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A new model of near integration is formulated in which the local to unity param-
eter is identifiable and consistently estimable with time series. ddta proper-
ties of the model are investigatedew functional laws for near integrated time
series are obtained that lead to mixed diffusion process®sconsistent estima-
tors of the localizing parameter are constructBae model provides a more com-
plete interface betweeh(0) and (1) models than the traditional local to unity
model and leads to autoregressive coefficient estimates with rates of convergence
that vary continuously between ti@&(/n) rate of stationary autoregressjdhe
O(n) rate of unit root regressigand the power rate of explosive autoregression
Models with deterministic trends are also considetedst squares trend regres-
sion is shown to be efficienaind consistent estimates of the localizing parameter
are obtained for this case algbonventional unit root tests are shown to be con-
sistent against local alternatives in the new class

1. INTRODUCTION

Models with near unit roots have attracted much attention in recent.ydase
models lead to a class of near integrated time series that offer some additional
flexibility over integrated processes in the modeling of nonstationary time se-
ries They were developed originally to provide a mechanism for studying lo-
cal alternatives to unit root specificatigrngving limit diffusion processes in
place of Brownian motioriBobkoski 1983 Phillips, 19873, unifying asymp-
totics for stationary and nonstationary autoregressi@isgan and Wegi1987
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Phillips, 19873, having natural extensions to vector time sefiehillips, 1988,
and delivering power functions and power envelopes for unit root {€s
vanagh 1985 Phillips, 19873 Johansen1991). They have also been used in
empirical econometric work to construct confidence bands that allow for auto-
regressive coefficients and roots in the neighborhood of Ufiswanaghl1985
Stock 1991).

The simplest local to unity model is a triangular array for a time segies$
the form

c
Vi = ay,_1 + U, a=1+ o t=1,...,n (1)

with independent and identically distributédi.d.) (0,0 2) innovationsu;.
Whereas the autoregressive coefficiant> 1 asn — oo, it is apparent that for
any given sample size in (1), the model accommodates a much wider range
of autoregressive coefficients as the localizing parametearies including
both stationary(c < 0), explosive(c > 0), and unit root(c = 0) possibilities
This flexibility has helped to make the model popular in studying economic
time series for which roots near unity are considered highly plausible but roots
at unity are considered too restrictive feature of the local to unity model is
that the localizing parameter is identifiakle can be deduced from the condi-
tional meanay;_, and the sample size) but is not consistently estimablin
particular standardized observations from the mogelsatisfy the invariance
principle

n_l/zy[nr] = JC(I'), (2)

a linear diffusion proces6Phillips, 19873 that depends ou. Sq writing the
model in the formAy, = c(y,_,1/n) + U, it is apparent that the sample second
moment of the regressog = y,_,/n of ¢ satisfies the weak convergence

n 2 1
21(%71) :>fo J.(r)2dr

and does not diverge as— oo, thereby failing to satisfy the excitation condi-
tion for least squares regression consisteRey another waythe signal to noise
ratio measured by

}i<yt_1>2
Var(x;) N\ N

~ - 0
var(u,) o2 P

and so the signal from, is too weak relative to the error variation to produce a
consistent estimator of the localizing coefficiemt

Although methods have been developed to utilize the way in which the limit
distribution depends on the localizing coefficidbi virtue of the dependence
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of the limit processl.(r) onc), the failure of consistent estimation has been an
impediment to inference in models of this typehe dependence of the limit
distribution onc also affects resampling procedures such as the boatsthagh
are known to be inconsistent in models of this type because of this very depen-
dence(Basawa Lallik, McCormick Reevesand Taylor 1991). One way in
which the signal can be strengthened is through the use of additionallalata
fact, recent work by Moon and Phillipe2000 shows how panel data with in-
dependent cross section observations are helpful in resolving the failure of con-
sistency in time series models such(as This approach relies on the fact that
the model(1) continues to apply with the same localizing coefficient across a
section ofN individual observations whil®& — co. Then /N consistent esti-
mation ofc is possible However panel data for which the assumptions under-
lying this approach are plausiblearticularly that of cross section homogeneity
of the localizing parametgseem likely to be uncommoisg, these panel data
results seem at present to be of more theoretical than empirical import

This paper offers a fresh approach to the problem of modeling time series
with roots near unityOur idea is to develop a new formulation of local to unity
models that offers more flexibility than the traditional mo@Bl The new model
leads to a class of different limit processes beyond simple diffusamsit has
the interesting property that the local coefficient is identifiable and consistently
estimable with time series datanlike (1). Consistent estimation opens up some
new possibilities with respect to efficient estimatiorend eliminationand the
construction of confidence intervalthe new model also provides a more com-
plete interface betweeh(0) and (1) models and betwee®(y/n) and O(n)
asymptoticsin the traditional mode(l), the rate of convergence in autoregres-
sive coefficient estimation i©(n), just as in the unit root case= 0, and there
continues to be a discontinuity in the asymptotics between the stationary and
nonstationary case®nly asc — —oo,+oo in the traditional model do we find
results that correspond to the stationary and explosive autoregresfibihs
lips, 19873 Chan and Wei1987). By contrast in our new modelthe rate of
convergence to the autoregressive coefficie@(a®) for « € [3,1] and varies
in a continuous way between that of stationary and nonstationary asymptotics
The new model also captures the power law asymptotics of explosive auto-
regressions and shows that a well defined local region greater than uniy
is possible to obtain invariance principlés contrast to standard results for the
explosive autoregression

The paper is organized as followotation is given in Section.2Zrhe new
model is laid out and some of its properties are analyzed in SectiBrc8n-
sistent estimator of the local to unity coefficient is constructed in Section 4 and
cases of near stationarjtynit roots and near explosive behavior are separately
analyzedEstimation of the local parameter in models with linear trends is dis-
cussed in Section.5Section 6 studies issues of efficient estimation of trend
coefficients and trend extractioBection 7 concludes and describes some use-
ful extensions of the present mod®@roofs are collected in the Appendix
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2. NOTATION
as almost sure convergence =, —>g  weak convergence
=4 distributional equivalence [-] integer part of
= definitional equality rids min(r, s)
0,5(1) tends to zero almost surely = equivalence
—p convergence in probability 0p(1) tends to zero in probability
Wi (r) standard Brownian motionlk QD quasi-difference
BM(w?) Brownian motion with variance
w2

3. A BLOCK LOCAL TO UNITY MODEL

The time series model we propose is a block local to unity system defined as
follows:

Vit = @Yt-1 1 Uk es te Tk € Ky,
Y0 = Yk—1,m> 3)

c
a=e’M~1+—,
m

whereT, =1{1,....m}, Kx = {-K,—-K + 1,...,0,1,...,M} with K = 0. This
system defines a sequence of blocks withobservations of the time series
{Yki:t € Ty} in each block and the observable blocks are taken tokbe
1,...,M. The initial conditions in each block are set so that they correspond to
the final observation in the previous bladk this sensgthe model is articu-
lated to capture the evolution of a single time seridse observable series is
Vit € Tyk=1,...,M}.

The coefficient in the autoregression in each block3fis local to unity
with localizing parametec, which is the same in each block later sections
of the paperdepending on the sign af we will allow for various initial con-
ditions and the index seKy for the blocks is introduced to provide this extra
flexibility. Our initial conditions are described in the following assumption

Assumption 1(Initial Conditions.

(i) Infinite past initialization K = co with index setK.,.
(ii) Distant past initializationK = 0 with index sefKq and
K

Yoo = _anjU—L—j K =[mx], (4)
i=

where theu_, _; are independent afy ; in (3), and
mfl/zyo,o =J_1.(—k),
whered_; o(—«) = IEK e~ (s™I°dB_,(s) is a reverse diffusion process aBd; is
a Brownian motion
We use a general linear process generating mechanism for the egrors
each block of(3). The idea is that there is an underlying sequence of innova-
tionseg; from whose present and past history the errors in each block are formed
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We further allow for the specific generating mechanism to change between
blocks thereby permitting some structural change across blocks in the short
memory component of the moddihe specific structure is laid out in the fol-
lowing assumption

Assumption 2(Linear Process Erroys

(i) {e}i2_.. is a sequence ofiid. (0,1) variates withE|&;|P < oo for somep > 4.
(“) UKt = Efo:o bKJ ek,t—j’ WhereEKt = Emk+t-
(i) 220j%y; < oo, for somea = 1, whereb;: = sup]by .
(iv) Letw? = (2%oby ;)% and assume that ipiZ > 0.
(V) w2 = limy_, . (/M) S 0 and pg = limy,.. (1/M) i1, o exist

Remarks

(a) Whenb, j = b; for all k, the time seriesi, ; have homogeneousverk) generat-
ing mechanisms as measurable functions of the primitive innovaticasd dif-
fer only in terms of the timing of the shocks with each new bl&dkinging in a
new block of primitive innovations, ;. This special framework will applyfor
example when a single parametric model such as an(pRgoverns the forma-
tion of the shocks  in every blockk, so that the parameters in this model are
the same for alk.

