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A simple regression approach to HAC and LRV estimation is suggested. The
method exploits the fact that the quantities of interest relate to only one point of
the spectrum (the origin). The new estimator is simply the explained sum of squares
in a linear regression whose regressors are a set of trend basis functions. Positive
definiteness in the estimate is therefore automatically enforced, and the technique
can be implemented with standard regression packages. No kernel choice is needed
in practical implementation, but basis functions need to be chosen and a smooth-
ing parameter corresponding to the number of basis functions needs to be selected.
An automated approach to making this selection based on optimizing the asymp-
totic mean squared error is derived. The limit theory of the new estimator shows
that its properties, including the convergence rate, are comparable to those of con-
ventional HAC estimates constructed from quadratic kernels.

1. INTRODUCTION

Attempts to robustify inference in econometrics have led to the systematic devel-
opment of techniques that take into account potential heterogeneity and auto-
correlation in the data. Two major practical applications of this work involve
HAC (heteroskedasticity and autocorrelation consistent) covariance matrix
estimation and long-run variance (LRV) matrix estimation. All HAC and LRV
estimators that are commonly used in econometric work are based on kernel
methods. These estimators inherit their form and their asymptotic properties
from work in the earlier literature of spectral density estimation, where kernel
methods are again dominant.

Automated versions of these kernel methods have also been developed. Auto-
mation removes the need for discretionary bandwidth choice in kernel esti-
mation by implementing data-determined bandwidth selection rules that are
commonly based on asymptotic mean squared error formulas. Bandwidth selec-

My thanks go to Bruce Hansen, Guido Kuersteiner, and two referees for comments on an earlier version of the
paper. NSF research support under grant SES 00-92509 is acknowledged. Address correspondence to Peter Phil-
lips, Cowles Foundation for Research in Economics, Yale University, Box 208287, New Haven, CT 06520-8281,
USA; e-mail: peter.phillips@yale.edu.

116 © 2005 Cambridge University Press  0266-4666/05 $12.00



HAC ESTIMATION BY AUTOMATED REGRESSION 117

tion rules have been built into some popular econometric software programs,
and users may implement them without having to make any discretionary deci-
sions. This convenience has helped promote the use of the methods in empiri-
cal research. Automated techniques of this genre, just like the kernel methods
on which they are used, themselves belong to a longer pedigree of related work
in statistics.

The present contribution suggests a novel approach to HAC/LRV estimation
that does not involve the direct use of kernels. To the author’s knowledge, the
approach is new and has not been suggested in any earlier work in statistics or
econometrics. Unlike conventional procedures the method is not based on ker-
nel estimation, either by way of a lag kernel of weighted autocovariances or by
kernel smoothing of the periodogram in the frequency domain. However, we
shall see that the approach may be interpreted as producing an asymptotic form
of kernel estimate.

The idea is motivated by the fact that the quantities of interest in HAC/LRV
estimation relate to only one point on the spectrum and that this point (the ori-
gin) refers to long-run behavior. This feature is exploited by designing a linear
regression of the variable of interest on a set of regressors designed to repre-
sent long-run behavior directly. The regressors form a set of trend basis func-
tions. Any set of basis functions may be used, but in the development given
here (and in empirical work) it is generally convenient to use an orthonormal
set of trigonometric polynomials. Several examples are given. The new HAC
estimator is simply part of the output of this regression and is given by the
explained sum of squares in a linear regression on the trend basis. It can be
implemented by standard regression packages. Positive definiteness in the esti-
mate is automatically enforced by its construction as a sum of squares, and this
is so whatever the choice of basis functions. This property is important, being
one of the main concerns in Newey and West (1987) and playing a significant
role in Andrews (1991) regarding the selection of suitable kernel functions.

Curiously, this is an example of a regression that would conventionally be
regarded in econometrics as misspecified (or even spurious) because the regres-
sors are in fact irrelevant to the determination of the dependent variable. Nev-
ertheless, the coefficients in this regression produce, upon straightforward
normalization, a consistent HAC estimator.

The approach has the advantage of the simple convenience of least squares
regression, and no kernel choice is needed in its implementation. However, the
trend basis functions need to be chosen, and a “smoothing” parameter corre-
sponding to the number of the trend functions actually used in the regression
also needs to be selected. The smoothing parameter choice can be automated
based on the behavior of the asymptotic mean squared error of the estimator,
and a rule for such automated implementation is developed in the paper. As far
as the choice of trend basis functions is concerned, it is often convenient to use
trigonometric functions, and it turns out that the asymptotic results are invari-
ant to the choice of basis within the class of trigonometric polynomials.
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The fact that consistent estimation is possible using apparently irrelevant
regressors may appear somewhat magical. However, projecting a stationary time
series onto a space of trends, even when there is no trend in the data, has the
effect of isolating the long-run behavior in the time series, and this is what
enables the direct regression estimation of the long-run parameter. The idea has
extensions and many other applications that are not discussed in the present
paper. Some of these are considered by the author (2004) in other work.

