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FULLY NONPARAMETRIC ESTIMATION
OF SCALAR DIFFUSION MODELS

By FEDERICO M. BANDI AND PETER C. B. PHILLIPS'

We propose a functional estimation procedure for homogeneous stochastic differential
equations based on a discrete sample of observations and with minimal requirements on
the data generating process. We show how to identify the drift and diffusion function
in situations where one or the other function is considered a nuisance parameter. The
asymptotic behavior of the estimators is examined as the observation frequency increases
and as the time span lengthens. We prove almost sure consistency and weak convergence
to mixtures of normal laws, where the mixing variates depend on the chronological local
time of the underlying diffusion process, that is the random time spent by the process in
the vicinity of a generic spatial point. The estimation method and asymptotic results apply
to both stationary and nonstationary recurrent processes.

KeywoRrbDs: Diffusion, drift, local time, martingale, nonparametric estimation, semi-
martingale, stochastic differential equation.

1. INTRODUCTION

MANY POPULAR MODELS in economics and finance, like those for pricing
derivative securities, involve diffusion processes formulated in continuous-time
as solutions to stochastic differential equations. These processes have been used
to model options prices, the term structure of interest rates, and exchange rates,
inter alia. A recent introduction to some of these applications is given in Bax-
ter and Rennie (1996). Stochastic differential equations have also been used to
model macroeconomic aggregates like consumption and investment, and systems
of such equations have been employed for many years to model economic activ-
ity at the national level, as described in Bergstrom (1988). In all these applica-
tions, statistical estimation involves the use of discrete data. It is then necessary
to identify and estimate with discretely sampled observations the parameters and
functionals of a process whose evolution is defined continuously in time.

The stochastic differential equation that defines a diffusion process, like X, in
(2.1) below, involves two components. These components denote the (infinites-
imal) conditional drift, u(.), and the (infinitesimal) conditional variation, a2(.),
of the process in the vicinity of each spatial level visited by X,. The most general
approach to estimating stochastic differential equations is to avoid any functional
form specification for the drift and the diffusion term. In some cases, attention
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Mediocredito Centrale and the Sloan Foundation for Fellowship support. Phillips thanks the NSF
for support under Grant Nos. SBR 97-30295 and SES SES-00-92509.
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242 F. M. BANDI AND P. C. B. PHILLIPS

may focus on one of the functions and it is then of interest to estimate it in the
context of the other function being treated as a nuisance parameter.

A substantial simplification to the estimation problem is obtained by the com-
monly made assumption of stationarity. Indeed, under stationarity and provided
suitable regularity conditions are met, the marginal density of the process is fully
characterized by the two functions of interest (see Karatzas and Shreve (1991)
and Karlin and Taylor (1981), for example). This fact justifies some estimation
methods that have appeared recently in the literature, which exploit the restric-
tions imposed on the drift and diffusion function by virtue of the existence of a
time-invariant distribution function of the process of interest (see, in particular,
Ait-Sahalia (1996a, b) and Jiang and Knight (1997)). Notwithstanding the advan-
tages of assuming stationarity, it would appear that, for many of the empirical
applications mentioned in the first paragraph at least, it would be more appro-
priate to allow for martingale and other possible forms of nonstationary behavior
in the process. In such cases, it becomes necessary to achieve identification with-
out resorting to cross-restrictions delivered from the existence of a time-invariant
marginal data density. In consequence, estimation and inference must be per-
formed when such restrictions cannot be imposed, namely when the process is
nonstationary. Of course, there may also be interest in testing either local or
more general martingale behavior in the process.

The aim of the present paper is to construct a nonparametric estimation
method for scalar diffusion models without imposing a stationarity assumption.
Recurrence, which is a substantially milder assumption than stationarity, is our
identifying condition. Specifically, we require the continuous trajectory of the
process to visit any level in its range an infinite number of times over time.
Our approach is a refined sample analog method, which builds local estimates
of the drift and diffusion components from the local behavior of the process
at each spatial point that the process visits. We assume that the process is dis-
cretely sampled, but we explore the limit theory of the proposed estimators as
the sample frequency increases (i.e., as the interval between observations tends
to zero, as in Florens-Zmirou (1993), Jacod (1997), and Jiang and Knight (1997),
among others) and also as the time span of observation lengthens. In technical
terms this amounts to both infill and long span asymptotics. As clarified below,
the twofold limit theory allows us to avoid the well-known aliasing problem (i.e.,
different continuous-time processes may be indistinguishable when sampled at
discrete points in time) and be very general about the dynamic features of the
underlying diffusion process (Phillips (1973) and Hansen and Sargent (1983) are
early references on the aliasing phenomenon in the econometric literature on
the identification of continuous-time Markov systems).

We give conditions for almost sure convergence of the proposed sample analog
estimators to the theoretical functions and provide a limit distribution theory for
the general case. The asymptotic distributions of the estimates are mixed normal
and the mixture variates can be expressed in terms of the chronological local
time of the underlying diffusion, i.e., a random quantity that measures in real
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time units the amount of time that the process spends in the local neighborhood
of each spatial point in its admissible range.