(b) Condition (i) on the majorizing sequends for the linear process coefficients
by ; ensures the validity of a BN decomposition iy, for eachk, as in Phillips
and Solo(1992 (see the discussion in the Appendix of the current papiealso
ensures that symZ < oo.

(c) The moment condition i) and the summability conditiofiii ) ensure that fourth
moments ofu; are finite

(d) The parameterg., and w4 in (v) are average long run variance parameter and
square of long run variance parameter over the block8)inrespectively

We write the data from a particular block §§ = (Vic1,..., Yk m)' @and then
combine data fromM blocks to writey = (y¥,y?%,...,y™)". In this casethe
total sample size ia = mM.

By recursive substitution we have the representation

[mr]—-1
vz =m Y2 j ~1/2
m / yk,[mr] =m / 2 eJC/muk,[mr]7j +m / e[mr]C/myKO

j=0
[mr]—-1

=m Y2 E eJc/muk,[mr]_j +m71/2e[mr]c/myk_l’m
j=0
[mr]—1

= m71/2 2 eJC/muk,[mr]—j + e[mr]c/m
j=0

k—1 m—1
k—1-f)c —1/2 jc/m
X ;6 el °l'm 20 elemy,
= i=

+m l/2e[mr] c/mekcyo,o.
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If ¢ < 0 and the initial conditions are in the infinite pagten we can write

~12 — L2 '
M2y g = M2 X €My

k—1 m—1
k—1—f —-1/2 j
+ elmrle/m 2 al elmvY 2 eJC/muf,nFj , (5)
f=—c0 j=0
where the second series converges in the mean square (seesthe proof of
convergence in mean square(6j in the Appendix.

LEMMA 1. Let q"" = (Ugj,-..,Um,j)". Then under Assumptior2, for any
fixed M as m— oo,
1 [mr]
T U]M = BM(I‘),
=1

\Vm
where B'(r) = (By(r),...,Bu(r))’ = BM(Qu), Qu = diag(w?,...,0d).
As in Phillips (19873, we have the weak convergence

[mr]—1 r
mY2 Y elMUM, = 3M(r) :f e~9cdBM(s), (6)
i=0 0
whereJM(r) = (Jo.c(r),..., du.c(r)) andJ o(r) = f,e"9°dB(s) is a linear
diffusion. It follows by the continuous mapping theorem that if the initial con-
ditions are in the distant past at, and satisfy Assumption(ii), then we have

k-1
M2y, (e = Jeo(r) + € > e* 170y (1) + e, (—k)
f=0
= H(r). (7)
If ¢ < 0 and the initial conditions are in the infinite pagtfollows that
k-1
mil/zyk,[mr] = ‘]k,c(r) + erc E e(kilif)c‘]f,c(l) = Hk,c(r) (8)
f=—0c0

(see the proof of equation8) in the Appendix. Note that 3! x
ek~170eg, (1) converges because” ,e?° < oo andE(J ¢(1)?) < o and be-
cause{J; .(1)}fZ_.. is a sequence of independent diffusion processes

Note that the limit processed, .(r) and Hg(r) involve linear combina-
tions of independentacrossf) diffusion processes; . and are therefore both
GaussianThey may be called mixed diffusion processEise expressiol, .(r)
is defined forc < 0. However Hi.(r) involves only a finite linear combina-
tion of terms wherk is finite, so it is also well defined whews = 0. Both
these limit processes differ from the usual diffusion lir(8) that applies for
the traditional local to unity modellhe block structure of the modé¢B) en-
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sures that the traditional diffusion limits apply within each block to linear com-
binations of the shocks in each blgas in(6). But the observable data cover
M blocks with progressive reinitializations of the process to assure the com-
patibility of the block structure with the observed time seriEse new limit
processesi .(r) andHy (r) of the normalized observed data take these pro-
gressive reinitializations into account

The device of a block local to unity system facilitates the sequential asymp-
totic analysis that is used later in the papend it also provides a statistical
model for what may be described as “isolated regions of persistent behavior”
for macroeconomic time serielslany macroeconomic time series are now well
known to display a form of persistence whereby economic shocks have long
run effects However it is possible that shocks may affect an economy for a
long period of time but not forevem other wordsthe effects of a shock may
be highly persistent over a certain rangiee region of persistent behavjdsut
then may begin to disappear outside this rafides region of persistent behav-
ior may constitute a “little infinity” relative to the full sampl€onsider a time
series {zs}, which evolves over blocks of time in such a way that there is per-
sistency inside each block but only short memory across bjogks

21,235+ Zm s Zmi 15 -+ -5 Zoms - - o ka+1’~'-’z(k+l)m,--- .
(- v —J ) \ J

v v
Block 1 Block 2 Blockk + 1

The number of observations in each blockrisand the number of blocks M.

The block local to unity systen8) (whenc < 0) is a simple model that has
this property Because there is persistent memory inside each block but short
memory across blocksve call this type of memory “regional persistericis

a resul the partial sums inside each block have nonstationary asymptotic be-
havior, whereas partial sums over blocks behave like a stationary system

4. ESTIMATION OF THE LOCAL PARAMETER
4.1. The Near Stationary Case: ¢ < 0

In this section we assume that the initial conditions are in the infinite péest
propose to estimate the autoregressive coefficient by the usual least squares
estimatoy which we write here in pooled form as

M
PRAA%
R yiay k=1
a= y, y = y .
“1Y-1
kE yeyE,
-1

From this estimatgmwe are able to extract a corresponding estimate of the lo-
calizing coefficientc. Using the model formulatiog® = ay¥; + uX we get
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M
1
E — yX, uk
k=1
VIR E—
1
2 - yk'1y51

3

m(a—a) =

Asymptotic results for this estimator can be obtained most conveniently by
using sequential asymptotics in which — oo first, followed by M — oo,
which we denote bym M — o) This type of asymptotic analysis will be
used throughout the papeBequential asymptotics are discussed in Phillips
and Moon (1999, which also explores the connections between this type of
asymptotic analysis and joint limit theory in which two indices sucliragv)
may pass to infinity simultaneousklthough less general than joint limit theory
sequential asymptotics are easy to obtain and will serve our purpose in this
paper of revealing the main features of the block local to unity systenthe
analysis in Phillips and Mooii1999 indicates we can expect the main re-
sults obtained here under sequential asymptotics to hold for joint limits under
somewhat stronger conditions

For fixed M, we have as in Phillips(19873, that asm — oo,

1 1
—yuk= f Hy c(r)dB(r) + Ay
m 0
and

1 ok ook ! 2
Yoy = Hy c(r)“dr,

m 0

whereA, = 221 by oby ;. It follows that asm — oo,

M 1 M 1
Z —yk U 2 (f Hy cdB + Ak)

m k=1 0
ma—a) = 1 .

M 1
y¥iy¥, > | Hec(r)Zdr
k=1 Y0

We may now employ the usual nonparametric correctid®sillips, 19870
to & that use consistent estimatag of A, giving the following modified
estimator

M
2 (Yo y* = m)A\k)
k=1

Q>
+

M
2 hEAR
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It will be convenient in what follows to make the following high level assump-
tion about the nonparametric estimates suchdbat we use in our development

Assumption 3(Nonparametric Estimation of, andw,). Useé to represent
both A andw in (i)—(iii). Then

(i) 6k —p Sk asm — oo, Ok.
(i) Vmh(8, — 8x) —a N(0,Vi) asm — o, Uk, whereh is the bandwidth used in the
construction of the estimat.
(i) supVk < co.

Parts(i) and(ii) of this assumption will be satisfied by a wide class of non-
parametric estimates @&, under Assumption Zsee Hannanl197Q Park and
Phillips, 1988 Andrews 1991). Part(ii) will typically be satisfied when there
is undersmoothing of the estimaég through the choice of bandwidth, to
ensure the absence of bias in the limiting normal distributiRart (i ) simply
bounds the limiting varianceg, overk.