2. TREND REGRESSION OF UNTRENDED TIME SERIES

The following development concentrates on the scalar case. Only minor modi-
fications are required to extend the results to the vector case and matrix HAC
estimation. Accordingly, let u, be a weakly dependent time series satisfying

u, = C(L)e, = 2, ¢j&,_j, > el < oo, c(l)#0, a>3, (L)
j=0 j=0

where g, = iid(0,02) and E(|g,|’) < oo, for some v > 2.

The time series u, is stationary with variance o} = 272 c/ 0% autocovari-
ance function vy, (h) = E(u,u,1,) = 0> 272 ¢;c;4y, finite vth absolute moment
Elul” = (Solc)°Ele,|* < oo, spectrum £,(A) = (0/2m)| C(e™)[?, and
long-run variance w? = 27f,(0) = 02C(1)2 The summability condition in L
ensures that

> Ry, (h)] < oo, 1)

h=—o0

which is helpful in some technical derivations that follow and means that f;,(A)
has continuous second derivative f?(A) = —(a%/27) 25 _ o, h2y,(h)e ™,
Allowance for heterogeneity in &, and u, can be made in the usual way with
minor modifications to L (cf. Phillips and Solo, 1992) without affecting the
procedures or the properties discussed subsequently in an essential way.

Under L, partial sums S, = X%/_, u; satisfy the functional law (e.g., Phillips
and Solo, 1992)

Ln-|
Sy 2
-] _i=1 . 2)

N = B(:), (
where |a] signifies the integer part of a, = is weak convergence, and B(-) is

Brownian motion with variance w?.

Let {¢,}7—, be a complete orthonormal system in L,[0,1]. Later, we will
work with the explicit sequence (8), but it is sufficient to assume that the func-
tions ¢, are twice continuously differentiable on [0,1]. We propose a regres-

Bn(') =
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sion of u, on a collection of K deterministic regressors {gok(t/n)}kK:, formed
by taking the first K members of this orthonormal sequence evaluated over
t =1,...,n. Write this regression in the form

K
~ t ~
k=1

where ¢k, = (¢,(t/n),...,ox(t/n))". In observation format (3) can be written as
u=®gby + ex, with by = (O} Py ) ' Plu.
Let Py = @ (P Py ) '@} and construct the estimate

1 u'®y <1>;(<1>,(>—1 <<1>}(u>
og = — u'Pgu = : 4
Wi K urgu ( N )( " N C)]
As shown in Lemma A in Section 6, n~ ! X", ox, 0k, = Ix + O(1/n) and
(n ' 2 ok 0k) ! = Ix + O(1/n). Standard functional limit arguments and

Wiener integration reveal that for fixed K as n — oo we have

n

1
n~'2 E PrrUs —q f ex(r)dB(r) == éx =, N(O,wle).
0

t=1

It follows immediately that

2
) Xk

1 1
E“,PKM _>dE§1'<§K Zqw K’ )]
where % is chi-squared with K degrees of freedom. For fixed K, the asymp-

totic mean and variance of (5) are

1 ) 1 20"
E E"‘PK“ = w? + o(1), Var E“PK“ =7+0(1), 6)

as n — oo. These results motivate the long-run variance estimator

Oz = éu’PKu= %u}KuPK, where up,_ = Pgu, @)
which, in view of (6), can be expected to be consistent for w? when K — oo as
n — oo.

The estimate ®2 is simply the sample variance of up,, the data projected
onto the space spanned by the regressors ®x. Thus, @7 is that part of the sam-
ple variance of u, explained by the regression of u, onto a deterministic trend
basis. This explained sum of squares may be regarded as another way of think-
ing about a long-run variance—the contribution to the variation of u, that comes
from long-run (or trendlike) behavior in the series. Thus, there would seem to
be a strong heuristic motivation for considering estimates like (7).
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Note that @2 is a nonnegative definite quadratic form in the data, whose
matrix is the projection Pg. Thus, @2 belongs to the general class of quadratic
estimators of w2 General quadratic estimators were considered in the early spec-
tral analysis literature but have received little subsequent attention relative to
kernel estimates. One reason is that, for every such quadratic estimator, one
can find a corresponding lag kernel estimator with smaller mean squared error
(Grenander and Rosenblatt, 1957, p. 129). Interestingly, as we will show later,
@®Z turns out itself to be asymptotically equivalent to a lag kernel estimator and
to have nice asymptotic properties analogous to those of quadratic kernel esti-
mates. Thus, there is no need to adapt &2 into kernel form, and, of course, @2
is positive by construction.

To develop a consistent estimation technique, we need to allow for the num-
ber of regressors K to pass to infinity with the sample size n in such a way that
the regression (3) remains feasible. Accordingly, we impose the following rate
condition on K:

- + K 0 (R)
— + =50,
K? =n
which requires K to go to infinity faster than Vn but more slowly than n. To
establish a central limit theorem for &2, we need the further condition K =
o(n*?), which controls the expansion rate so that there is no bias in the limit.
For an explicit limit theory, including an explicit expression for the limiting
bias of @2, it is convenient to use the orthonormal sequence

e(r) = ﬁsin{(k—%)wr}, k=1,2,.... 8)

The functions (8) are the eigenvectors of the covariance kernel of Brownian
motion (cf., Phillips, 1998) and form an orthonormal system for L,[0,1]. Of
course, other orthonormal sequences can be used. However, it turns out that
the asymptotic results given subsequently are invariant to the choice of the ortho-
normal sequence within the class of trigonometric polynomials because the esti-
mates are asymptotically equivalent to the same lag kernel estimator. This point
is discussed in Section 4.

