < o0
ensures the integrals that appear frequently in later developments are finite
and validates use of the Riemann-Lebesgue lemma in proofs. The assumption
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of positive semidefiniteness in (iii) ensures that the associated LRV estimator
is nonnegative. Commonly used kernels that are positive semidefinite include
the Bartlett kernel, the Parzen kernel, and the QS kernel, which are the main
focus of the present paper. For the Bartlett kernel, the Parzen characteristic ex-
ponent is 1. For the Parzen and QS kernels, the Parzen characteristic exponent
is 2.

Let F5(z) := P{|(8 + W(1))5, | < z} be the nonstandard limiting distri-
bution and let G, = G(-; A?) be the cdf of a noncentral y3(A?) variate with
noncentrality parameter A%, The following theorem establishes the asymptotic
expansion of Fs(z) around Gs(z?).

THEOREM 1: Let Assumption 2 hold. Then
(19) F5(2) = Gs(2%) + ps(2)b + qs(2)b* + 0(b?),
where the term o(b*) holds uniformly over z € R as b — 0,
(20) ps(z) = ,Gy(2H) 2 — a1Gy(2) 2%,
qs(z%) = —Gj(2) e + %Gg(22)24(c4 — ) — Gy (2H)z0c10a,
and
(21) ¢ = /oo k(x)dx, ¢ = /oo k*(x)dx,

c3:_/ k(x)|x|dx, c4:—f k()| x| dx.

As is apparent from the proof given in SPJ (2007), the term ¢,G(z*)z*b in
ps(z%) arises from the randomness of 5, whereas the term ¢,G(z%)z*b in
ps(z%) arises from the asymptotic bias of 5. Although &, converges to 1 as
b — 0, we have var(5,) =2bc,(1 +0o(1)) and E(5,) =1 — b, (1 + 0(1)), as
established in the proof. 5, is not centered exactly at 1 because the regres-
sion errors have to be estimated. The terms in gs(z*) are due to the first- and
second-order biases of &, the variance of 5, and their interactions.

It follows from Theorem 1 that when 6 =0,

(22) Fy(z) = D(z*) + [, D" (25 z* — ¢, D' (2*)Z*]b
+ |:—D/(zz)zzc3 + %D”(zz)z“(a; — cf) - D”’(zz)zﬁclc2:| b?

+o(b%),
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where D(-) = Gy(-) is the cdf of y? distribution. For any a € (0, 1), let z2 € R*,
z2, € R* such that D(z}) =1 — a and Fy(z,,,) = 1 — a. Then, using a Cornish—
Fisher-type expansion, we can obtain high-order corrected critical values.

Before presenting the corollary below, we introduce some terminology. We
call the critical value that is correct to O(b) the second-order corrected criti-
cal value and call the critical value correct to O(b?) the third-order corrected
critical value. We use this convention throughout the rest of the paper. The
following quantities appear in the corollary:

1 1
kl = <C1 + ECz)Zi + ECQZi,
1 3 3 1
k2= <§C%‘|‘§C1C2+ 1602+C3+4 ) 2
1 3 9 1 5 1
+<—§C1+§C1C2+ 16C2+ ) 4+(1—6C§)22— <1—6C§)Zi,
1 1 1
k3 = E(C1 + zCz)Za + ZCzZZ,
1 5 1 1 1
ky= 801+80162+16 T 63+8

1 5 7 1 1 1
+ (—ch +gae+ ﬁcf + §c4)23 + gcizj - 3347 ozl

COROLLARY 2: For asymptotic chi-squared and normal tests:
(i) The second-order corrected critical values are

(23) zi’b=zi+k1b+0(b), Zab = Zo + k3D + 0(D).

(ii) The third-order corrected critical values are
(24) 2, =zi+kib+ kb’ +0(b%),  Zap = zo+ k3b + kib® + 0(b?),
where z, is the nominal critical value from the standard normal distribution.