The error in the estimata™ is

YMm(a* — a)

1

l A
-— > [f Hy cdB + (A — /\k):|

M &
~ 9)

H 24
Mklf kc(r)edr

1 M 1
T 2 ], o
- - +0,(D), (10)

1 M
—Zf Hy o(r)?dr
M =1 Jo

providedM 23, (A, — A,) = 0,(1), which holds under Assumption, &s
shown in the AppendixNow we consider taking limits d¢l — cc. By applying
a suitable strong law of large numbg&LLN) to (1/M) 3}, fo H, (r)2dr and
a suitable central limit theoref€LT) to (1/\M) SpLi[ fo Hy cdB,] asM — oo,
it can be verified tha* converges taa at the rateyMm and further, that
VYMm(&* — a) has an asymptotic normal distributidn particular we have the
following result the proof of which is in the Appendix
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THEOREM 2 Let Assumption4(i), 2, and 3, hold and let c< 0. Then as
(m, M — Oo)seq
YMm(a* — a) = N(0,V,),

where

V, = vﬁ(&m M2 2 w? U:HK%CDVHl (11)

and

1
= lim —EEU Hk%c].
M- M k=1

It is shown in the proof of Theorem 2 that

l EE leZ L 1% 3 :
im — =——| lim — =
M- M e 2C \ Mo M k:1wk 2c H2

and

1 5 v 1 1M AW 1

l\lllinoo M kE:lwkE|:J:) Hk,c:| B 2C<I\LIL>nOO M k}:]-wk) o 2c Foa-
It follows thatV, = (—2¢)(u,/u3). When the errors are homogeneous across
k, we getw? = w? for all k and thenu, = u3 = w* andV, = —2c. Because
wa = u3, Vo = —2cis a lower bound for the limiting variance in the general
case where the long run variances vary across blocks

The weighting in the limit varianc¥, in the general casgll) indicates that
we can improve the efficiency of the estimatdt by means of a weighted
regressionLet @2 be a nonparametric estimate of satisfying Assumption .3
Define the semiparametric weighted regression estimator

The following result shows that the asymptotic theoryagfis very simple

THEOREM 3 Let the conditions of Theorethhold. Then for c < 0 and as
(mM — Oo)seq

VMm(&} — a) = N(0,—2c). (12)

The limiting variance formula-2c in Theorem 3 has an interesting relation-
ship to that of a stationary autoregressionparticular the formula is identical
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to the limiting variance of the autoregressive coefficiénin a stationary auto-
regression withm observationswhich is(1— a?) ~1 — (1 + (¢/m))? ~ —2¢/m.
This suggests the approximatioméa,, — a) ~ N(0,—2c), which corresponds
to (12).

Observe that in Theorems 2 andv@e still get the unit rootnear integrated
process result of consistent estimationadby 4, 4", and &, in spite of serial
dependencéPhillips, 1987h, provided the second order bias terms are not too
large and satisfy Assumption 3

It follows from these asymptotics that

1
ma" —a) = m(é*—l)—c+o<a> —,0

and therefore
¢=ma* -1 —p G,

giving us anO(\M) consistent estimator af. Of course we have a corre-
sponding estimatog,, = m(&/ — 1) in the case of the weighted regression es-
timator &;. In short we have the following limit theory

COROLLARY 4. Let the conditions of Theoreghhold. Then for ¢ < 0 and
as(mM — ©0)geq €, ¢, —p C and

VM (€ —c) = N(,V,), VM (¢, —c) = N(0,—2c).

The rate of convergence d@f depends on the number of block& and is
therefore determined by the number of separate blocks of information about
the localizing parameter. Sq, the success of this estimator relies on the homo-
geneity of the localizing parameter across blocks and the number of blocks in
total. The form of the limit distribution of, makes inference aboutparticu-
larly easy in the case wheme< 0.

The estimator of the autoregressive coefficianpools information within
and across blocks and has a rate of convergence that depends on dadi/.

The rate of convergence @ and 4, is YMm, and this rate is intermediate
between theD(\/n) rate of a stationary autoregression and @) rate of

unit root regressionFor examplewe may functionalizen andM on the sam-

ple sizen, as inm=n”, andM = n1"”, with 0 =y = 1. Then VMm = n* with

a = 3 + (y/2), and the rate of convergenas, of 4" then varies continuously

from Vn to n. In effect the block to unity systenB) is a family of models that
constitute an intermediate class between stationary and unit root autoregressions

WhenM is fixed, it is apparent from(9) that we have a class of nonnormal
asymptoticswhich reduce to the traditional cagehillips, 1987a 1987h only
whenM = 1 and the initial conditions are in the near or distant gasnH, .
is replaced byH . in (9) andx = 0 ork > 0in (7)). Whenmiis fixed, then the
model has autoregressive parameter 1 + (c/m) < 1 and is stationary
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In the general case where — oo asn — oo, the autoregressive parameter
a~ 1+ (¢/m) - 1. However becausea ~ 1 + (¢/m) < 1+ (¢/mM) =1 +
(c/n), the block autoregressive system with coefficiarindM — oo is “closer”
to stationarity whert < 0 than a conventional near integrated model with auto-
regressive coefficient + (¢/n) and the same localizing coefficieat This ex-
plains why the asymptotic distributions 6fanda* are normal and why there
is enough discriminatory information in data from the block autoregressive sys-
tem to consistently estimate the localizing parametein effect the model
across blocks has a stationary autoregressive structure with coefiéfientl,
as is apparent in the definition &f, .(r) in (8).

However whenM is fixed, we havem = O(n), and the autoregressive pa-
rametera ~ 1 + (¢/m) is in the same locality of unity as the conventional local
to unity model In this event € is not consistentand the situation is analogous
to that of the conventional local to unity mod@lonethelessthe preceding
analysis allows for a wider class of limit theory in this caas indicated in
(10) earlier where the number of blockis! plays a role in the limit and the
limit processH, . is a diffusion averageather than a simple linear diffusion

In light of these remarkst would appear that there are substantial advan-
tages in modeling to working with the general case where bodmdM — co.
This is the situation that we will pursue in what follows and in our empirical
application

4.2. The Unit Root Case: ¢ =0 and w? = 02 Ok

Let the initialization of the process be in the distant paather than the infi-
nite past and let Assumption (i) hold. We will consider the homogeneous
case wherdy, ; = Ij. Homogeneity in the linear process coefficients across blocks
ensures thab? = w? Ok, so that the model is then comparable with a conven-
tional unit root system that has a single long run variance paramétand a
single one sided long run covariance paramater

From the analysis in Section &e havem Y2y, [, = H{(r), as defined
in (7). Whenc = 0, this limit process has the form

k-1
Hio(r) = By(r) + 2:0 Br (1) + Bo(—x),

a linear combination of independent Brownian motioal$ with variancew?.
Our limit theory fora* in this case is given in the following result

THEOREM & Let Assumption4(ii) and 2 hold. Then in sequential limits
as(mMM — ©0)seq

1 -1 r1
mM(a" —a) = <f U(s)2d3> f U(s)dU(s) := &,
0 0

where U's) = BM(w?).
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Hence in the c = 0 case we gem(a”™ — 1) —, 0, as required for€¢ =
m(a"™ — 1) to be a consistent estimator of= 0. However M¢ = &, and
therefore the estimate @fhas a limit distribution in the unit root class in this
case Furthermore we revert to anO(n = mM) rate of convergence fod*
and move to arD(M) rate of convergence fat whenc = 0.

4.3. The Near Explosive Case: ¢ > 0 and w? = 0? Ok

In the case where > 0, it turns out thati — a at the ratee®™m, comparable to
the power rate of convergence in an explosive autoregres&gain, we work
with distant past initial conditions af, o and homogeneity across blocks so
thatw? = w? Ok. The latter helps us to relate our results to those already well
known in the literature for explosive autoregressiofise limit theory for this
case is as follows

THEOREM & Let Assumptiond(ii) and 2 hold. Then in sequential limits
as(MM — ©0)seq
ec(M+l)m ec(M+l)m Z(C)
——— (4d—-a),——— (4" - —_—,
e 1 by @ TA= 0T Jo.o(—#)
where Zc) = N(0,(w?/2c)), Y(c) = N(0,(w?/2c)), and Z(c), Y(c), and }, (—«)
are independent

(13)

Remarks

(1) It is apparent from(13) that the second order bias term that arises in traditional
unit root regression disappears in the near explosive. dasamilar result was
obtained in Phillips(1987a Theorem Zc)) using the traditional local to unity
model (3) and sequential limits involving the localizing coefficient> co. The
reason is that the signal from the regressor is strong enough in the explosive case
to eliminate the bias effects &8 — oo.