Under this setup, we give formulas for the limiting bias, variance, and mean
squared error and a limit distribution theory for @x. The details of the proofs
are different from those of the conventional literature on HAC estimation and
are of some independent interest, so they are provided here. But the final results
end up being qualitatively similar, as the following result shows.

THEOREM 1. Under conditions L and R

(i) lim,_,,(n/K)’E(dg — 0*) = —(7%/6) 2;__.h’y,(h) = D;
(ii) If K = o(n*"), then VK(®% — w?) = N(0,20*);
(iii) If K°/n* = 1, then lim,_, ,(n/K)*E(&2 — w?)? = D? + 2™
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Part (i) shows that &2 has bias of order K?/n? of the form
K2 77.2 ] 772
E(og) = w*+ —5 D[1+0(1)], where D= v > h2y,(h):= v why.
n h=—o0
From (ii), the variance of &2 is of O(K™'). So, increases in the number of
regressors K increase bias and reduce variance. The situation is analogous to
bandwidth choice in kernel estimation.
The mean squared error of @2 has the form
. . K* 20*
MSE(@k) = Bias® + Var = — D? + ——.
n K
Optimization of this quantity with respect to K leads to the first-order condi-
tion (4K3/n*)D? — (2w*/K?) = 0, which gives the following formula for the
optimal value of K:

2&)4 1/5
K=n4/5{4D2] . 9)

Of course, this is analogous to conventional mean squared error optimization
formulas for bandwidth choice in kernel estimation (e.g., Grenander and Rosen-
blatt, 1957).

Formula (9) can be used to implement a data-determined choice of K in a
conventional way. One approach is to use nonparametric estimates of D? and
w* in (9) as, for example, in Newey and West (1994). The most common and
convenient method in practice is a simple plug-in estimator based on the use of
a parametric model for preliminary estimation of w* and D? in (9). In the case
of a first-order autoregression with fitted coefficient @ and error variance s2,
the standard formulas give @2 = s%/(1 — @)% and D = —(7%/6)24s%/(1 — a)*.
Some modifications to these formulas may be desirable in cases where a is
close to unity. In the context of prewhitening, for example, Andrews and Mona-
han (1992) propose a 0.97 rule in which 4 is replaced by 0.97 whenever d
exceeds this value. It is known that this particular rule seriously interferes with
power in some cases, especially stationarity testing (cf. Lee, 1996). An alterna-
tive boundary restriction that seems to improve the size and power properties
of procedures based on HAC estimates is the sample-size-dependent rule given
in Sul, Phillips, and Choi (2003), where a is replaced by 1 — 1/4/n whenever it
exceeds that value.

3. ASYMPTOTIC FORM AS A KERNEL ESTIMATOR

Lemma B(iii) in Section 6 shows that the orthogonal sequence ¢, (r) in (8)
satisfies the following summation formula:
) { K (t+ s)}
siny ———

) {K’?T(I—S)}
siny ——
1 n n

K t Ky 1
,;190"(2)*”"(2):5 . {ur(t—s)}_i , {1w(t+s)}'
sSiny - ——————— sy - —————
2 n

2 n

(10)
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Using this formula and (27), (31), and (36) from the proof of part (ii) of Theo-
rem 1, we find that the HAC estimate &2 has the following asymptotic form:

[ Kmh
Lot sin ” |
A2 2~ " (2
“k K h=2n+1 2. { 1 Wh} <n 1st,12+hsn utuHh)
siny — —
2 n
K 2 Ao
+ 0p<— + =+ gn)
n n K
n-l h VK K? Alogn
_— kKn<—>3,(h)+op<—+—2+ g%, 1)
h=—n+1 n n n K
where
) {K’TTh} ) {K’Wh}
sin sin
h 1 n 1 1 Kmh 2n
kol =)= =————=—cosy = 12)
n 2K {lwh} K 2 n ) {Wh}
siny — — siny —
2 n 2n

may be regarded as a lag kernel function and 3, (h) = (1/n) 2 1=, i p=p U U+, 18
the sample autocovariance. The dominant term in (11) has the usual form of a
kernel estimate of w? and is dependent on K, which serves the role of a smooth-
ing parameter. Thus, @2 behaves asymptotically like a kernel estimate.

Let n = KM. For h/n small we can write the lag kernel kg, (h/n) as a func-
tion of #/M in approximate form as follows:

[ 7h [ 7h
siny — siny —
L h M M
M\ M 2K (1 mh Th
siny = —— —
M

with which we may associate the function

sin 7mx
k(x) = ,
TX

which is the lag kernel for the Daniell estimate (e.g., Priestley, 1981, p. 441).
This lag kernel is a smoothed periodogram estimate with a rectangular spectral
window. Here, 27r/M is the width of the frequency band over which the peri-
odogram is being smoothed. The regression-based estimate &% is therefore
closely related to this well-known kernel estimate of w? and has the same bias,
variance, and mean squared error as the Daniell estimate. Evidently, therefore,
the asymptotic mean squared error of @2 is dominated by that of the Bartlett—

Priestley quadratic spectral window (Priestley, 1981; Andrews, 1991).
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4. THE EFFECT OF DIFFERENT TREND BASES

We may choose to use other sequences of orthogonal functions on [0,1] in the
regression (3), and it is interesting to explore the effects of such alternate choices
on the asymptotic kernel form of estimate @z. In the following discussion, we
confine our attention to sequences of trigonometric polynomials.