Our later developments require only the second-order corrected critical
values. The third-order corrected critical values are given here because the
second-order correction is not enough to deliver a good approximation to the
exact critical values when the Parzen and QS kernels are employed and b is
large.

For the Bartlett, Parzen, and QS kernels, we can compute ¢, ¢, ¢;3, and ¢
either analytically or numerically. Table I gives the high-order corrected criti-
cal values for these three kernels. These higher order corrected critical values
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TABLE I

HIGH-ORDER CORRECTED CRITICAL VALUES
2, =22+ kib+ kab® + 0(b?), Zap = za + k3b + ksb? + 0(b?)

a=5%, zo =1.960 a=10%, zo = 1.645

ky ks ks kq Ky ky ks kq

Bartlett  10.0414  16.9197  2.5616  2.6423  6.0489 9.7192  1.8386  1.9267
Parzen 7.8964 9.5481  2.0144  1.4006  4.7337 5.5670  1.4388  1.0629
QS 14.1017  38.6840  3.5974  6.5671 83968  21.8723  2.5522  4.6682

provide excellent approximations to the exact ones when b is smaller than 0.5
and reasonably good approximations for other values of b.

When 6 # 0 and the second-order corrected critical values are used, we can
use Theorem 1 to calculate the local asymptotic power, measured by P{|(6 +
wane ;1/ 2| > z,}, as in the following corollary.

COROLLARY 3: Let Assumption 2 hold. Then the local asymptotic power satis-

fies
(25)  P{G+W)E,"?| > zas} =1 = G5(22) — 2z4K;5(z2)b + 0(b)

as b — 0, where

[} (82/2)] e ijl/zefz/Z J
26)  Ks(z)= A —
(26) () ; i T(+1/227 2

is positive for all z and 6.

According to Corollary 3, the local asymptotic test power, as measured by
P{(6+WQO)HE b_l/ | > Za»}, decreases monotonically with b at least when b is
small. For a given critical value, we can show that z:K;(z?2) achieves its maxi-
mum around 8 = 2, implying that the power increase resulting from the choice
of a small b is greatest when the local alternative is in an intermediate neigh-
borhood of the null hypothesis. For any given local alternative, the function is
monotonically increasing in z,. Therefore, the power improvement due to the
choice of a small b increases with the confidence level 1 — «. This is expected.
When the confidence level is higher, the test is less powerful and the room for
power improvement is greater.

4. EXPANSIONS OF THE FINITE SAMPLE DISTRIBUTION

This section develops a finite sample expansion for the simple location
model. This development, like that of Jansson (2004), relies on Gaussianity,



BANDWIDTH SELECTION IN ROBUST TESTING 185

which facilitates the derivations. The assumption could be relaxed by taking
distributions based (for example) on Gram—Charlier expansions, but at the
cost of much greater complexity (see, for example, Phillips (1980), Velasco and
Robinson (2001)). The following assumption facilitates the development of the
higher order expansion.

ASSUMPTION 3: u, is a mean zero covariance-stationary Gaussian process with
] 2
Y oo Ply(R)| < 00, where y(h) = Eu,u,_y.

We develop an asymptotic expansion of P{|+/T (B — Bo)/ @y < z} for B =
Bo+ ¢/~/T. Depending on whether c is zero or not, this expansion can be used
to approximate the size and power of the ¢-test.