(2) The limit variate(13) is a ratio of independent normalsach with zero mean
and is therefore proportional to a Cauchy varidlete that the initial condition
distribution Jo, .(— &) plays precisely the same role in the limit distribution here
as it does in the well known explosive ca®s., see Andersgnl959 Theorem
2.5). However unlike the conventional explosive mogd#ie initial condition dis-
tribution in our case is always normal as it arises from a preliminary limiting
process within the initial block

(3) When the initial condition is at the origin arel = 0, then Jo .(—«) = 0 and
e“M*tDny/(e?¢ — 1)(4 — 1) has a limiting distribution that is standard Cauchy
This Cauchy limit(13) corresponds to the well known result from White958
and Anderson(1959 Theorem 27)* about the limiting distribution of the least
squares regression coefficient in an explosive model with Gaussian errors and
zero initialization However unlike these standard resylthe limit result here
does not rely on Gaussian errofhe difference is a major one and can be ex-
plained as followsWhat happens in the block local modéi effect is that as
m — oo within each block we get normality in the data from the first stage as-



42 PETER C.B. PHILLIPS ET AL.

ymptotics The model across blocks then mirrors the structure in a Gaussian ex-
plosive autoregressiomhe outcome is that an invariance principle operates in
the block local model in the explosive vicinity of the unit root case

Theorem 6 implies that
c=m@" -1 —-,c
giving us in this casean O(e™) consistent estimator af > 0. In particular
we have the following result

COROLLARY 7. Let the conditions of Theorefhold. Then if k = 0 and
c> 0, and as(mM — o0)seq € —p Cc and
ec(M+1)
e*—1

where¢ is a standard Cauchy variable

(E—c)=¢,

5. ESTIMATION WITH TRENDING DATA

Our results in previous sections can be extended to more general models that
allow for the presence of a deterministic trend in the original .d&tech an
extension is important because many macroeconomic time ssuels as real
GNR consumptionmoney and pricesare often characterized as integrated or
near integrated processes with drif@ur treatment here will deal with the case
of a linear trend but it is easy to see how the approach applies for general poly-
nomial trendsWe also assume homogeneity in the linear process coefficients
across blocks so thaiZ = w? [OOk. Again, this is easily generalized using the
results of the previous section

It is convenient to write the model in component form as follows

yk,t:dk,t"')ﬁzu te T ke K, (14)
et = vo T yalkm+1t) = y'X ¢, Xt = (Lkm+t), (15)
C
Yet=a¥% 1t U, Yeo=VYiim a=eM~1+ - c=0
(16)

In (14) and(15), the deterministic componer, ;, contains both a linear time
trendt and a block specific componekin that assures the continuity of the
trend across blockg he stochastic paryy ,, in (14) corresponds t¢3) in Sec-
tion 3 and is a stochastic block local to unity process of the form

t—1 k—1 m-1
ylt,t — E eJC/muk,tfj + etc/m 2 e[kflff]c 2 e]c/mufy me
j=0 f=—K j=0

4 et<:/me[k—1+ K]cy7 K.0-
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As in the simple case with no trenthe procesgy , has both a block index,
and a within-block temporal index. However by virtue of the sequence of
block initializationsyy o = Yk-1 m, the representation is consistent with a well
defined evolution of a single time series sequetleis time with a linear drift

To simplify the analysisit is sometimes useful to recognize this alternative
representation by reindexing , in the following way

ZS: y[s/m],s—m[s/m]’ 521,2,...,n: mM.

We use this single indexed representation and also the block representation in
what follows It can be easily verified that

Zg=7yo+ y1S+ 25 = y'Xs + Z¢,

wherexs = (1,9)" is a single indexed linear trend a@dl = Y{ym. s—mpsmj- FOr
anyk andt, y, ; corresponds t@ym.

Our purpose is to construct a consistent estimator of the local to unity pa-
rameterc in this mode] and to do sg appropriate detrending of ; is re-
quired The most natural procedyras in the traditional modefl) with trend
is to apply linear least squares detrending by means of the regression

Yt = Yo+ Va(km+1) + ¥ = 9" % + Yicr- (17)

Herg the estimate of the trend coefficient is given by the following pooled
regression formuta

=1t=1

M m M m
=7+{2 z] [zzxmy:,t}.
k=1t=1 k=1t=1

The cases of primary interest are those where0 andc = 0. As in the analy-

sis of the model without trendt is convenient to separate the analysis of these
casesWe shall also consider the efficiency of this type of detrending by simple
regression

5.1. The Near Stationary Case: ¢ < 0

To develop the limit theorystart by defining some scaling matrices for the
deterministic trendsLet D = diag[1, n], F = diag1, m], andG = diag[1, M ].
Then D = FG, and the deterministic components have the limits

D™ X —=> X(r) = (L,1)), F ™ it —— X((r) = (Lk+ )"

The following theorem gives the limit theory for the least squares trend coeffi-
cient estimatoty.
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THEOREM 8 Let Assumption&(i) and2 hold and suppose € 0. Then as
(m, M — Oo)seq

\/_ 1 1 -1 1
F”D@—ﬂ:(—E)UO X(r)X(r)’dr] UO X(r)dU(r)], (18)

where Ur) = BM(w?).

The scaling matrixYnm D = diagin¥?m % nY2M] in (18) indicates that
consistent estimation of the intercepf and also the slopg; in (15) is possi-
ble whenc < 0 provided than¥?m~! — o or, equivalently M/m — oo. This
is in contrast to the traditional local to unity mogdelhere the intercept or any
slowly evolving components in the deterministic trend are not consistently es-
timable The reason whyy, can be consistently estimable in the block local to
unity model can be explained as followsrom (14)—(16), the regression equa-
tion can be written in the form

, . c (t—1)
AcYit = ¥ AKX T AcYk i = Yol == | +va{l—ck—c + Uy,
m m
(19)
whereA; =1 — (1 + ¢/m)L is the quasi-differencingQD) operator and. is

the lag operatorThe excitation condition for least squares regression consis-
tency for the parameter, holds when

230 -5

=— —o0.
m
For this to hold we must havec # 0 andM/m — co. In effect vy, is consis-
tently estimable when the stationary element of the moilieblocks with auto-
regressive coefficieng® < 1 for ¢ < 0) dominates the nonstationary element
(blocks ofm observations with autoregressive coefficient 1c/m)) in the sense
thatM/m — oo.
The detrended time series is obtained from the residuals

m

Yict = Yiet = ¥ Xt
whose asymptotic behavior is shown in the following lemma to be the same as
that of the stochastic component of the serigs.

LEMMA 9. Under Assumption&(i) and 2, and when c< 0,
M Y295 0 = Hie(1).

We now estimate the autoregressive coefficientli) by least squares re-
gression on the detrended time seljgs, giving

%ZY&;t-lyﬁ‘,t
t
a= o,
%E(Vﬂ‘,t-l)z
t
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and construct the modified estimator @fs in Section 4, i.e.,

M
kzl(z G 1V — mAk)
= t
at = " .
> > (Yie1)?
k=1 t

THEOREM 1Q Suppose &< 0, Assumption® and 3, and the distant past
initialization condition1(i) hold. Then in sequential limits agm,M — ©0)scq

VYMm(a* — a) = N(0,—2c).

It therefore turns out that the estimation errors that arise from detrending
are negligible in the limit and do not influence the asymptotic distribution of
the coefficient estimator wheo < 0. As a result the limiting distribution of
JYMm(a* — a) is the same as that of Mm(a* — a) in Theorem 2 This is
entirely analogous to the situation of a stationary autoregression about a de-
terministic trend

Furthermore in the same way as befgreve may construct the localizing
parameter estimates

¢c=m@" -1 —-,c,

giving us O(YM) consistent estimators af. Corollary 4 continues to hold
for €.

5.2. The Unit Root Case: ¢=0
Whenc = 0, we find that

1 -1
Ni: D(y—vy)= Ux(r)x(r)’} Ux(r)u(r)},

whereU(r) = BM(w?). The detrended time series are constructed as
Yict = Yt — ¥ X t5
25 = 25— V',

and as is usual in unit root thegryhe detrending process influences the as-
ymptotic behavior of the filtered datin particulay we have the following con-
ventional result

LEMMA 11. For ¢ = 0 and under Assumptior(ii) and 2,

n~ Y2z, = U(r) — {fUX’] {IXX’]lX(r) = U(r).
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Again, we estimate the autoregressive coefficient by least squares regression
on the detrended time serigs;, giving the pooled estimator

2 2 Y-
t

%EGmﬂW
t

and construcei* as beforeThen we have the following asymptotics

THEOREM 12 When c= 0 and under Assumptiors 3, and 1(ii),
fL_JdU

o

An O(M) consistent estimator af = 0 can be obtained immediately from
this result becausé = m(a* — 1) —, 0, and then

n@@ -1 = (20)

udu

o

Thus whenc = 0, we revert back to unit root asymptotjand the distribution
(20) is identical to that of the traditional modéh particular &* converges to
aat rateO,(n), and the limit distribution is a function of a detrended Brownian
motion that depends on the limiting deterministic trend function just as in Phil-
lips and Perron(1988 and Park and Phillip$1988. Moreover because the
limit distribution of M¢, (21), is identical to that of th&Z, unit test in the tradi-
tional mode) it turns out that a significance test of the null hypothesis 0
againstc < 0 that is based on the statisti; = M¢ is identical to that of a
conventional unit root test against a trend stationary alternatisés apparent
from Theorem 10Z, = O,(M) whenc < 0, so our theory shows that thi&,

test is in fact consistent against local alternatives in the block local system
with ¢ < 0. Similar results can be shown to apply to other unit root tests