Parts (i) and (ii) of Lemma C in Section 6 give the following summation
formulas for the orthonormal sine and cosine trigonometric polynomials ¢;(r) =
N2 sin{kwrr} and @ (r) = V2 cos{karr}, respectively:

1 1
. < —5>7T(I—S) . (K—5>7T(t+s)
sin| ———— sin| —M——

X t s\ n . n
2‘”()“’()‘ mn{w(r—s)} N 23111{”“”)}

2n 2n

a3

As in the calculation leading to (11), the second component of (13) turns out to
be of smaller order as K,n — oo, and (11) holds with

siny — —
n
{K’n’h} {Wh} {K’n’h}
sin cosy — cos
_ 1 n 2n n
2K , {1 ﬂh} 2K
siny = —
n

which is asymptotically equivalent to the lag kernel (12). Thus, these different
orthonormal trigonometric sequences all lead to HAC estimates that are asymp-
totically equivalent.

If the complex orthonormal sequence ¢, (r) = ¢ is used, then the regres-
sion coefficients in (3) are themselves complex and have the form I;K =
(D5 Py ) 1 (Pju), where Py is the matrix of observations of the K regressors
{@u(t/n):k =1,...,K} and * signifies complex conjugation and transposition.
In place of (3) we can write

—2arikr

K
u, = E I;ke—(zm'kr/n) +e,, (14)
k=1
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which may be regarded as a fitted empirical version of the Cramér representa-
tion of the stationary process u,, which was noticed earlier in Phillips (1996,
Remark 5.2a). Note that A, = 27k/n — 0 for all k = 1,..., K because K/n — 0.
Thus, the regression (14) focuses attention on the zero frequency (or long-run)
component of the Cramér representation of u,.

The matrix @ satisfies ®x P, = nlx and is a scaled unitary matrix. So the
kth element of EK is simply the (standardized) discrete Fourier transform,
(1/n) 27, e2™kt/my,  of u,, which is well known to satisfy a central limit theo-
rem (e.g., Hannan, 1970, p. 224) upon rescaling. Additionally, as shown in Phil-
lips (1999, Theorem 3.2), the (asymptotically infinite) collection of K such
elements have the following limit as n — oo and are asymptotically indepen-
dent provided K — oo but not too fast relative to n. In particular

1 _ v
gnk - ﬁ 1:21 eZTHkt/nuf = 'fO 62#[“ dB(r), k: 152""'

As is easily seen, the limit variates ¢, = [, ¢>™*" dB(r) are independent com-
plex Gaussian N,(0, w?). Letting Py = ® (DD, ) ' %, we then have

N
O = —u’PKLt:Eb}'}bKZ

K
D 1ul? =2, E(4)?) = w2 (15)
K k=1

x| —

As such, the estimate @Z may be interpreted as the sample variance of the
empirical estimates (obtained from the fitted regression (14)) of the orthogonal
process (at the zero frequency) that appears in the Cramér representation of u;.

Observe that |£,|? is 271,(A;), where I,(A) is the periodogram of u, and
Ay = 2ark/n are the fundamental frequencies. Thus we can write

1 K
OF =27 — > LA, (16)
K &

which corresponds to a smoothed periodogram estimate of the spectrum at the
zero frequency (given that K/n — 0). The spectral window in the estimate &%
is clearly rectangular, just as that of the Daniell window (e.g., Hannan, 1970,
p. 279). Again the results are asymptotically equivalent to those of the estimate
(7) based on the sinusoidal sequence (8).

Of course, this setup easily permits the use of other spectral windows. Let
Wy = diag{W(A,),...,W(Ag)} be a diagonal matrix prescribing a particular
weighting sequence based on the window function W(A). Then the HAC estimate

- no 1 X
wigw = — bxWgbg =2m — Z W(Ag) L (Ay)
K K =
has the usual form of a smoothed periodogram estimate with spectral window

W(A). In this way, the present approach accommodates all conventional kernel-
based HAC estimates.
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5. DISCUSSION

The estimate ®2 is straightforward to compute, being one of the outputs of a
linear regression, and it has a simple heuristic motivation. The fact that regres-
sion on trend produces this consistent estimate indicates that trend coefficients
carry information about the long-run features of the data, even though the “true”
trend coefficients in this regression of a stationary time series are zero. In fact,
as discussed in the preceding section, the estimate @Z may be interpreted as the
sample variance of the coefficients in a fitted regression that is an empirical
version of the long-run part of the Cramér representation of a stationary process.