Our results also enable us to comment on the fixed time span situation. We
confirm earlier findings that the diffusion term can be consistently estimated over
a fixed time span (as in Florens-Zmirou (1993) and Jacod (1997), for example)
and discuss the difference between this case and the long span situation. We also
confirm that, in general, the drift term cannot be identified nonparametrically
on a fixed interval without cross-restrictions (as in Jiang and Knight (1997), for
instance), no matter how frequently the data are sampled (see Merton (1980)
and Bandi (2002, Theorem 2.1), among others). Despite this limitation, by letting
the time span increase to infinity, the theoretical drift term can be recovered
in the limit, provided the process continues to repeat itself, that is provided
the process is recurrent, as implied by our assumptions (see Section 2). Geman
(1979) utilized the same property but assumed the availability of a continuous
record of observations. To our knowledge, our drift estimator is the first fully
nonparametric estimator that permits identification of the drift function by use
of discretely sampled data, without relying on cross-restrictions based on the
existence of a time-invariant marginal distribution function for the process of
interest. It is therefore robust against deviations from stationarity in the wide
class of recurrent processes.

Not surprisingly, both the nonparametric theory on the estimation of condi-
tional expectations in the stationary discrete time framework (see Pagan and
Ullah (1999), for example, and the references therein) and the recent functional
theory on the identification of conditional first moments in the unit root liter-
ature (Phillips and Park (1998)) are reflected in the general results given here.
These results can in turn be specialized to various forms of recurrent behavior
and, in consequence, cover both the stationary case and the Brownian motion
(unit root, that is) case in the existing nonparametric literature, without being
limited to them.

Our work is presented as follows. Section 2 lays out the model and objects of
interest. Section 3 gives some useful theoretical preliminaries. Section 4 contains
a description of the methodology. Section 5 presents the main results and Section
6 concludes. The Appendix provides proofs and technicalities.

2. THE MODEL, ASSUMPTIONS, AND OBJECTS OF INTEREST

The model we consider is the autonomous stochastic differential equation
(2.1) dX,=pu(X,)dt+o(X,)dB,,

with initial condition X, = X, where {B, : t > 0} is a standard Brownian motion
defined on the filtered probability space (£2, 3%, (35),.,, P). The initial condition
X € L? and is taken to be independent of 3%. We define the left-continuous
filtration

(22) S,i=0(X)v3P=0(X,B;0<s5<1), 0<t<oo,
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and the collection of null sets

(2.3) X:={Nc0;3G e, with N € G and P(G) =0}.
We create the augmented filtration

(24) 3 :=0@,UR), 0<t<o.

The following conditions will be used in the study of (2.1). In what follows, the
symbol © denotes the admissible range of the process X,.

ASSUMPTION 1:

(i) pn(-) and o(-) are time-homogeneous, B-measurable functions on © = (I, u)
with —oo < < u < oo, where ¥ is the o-field generated by Borel sets on ©. Both
functions are at least twice continuously differentiable. They satisfy local Lipschitz
and growth conditions. Thus, for every compact subset J of the range © of the
process, there exist constants C{ and CJ such that, for all x and y in J,

(2.5) [u(x) = p|+1o(x) —a(y)] < Cf|x -y,
and
(2.6) ()| +o(x)| < C {1+ |x[}.

(i) o?(-) >0 on D.
(ili) We define S(a), the natural scale function, as

2.7 S(a) = /ca exp{/j[—iﬁg” dx} dy,

where c is a generic fixed number belonging to ®. We require S(«) to satisfy

(2.8) lirr} S(a) = —oo,
and

(29)  lim S(a) =co.

Condition (i) is sufficient for pathwise uniqueness of the solution to (2.1)
(Karatzas and Shreve (1991, Theorem 5.2.5, p. 287)). Conditions (i) and (i)
assure the existence of a unique strong solution up to an explosion time (Karatzas
and Shreve (1991, Theorem 5.5.15, p. 341, and Corollary 5.3.23, p. 310)). Con-
dition (iii) guarantees that the exit time from ® = (/, u) is infinite (Karatzas
and Shreve (1991, Proposition 5.5.22, p. 345)), but does not imply existence of a
stationary probability measure for X,. The same condition is necessary and suf-
ficient for recurrence, meaning that, for each ¢ € ®, there exists a sequence of
times {¢;} increasing to infinity such that X, = ¢ for each i, almost surely.
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REMARK 1: Global Lipschitz and growth conditions are typically assumed to
guarantee existence and uniqueness of a strong solution to (2.1) (see Karatzas
and Shreve (1991, Theorem 5.2.9, p. 289), for example). We do not impose these
conditions here because, as Ait-Sahalia (1996a, b) points out, they fail to be
satisfied for interesting models in economics and finance.

Thus, under Assumption 1, the stochastic differential equation has a unique
strong solution X, that is adapted to I¥ and recurrent. Further, X, satisfies

_ t t
(210) X, =X+ [ p(X)ds+ [ o(X,)dB, s,
0 0

with [] E[X?]ds < cc.
The objects of econometric interest are the drift and diffusion terms in (2.1).
These functions have the following definitions:

(2.11)  EY[X,—x]=tu(x)+o0(),
(212)  E*[(X,—x)*] =to*(x) +o(1),

where x is a generic initial condition and E* is the expectation operator asso-
ciated with the process started at x. Loosely speaking, (2.11) and (2.12) can be
interpreted as representing the instantaneous conditional mean and the instan-
taneous conditional variance of the process when X, = x. More precisely, (2.11)
describes the conditional expected rate of change of the process for infinitesimal
time changes, whereas (2.12) gives the conditional rate of change of volatility at x.

3. LOCAL TIME PRELIMINARIES

In what follows we introduce some preliminary results regarding the local or
sojourn time of a continuous semimartingale (SMG). These results will be useful
in the development of our analysis (Revuz and Yor (1998) is a standard refer-
ence).

DEFINITION 1 (Continuous SMG): A continuous SMG is a continuous pro-
cess M, that can be written as M, = LM, + A,, where LM, is a continuous local
martingale and A, is a continuous adapted process of finite variation.