M¢ = (21)

6. EFFECT OF QUASI-DIFFERENCING IN TREND ELIMINATION

In the block local model(14)—(16), the residual process in the ordinary least
squares regressid7) is near integratgdand it might appear at first blush that
least squares estimation of the linear trend coefficient is not efficéenis the
case in the traditional local to unity modéPhillips and Lee 1996. In the
traditional model an efficient estimator of the trend coefficients can be con-
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structed by first quasi-differencing the regression equatfome apply the same
QD procedure tq14), we get as in(19),

AcYit = V' AcXt + Uy, (22)

whereA. =1 — (1 + ¢/m)L is the QD operatoThen the trend coefficient can
be fitted by regression of22), giving

M m -1 M m
y= |:E E Ach,tA(:XIL,t:| |:2 2 ACXKtAcyk,t:|

k=1t=1 k=1t=1

M m -1 M m
=v+ [2 > ACXKtAcXIi,t:| [E > Acxk,tuk,t:|-
k=1t=1 k=1t=1

Analogous estimates of the trend coefficient in the traditional model were used
by Elliot, Rothenbergand Stock(1996 to construct modified unit root tests
(with a prespecified value of the localizing parametgr

In practical work the local parameter is not knowand so the QD operation
in (22) is not feasiblethereby explaining the use of prespecified values such
asc. However in block local models such as those considered ,hean be
consistently estimated and used in a second stage QD detrending procedure
Thus it might appear that there would be an advantage to QD detrending with
an estimated operatddowever this turns out not to be the case

Suppose that < 0 and we estimate by ¢ = m(a — 1), as in Section 5Then
¢ =c+ O,(M~Y2). If we apply QD detrending with the operatag to model
(14)—(16), we get

AeYicr = ¥ AeXcr + AeYic (23)

The ordinary least squar€¢®LS) estimator ofy from (23) is

M m -1[ M m
Ve = {2 > Aéxk,tAcXﬁ,t] {2 > Aéxk,tAéyk,t:|
k=1t=1 k=1t=1

M m -1 M m
:7"”{2 ZAch,tAcxé,t} {E EAch,tAc)’it}-
k=1t=1 k=1t=1
The limiting distributions ofy and¥; are given in the following theorem

THEOREM 13 Suppose &< 0, Assumptior2, and the distant past initial-
ization condition1(i) hold. Then in sequential limits agm,M — ©0)scq

NG NG 1 -1
D7), T DFH -~ )= ¢ Uxmxm'] jx<r>du<r>, (24)

where Ur) = BM(w?).
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It follows from Theorem 13 that the errors arising from preliminary estima-
tion of ¢ are asymptotically negligible in the estimation of the trend coeffi-
cients and the limiting distribution of the feasible trend coefficient vedtpis
the same as that gf, the infeasible estimator that uses the true local parameter
Moreover both these estimates are asymptotically equivalent to the least squares
trend estimatory that uses no information about the localizing parameter
Hence the simple trend estimatgris efficient in the sense that it is asymptot-
ically equivalent to the generalized least squakekS) estimatoy were we to
know c. Thus in the block local to unity model there is no need to apply QD
procedures in fitting the trend coefficigrit least asymptoticallyrhe explana-
tion for this phenomenon is that whevi — oo, the deterministic trend be-
comes a dominating characteristic across blodlecause of the continuity of
the trend and whenc < 0 the behavior of the model across blocksas we
have seenessentially stationarylhis produces a stochastic environment that
validates the Grenander and Rosenb{a&57) theory of efficient trend elimi-
nation by least squares regression

7. CONCLUSIONS

This paper introduces a new statistical model to capture the notion of near in-
tegration It has the advantage over the traditional model developed in earlier
work (Phillips, 19873 Chan and Wegi1987) that the local parameter can be
consistently estimatedhe model also provides a more complete interface be-
tweenl (0) andl (1) models and betwee@(v/n) andO(n) asymptoticsin fact,
the rate of convergence to the autoregressive coefficient in the new model is
O(n®) for a € [3,1] and varies in a continuous way between that of stationary
and nonstationary asymptoticBhe model also captures the power law asymp-
totics of explosive autoregressions and shows, timaa well defined local re-
gion greater than unifyt is possible to obtain invariance principles contrast
to standard results for the explosive autoregression

Some additional features of the model stand &irtst, semiparametric esti-
mation of the autoregressive parameter is possible using the methods of earlier
work on unit root estimatigrgiving a robust estimator in models that are closer
to stationarity than unit root models and traditional local to unity madels
other words specification of the short memory component of the model is not
necessary for consistent estimation contrast to stationary autoregression
where short memory error serial dependence induces inconsisteacgnd
conventional unit root tests are seen to be consistent against alternatives that
are local to unity in the new senskhird, least squares regression estimates of
deterministic trend components are asymptotically efficiand it is not nec-
essary to quasi-difference the data or to use GLS techniques to improve effi-
ciency in trend elimination procedures

Implementation of the procedures given here requires the selection of the
index parameterm and M. A serious study of this matter is likely to be com-
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plex, as a result of the interactive role of the localizing parametaend the
block sizem. Ideally, we would like to obtain data based rulesd as in ker-

nel estimationthis will require the use of a suitable criterion function and some
more refined asymptotics than we have presented. Befierther matter of in-
terest is the extension of the present model to allow for heterogeneous deter-
ministic trends across block¥he blocking mechanism in the present model
provides a natural structure for introducing such breaking trend funct@hs
course allowance for endogenously determined breaks would require the fur-
ther extension of variable block sizédoreover because the model allows for
the number of blocks to pass to infinjtthis extension effectively introduces

an infinite number of nuisance parameterdvas- co. Although these and other
interesting considerations extend beyond the limitations of this initial study
they serve to give an idea of the potential of block nonstationary systems in
modeling time series economic data

NOTE

1. The normalization factor in Theorem72of Anderson(1959 is a'/(a? — 1), corresponding
to a sample of siz&. The normalization i13) is e“™*Ymy/(e?® — 1), which corresponds ta™ "y
(a? — 1). The reason for the exponelt + 1, rather than simply, is that we haveM blocks in the
data butM + 1 blocks in the process from the initializationyal. In an explosive modeh change
in the initial conditions does affect the limit theomnd it figures here in the normalization factor
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TECHNICAL APPENDIX AND PROOFS

BN decomposition of ;. Following Phillips and Sold1992 we decomposey; as
Ugr = be(De e + 8im1 — &ces
wheregy = X7 o by e 1, B = 272,11 byy, andb(1) = 375 by ;. Under the summa-
bility condition in Assumption 2it is apparent that there exist finite constams and
M, such that
Es2, =M, (A1)
and
EuZ, =M,
uniformly in k andt (see Moon and Phillips1998.

Proof of Convergence in Mean Square of (5)Let X; = m Y23 tele/m x
U 11 m-j- Write x, = m Y23 telemg, - andR, = m~¥2(elm-Ymeg, ; — & ) +

m Y23 teli-belimg (1 — e¥™). Then using the BN decomposition af , un-
der Assumption 2there exists a constaM such that
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ﬁl

m— 2
EX? = E( 2 eJC/muklf,mj>

= E(b 1t (DX 1 T R () =M, (A.2)

where the last inequality is proved in Moon and Philli@900 and holds uniformly in
f. To finish the proof we need only show that

2
lim E(E efcxf> =0,

n—oo f=

which holds because

=9 2 o 2
E< E efcxf) — E< E e(1/2)fce(1/2)fcxf>
f=n

f=n

(S )e(Zem)om(5e)

-0 asn — oo,

where the first inequality holds by the Cauchy—Schwarz inequality and the last conver-
gence holds because< 0 andX> {2, e < co. |

Proof of Lemma 1. From the BN decompositions af ;, we have

Ug, i bo(1) &g 800~ &
1 % ?,] 1 [g] O() 0,j 0,0 ' 0,[mr]
— : : + —=
NGl T m N
Unm, j by (Dew, &m0 ~ Em,[mr]
[mr] foj
=02 — 2 Eo 40D,
SM,j

where the second line holds by the same argument as that in Phillips and196®
p. 978. Because

€0,j Wo(r)
= WM(r) = : ,
&, j W (r)

1 [mr]

Tz

a (M + 1) vector standard Brownian motipwe have

1 ) i Bo(r)
— E = : =BM(Qy,)
Uwm, j Bw(r)

Uo

as required |



52 PETER C.B. PHILLIPS ET AL.

Proof of (8). We start by introducing some notation and definitioBsippose that
the ii.d. sequencée, }; in Assumption(2)(i) is defined on the probability spac@, 7, P).
Define

m—1

i — 2
E e]C/muK m—j» Ym k — eCW xm, ks

Xk:JKC(l) and Yk:e‘:k/zxk,
Y= Ymoree s Yio-) and Y= (Yo,...,Y...)"