Since u, is in general autocorrelated, B and @&, are statistically dependent,
which makes it difficult to write down the finite sample distribution of the ¢ sta-

tistic. To tackle this difficulty, we decompose 3 and &, into statistically inde-
pendent components. Let u = (wy, ..., ur), y= 1, ..., yr), lr=(1,..., DT,
and 2y = var(u). Then the generalized least squares estimator of 8 is B =
Q7 )" .05y and

Q27)  B-B=B-B+ Ui,

where it = (I — I;(I,0Q7' 1) "' 1,021 u, which is statistically independent of 3 —

B. Since @7 can be written as a quadratic form in &, @} is also statistically

independent of B — B. Next, it is easy to see that
(28) @l i=var(WT(B—B) =T 1,0l = 0>+ O(T™),
and it follows from Grenander and Rosenblatt (1957) that
(29) @2 :=var(NT(B — B)) = T(L,02;' ;) = 0>+ O(T ™).
Therefore T-'21%.it = N(0, O(T~")). Combining this result with the indepen-
dence of B and (&, @;), we have
(30)  PWVT(B—By)/dy <2}
= PVT(B—B)/@r+c/dr < zdy/dr — TP lyii)dr)
=E®(zd, /a7 — c/or — TP/ dr)
=EP(zdp/ 07 — c/dr) — T V?El@(zdp/ @1 — ¢/ o7) 3] O]
+O0(T™
=PWWT(B - B)/ar+c/dr <zdy/dr)+O(T ")
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uniformly over z € R, where ® and ¢ are the cdf and probability density func-
tion of the standard normal distribution, respectively. The second to last equal-
ity follows because @; is quadratic in & and thus E[¢(z&y/ @1 — ¢/ @7)l;i] = 0.
In a similar fashion we find that

PT(B—Bo)/dy < —72)
=PVT(B—B)/@r+c/dr < —zdy/dr}+O(T™)
uniformly over z € R. Therefore,
(1) Frs(2):=P{INT(B— Bo)/@s| <z}
= E{Ga(zzd)i/d)é)} = E{Gs(Z*spr)} + O(T ™)
uniformly over z € R*, where s,7 := (®,/wr)? converges weakly to 5.
Setting w,r = E(sr), we have

1
(32) Frs(z) = Gs(morz®) + EG:S/(FLszz)E(S‘bT — wor)’z?

1
+ gGg/(/-LbTZZ)E(QbT — 1)’ 2 + O(E(spr — por)®)
+O0(T™),

where the O(-) term holds uniformly over z € R*. By developing asymptotic ex-
pansions of w,r and E(spr — upr)” form =1, 2, 3, 4, we can establish a higher-
order expansion of the finite sample distribution for the case where 7 — oo
and b — 0 at the same time. This expansion validates, for finite samples, the
use of the second-order corrected critical values given in the previous section
that were derived there on the basis of an expansion of the (nonstandard) limit
distribution.

THEOREM 4: Let Assumptions 2 and 3 hold. If bT — oo as T — oo and
b— 0, then

(33)  Frs(2) =G5(2)) + [Gy(w2) 2! — e1G(2°) 21b
— 84dyrGy(2) 22 (bT) "+ o{b+ (bT) 1} + O(T "),

where d,;r = w72 Y 0. |h|9y(h), @3 = T~'1:0¢lr, and the o(-) and O(-) terms

hold uniformly over z € R*.
Under the null hypothesis, 6 =0 and Gs(-) = D(+), so

(34) Fro(z) = D(2*) + [e,D"(2*)z* — ;D' (2%)Z*]b
— 8,d, D' ()22 (bT) ™ + ofb + (bT) 1} + O(T ).
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The leading two terms (up to O(b)) in this expansion are the same as those
in the corresponding expansion of the limit distribution Fy(z) given in (22)
above. Thus, use of the second-order corrected critical values given in (23),
which take account of terms up to O(b), should lead to size improvements
when T9h%! — oo.

The third term in the expansion (34) is O(7 ) when b is fixed. When b de-
creases with 7, this term provides an asymptotic measure of the size distortion
in tests based on the use of the first two terms of (34) or, equivalently, those
based on the nonstandard limit theory, at least to O(b). Thus, the third term
of (34) approximately measures how satisfactory the second-order corrected
critical values given in (23) are for any given values of b and 7.