Stochastic differential equations like (2.1) are known to have solutions that are
SMGs since X + fot w(X,)ds is a continuous adapted process of finite variation
and fot o(X,)dB, is a continuous local martingale. Hence, our theory comes
within the ambit of SMG analysis.

The local time of a continuous SMG M, is defined as follows:

LEMMA 1 (The Tanaka Formula): For any real number a, there exists a nonde-
creasing continuous process Ly (., a) called the local time of M, at a, such that

t
(1) IM,—a|=|My—a|+ [ sgn(M,—a)dM,+Ly(1,a),
0
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d 1
(2) (M=) =(My=a)"+ [ 1y dM,+ 5Ly (1. a).

! 1
(3) (M=) =(My=a) — [ 1y dM,+ 5Ly (1. a).

where 1 is the indicator function. In particular, |M, — a|, (M, —a)*, and (M, —a)~
are SMGs.

LEMMA 2 (Continuity of SMG Local Time): For any continuous SMG M,,
there exists a version of the local time such that the map (t,a) +— L (¢, a) is a.s.
continuous in t and cadlag in a.

LEMMA 3 (The Occupation Time Formula): Let M, be a continuous SMG
with quadratic variation process [M ], and let L* be the local time at a. Then,

(3.4) /Otf(Ms, 5)d[M], = /_Z da /Otf(a, s)dL, (s, a)

for every positive Borel measurable function f. If f is homogeneous, then the expres-
sion simplifies to

(5 [ M)A, = [ f@Ly(t,0)da.
LEMMA 4: If M, is a continuous SMG then, almost surely,
1 t
(36)  Ly(t,a)=lim— fo Ly oo (M) d[M], Va,t.
If M, is a continuous local martingale then, almost surely,
1 t
(7 Lyay=lims [, q(M)dM], Va1

The process L, (¢, a) is called the local time of M, at the point a over the time
interval [0, ¢]. It is measured in units of the quadratic variation process and gives
the amount of time that the process spends in the vicinity of a. The “chrono-
logical local time” (terminology from Phillips and Park (1998)) is a standardized
version of the conventional local time that is defined in terms of pure time units.
It can be easily derived in the Brownian motion case. From (3.7), the local time
of a standard Brownian motion W, is

.1
(3.8) Ly (¢,a) :Lm(]%/o Lyw s ds as. Va,t.
Now, consider the Brownian motion B, = oW, with local variance 2. We can
write, as in Phillips and Park (1998),

1

! a
: 2
(3.9) Lg(t,a) :}:13(1)5/0 15,—a)<e)0 dS=a'LW<t, ;) as. Va,t.
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Since the quadratic variation of Brownian motion is deterministic, the chrono-
logical local time can be obtained as a scaled version of the conventional sojourn
time as

— 1
(3.10)  Lg(t,a)= liII(l] 2—/ Lp, gz ds = 0 2Ly(t,a) as. Va,t.
e—~02¢€ Jo $

Equation (3.10) clarifies the sense in which L,(¢, @) measures the amount of
time (out of ¢) that the process spends in the neighborhood of a generic spatial
point a.

It turns out that a similar expression can be defined for more general processes
such as those driven by stochastic differential equations like (2.1). In this case,
the measure d[X], is random and equal to o?(X,)ds. Hence, given the limit
operation, a natural way to define the chronological local time is by

1 1

!
7 : 2
(3.11)  Ly(t,a)= o) llg(l);fo L oo (X)o7 (X)) ds

UZL(a)LX(t’ a) as. Va,t.

This is the notion of local time that we will use extensively in what follows.
It appears in other recent work on the nonparametric treatment of diffusion
processes (see, e.g., Bosq (1998, p. 146) and Florens-Zmirou (1993)), where it is
sometimes referred to simply as “local time.”

Lemma 5 and 6 below contain additional results that will be used in the devel-
opment of our limit theory. Lemma 5 generalizes to diffusion processes the limit
theory for Brownian local time (see Revuz and Yor (1998, Exercises 2.11 and
2.12, Chapter 13)).

LEMMA 5 (Limit Theory for the Local Time of a Diffusion): Let X, satisfy
the properties in Section 2.> Let r and a > 0 be fixed real numbers and treat
{Ly(t,r+(a/A))—Lx(t, r)} as a double indexed stochastic process in (t, a). Then,
as A — o

(3.12) %\/X LX<t,r+%>—LX(t,r) = B(Ly(t,7),a),

where B(t, a) is a standard Brownian sheet independent of X,. If a <0, then

(3.13) %JX LX<t,r+%)—LX(t,r) = B(Lx(t, 1), —a).

Finally, Lemma 6 specializes to scalar diffusion processes a result that has
wider applicability in the theory of occupation times for recurrent Markov pro-
cesses (see, e.g., Azéma, Kaplan-Duflo, and Revuz (1967) and Revuz and Yor
(1998, Theorem 3.12, Chapter 10)).

2 Lemma 5 also applies to transient solutions to (2.1).
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LEMMA 6: Let X, satisfy the properties in Section 2. Then, for any Borel mea-
surable pair of functions f(.) and g(.) that are integrable with respect to the speed
measure s(dx) =2dx/S (x)o*(x) of X,, where S'(x) is the first derivative of the
natural scale function, the ratio of the functionals fOT f(X,)ds and fOT g(X,)ds is
such that

>

(3.14) P[l

i b S ds _ f“mf(x)s(dx)} _1
1= [To(X,)ds [ . 8(x)s(dx)

provided [~ g(x)s(dx) > 0.

We now turn to the estimation method.