Simulations (not reported here) indicate that @g performs as well as current
industry-standard methods using quadratic kernels, automated bandwidth selec-
tion, and prewhitening (Andrews, 1991; Andrews and Monahan, 1992; Den Haan
and Levin, 1997; Lee and Phillips, 1994; Newey and West, 1994). This may be
expected given the asymptotic relationship between @y and the Daniell kernel
estimate. The regression approach developed here may be extended to estimate
the spectrum of u, at points other than the origin, although we do not pursue
that possibility here.

6. ADDITIONAL LEMMAS AND PROOFS
LEMMA A. Under R, n™' 2 o0k = Ix + O(1/n), and (n=' 27,
Ok k) L =1 + O(1/n), as n — .

Proof. We first provide a direct calculation when the elements of ¢, are
given by the trigonometric functions (8). In this case, the diagonal elements of

n~ ' 2 O Pk ate
Tt
i n , 5 n N\ ot 5 1—2005{(2k—1)—}
T n
{Sal2)-35le-D2)-28
n;- n ni;= 2) n ni;= 2

22 Tt 2 L
1-=-> cos{(Zk— 1) —} =1-- Re{z e’(”‘_l)(m/”)}
n n

=1 t=1

ik—1)7 __
- 2 Re {eiakl)(w/n) ¢ ! }
n

4 ei(2k*1)(77/n) 4 1— ei(Zk*l)(’n’/n)
1+ ;Re PGk (/) _ | =1+ ZRG |1 Gk DG/ ]2

T
l—cos{(Zk—l)—}
n
=1+ - =1+ -,
n T n
2—2005{(2k—1)—}
n
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and the off-diagonals are

JZely)ely) =5 Dol 3) T snd(e-3) 7]
" Tt Tt
2 [cos{(k— €) ;} — cos{(k+ £—1) 7}]

] n n
— Re ei(k*()(#t/ﬂ) _ ei(kJr(*l)(ﬂ't/n)
el »

t=1 t=1

S |-

i(k—€)m __ 1

l Re {ei(kf)(w/n)

n eik=O(r/n) _q

_ 6‘i(kJr(?fl)(‘n'/n)

ei(k+€—1)77 -1 }

ei(k+€f1)(77n/n) -1
1
- k—+€odd, k+ € —1even
n
1
—— k—{even, k+ € —1o0dd

n

0 k— €,k + € — 1 both odd or even.

It follows that n™ ' 27, @, 0k, = Ix + O(1/n) and (n™' 27, ok, 0k) ' =
Ix + O(1/n).

In the general case, if @,(s) is twice continuously differentiable on [0,1] by
Euler summation we have

12 1 (" 1 1

2e(y) =0 ) a5 de () <)l

o rms)aly)als)y

[ etwaso(})=1+0(;)
pi(s)ds+o0(—-)=1+0|—-,

1/n n n

because ¢i(t/n) and ¢;(t/n) are uniformly bounded on [0,1]. Similarly,
n ' 20 @ (t/n) @, (t/n) = O(1/n) uniformly for k # €. u
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LEMMA B. For ¢i(r) = 2 sin{(k — })7r}, we have

(1) Agi(t/n) = 2N2 cos{(k — 3)(m(t — 3/n)}sin{(k — 3)(m/2n)};
(ii) S5, ou(t/n) = N2[sin®(Kwt/2n)/sin(7t/2n)];
(iii) 35y o (t/n) @ (s/n) = S[sin{Km(t — s)/n}/sin{5(w(t — s)/n)}] —
U sin{Km (¢t + s)/n}/sin{2 (7 (¢ + 5)/n)}];
(V) (a*C()YKn) Si- i [sin2{Kmh/n}/sin*{L(wh/n)}] = 20*C(1)*[1 +
o(1)],
where A is the differencing operator A (t/n) = ¢ (t/n) — ¢i(t — 1/n).

Proof of Lemma B. For part (i)

w8 ol 2] o))
B ) RS

For part (ii)

zala) -z ell)y)

K
= \2Im{ > ei(kl/Z)(m/n)}
k=1

eiK(Trt/n) -1
— \/Elm ei(ﬂ't/Zn) }

ei(’n't/n) -1

. [ K=t
sin{ =~
oi(Kmt/2m) n
Tt
sin| —
L ( 2”)
Kt
(_”)
2n

) < 7Tt> )
sin| —
2n

r

= \/Elm

-2
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For part (iii)

O
ol 972wl

— Re {e(l/zxw(z omi €

— oW/ (7 (1+5)/n)i

(K'n'(t—s)/n)i -1

e(m=s)/m)i _ 1

(K (t+s)/n)i _ 1

}

e (m(t+s)/n)i __ 1

(K (t—s)/2n)i

w(t+s)

n

K
{2 i(k=1/2)(m(t=s)/n) _ ei(kl/2)(7r(t+S)/n)]}

l

2— (6 _ e—(l('n'(t—s)/2n)[)
. l
= Re e(K#(f*S)/Zn)l
1 AR AR
S (T =72
1
1 ) .
; (e(Kw(t+s)/2n)t _ e—(K’n’(t+s)/2n)t)
A
_ (Km(t+s)/2n)i
e
2i (e(‘n'(t+_3)/n)l —e (1/2)(7T(t+A)/n)1)
1
sin{ Km(t—ys) }
e(Kﬂ'(t*s)/Zn)i 2n