Under the local alternative hypothesis, the power of the test based on the
second-order corrected critical values is 1 — Fr 5(z,,). Theorem 4 shows that
Fr5(z,5) can be approximated by

Gs(22,) + G2 )z, — aGy(22 ) zh 1b — 8,dr Gy ()2 (bT) 7,

with an approximation error of order o((bT)~? + b) + O(T~'). Note that the
above approximation depends on & only through &°, so it is valid under both
H:B—Bo=c/VTand H: B — By=—c/JT.

These results on size distortion and local power are formalized in the follow-
ing corollary.

COROLLARY 5: Let Assumptions 2 and 3 hold. If bT — oo as T — oo and
b — 0, then:

(a) The size distortion of the two-sided t-test based on the second-order cor-
rected critical values is

(35)  (1=Fro(zep)) —a = g,d s D' (z2)22(bT) "4+ 0((bT) 1+ b)+O(T").

(b) Under the local alternative H,:|B — Bo| = c/~/T, the power of the two-
sided t-test based on the second-order corrected critical values is

(36) 1= Frs(zop) =1—G5(22) — 220K5(22)b
+8,d,;1G5(22)Z2(bT) ™+ o((bT)™ + b) + O(T™).

5. ACCURACY OF THE NONSTANDARD APPROXIMATION

The previous section showed that when b goes to zero at a certain rate, the
ERP of the standard normal or chi-squared test is at least O(T~%“*D) for
typical economic time series. This section establishes a related result for the
nonstandard test when b is fixed and then compares the ERP of these two tests
under the same asymptotic specification, that is, either b is fixed or b — 0. As
in the previous section, we focus on the Gaussian location model.
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In view of (31), the error of the nonstandard approximation is given by

(37)  Fro(2) — Fo(2) := P{INT(B - B)/éos| < z} — PYIW (D), | < 2}
= ED(Z*syr) — ED(Z°E,) + O(T ™).

By comparing the cumulants of s,; — Es; with those of 5, — E&,, we can
show that ED(z%s,7) — ED(z*5,,) = O(T™"), which, combined with the above
equation, gives Theorem 6 below. The requirement b < 1/(16 ff; lk(x)|dx)
on b that appears in the theorem is a technical condition in the proof that
facilitates the use of a power series expansion. The requirement can be relaxed,
but at the cost of more extensive and tedious calculations.

THEOREM 6: Let Assumptions 2 and 3 hold. If b < 1/(16 f_ozo lk(x)|dx), then
(38) Fro(z) =Fy(z) + O(T™)
uniformly over z € Rt when T — oo with fixed b.

Under the null hypothesis H,: 8 = By, we have 6 = 0. In this case, Theo-
rem 6 indicates that the ERP for tests with b fixed and using critical values
obtained from the nonstandard limit distribution of W (1)5 ;]/ 2is O(T™"). The
theorem is an extension to the result of Jansson (2004), who considered only
the Bartlett-type kernel with b = 1 and proved that the ERP is O(T~'log(T)).
Itis an open question in Jansson (2004) whether the log(7') factor can be omit-
ted. Theorem 6 provides a positive answer to this question.

In the previous section, we showed that when b — 0, T — oo such that
bT — o0,

(39) Fro(z) = D(2%) + O(T-74D)

for typical economic time series. Comparing (38) with (39), one may conclude
that the error of the nonstandard approximation is smaller than that of the
standard normal approximation by an order of magnitude. However, the two
O(-) terms are obtained under different asymptotic specifications. The O(-)
term in (38) holds for fixed b, while the O(-) term in (39) holds for diminish-
ing b. Since the O(-) term in (38) does not hold uniformly over b € (0, 1], the
two O(-) terms cannot be directly compared, although they are obviously sug-
gestive of the relative quality of the two approximations when b is small, as it
typically will be in practical applications.