4. ECONOMETRIC ESTIMATION

Assume the process X, is observed at {t =t,,t,,...,t,} in the time inter-
val [0, T']. Further assume that the observations are equispaced. Then, {X, =
X4, > Xoa, ;s X34, 1o+ » Xpa, , } are n observations on the process X, at {f, =
A, =24, 1,t=34, 1,...,t,=nA, ;}, where A, =T/n.

We want the number of sampled points (7) to increase as the time span (7))
lengthens. We also want the frequency of observation to increase with n. Thus,
we will explore the limit theory of the proposed estimators as n — oo, T — o0,
and A, ; =T /n— 0. We will also comment on the fixed T case where T' = T.

We propose the following estimators for (2.11) and (2.12):

(4-1) ﬂ(n,T)(x)
an,T_x 1 mn,T(iAn,T)_l
. Xin K( hn.T ) (mn,r(iﬂn,r)ﬂn,r Zj:O [Xf(iﬂn‘r)ﬁrﬁn,r _Xl(mn,r)/])
= X -
k(T

hn,T

(4.2) =

(4.3) a'(Zn,T) (x)

n Xia, 7= 1 mp, 7 (i4,,7)~1 2
ZfﬂK( I, T )(’"n,r(iﬂn,r)ﬂn,r Zj:o [X’("A",T)J'*A”f_X‘(M”’T)/] )
Xig . —x
Sk ()

hn,T

an, T~

L ZLlK(TTX)&iT(Xm”)
S

hn,T

(4.4)




SCALAR DIFFUSION MODELS 249

where K(.) is a standard kernel function whose properties are specified below.
In the above formulae, {7(i4, 7);} is a sequence of random times defined in the
following manner:

(4.5) 1(id, r)o=inf{r > 0:|X, - X;y [ <&,7},
and
(4.6) 14, 1) = inf{z > 14, 1)+ A, r 1 X, =Xy, | = En1)-

The number m,, 7(i4, 7) < n counts the stopping times associated with the value
X4, , and is defined as

(4.7) m, r (4, 1) =3 Yx, x, l<en ) Vi<n,
j=1 ' |
where 1, denotes the indicator of the set A. The quantity €, r is a bandwidth-
like parameter that is taken to depend on the time span and on the sample size.
The function K(-) that appears in (4.2) and (4.4) is assumed to satisfy the
following condition.

ASSUMPTION 2: The kernel K(.) is a continuously differentiable, symmetric and
nonnegative function whose derivative K' is absolutely integrable and for which

(4.8) /ZK(S)ds:l, /O;Kz(s)ds<oo, supK(s) < Cs,

and

49) [ $£K(s)ds <.

The method hinges on the simultaneous operation of infill and long span
asymptotics. The intuition underlying the construction of (4.2) and (4.4) is fairly
clear. By using observations over a lengthening time span as well as of increas-
ing frequency we aim to “reconstruct” as well as possible the path of the process
in terms of the key objects of interest, namely the drift and diffusion function,
which vary over the path. The idea is twofold.

First, the use of local averaging and stopping times in the algorithm is designed
to replicate as well as possible the instantaneous features of the actual func-
tions. Notice, in fact, that the components &, ;(X; a,.) and i, r(X;y ) in (4.2)
and (4.4) are defined as empirical analogs to the true functions for all i’s. Pro-
vided suitable conditions on the spatial bandwidth &, ; are satisfied, such compo-
nents are expected to be consistent for o(X; a,,) and p(X;, ) as the random
quantity m,, (i4, r) goes to infinity. Given appropriate choice of the smoothing
sequence, divergence of m,, r(i4, r) to infinity occurs with probability one when
the process X, is recurrent, as it is under Condition (iii) in Assumption 1. In this
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case, the process almost surely visits any point in its admissible range an infinite
number of times over time, i.e., P.{X, hits z at a sequence of times increasing
to oo} =1,V x, z (here, as before, x represents a possible initialization of X,).

Second, we apply standard nonparametric smoothing to recover the two func-
tions of interest from the crude estimates &, ;(X; a,) and [, 7(X;y ) calcu-
lated at the sample points.

5. MAIN RESULTS
5.1. Some Preliminary Theory
We start with the following preliminary result. Throughout, we assume that

Assumptions 1 and 2 hold.

THEOREM 1 (Almost Sure Convergence to the Chronological Local Time):
Given n — oo, T fixed (=T), and h, 7 — 0 (as n — o) in such a way that
(1/h, 7)(4, 7log(1/4, 7))"* = o(1), the quantity

An T - (Xm T_x)
s K n,
hy, 7 ; h, 7

converges to Ly (T, x) with probability one.

REMARK 2: Theorem 1 is general enough to be applicable to transient pro-
cesses. The following Corollary illustrates the difference between the two cases
when we let T go to infinity.

COROLLARY 1: If T — cowithnbut T/n=A,  — 0and h,  — 0(as n, T —
o0) in such a way that

Ly(T,x)
BT (4, tos(1/8, 1)) = 0,1,
n, T
then
A " Xi —X\ as. —
(5.1) h"’TZK< A}:'T ) — Ly(sup{t: X, = x}, x).
n, T j=1 n, T

Further, if the process is recurrent, then Ly (sup{t: X, = x}, x) = oo with probabil-
ity one.

5.2. Functional Estimation of the Drift
We now develop the asymptotic theory for the drift estimator (4.2).

THEOREM 2 (Almost Sure Convergence to the Drift Term): Given n — oo,
T — oo, A, r—0and h, ; — 0 (as n, T — oo) such that

L(T,x)

h (An,Tlog(l/An,T))l/z = Oa.s.(l)’
n, T
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and provided €,  — 0 (as n, T — o) such that

Ly (T, x)

(An Tlog(l/An T))l/2 =04 (1)
gn,T ' ' o

and &, Ly (T, x) 2% oo, the estimator (4.2) converges to the true function with
probability one.