Re

(K7T(t+ s)/2n)i N =" I

{l W(I—S)}
siny - ———
2

{ K (t+5)
1m(t+s) (t +5)
2

K7r(t—s)

= COS{

e
; KW(t—S)} {

7 ( t—s)

)
N
)
=

1
2

KW(H-S)
1 Kar(t+s) sm{ 2n }
_COS{E n } , {17T(t+s)}
siny - ——
2 n
[ Ka(t—s) [ K (t+s)

! sm{—n } ! sm{—n }
T2 {177([—5)} T2 {177(t+s)}'
sin  E— siny - ——

2 n 2 n
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For part (iv), we use Fejér’s integral, giving

. | Kmh ., | 2Kmr
0_4c(1)4 n—1 SN n B 0_4c(1)4 fl Sin 2
0

> =

dr[1+ 0(1)]

Kn h=1 . Z{IWh} K . 2{1 }
sin®{ - — sin®{ — 7r
2 n 2
o*Cc(1)*
= —() 2K[1+ 0o(1)] =2w?[1 + 0(1)],
as required. u
LEMMA C.

(i) If @i(r) = N2 sin{kmr},

1
sin (K— 5)770 - 5)

K t s n
%”(Z)g"k(Z) - . {w(t—s)}
2sin

n

1
sin (K— E)W(t + )

n

28in{77(t+s)} ’
2n

(ii) If @p(r) = \2 cos{karr},

1
sin (K— 5)77(t —5)

K t s n
519”"(2)”(2) B . {w(t—s)}
2 sin

2n

1
sin (K— E)?T(l‘ +5)

n

2sin{7r(t+ s)}
2n
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Proof of Lemma C. For part (i)

COS{]{M} _Cos{kw}]
n n

= Re [eik(w(tf:)/n) _ eik(Tr(rJr:)/n)]
k=1
(K (e=s)/m)i (K (t+s)/m)i _
—Rede@uomi T gL
e(m=9)/mi _ 1 o s/ _ |

= Re

e Km(t=s)m)i _ | p(Km(+s)/mi _ |
| — e Ta—9/mi | o= (mlts)y/mi
(e(Kﬁ(t*S)/n)i -1 - e*(ﬂ'(t*s)/n)i)

2—2COS{M}

n

= Re

—_—— —— —— —

(e Kmt)/mi _ [)(] — g=(mts)/mi)

ZZCOS{M}
n

—1+cos{m} +cos{m} —COS{W}
n n "

2—200s{w}
n
-1 +COS{M} +cos{—K7T(t+s)} —COS{W}
_ n n n
2— ZCOS{M}

1
2 sin <K 2>7T(ts) sm{ﬂ(t—s)}

1
=—=—+
2 2— ZCOS{W(t_S)}
1 w(t+s)
2 sin K- 2 w(t+s) { }
L
2 2— 200S{7T(t+S)}
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. (K—l>7r(t—s) .{W(t_s)}
sin 2 siny ——

n

l—cos{w(t_s)}
n
| (K—l)ﬂ'(t—i-s) .{w(rﬂ)}
sin 2 sin
2n
n
{w(t+s)}
1 —cos .
1
. (K——)w(t—s) .{77(1_5)}
sin 2 siny ———
2n
A )
n

. (K—l>7r(t+s) .{w(t+s)}
sin 2 Sin T

_ n
Zsinz{ﬂ'(1+s)}
n
1 1
sin (K_ E)W(t_ ) sin <K_ E)Tr(r‘k s)
_ n _ n
25in{7r(t_s)} 2sin{7T(t+s)}
2n 2n

For part (ii)

2ela)e (i) 2B )

k=1

= i [cos{k it s)} + cos{k m S)H,
k=1 n

n

which differs from part (i) only in the sign of the second term. The stated result
|

therefore follows by the same calculations.
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Proof of Theorem 1.

Part (i). In view of Lemma A

(I)/(I) -1 n—1 1
<ﬂ> > - X ¢K,<Dk,+h7u(h)}

h=—n+1 M 1=t t+h=n

{
%tr{ rg s ¢Kt¢;(t+h7u(h)}|:l+0<%>:|

h=—n+1 M 1=t 1+h=n

1 K =l t t+h 1
k=1 h=—n+1 M 1=t t+h=n n n n

and, because w? = X _ . v,(h),

E(@§)

E(0% — w?)

n—1 1 K 1 l’l 1
> ;E{— qsk(f)wk(i)—l}yum)[lw(—)]
h=—n+1 k=17 1=t,t+h=n n n n

el | t t+h 1
= 2 EZ{' > qok(—)qok(—)—1}yu<h){1+0<—>]
h=—n+1 k=1 " 1=1,t+h=n n n n

1
+o<—a>, 17)
n

for a > 3 because

& el 1 & 1
S = 3 =5 S il =o( 7).