Indeed, Fy(z) and D(z?) are just different approximations to the same quan-
tity Fro(z). To compare the two approximations more formally, we need to
evaluate Fro(z) — Fy(z) and Fro(z) — D(z*) under the same asymptotic spec-
ification, that is, either b is fixed or b — 0.
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First, when b is fixed, we have
(40) Fro(2) — D(2%) = Fr(z) — Fy(2) + Fy(2) — D(z*) = O(1).

This is because Fro(z) — Fy(z) = O(1/T) as shown in Theorem 6 and Fy(z) —
D(z*) = O(1). Comparing (40) with (38), we conclude that when b is fixed, the
error of the nonstandard approximation is smaller than that of the standard
approximation by an order of magnitude.

Second, when b = O(T~9*+D), we have

(41) Fro(z) — Fy(2) = [Fro(z) — D(z)] — [Fy(2) — D(z)]
= —g,d,D'(z))Z*(bT) " + o{b + (bT) ™4}
+O0(T™,

where we have used Theorems 1 and 4. Therefore, when d,r > 0, which is
typical for economic time series, the error of the nonstandard approximation
is smaller than that of the standard normal approximation, although they are
of the same order of magnitude for this choice of b.

We can conclude from the above analysis that the nonstandard distribution
provides a more accurate approximation to the finite sample distribution re-
gardless of the asymptotic specification employed. There are two reasons for
the better performance: the nonstandard distribution mimics the randomness
of the denominator of the ¢ statistic and it accounts for the bias of the LRV
estimator that results from the unobservability of the regressor errors. As a
result, the critical values from the nonstandard limiting distribution provide a
higher-order correction on the critical values from the standard normal dis-
tribution. However, just as in the standard limiting theory, the nonstandard
limiting theory does not deal with another source of bias, that is, the usual bias
that arises in spectral density estimation even when a time series is known to
be mean zero and observed. This second source of bias manifests itself in the
error of approximation given in (41).

6. OPTIMAL BANDWIDTH CHOICE

It is well known that the optimal choice of b that minimizes the asymptotic
mean squared error in LRV estimation has the form b = O(T~2%/4*1), How-
ever, there is no reason to expect that such a choice is the most appropriate
in statistical testing using nonparametrically studentized statistics. Developing
an optimal choice of b for semiparametric testing is not straightforward and
involves some conceptual as well as technical challenges. In what follows we
provide one possible approach to constructing an optimizing criterion that is
based on balancing the type I and type 1I errors.
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In view of the asymptotic expansion (35), we know that the type I error for a
two-sided test with nominal size « can be expressed as

(42) 1= Fro(zap) = a+g,d,rD'(22)Z2(bT) 1+ o((bT) ™ +b) + O(T ™).
Similarly, from (36), the type II error has the form

(43) Gs(z2) + ziKs(z2)b — g,d,rGy(22)z2(bT) ™4
+o((bT) "+ b) +O(T™).

A loss function for the test can be constructed based on the following three
factors: (i) the magnitude of the type I error, as measured by the second term
of (42); (ii) the magnitude of the type II error, as measured by the O(b) and
O((bT)~7) terms in (43); and (iii) the relative importance of the type I and
type II errors.

For most economic time series we can expect that d,r > 0, and then both
8,4, D'(22)z2 > 0 and g,d,rG(z2)z2 > 0. Hence, the type I error increases as
b decreases. On the other hand, the (b7') ¢ term in (43) indicates that there is
a corresponding decrease in the type Il error as b decreases. Indeed, for 6 > 0
the decrease in the type II error will generally exceed the increase in the type I
error because G5(z2) > D'(z?) for 8 € (0,7.5) and z, = 1.645, 1.960, or 2.580.
The situation is further complicated by the fact that there is an additional O(b)
term in the type Il error. As we saw earlier, K5(z2) > 0, so that the second term
of (43) leads to a reduction in the type II error as b decreases. Thus, the type 11
error generally decreases with b for two reasons—one from the nonstandard
limit theory and the other from the (typical) downward bias in estimating the
long-run variance.