The termsY,, andY areR*(= X R)-valued random element¥Ve use the following
distance metric between two elementsﬂ@f

d(x,y) = iugxk*ykl, (A.3)

wherex = (X, X2,...), Y = (Y1, ¥2,...) € R®. Let N be the set of non-negative integers
{0,1,2,...}. The spacd*(N) is defined as the set of all uniformly boundedal func-
tions onN, i.e, all functionsx: N — R such thatd(x,0) < co.

By virtue of (A.2)

E(sunvmu) = > E[Vpil = > e¥2E| X
k=0 k=0 k=0

= > e¥2max{L,EX3 ,} = E eW2max{1,M} < oo,
k=0

k=0

and it follows thaty,, is a sequence df*(N)-valued random elements with probability
one Similarly, it is easy to verify thatY is also anl *°(N)-valued random element with
probability one Thus we may restrict attention to the case whéfgtakes values in

| (N).

For weak convergence ii°(N), we need only establish the following two condi-
tions (i) finite dimensional convergence affid) asymptotic tightnesdn fact accord-
ing to Theorem 5.4 of van der Vaart and Wellng1996), Y;,, converges weakly t&
if (i)

YTTL k1 Ykl

: =| : (A.4)

Ym Kn Ykn
asm — oo for an arbitrary subsdky,...,k,} of N and(ii) Y;, is asymptotically tightWe
already know that the finite dimensional convergeti@e4) holds by Lemma 1For
asymptotic tightness oY,,, we appeal to part of Theorem5l6 of van der Vaart and
Wellner (1996: specifically the sequenc¥,: O — | *(N) is asymptotically tight ifYy,
is asymptotically tight inR for everyk and for all &, > 0, there exists a finite parti-
tion N = U!_;N; such that

i steN;

lim supIP’{sup sup [Yms— Ymil > s} <. (A.5)
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(In van der Vaart and Wellngi 996 to define(A.5), an outer probability measure &f
is used However because the index s&t of | °(N) is a countable set and there is no
measurability problem on the sup operator on theNsetve use the underlying proba-
bility measureP in defining (A.5).)

Because the individual sequence of random varialflgs converges in distribution
to Y = €¥2J, (1) for all k, Y, is asymptotically tight inR for everyk. Next, condi-
tion (A.5) is satisfied if we show that for all, » > 0, there exists a constakg such that

lim supIP’{ sup [Yms = Ymil > s} <. (A.6)

m s, t=ko

For, if (A.6) holds we can choos&l; = {i} fori < ko andN, = {t:t=kg}. Then N =
Uk, N; is a finite partition andA.5) is satisfied Note that

PJ sup Yy s— Yl > €
s t=ko

= P{ > Yoker = Ykl > 8}

k=Ko

1 il 21 o 2
= _2E Z ‘Ym,k+1_Ymk| =—2E 2 eCk/Z‘eC/zxkarl_xm,k‘
€ k=Ko € k=Ko
1 [eo) [ee)
= 2| 2 e )| 2 eM B K~ Xmi)? |, (A7)
€ k=ko k=ko

where the last inequality holds by the Cauchy—Schwarz inequélityiew of (A.2), by
choosingky large enoughthe right hand side ofA.7) can be made less thap Thus
(A.5) is satisfied and we have

Yn=Y
asm — oo.

Next consider the functional: |*(N) — R defined by
v(x) = > k2.

k=0

Then it is easy to see that(x) is continuous with respect td in (A.3), and by the
continuous mapping theoremwe have the required result u

Proof of Theorem 2. For fixed M, asm — oo, under the assumption that the initial
conditions are in the infinite pastve have as in9)

1 M 1 «
\/_W kzl|:f0 Hk,CdBK+ (A — )\k)i|

1 1
— H, .(r)2dr
M kzlfo kelr)

VMm(a*t —a) = +0,(1). (A.8)
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First, under Assumption 3 we havémh(A, — Ay) —q &= N(0, Vi) asm — oo, [k, and
{&¢} is an independent sequence of normal variates with zero mean and variance that
are bounded uniformly ik, because syp/ < co. It follows that asm — oo,

M M

« 1
NI zl(Ak —A) ~ NI ;Z'l ﬁﬁk =0,(2), (A.9)

as(mM — Oo)seq»
Next, we apply a strong law t¢1/M) S 1f0 HKC(r)zdr and a CLT to(1/VM) X
S faHecdB ] asM — co. To find the limit of (1/M) =L, [ H, (1) 2dr, we write

1 M
= H d
v kzlf ke(r)2dr

l M 1 2 M 1 k—1
= f J2.dr+ — > f Jk,cemdr< > e(kl”Cnyc(l))
0 = 0

M 1 Pl

M &2
1 1 M k—1 2
+f eZedr — 2( > e(kl”CJﬁC(l))
o M &1\ 2o

[+11+11, say

Now {J .} is a sequence of independent normal varicaesl because syp?Z < co we
have supE(folJﬁcdr)l“”* < oo. It follows from the Markov strong law for independent
and nonidentically distributed.n.i.d.) sequences that

lM
:MZJJder

(30

whereS;(r) = [ e""9°dW(s). Next consider ternil. From the independence & }«
and because

1 k—1 2
supE<f JKCe’Cdr< > e("l”CJf,C(l))>
k 0 f=—o0

1 2 k—1 2
<sthE(f Jk,cercdr> sng( > e“‘l”c\]ﬁc(l)) <o
0]

f=—o0

it follows that{ [ J ce"dr (S, ek=1=0°g (1))}, is a sequence of square integrable
martingale differences with respect to the natural filtratiand by the strong law for
martingale differenceée.g., Hall and Heyde 198Q p. 36)

Il =, 0. (A.11)

Before considering terrfil, under Assumption 2we define

Z.= sgnwkHS:(l)‘:
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where S.(1) = [e® 9°dW(s). Then E(Z.)* < oo, and Z is a dominating random
variable for the martingale difference sequefidg;(1)} in the sense that

P{|Jcc(D)] > x} < P{|Zc| > x}.

Also, we have

1M . 1M

Vi g E.(D)*— (&'Tw v g,l wE) ES(D)?
and

E jedc < oo,

Then by Theorem 316 of Phillips and Sold1992, we have

1 1 M %) ) 2
= [ erear = z<2ew1j c<1>)
0 M 3\ ’

1
= < 2(:)(“')20 m l(Elwk> ES.(1)2 (A.12)

Combining(A.10)—(A.12), we have
H d
Vi k . f ko(r)2dr

' 2 1 2 —
J'Too_z“’k E fost —Z—CEsc(l) =V,. (A.13)

To reduceVy note that

([ ) Lewr]

_fle2rc_l 1e20_1
0

2c r‘Z 2c

111 1 e*-1
=1—|—(€*-1)-1|-—

2c| 2c 2c 2c

1

= _-— A.14
o~ (A14)

so thatViy = uo/—2¢, whereu, = limy_..(1/M)SM, w?.
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We now derive the limit distribution of1/NM)3L; [oHy cdB,. Let Z . =
fol Hy .dB,. In view of the independence & acrossk and the fact that

1
SUpEZZ . = supwf[Ef Héc]
k k 0
1 k—1 1
= sup[wf(‘Ef S§+w,§< > ez[klf]%?ESC(l)Z)J e2'°dr}
k 0 f=—o0 0

1 1
= <sgpw§‘) [Efo & - > ES;(l)z},

we know thatZ, . is a sequence of martingale differences with respect to the natural
filtration, and we may therefore employ a CLT for martingale differendes 32, =

SW,EZZ .. Define
1 k—1
f eerV\{(( > e(klf)°|5f,c(l)|>>-
0]

. r
Zie (Stklp k><UO ScdW Py

It is easy to verify tha?, . is strictly stationaryZ, . = | Z | Ok, and

+

E(ZZ.)