THEOREM 3 (The Limiting Distribution of the Drift Estimator): Given n —
oo, T =00, A, +—0, h, 1 — 0 (as n,T — o) such that

Ly(T,x)

(An Tlog(l/An T))l/z =045 (1)9
and provided €, 1 — 0 (as n, T — o) such that

L(T,x)

n, T

(An,T log(l/An, T))l/2 = Oa.s.(1)7

£, +Ly(T, x) 2% % and SZ,TZX(T7 x) =0,,(1), then the asymptotic distribution
of the drift function estimator is of the form

(52 VeurLx (T 0 () - w0} = N0, Ko (1),

where K3 = 4f o (|a\<1} =3 if hyr=o0(e,7). If hyr=O0C(e, 1) with
h, 1/, 17— ¢ >0, then

63 e Lx (T D n®-p] = (0,300 ).

o r(z+1)/d r(z+1)/¢
where 04 =3 |7 [22))4 Jio1)s K(@)K(e)dz dade.

Under the same conditions, but provided &), +Ly(T,x)=0,, (1), the limiting
distribution of the drift estimator displays an asymptotic bias term whose form is

o2 ind / S,(X) l "
60 T =e K w4 5w |
where K" = 1 [* a®1,,.da=3, if h,  =o0(s, ), and
i ’ S, X 1 "
65 IO = (K K W S+ Jw 0],

with K, = [~ _da*K(a)da, if h, = O(e, ) with h,, 1/€, 1 — ¢ > 0. The function
s(x) in (5.4) and (5.5) is the speed function of the process X,, namely s(x) =
2/8'(x)o?(x).
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REMARK 3 (The Fixed T Case): If we fix the time span 7, the drift function
cannot be identified. In particular, the drift estimator would diverge at a speed
equal to /€, 7 (see Theorem 2.1 in Bandi (2002) for an alternative treatment).
However, if we do not constrain the time span to be fixed, by virtue of recur-
rence, there are repeated visits to every level over time and this opens up the
possibility of recovering the true function by using a single trajectory of the pro-
cess over a long time, through a combination of infill and long span asymptotics.
Since the local dynamics of the underlying continuous process reflect more of
the features of the diffusion function than those of the drift, only the diffusion
function estimator can be meaningfully defined over a fixed time span of obser-
vations, as we will see in the sequel (see, also, Geman (1979), among others).

REMARK 4 (The Rate of Convergence): The normalizations in (5.2) and (5.3)

are random because of the presence of the local time factor L (7T, x). In gen-
eral, therefore, the rate of convergence will be path-dependent. The precise rate
of convergence in (5.2) and (5.3) will depend on the asymptotic divergence char-
acteristics of the chronological local time of the underlying diffusion process. We
consider the two cases for which closed-form expressions for the rates of conver-
gence exist, namely Brownian motion and the wide class of stationary processes.
First, assume X, is a Brownian motion (u(.) =0 and o(.) = o, that is). Then,

— — 1 a
(5:6)  Ly(T,x)=Lp(T,x)=T""—Ly (1, TTzU) =0,,(T'"?).

In this case, the convergence rate (to zero) of fi, r(x) is \/, T2, the asymp-
totic distribution is mixed normal, and the limiting variance depends inversely
on the local time of the underlying standard Brownian motion at the origin and
time 1. Now consider the class of stationary processes. For any strictly stationary
real ergodic process, it is possible to show that

7 BT gy,

where f(x) is the time-invariant stationary distribution function of the process
at x (see, e.g., Bosq (1998, Theorem 6.3, p. 150)). As expected, for stationary
processes the rate of convergence is faster than in the Brownian motion case,
ie., /€, rT, the asymptotic distribution is normal, and the (nonrandom) limiting
variance depends inversely on the marginal distribution function of X, at x.

REMARK 5 (Single Smoothing): We can simplify (4.2) above and write the
estimator as a weighted average of differences with weights based on simple
kernels. Consider

n—1 XiAn, -
58 _ . 1 2o K( g,,y; )(X(H—I)A,,j —Xm”)
(58) ()= P .
T Zi:l K( gn’,T )



SCALAR DIFFUSION MODELS 253

The limit theory in this paper allows us to show that &, 7(x) is consistent almost
surely for the unknown drift function provided the window width g, 7 is such that

Ly (T, x)

(An,T log(l/An, T))l/2 = Oa.s‘(l)

gn,T
and_gn,TZX(T,x) 2% % as n,T — oo with T/n — 0. Furthermore, if
gs,TLX(T> X) = oa.s.(1)7 then

59 V& rLx(T, )it () — p(x)} = N (0, K,o2(x)),

where K, = [ K?(s) ds. Additionally, if g} 7Ly (T,x) = O,, (1), then

(5.10) v g0 1L (T2 )iy () — 1(x) — Tu(x)} = N (0, Ky (x)).

where
D 10 =g oK WS 4 5w,

s(x) is the speed function of the process at the generic level x, and K, =
[ s*K(s)ds.