The case of d,r < 0 usually arises where there is negative serial correlation
in the errors and so tends to be less typical for economic time series. In such
a case, (42) shows that the type I error increases with b while the type II error
may increase or decrease with b depending on which of the two terms in (43)
dominates.

These considerations suggest that a loss function may be constructed by tak-
ing a suitable weighted average of the type I and type II errors given in (42)
and (43). Setting

(44) er=a+g,d,D (222 (bT) ™4,
et =Gs(22) + 2ziKs(22)b — g,d;rGiy(22) Z2(bT) 4,
we define the loss function to be

wr(6) 1 I
e er,
T+wr(d) T 14+wr(d) T’

(45)  L(b;8,T,z.) =
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where wy(d) is a function that determines the relative weight on the type
I and II errors, and this function is allowed to depend on the sample size
T and 6. Obviously, the loss L(b; 8, T, z,) is here specified for a particular
value of & and this function could be adjusted in a simple way so that the type
II error is averaged over a range of values of § with respect to some (prior)
distribution over alternatives.

We focus below on the case of a fixed local alternative, in which case we can
suppress the dependence of wr(8) on é and write wr = wr(8). To sum up, the
loss function we consider is of the form

(46) L(b;8,T, z,) = [g4dgr{wrD'(z2) — Gy(22)}z2(bT) ™1 + 22K 5(22)b]
1
X
1 =+ wr

+CTa

where Cr = [wra + G5(z2)]/[1 + wr], which does not depend on b. In the rest
of this section, we consider the case wrD’'(z2) — G5(z2) > 0, which holds if the
relative weight wy is large enough.

It turns out that the optimal choice of b depends on whether d,r > 0 or
d,r < 0. We consider these two cases in turn. When d,r > 0, the loss function
L(b;8,T, z,) is minimized for the following choice of b:

/ ’ 1/(q+1)
@7) by = | 98adartorD (o) = GiEOI Ty,
022 K5(22)
Therefore, the optimal shrinkage rate for b is O(T~%/*D) when wr is a fixed
constant. If wy — oo as T — oo, we then have

(48) o {ngquD’(Zi) }1/(q+1)<ﬂ)1/(q+1)
ot 22¢,K5(22) T4 ’

Fixed-b rules may then be interpreted as assigning relative weight wy = O(T9)
in the loss function so that the emphasis in tests based on such rules is a small
type I error, at least when we expect the type I error to be larger than the
nominal size of the test. This gives us an interpretation of fixed-b rules in terms
of the loss perceived by the econometrician using such a rule. Within the more
general framework given by (47), b may be fixed or shrink with 7 up to an
O(T-9*D) rate corresponding to the relative importance that is placed in the
loss function on the type I and type II errors.

Observe that when b = O((wy/ T?)Y@*D), size distortion is O(w,T)~ /@D
rather than O(T™"), as it is when b is fixed. Thus, the use of b = b, for a fi-
nite wy involves some compromise by allowing the error order in the rejection
probability to be somewhat larger so as to achieve higher power. Such com-
promise is an inevitable consequence of balancing the two elements in the loss
function (46). Note that even in this case, the order of ERP is smaller than
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O(T~94+D) "which is the order of the ERP for the conventional procedure in
which standard normal critical values are used and b is set to be O(T~24/?a+D),

For Parzen and QS kernels the optimal rate of b is T3, whereas for the
Bartlett kernel the optimal rate is 7-'/2. Therefore, in large samples, a smaller
b should be used with the Parzen and QS kernels than with the Bartlett ker-
nel. In the former cases, the ERP is at most of order 7-%3 and in the latter
case the ERP is at most of order 7-"/2. The O(T~%?3) rate of the ERP for the
quadratic kernels represents an improvement on the Bartlett kernel. Note that
for the optimal b, the rate of the ERP is also the rate for which the loss function
L(b;6,T, z,) approaches Cr from above. Therefore, the loss L(b; 6, T, z,) is
expected to be smaller for quadratic kernels than for the Bartlett kernel in
large samples. Finite sample performance may not necessarily follow this or-
dering, however, and will depend on the sample size and the shape of the spec-
tral density of {u,} at the origin.