2 1 2
= 2(supwf> E(f SKdW(>
k 0]
+ 2<supw§>2E<fler°dW()2
k o]
1 E|S (D)2
Jomn(e) (5221

=c,

for some constant uniformly in k. Then for anye > 0,

M 72 72
ch Zk,c
= E —1 >
> [za { |7 °
M - 32
= % E[Zicl{Zic > V MS}:|

= ———E[Z2 1{Z2_.> (inf E(ZZ.))M
inka(ZEC) [ :Lc{ 1c (inf E( k,c)) ef]

—0 asM — oo,
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where the second line holds & . = | Z, .|, the third line holds by the strict stationar-
ity of ZZ2 ., the fourth line is well defined because jii#(ZZ.) > 0 in view of the fact
that inf,w? > 0, and the last line holds by virtue of the fact tf&tZ2 .) < C. There-
fore, asM — o

1 M 1 1 M 1
_MszondBK:N<o,hlﬂim MkzwaUO HK%CD. (A.15)
=1 —o —1

Combining(A.9), (A.13), and(A.15), we have the required limit distribution
To simplify the variance formulaobserve that as ifA.13) and(A.14) we have

) 1 M 1 1
~(tmarZe)(o([ ) -aeeee)

Proof of Theorem 3. The proof follows the same lines as that of Theorem 2 given
earlier and so we simply outline the argumefRor fixed M, asm — oo, we have as in
(A.8)

VMm(&) — a) = +0,(1).

1 M l 1 ) 1 ) l 5 B i
Mkzz:lw_lf—[) ch(r) dr%as <E<L Sc>_Z:E%(1) ) _2C’

as in(A.14). Further in the same way afA.15) we find

1§1J1Hd N(O,li 1§1EJ1H2 NO1
= D, = , lim — — = ,—— .
M & wg Jo o Bk Moo M (S @f 0 ke 2c
It follows that in sequential limits a@m M — 0)seq

A Mm(a+ — a) = N(0,—2c),

giving the stated result
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Proof of Theorem 5. If Assumptions 1ii) and 2 hold then as in(9) but using the
fact thatc = 0, it follows that asm — oo for fixed M,

&g‘,( y u —m/\k>

Mm(a* —a) =

1M . .
MkEl[ f kaodBﬁ(Ak—Ak)}

9’

1 M 1
— > Hio(r)2dr
k=1 Y0
whereHgo(r) = By(r) + EZ& B (1) + Bo(—«). As in the proof of Theorem,2ve have

(= A = 0,(1) (A.16)

HME

1
M g

in sequential limit agm,M — 00)seq

Before proceeding further with the proafiote that the sequend® (1)} is i.i.d.
N(0, w?). Then by Donsker’s functional law for partial sums of.d. random variables
we haveasM — oo,

[Mr]

1
N > Bi(1)=U(n),

f=0

whereU(r) = BM(w?). It follows that asM — oo,
M J Ho(r) dBk(r):*f U(s) dU(s)

k 1
because

1 M 1
M J Hico(r) dBy(r)

1M/
f Bi(r) dB(r) + = Z ( > Bf(1)> Bx(1)

Mkf

+ Bo(— K) 2 B.(1)

= k21< E Bf<1>> I B+ 0 <\/im>

1
- f u(r) du(r), (A.17)
0
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where the final line follows by using partial summation technigassn Phillips(19871.
Similarly, we have

M 1 1
—Zglfo Hkﬁ0<r)2dr=>fo U(r)2dr. (A.18)

Thus in view of (A.16)—(A.18),

1
U(r)du(r)
mM(é+_l)2 1 ’

U(r)2ds
o]

as required ]

Proof of Theorem 6. For fixedM, asm — oo we have as in(9),

M m
Zl Zyk,J 1uk1

1
m

eMm(a—a) =
M 1 m
e—zc Z m_ Z ij—l

M 1
’CMEI Hic(r) dB(r) + AMe~M
- . (A.19)

e*ZCMZI Hi(r)2dr
k=1 Y0

For the limit whenM — oo, we follow arguments similar to those of Basawa and Brock-
well (1984). First, consider the numerator ¢A.19).
Note that

M 1
e~°M zlfo Hic(r) dB(r) + AMe~M

M 1
=e MY f Jeo(r) dB(r)
k=1 Y0

k—1

M 1
+ e*“( >, elkoi-heg, (1) + ek°31,0<—x>> f e dBy(r) + o(1)
k=1 f=0 0

M k—1 1
= Z e_°M< > e 0oy (1) + ekCJ—l,c(_K)>fo e"“dB(r) + 0,(1),

=0
(A.20)

where the last line holds because

M 1 M
oM ; . J () dB(r) = Op< ;/;) =0p(D).




60 PETER C.B. PHILLIPS ET AL.

Before proceeding furthedefine

k=1
Xeep = 2 e 100 (1)
f=o

= J1c(D) + €5 (D) + oo + ek DY, (D)

k—1 (eZC_l)
N| O e2(k—l—f)c A —

ech_l
N| 0, w?
(“’ 2¢ )
and

1 2c_1
Q= fo edB(r) =N (o,w2 (ez—c)>

Then we have
X=X 1+d) t=0,...,k—1,

whereX_; = 0.
Also, note that

eZ(M+l)C -1
supE(e *MX,,)? = supe ?My? ———
M=0 M=0 2c
) eZC _ efZCM wZeZC
= supw = < oo,
M=0 2c 2c

Then e~ *MXy, is a martingale with respect to the filtratidfy; = o (Jy, (1), Iu-1.c(2),...),
and by the martingale convergence theotreme have

2
e MXy —as €°Y(C), whereY(c) = N<O, %) (A.21)

In addition it is easy to see that

M—-1
2 efc(k+l)QM7k
k=0

M—1 w2
=N 0, e72c(k+l) _ echl
(o(Z o) 5ce-)
2

e—Zc w2 ) W
= N<O,— — (e%¢ — 1)) = N(O,Z—C> = Z(c).

1-e2¢ 2c

Moreover the limit variatesZ(c), Y(c), andJ_; .(—«) are independenand Y(c) and
Z(c) have the same normal distribution

Next consider the limit ofA.20). Proceeding as in Basawa and Brockw@®84) we
get
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M k—1 1
S e < S, et 100y, (1) + ek°J1,c<—K>) [ e=arn)
0]

k=1

M—-1
2 e~ c(M—h— l)x c(h+1)Q

h=0
= (1 €I 1K) -

S esteig,
h=0

M—-1
~e°(Y(c) +J 1 (—k) > e ciQ,
h=0

= e°(Y(c) +J 1 (—k))Z(c), (A.22)

where the third line holds because *M—*=VX,, , ;| = K. almost surely for some

random variableK. (cf. Basawa and Brockwelll984 pp. 161-17) and we can apply
dominated convergenc&hus asM — oo

M 1
e~ M» f Hio(r) dB(r) + aMe™M = e°(Y(c) + J_; (—k))Z(c). (A.23)
k=1 Y0

Now, we proceed to the denominator @.19). By definition

1 M 1
2 f HE (1) 2ar

= ZCM 2 ‘]k C(I’) dr

esz Z f e’Cch(r)dr<§‘6e<k 10eg (1) + ey (- K)>

1 1 M k—1 2

+ f e?edr Ry > < > elkoimhey (1) + ekCJLC(K)>
0 k=1 \ f=0

=l+20+1, say

It is easy to verify thatby the strong law for.i.d. variates

M
I = Oas ezm =045 (D).

For Ill, note that

2
eZCM <2 el 1 f)c‘]f L+ eed_ 1c(_K)>

M—1

2 1
= E {e(M k—1)c (XM—k—1+e(Mikil)CeC‘]—Lc(_K))} <—>

e2(k+1)c

= kgo{ e(M*kfl)c (XM—k—l + e(Mikil)ceCJ—Lc(_K))}

1
X 1{o=k=M - 1}< Z(M)c) (A.24)
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From (A.21) we know that for fixedk

1 2
{ g (Xm-ke1 + e(Mfkfl)cecJo,c(—K))} 1o=k=M -1}

—as. eZC(Y(C) + JO,C(_ K))Zy

asM — oco. Because

1 2
{— (Xm-w1t e(Mikil)cecJo,c(_K))} Ho=k=M -1}

e(Mfkfl)c

is almost surely dominated by a random variable agAir22), it follows by the domi-
nated convergence theorem that

2c

(A.24) >, ¢ (Y(C) + Jp c(—k))? o1 (A.25)
For Il, by the Cauchy—Schwarz inequalitye have
1 M 1 2\1/2
I = < o (f e'CJKC(r)dr> )
e k=1\"o0
1 M k—1 2\1/2
x <eZCM 2 < 2 e(kilif)c‘Jf,c(l) + ekc‘JO,c(_K)> >
k=1 \ f=0
M
= 0p<ec_M Op(1) = 0,(1),
where the first equality holds b§A.25). Thus
1 M 1 2c
eZCM kgl L ngc(r)zdr %a.s (Y(C) + JO,C(_K))Z ezc _ 1- (A26)

Finally, combining(A.23) and(A.26), we have

eMm(a—a) = e°Z() .