It is noted that (5.8) behaves asymptotically like (4.2) in the case where
h, r =o(e, r) and (4.2) is originated from a smooth kernel convoluted with
another smooth kernel rather than with an indicator function as in our original
formulation. In other words, single-smoothing is the same as double-smoothing
asymptotically if &, /&, 1 — ¢=0.1f h, /e, 1 — ¢ >0, then double-smoothing
offers additional flexibility over its simple counterpart. In fact, the parameter
6, (which affects the asymptotic variance) is a decreasing function of the con-
stant ¢, whereas the parameter K, = K,¢> + K" (which affects the asymp-
totic bias) is an increasing function of the same constant. For some processes
and some levels x, appropriate choice of the smoothing sequences (and, con-
sequently, appropriate choice of ¢) can improve the limiting trade-off between
bias and variance delivering an asymptotic mean-squared error that is minimized
at values ¢ that are strictly larger than 0 (as would be the case in the single-
smoothing case). Notice that if h, /¢, — ¢ =0 and &) ;Ly(T,x) = o0,,(1)
(which implies undersmoothing with respect to the optimal bandwidth, i.e.,
&) +Ly(T,x)=0,, (1)), then the asymptotic bias of our double-smoothed esti-
mator is zero, while the limiting variance is 0%(x). These are the same limiting
bias and variance of the single-smoothed estimator originated using an indicator
kernel. If &, ;/&, + — ¢ > 0 and &), +Ly(T,x)=o0,, (1), then the limiting bias
remains zero but the limiting variance becomes %04)0'2 (x) which is strictly smaller
than 0?(x). In other words, for suboptimal bandwidth choices, which are usu-
ally implemented to eliminate the bias term and center the limiting distribution
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around zero, double-smoothing guarantees a smaller asymptotic mean-squared
error than single-smoothing for any processes and any level x.

The finite sample benefits of convoluted kernels for drift estimation are dis-
cussed in a recent simulation study by Bandi and Nguyen (2000).

5.3. Functional Estimation of the Diffusion

We now turn to the asymptotic theory for the diffusion estimator (4.4).

THEOREM 4 (Almost Sure Convergence to the Diffusion Term): Given n —
oo, T — o0, A, 7 — 0, and h,  — 0 (as n, T — o) such that

Ly (T, x)

]’l (An, T log(l/An,T))l/2 = Oa.s.(l)’
n, T
and provided ¢, — 0 (as n, T — o) such that
L (T, x)
‘gn,T

(An, T log(l/An,T))l/z = Oa.s.(l)’

the estimator (4.4) converges to the true function with probability one.

THEOREM 5 (The Limiting Distribution of the Diffusion Estimator): Assume
n—oo, T —o00, A, +—0,and h, ; — 0 (as n, T — oo) such that

ExTo (4, tog(1/4,.) = 0, (1)
Also, assume s;,T — 0 (as n, T — ) such that
B0 (4, 1 10g(1/4, 1) =0, (1) and
n T
Gl ™) _ g
A, .

Then, the asymptotic distribution of the diffusion function estimator is of the form

TEX T,x) ., 2 ind 4
(5.12) J S"’A—(x){a(n’ n(xX)—0*(x)} = N(0,4K}“o*(x)),

n, T

where Ky¢ = § [* 13, _da =3 if h,r=o0(e,r). If h,r = O(s,r) with
h, 1/, 17— ¢ >0, then

(5.13) %(TTX){ 6y (x) = 0?(x)} = N(0,20,0%(x)),

where 0, =1 [~ fé”f;/f ((Zzﬁl))/f K(a)K(e)dzdade.
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Under the same conditions, but provided

8151, TZX(T’ X)

=0,,(1
i s (1),

the limiting distribution of the diffusion estimator displays an asymptotic bias term
whose form is

(5.14) rgz(x>=ei,rl<;‘"d[< () (())+ (%x))”}

with Kmd 3 f @ 1{\a\<1} da = 3: lfhn T= 0(8n T) and

S(x) 2 "
()+< ())]

with K, = [~ _da*K(a)da, if h, = O(e, ) with h, 1/€, 1 — ¢ > 0. The function
s(x) in (5.14) and (5.15) is the speed function of the process X,, namely s(x) =
2/8'(x)o?(x).

(5.15)  TO() = (K, + i) [(a%x))/

Next, we consider the fixed 7'(=T) case.

THEOREM 6 (The Limiting Distribution of the Diffusion Estimator for a Fixed
Time Span): Given n — oo, T =T, and h, 7 — 0 (as n — o) such that

1
F(An,flog(l/An, T))l/2 = 0(1)>
T

n,

and provided &, 7 — 0 (as n — o) such that

—(4, 7log(1/4, 7))'* = 0(1),

n, T

the estimator (4.4) converges to the true function with probability one.
If h, 7 =o0(s, 7) and nsij = o(1), then the asymptotic distribution of the diffu-
sion function estimator is driven by a “martingale effect” and has the form

204(x) )
Ly(T,x)/T)’

(5.16) /5, Tn{&fm () - a'z(x)} — MN (o,

where MN indicates a mixed normal distribution.
If h, 7= o(e, 7) and ne’ .7 —> 09, then the asymptotic distribution of the diffusion
functzon estimator is driven’ by a “bias effect” and has the form

1 ma (0/(x))°
(5.17) ?{%{o(zm(x)_az(x)}:MN@ 16¢™ Z(]’f x))

Where goi”d == Zfooo fOOO ab(%lﬂﬂ‘fl})(%l“b‘fl}) min(a, b) da db



256 F. M. BANDI AND P. C. B. PHILLIPS

If h, 7= O(e, 1) with h, 7/€, 7 — ¢ > 0and ne} = o(1), then the asymptotic
distribution of the diffusion function estimator is driven by a “martingale effect” and
is of the form