|h|=n |h|=n |h|=n

by condition L. Also for any positive integer L, < n we have

1 t t+h 1
= 2 el )el — ) -1 |t+of -
N 1<t t+h=n n n n
1 K (1 t t+h 1
= EZ{‘ > ¢k<—>¢k<—>—1}n(h){1+0<—>]
h=—L, & k=1 N 1=t,1+h=n n n n
1 1 t t+nh
LR B
L,<|hl<n & k=1 M 1=1,1+h=n n n

X y,(h) [1 + O<%>}, (18)
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and because the elements ¢,(t/n) are bounded uniformly in r we have

LS £\ [t+h
ZoeE(n 2oe()n(5) - e

C 1
=c 3 =5 3 hlyu(h)|—o<L3>

<|h|<n Ln L,<|h|<n

Now choose L, such that

n

K
L3n/—2K+_ 20(1) 19)

as n — co. Then, 1/L} = 0(K?*/n?) and

1 X t t+h K?
AR Bel) ol(£)

For the first term of (18) we note that

1 t\* 1 t t+h t
ST R 0 G R R]
N 1= t+h=n n N 1=, t+h=n n n n
1 t t+h t 1
R0 MC B P
N 1<t t+h=n n n n n

uniformly in || < L,. It therefore follows from (17)—(21) that

|
—_
+

E(&Z — w?)
L1 (1 t t+h t
= e Z{— > ¢k<_>|:¢’k< )-sok(—)“n(h)
h=—L, & k=1 M 1=t,t+h=n n n n
K? 1
+0<—2>+0<—>. (22)
n n
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Next consider

polle-2) 75 nlle2) 7]
X|sinylk— - |——— —sinj|k— < | —
2 n 2) n

1
! f(-1)=) w(i+30)
== cosylk— = )— —cos 2
n I=t,t+h=n 2 n (2]( - 1) -

n
-= > {l—cos{(Zk—l)it}}
N 1=, t+h=n n
= =) 3]
=|1——|J|cosylk—=)——1
n 2) n
! > |cos 77-<t+%h> —cos{(Zk—l)ﬂ}
N =t 1+h=n Rk—1)—— n)|

n
(23)

Taking the first term of (23), averaging over k, and using the fact that |h| < L,
and L, satisfies (19) so that L, K/n = o(1), we get

Sk () ()

K?m?h?

6n>

[1+o(1)]. (24)
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For h = 0 we can write the second term of (23) as

1
1 cos 7T<t+5h>]—cos{(Zk—l)ZI}]
; ISt,ghSn! {(Zk - 1) n "

J‘l*h/n h 1
= cos{(Zk—l)w<r+—>} dr[l-l—O(—)]
1/n 2n n
1—h/n 1
— f cos{(2k — 1)mrr} dr[l + O(—)]
1/n
[sm{(Zk—l)ﬂ'(r-i- )}]l h/n[
1/n

B k-1
[sm{(Zk—l)ﬂ'r}]1 "/"[ (
Qk—1)m
= (2k—11)77' [sin{(Zk—l)'n'(l—
i 2k—1 <h+
—sm{( -7 o
1
— —(Zk— Do [Sin{(2k— 1)7T<1
—sin{(Zk—l)#(%
= (2k—11)77' [sin{(Zk—l)w(l—
sin{(Zkl)w(]
1 _ h
- k=D [sm{(Zk—l)W(
—sin{(Zk—l)w(1
n
= 2 |: QRk—1)m|1
T k- COS{ - ”( -
il
4n
h+

[cos{(Zk — D -

cuforon (B
ot () 20

—
+
Q

/\

\/
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'\)x

[\)\_/3|_.
——
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| —

Lot

+

Q

)
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——
1

N——
[
.
+
Q
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S | =
N————
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N———— —— \ ) g
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|

r

1
—
+
Q
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S | =
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| S
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o :IE‘\_/

L
1

N
S
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+
Q
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for |h| = L, and L, satisfying (19). Averaging over k we find

1 X 3h h
Tk 2 {@k‘“”(l‘ 4—)}@ "

1 i { k-1 3h} h h
Kk:lcos T in

K 3h)\ h h
g {(Zk—l)—}ﬁ—a

1 X 3h h h
e2lsee (G -

_ 4KPmOR <K2h3>_ <K2h2>_ <K2L?,> 26)
T qen2 an O\ pr )T\ )T\

uniformly in 0 = & = L,,. Without going through the calculation, the same rate
result holds when —L, = h < 0.
We deduce from (23)—(26) that

%ﬁ% el (50 )]

|h| K2 2p? K?h?
- 2 + o0 02 .

NI~

(0]
| S h K? 1
= — 772- Z <1 | | h*y,(h)+o| — | +0
6n n n n

> k2, (h)[1+ o(1)]