The formula for b, involves the unknown parameter d,r, which could be
estimated nonparametrically (e.g., Newey and West (1994)) or by a standard
plug-in procedure based on a simple model like AR(1) (e.g., Andrews (1991)).
Both methods achieve a valid order of magnitude and the procedure is obvi-
ously analogous to conventional data-driven methods for HAC estimation.

When wrD'(22) — Gy(z2) > 0 and d,r <0, L(b; 6,7, z,) is an increasing
function of . To minimize loss in this case, we can choose b to be as small
as possible. Since the loss function is constructed under the assumption that
b — 0 and bT — oo, the choice of b is required to be compatible with these
two rate conditions. These considerations lead to a choice of b of the form
b=Jr/T for some J; that goes to infinity but at a slowly varying rate relative
to T. In practice, we may set Jr =log(T) so that b= (logT)/T.

To sum up, for typical economic time series, the value of b that minimizes the
weighted type I and type II errors has a shrinkage rate of b = O(T~%@V), This
rate may be compared with the optimal rate of b = O(T ¥4t that applies
when minimizing the mean squared error of estimation of the corresponding
HAC estimate, o3, itself (Andrews (1991)). Thus, the AMSE optimal values
of b for HAC estimation are smaller as 7' — oo than those that are most suited
for statistical testing. In effect, optimal HAC estimation tolerates more bias so
as to reduce variance in estimation.

In contrast, optimal b selection in HAC testing undersmooths the long-run
variance estimate to reduce bias and allows for greater variance in long-run
variance estimation through higher order adjustments to the nominal asymp-
totic critical values or by direct use of the nonstandard limit distribution. This
conclusion highlights the importance of bias reduction in statistical testing.

In Monte Carlo experiments not reported here, we have compared the fi-
nite sample performance of the new plug-in procedure with that of the con-
ventional plug-in procedure given in Andrews (1991). The findings from these
simulations indicate that the new plug-in procedure works well in terms of in-
curring a smaller loss than the conventional plug-in procedure. Detailed results
of this experiment are reported in Sun, Phillips, and Jin (2006).
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7. CONCLUDING DISCUSSION

Automatic bandwidth choice is a long-standing problem in time series mod-
els when the autocorrelation is of unknown form. Existing automatic methods
are all based on minimizing the asymptotic mean squared error of the standard
error estimator, a criterion that is not directed at statistical testing. In hypoth-
esis testing, the focus of attention is the type I and type II errors that arise in
testing, and it is these errors that give rise to loss. Consequently, it is desirable
to make the errors of incorrectly rejecting a true null hypothesis and failing
to reject a false null hypothesis as small as possible. While these two types of
errors may not be simultaneously reduced, it is possible to design bandwidth
choice to control the loss from these errors. This paper develops for the first
time a theory of optimal bandwidth choice that achieves this end by minimizing
a weighted average of the type I and type II errors.

The results in this paper suggest some important areas of future research.
The present work has focused on two-sided tests for the Gaussian location
model, but the ideas and methods explored here can be used as a foundation
for tackling bandwidth choice problems in nonparametrically studentized tests
and confidence interval construction in general regression settings with linear
instrumental variable and Generalized Method of Moments (GMM) estima-
tion. Results for these general settings will be reported in later work. The ad-
ditional complexity of the formulae in the general case complicates the search
for an optimal truncation parameter, but the main conclusion of the present
findings are the same, namely, that when the goal is testing or confidence in-
terval construction, it is advantageous to reduce bias in HAC estimation by
undersmoothing.
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