2c
(Y(c) + Jo c(—))

e —1
It follows that

ecM+Dm Z(c)

g1 ATA= T e

as stated |
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Proof of Theorem 8. For eachk,
ij,C(r)dr
EEF* Yer j X (N H (r)dr = . (A.27)
m< X t \/— k,c
(K+r)Hy c(r)dr

Notice that

1

N gf Hi c(r)dr

f Joodr+ —— f ercdr< e(klf)c\]f’c(l)) (A.28)
f=—0c0

We start with the first member dfA.28), and use the relatiofcf. Phillips, 19873
r

Jeo(r) = By(r) + cf er=9°B, (s)ds (A.29)
0

whereBy(r) = BM(w?). BecauseB,(r)}}, is an independent sequence of Brownian
motions it follows that (1/\/M) Sy, B.(r) is BM(w?) for all M and

Bk(r) = U(r) = BM(w?). (A.30)

=~
M=

Hence

1 M fl 1 r

—_— J dr:>f u(r +cj e"=9cy(s)ds| dr
i 2 ear= [[um e flereu

fJe“ cdU(s)dr

= EeCL e sdU(s) — — U(l) (A.31)

by using partial integratian
Next, for the second member ¢A.28), let

k—1

W= > e(kilif)ch,c(l)-
f=—o0

Then

1 M
f rcdr< e(klf)c\]ﬁc(l)) — f rcdr z
f=—o0 0 k=1

The time serieg) is a linear process of the form

Mk = a(L)Vka
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where{r, = J—1.(1)} is a sequence of independent normal innovations ad =
> 0a; L}, with a; = el Thus following the approach of Phillips and So(®@992, we
can write

1 M 1
NI Zlnk a(l) = \/— ZJk (D) + 0, (\/V)

1 1 1
1 ec \/_ ZJK Lc(l)+o (N)

Then as in(A.29) and(A.30), we obtain

! Z J 1. =UQ) + cfle“*S)“U(s)ds—fle(lfs)cdu(s)
\/V k—1,c\L) = . = . .

k=1

The limit behavior of the second member (#.28) is therefore
1 M 1 k—1
- ercdr e(k*l*f)c R 1
VM Zl fo <f—2m Fol )>
1 1 1
= <f e”dr)( C)(f e(ls)CdU(s)>
0 l-e 0
1 1
= ——(f e(1‘5>°dU(s)). (A.32)
C\Jo

Combining(A.28), (A.31), and(A.32) we obtain

1 M 1 1 . 1 1 1 Lol
\/—VZIJOHKC(r)drﬂEeJ;e dU(s)—EU(l)—(—:<fo el >dU(s)>

—f}u1—f}fldu A.33
—c()—co(s). (A:33)

If we denotefol H, (r)dr by £\, under the assumption of homogeneilyis a stationary
processand in a similar way to(A.33), the partial sum

[mt]

1
T 2 E L= B(t) = ——U(t)

1 k+r 1 Mk 1
_lef<T>Hk,c(r)dr= \/—mzlmek,c(r)d“rop(M)
(k) L L
-2 () ol

1 1 1
:L sd@(s)=fzfo sdU(s). (A.34)
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Thus from (A.27), (A.33), and (A.34) we obtain

£

1 _ Yio t
EG 1EEF 1Xk,t\/ﬁ]

k=1 t

1
e % 2 DXy Vi e =

g~ =
Mz

x~
I

1
G’lfo X(N)Hy o(r)dr

1
f Hy .(r)dr
6]

k=1 1<k+l’>
— JH, (r)dr
[ (5 o

duU(s)
1 fo 1t
:>—E =—Ef X(s)dU(s)

1
f sdU(s) °
o]

1

in sequential asymptotics &, M — oo)seq Furtherin a straightforward way

1 1
—ZZD*lxk,lxk[D*lef X(r)X(r)'dr.
k t o]

n

In consequencave have

ﬁ o l -1 ! -1 ot 1 -1 *
FD(Y_Y): (E%;D Xt Xk D ) <m_\/ﬁ§§t:D Xk,tYk,t)
1 1 -1 1
= e <J; X(r)X(r) dr) <f0 X(s)dU(s)),
giving the stated result |

Proof of Lemma 9.

M 298 tmer = M Y2Y e — M Y29 = ) Xty

=m’1/2y* _ 1 _n(A_ )'DD71X
k,[mr] N m Y Y k,[mr]

= mil/zylj,[mr] + Op(M 71/2)

= H,.(r).
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Proof of Theorem 10.

%Eyf,t—luk,t
t

d=at —o———
%2(?&,%1)2
(a—1)(?—7)’%‘,2&1,1)7{[,1
+
%2()72171)2
(y—v) Ek: Et: (Xt = X 1—1) Ve 11
B 33 ()?
Thus
VMm(a - a)
1 1
_M§<;12yk,tlukt)
Tl (1o
M%(EZ( ktfl) )
o oYM 1 . o Ve
1 m(a—l)[(Y_V)D_m][_M%G <_2F X t—1 \/—>:|
+_
M 1 1
S| e S
1 1 Vic t—1
1 [(’)A’_‘)’)DT][_M%<EZHD (Xt th—l)yl\(’/ﬁ>j|
M2 1 1
M= [F;(y{tl) }
1 1
Gslsaa)
N ~0u{ i) + 0y )
M%(ﬁ;(?tl)z>
Asm— oo

TG nem) S ([reomsa)
1

1 1
M%(E;(Azt—ﬂz> szHk,c(r)z




AUTOREGRESSIVE ROOTS NEAR UNITY 67

Thus if we consider the adjusted estimaté* and take sequential limits as
(MM — ©)seq We have

1 1 «
M % (E E Vi t-aUicr — /\k>
t

VMm(a* —a) = +0,(1) = N(0,—2¢). u
1 1 & 2
M % F z(yk,t—l)
Proof of Lemma 11. Whenc = 0,
1 1 n -1 1 n Z*
— D(3y — —| = D—l rD—l - D—l S
Lo 2 g0 mmo ] (L0 s

= [jX(r)X(r)’]l[fx(r)u(f)}-

By definition,
ylj,t =Yt — ’;//Xk,t’
25 =2~ 9%,

and thus

nY2% . =n"Y2z, . — n"Y2(3 — y)DD ¥
-1
:U(r)[fUX’][fXX’] X(r):=U(r). [ |
Proof of Theorem 12. Because
ggytf,t—luk,t (?_7)/§2(th_xm—1)yzt—1
e 33 (es)? " 33 (Ges)? ’

and
S (2 1/ (/N7) — nY2(5 =)D [n-l D nD-leszzfl/%]
ne-b= NS (2 ,/Vn)> ’

we get

n(€l+ _1) = ’
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whereXo(r) = X'(r) = (0,1)’ = PX(r) with
0 0
P= .
1 0
Because
JXOU:PIXU:O,
we obtain
fgdu

o

giving the stated result |

na —-1=

Proof of Theorem 13. By definition,

m -1 m
'7 = [2 2 Acxl<,tAch/<,t:| |:2 Z Acxk,tAcyk,t:|

k=1t=1 k=1t=1

Il
Ms

e[S ] 3

ACXk,tuk,t:| .
k=1t=1 k=1t

1

Thus

1 e I
VnN(Y —y) = |:E Z NlAch,tAchi,tNl] |: NG 2 NlAch,tuk,t:|
S S

= chmxc(r)'}1jxc<r>dU<r>,

N = diagm~4LM], X.(r)=—c(Lr)".

where

Simply noting thatX;(r) = —cX(r) gives the stated result far.
Suppose that < 0 and we estimateby ¢ = m(& — 1), as in Section 5Then¢ =c +
Op(M~%2)If we apply QD detrending to mod¢14)—(16) based ort, we get

AeYit = V' AeX e T AsYit- (A.35)

The OLS estimator of from (A.35) is

m -1 m
¥ = [2 > AéxmAéX{(,t] [E > Aéxk,tAéyk,l:|

k=1t=1 k=1t=1

k

Mz

-1 m
E Acxk,tAéXlQ,t] [2 2 AéXKtACYZt] .

1t=1 k=1t=1
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Notice that

Ay = U — (E—omtyg,

and
1 -1 *
% 2 N7 AX ¢ Ag Vit
S
1 B . 1 1 B Y t-1
=7 g N~ X Uy — (€ =€) N Ek: N, - 2 Nz *AeXic ¢ m
1
= ﬁ 2 NilAcxk,tUk,t + Op(Mfl/z),
S
where

N, = diagL,M], N,=diagm 1], N=NN,.

69

It can be verified that the error terms coming from the preliminary estimatiaraoé of

smaller order of magnitude and

\/ﬁN(i‘/f - 7) = |:J‘Xc(r)xc(r),:| fxc(r)du(r)

The limiting distribution of the trend coefficient vectgr is then the same as that ®f

the estimator using the true local parameter