20,0°(x) >
Ly(T,x)/T)’
o r(z+1)/¢ r(z+1)/¢
where 04 =3 [7 [ ] +1)/¢ P +1)/¢ K(a)K(e)dz dade.
If h, 7= O(e, 1) with h, t/&,  — ¢ > 0 and ne’ o7 = 0 then the asymptotic
distribution of the diffusion function estimator is driven by a “bias effect” and is of
the form

(5.19) 831/2 {67 G T)(x) o*(x)} = MN <() 16(¢™ K ($)) =——=—

n, T

where ¢ K () is a positive function of ¢ such that o™X (¢) — ¢™ as ¢ — 0.3

(5.18) \/snjn{é'(znj) (x)—0*(x)} = MN <0,

(0'(x)) )
Ly(T, )

REMARK 6: The statement of Theorem 6 uses the terms “bias effect” and
“martingale effect” to refer to the principal terms that govern the asymptotic
distribution. These effects are revealed in the proof of the theorem. The essen-
tial factor determining the magnitude of the two effects is the relation of the
observation rate of the process, 4, 7 that is, to the spatial bandwidth parameter,
namely ¢, 7. If A, 7 is small relatlve to €, 7, so that ne? W T % then the bias
effect dominates the asymptotics. If the spatial bandwidth g, 7 is small relative
to the observation interval and ns ~=o0(1), then the bias effect is eliminated
asymptotically and the martingale effect governs the limit theory.

REMARK 7: When T is fixed as in Theorem 6 above, the admissible band-
width conditions can be written as a function of the number of observations. The
variance term dominates if (approximately)

11
(520) e, 7ocn™™ with k e<4 2)

and

(521)  h,rocn™ with ke (O, %)
On the other hand, if (approximately)
(522) g, 7oxn™ with ke <0, %)
and

(523)  h,raxn™ with k,e (0, %)

then the bias term drives the limiting distribution.

3 See the proof of Theorem 6.
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REMARK 8 (The Rate of Convergence): The diffusion function estimator
converges at a faster rate than the drift estimator, namely

&n, TZX(T’ x)
An,T

versus \/8,1, Ly (T, x),

when T — oo. Using the results in Remark 4 above, in the Brownian motion and
stationary case the normalizations in (5.12) and (5.13) are

T ne T
n T n, T n T
\/ \/ T1/2 \/nsn T

respectively.

REMARK 9 (Single Smoothing): Coherently with the drift case, we can con-
sider a simpler version of our infinitesimal volatility estimator based on single
smoothing. Define

—X

| LK < o >(X (i1)a, r — Xia, )
An,T idg, 7~
Zl 1 K( 8n, T >

Following our derivations in the convoluted case, we can prove that (5.24) is
consistent almost surely for the unknown function o2(.) provided the window
width g,  is such that

(5.24) G () =

Ly(T,x)

(An,T log(l/An, T))l/z = Oa.s.(l)
gn,T
. T
as n,T — o with ——0.
n

Furthermore, if

gﬁ TZX(T’ x)

=o0,,(1
An’T Oa.s.( )’

then

gn TLX(T x)
An,T

(5.25) {al a0,y (X) — o?(x)} = N(0,4K,0%(x)),

where K, = [*_K?(s)ds. Additionally, if

grst, TZX(T’ X)

=0,,(
An’T a.s.( )7



258 F. M. BANDI AND P. C. B. PHILLIPS

then
Ly(T,x
(5.26) g”+(){ 0.1y (0) = 0° (1) = T2 (1)} = N(0, 4K, 0 (1)),
n, T

where

2 S (x) 2 "
(527 Te(x) =g K| (a?(x) ) —(0 ()
s(x) is the speed function of the process at the generic level x, and K, =

7 s*K(s)ds.

As in the case of drift estimation (see Remark 5 above), double-smoothing
can reduce the asymptotic mean-squared error of the diffusion estimator for
some processes and some levels x, thus offering increased flexibility over its
simple counterpart. Contrary to drift estimation, the finite sample performance
of alternative diffusion estimators based on simple and convoluted kernels is
quite similar (see Bandi and Nguyen (2000)).

5.4. Relation to Florens-Zmirou (1993)

There is an important similarity between (5.16) and the limiting distribution
obtained in Florens-Zmirou (1993). It is useful to recall her results before com-
menting further.

THEOREM 7 (Florens-Zmirou (1993)): Assume we observe X, at {t =

tis by, ...t} in the time interval [0, T], where T can be normalized to 1. Also, the
data is equzspaced Consequently, {X, = X, , X5, , X34, -->X,4,} are n obser-
vations at points {t, = A,,t, =24,,...,t,=A,}, where An = 1/n. The estimator

1
125 sz X Gy = Xl L
4, Y Yx,,xizn,)

(5.28) O'(n 1) (x) = Uz(x),

provided the sequence h,, is such that nh, — oo and nh* — 0. Further, if nh> — 0,
then

. 204(x

(529 Vh,n{él, ) (x)—*(x)} = MN (0, Tf;))
It is not surprising that the limiting distribution in Florens-Zmirou (1993)
resembles the limiting distribution of the estimator proposed here for choices of
e, 7 and h, 7 that make the bias term negligible (and provided 4, 7 = o(e, 7)).
Note, in fact, that in the fixed T case the estimator that we suggest here can be
interpreted as a convoluted version of the Florens-Zmirou’s estimator. In par-
ticular, it can be written as a weighted average of estimates obtained using the
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Florens-Zmirou’s method. In effect, ~j 7(Xis ) can be rearranged as follows
Vi<n: ’ ’

1 mn,'l_‘(iAn,I_')7]

2
> [Xt(idnj)j+4mf - Xl(iA”j)j]

5.30) 6y (X, )=
(5.30) w7 (X, 1) m, 74, A7 3

n—1 2
531) 1 X by x e, X Gea, r = Xa, 4]

. - n
A”»T ijllﬂxjd ——Xm”j\fenj}

n,T

n,

It is easy to prove that when nh! — oo the Florens-Zmirou’s estimator is still
consistent but, in the same manner as our own limit theory, the bias term drives
the asymptotic distribution, namely

(5.32) L{&2 (x)—a*(x)} = MN <O 16 ’”de))z)
! (Lx(1, %))
where ¢ =2 [7 [¥ ab(31;4<1,) G1p<1y) min(a, b) da db.