67’!2 h=—c0

because 1/n = 0(K?/n) for K satisfying R. Thus

2 2

n—>c0

as stated.
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Part (ii). From Lemma A

o _ 1 _l(“’q’K><qD}<‘DK>I<CD}(u>

W = — u'Pru= X\ vn ” N
Ve )T O\

§ l é €0k<£>¢k<£>u,us[l + 0<1>}

k=11 1s=1 n n n

1 X =l t t+h 1
-2 2 - X ¢k<—>¢k<—)u,ut+h[1 +0<—>]. 27)
K S1n="041 1 1=t rvn=n n n n

Using the device in Phillips and Solo (1992) we have the decomposition

u, = C(l)e, +&_, — &, forg = ¢e,_;, &= cp 28)
Jj=0

where 27 || < oo under L. Then, (28), partial summation, and Lemma B(i)
yield

I

5
M
5

o) L r _ En
= zsok(n)s, (D) 7=
- 1
+ 23/2 En:icos <k—l>ﬂ(t__>
t:l\/z 2
1\ 7
sin{(k——)—}
1 1\ 7 2/)2n
Xz(’*&)z ( 1)7
k__ J—
2/)2n
g (1 o (K
-5 Ze(y)ar ol ) o))
Cc(1)
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uniformly in £ = K. Thus,

-3 Sa(H)ufreo(2)
R OO )
39030 (2)ef [0 ()]

n n,ZIKk:1¢k n)® P\ n? ) (
From Lemma B(ii), D&, ¢ (t/n) = \2[sin?(Kwt/2n)/sin(art/2n)], and so
sin* <@>
n K t 2 2 n 2”
w2 S i) -T2 (2]
sin® | —
2n
sin2 <K_7T[>
2n

n = P mt
sin b
2n

= 0(K),

by Lemma B (iv). Hence,

1
N ,21 [kEl <ok< )}8, =0,(1), (30)

and it follows from (29) and (30) that

=5 3 FEa(i)ef[o(3)

2
+0,,<E+K—>. GD

n n2
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Thus,
~D 2_C(1)2K Ln r 2_ 2
wei oo 3| E ) ]
K K°?
+Op<;+ 2 > 32)
Write
C 1 2 K 1 n 2
w272 ()f -]
C 1 2 K 1 .n 2 2 n
2GR ) 2 m(0)e 3]
(33)
In view of Lemma A, we have
c(1)? X " t 5
w 2i2e ()7
C12 K 1 n 2 1 n 2
" 2l (En() )
C 1 2 K 1 2 K
- 2o ()
=0p<g+g> (34)
Thus, for K = 0(n*?) we have from (32)—(34)
VK(0F —
C 1 2 K 2 n
= \(/f) kz ;2¢k<£>¢k<£)8t8s+op(l)
c(H)? 22 (X
= v(?) ;E{EQDk(ﬁ)qok(%)}s,sﬁo (1)
) {Krr(t—s)} ) {KW(I+S)
) C(1)2l , sin . sin . 1
RS {mu—s)}‘ {1w<r+ )} 185 % 0 (1)
sin{ — sin
2 n 2 n
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Kwh}

2 et siny —
s 1 (L y
= — g, €
KANn ;=) sin{l Wh} N <t t+h=n e

n

S sin{Kﬂ'(t—Fs)}

VK ;E _ {17T(t+s)}
siny —

n

g.e,t+ 0,(1). (35)

We show that the second term in the final expression (35) is negligible. Note

that

) {Kw(t-f-s)}

C(1)2 5 s n

VK nZ {1 w(r+s)}8f‘9f
sin 5

n

has mean zero and variance

) 2{K7T([+S)}
4 g gy SIP]
o n

1
;—222 sin2{1 7T(t+s)}

4 r=n sin{Kw (r +
_ 0 cr_ff {Km (r + p)} dpdr
2/nv1/n .n {2 7T(l"+p)}

0 0.4 J‘ J‘r 1/n d d
= —— r
K 2/nY1 P

/n 'nz{zﬂ'(r—kp)}

T r—=(1/n)
—(r+
ot [ 5 cos{z(r p)}
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Hence

) {Kﬂ(t—i-s)}
, sin{ ————

c(1)? 1 n 3 logn)
VK ZES.H{MUH)}S’SSOP(v K )‘OP(”’ (36)
L mlts)
2

n

and so

[ Kmh
cy? = M Ty 1

= \/?,\/E }Z] Sin{l 77-_]/1} (W ]St,ghgn 8t8t+h> + Op(l).
2 n

VK (@f — w?)

Next note from Lemma B (iv) that

.| Kmh
PR Tolt) A B

Kn Zl . 2 { 1 Wh}
sin -
2 n

=20*C()*[1 + o(1)].

Finally, using a martingale central limit argument along the same lines as that
in Phillips, Sun, and Jin (2003), we may establish that

Kh }

C(1)2 n—1 Sin{
VEKNn /& { 1 Wh}
sin E -

n

1

<ﬁ 2 818t+h> —d N(0’20'4C(1)4)
1=t t+h=n

=N(0,20"),

giving the stated central limit theorem for VK (&} — 0?).

Part (iii). Part (i) shows that the bias of @2 is given by
2 2 )

K
E(df —w*) = —— D[1+0o(1)],  whereD= —% > h2y,(h),
n h=—o0

whereas arguments as in part (ii) show the variance of @2 to be

Var{@2} = 2%[1 +o(1)].
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It follows that

K2 \2 2w?
MSE(&2) = E(0% — 0?)* = {(? D) + <7>}[1 +o(1)],

and, if K5/n* — 1, we get

n\* n\4
lim <E> MSE(®2%) = lim (E) E(d%— w?)?> =D? + 2w,

n—oo n—oo

as stated.
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