Of course, the similarity between our approach to diffusion function estima-
tion and the approach in Florens-Zmirou is even more striking when considering
sample analogues to the unknown diffusion function based on single smooth-
ing, as in Remark 9 above, for a fixed time span T. Nonetheless, our limit the-
ory presents important differences over the results in Florens-Zmirou. First, we
extend her analysis to general smooth kernels (as in (5.24)). Second, we provide
a proof of convergence with probability one and related conditions on the rele-
vant bandwidth(s). Third, based on different bandwidth choices, we describe the
potential limiting trade-off between bias (5.17) and variance (5.16) in the asymp-
totic distribution.

5.5. Remarks on the Stationary Case

When stationarity holds, our general theory reflects existing results in the esti-
mation of conditional first moments for discrete-time series (see, e.g., Hardle
(1990) and Pagan and Ullah (1999) for a more recent discussion).

COROLLARY 2 (c.f. Theorem 3): Assume X, is stationary. Furthermore, assume
n—oo, T —o, A -0, h,; -0 (as n,T — oo) such that (T/h, 1)
(4, rlog(1/4, N* = o(1), and €,; — 0 (as n,T — oo) such that

(T/&41)(Ay r108(1/4, )" = 0(1) and &, ;T — co. Then, fi, r)(x) = ().
Additionally, the asymptotic distribution of the drift function estimator is of the form

639 for Tl n®-n) - L= 8 (0,553,
if h, r=o0(g, 1) and &, = O(T~'7), where

_ o1,
634 L0 =s 5 e 4w

and f(x) is the stationary distribution function of the process at x.
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Equivalently, in the diffusion case we obtain the following result.

COROLLARY 3 (c.f. Theorem 5): Assume X, is stationary. Furthermore, assume
n— o0, T - 00,A,+— 0,h, =0 (as n,T — oo) such that (T/h, 1)
(A, rlog(1/4, )"* = o(1) and €, — 0 (as n,T — o) such that (T /e, 1)
(4,,71og(1/4,,1))"? = o(1). Then, 67, 1(x) 25 02(x). Additionally, the asymp-
totic distribution of the diffusion function estimator is of the form

204(x)
T ) )

(535) /&, {60, r(x) = () —T2(x)} = N(O
if h, r=o0(g, 1) and &, 1 = O(n='7), where

RO
f) T2

and f(x) is the stationary distribution function of the process at x.

630 Tt =e 3| @y EE @ wy|

Interestingly, Corollaries 2 and 3 apply to the strictly stationary case as well as
to the case where the process is not initialized at the stationary distribution, while
being endowed with a time-invariant stationary distribution (to which the process
converges, eventually). The latter situation is known as positive-recurrence and
is such that the speed measure of the process (as defined in Lemma 6) is finite,
i.e., (D) < oo. In this case the normalized speed measure coincides with the
stationary distribution of X, (see Pollack and Siegmund (1985), for instance).
Specifically,

L,
(537)  lim PA(X, < 2) = S(s(@z)))

Vx,zeD.

5.6. Some Observations on the Implementation

The estimators presented and discussed in this paper are sample analogues to
the true theoretical functions. They are written as weighted averages based on
convoluted smoothing functions. As shown in Remark 5 and 9 above, our asymp-
totic results readily apply to weighted averages based on simple kernels. In this
case, by virtue of the generality of our set-up, only straightforward modifications
to the theory outlined in the convoluted case are needed.

In both the simple and the convoluted case, practical implementation of our
methodology requires the choice of the kernel and relevant bandwidth(s) along

with an appropriate specification for the local time factor estimator (L (T, x),
that is) that drives the rates of convergence of the functional estimates.

We start with local time. Theorem 1 provides us with an easy way to estimate
it consistently for every sample path using kernels. Note that in applications
it is often conventional to normalize T to 1. This implies that the admissible
bandwidth A, 7 is (approximately) proportional to n=* with k € (0, 1). Since the
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rate of convergence of the estimated local time to the true process is 1/,/h,,, T

(see Bandi (2002)), it is sometimes convenient to set h””’;f equal to ¢;,,n 2,
where ¢, is a constant of proportlonahty that might be chosen using automated
methods for bandwidth selection in density estimation (see Hardle (1990) and
Pagan and Ullah (1999), among others). From a practical standpoint, functional
estimation of the local time factor is analogous to functional estimation of a
marginal density function. What changes with respect to the standard case that
assumes stationarity is the broader interpretation of the proposed estimator (see
Bandi (2002) for additional discussions in the diffusion case). We now turn to
the functions of interest.

In the convoluted case two window widths (i.e., 4, ; and &, ;) need to be cho-
sen. In light of the asymptotic role played by the local time factor in the additional
smoothing (see the proof of Theorem 3, for example), it is natural to choose
h, r equal to h’””;ﬁ both in the drift and in the diffusion case. The choice of the
leading (provided #, 1 =o0(g, 7)) bandwidth &, ; is more unusual. Consider the
diffusion case and normahze T to 1. Remark 6 above i