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A new model of near integration is formulated in which the local to unity param-
eter is identifiable and consistently estimable with time series data+ The proper-
ties of the model are investigated, new functional laws for near integrated time
series are obtained that lead to mixed diffusion processes, and consistent estima-
tors of the localizing parameter are constructed+ The model provides a more com-
plete interface betweenI ~0! and I ~1! models than the traditional local to unity
model and leads to autoregressive coefficient estimates with rates of convergence
that vary continuously between theO~!n! rate of stationary autoregression, the
O~n! rate of unit root regression, and the power rate of explosive autoregression+
Models with deterministic trends are also considered, least squares trend regres-
sion is shown to be efficient, and consistent estimates of the localizing parameter
are obtained for this case also+ Conventional unit root tests are shown to be con-
sistent against local alternatives in the new class+

1. INTRODUCTION

Models with near unit roots have attracted much attention in recent years+ These
models lead to a class of near integrated time series that offer some additional
flexibility over integrated processes in the modeling of nonstationary time se-
ries+ They were developed originally to provide a mechanism for studying lo-
cal alternatives to unit root specifications, giving limit diffusion processes in
place of Brownian motion~Bobkoski, 1983; Phillips, 1987a!, unifying asymp-
totics for stationary and nonstationary autoregressions~Chan and Wei, 1987;

This paper was partly written while Phillips was living on Waiheke Island and visiting the University of Auck-
land+ It was presented to the New Zealand Econometric Study Group Meeting at the University of Auckland in
July 1998+We thank Katsuto Tanaka and a referee for helpful comments on earlier versions of this paper+ Phillips
thanks the NSF for research support under grants SBR 94-22922 and 97-30295, and Xiao thanks the Cowles
Foundation for hospitality during a visit in May–June 1998+ Address correspondence to: Peter Phillips, Cowles
Foundation for Research in Economics, Yale University, Box 208281, New Haven, CT 06520-8281, USA+

Econometric Theory, 17, 2001, 29–69+ Printed in the United States of America+

© 2001 Cambridge University Press 0266-4666001 $9+50 29



Phillips, 1987a!, having natural extensions to vector time series~Phillips, 1988!,
and delivering power functions and power envelopes for unit root tests~Ca-
vanagh, 1985; Phillips, 1987a; Johansen, 1991!+ They have also been used in
empirical econometric work to construct confidence bands that allow for auto-
regressive coefficients and roots in the neighborhood of unity~Cavanagh, 1985;
Stock, 1991!+

The simplest local to unity model is a triangular array for a time seriesyt of
the form

yt 5 ayt21 1 ut , a 5 1 1
c

n
, t 5 1, + + + , n (1)

with independent and identically distributed~i +i +d+! ~0,s2! innovationsut +
Whereas the autoregressive coefficienta r 1 asn r `, it is apparent that for
any given sample sizen in ~1!, the model accommodates a much wider range
of autoregressive coefficients as the localizing parameterc varies, including
both stationary~c , 0!, explosive~c . 0!, and unit root~c 5 0! possibilities+
This flexibility has helped to make the model popular in studying economic
time series for which roots near unity are considered highly plausible but roots
at unity are considered too restrictive+ A feature of the local to unity model is
that the localizing parameter is identifiable~c can be deduced from the condi-
tional meanayt21 and the sample sizen! but is not consistently estimable+ In
particular, standardized observations from the model~1! satisfy the invariance
principle

n2102y@nr# n Jc~r !, (2)

a linear diffusion process~Phillips, 1987a! that depends onc+ So, writing the
model in the formDyt 5 c~ yt210n! 1 ut , it is apparent that the sample second
moment of the regressorxt 5 yt210n of c satisfies the weak convergence

(
t51

n S yt21

n
D2

n E
0

1

Jc~r !2dr

and does not diverge asn r `, thereby failing to satisfy the excitation condi-
tion for least squares regression consistency+ Put another way, the signal to noise
ratio measured by

Var~xt !

var~ut !
;

1

n (
t51

n S yt21

n
D2

s2 r p0,

and so the signal fromxt is too weak relative to the error variation to produce a
consistent estimator of the localizing coefficientc+

Although methods have been developed to utilize the way in which the limit
distribution depends on the localizing coefficient~by virtue of the dependence
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of the limit processJc~r ! on c!, the failure of consistent estimation has been an
impediment to inference in models of this type+ The dependence of the limit
distribution onc also affects resampling procedures such as the bootstrap, which
are known to be inconsistent in models of this type because of this very depen-
dence~Basawa, Lallik , McCormick, Reeves, and Taylor, 1991!+ One way in
which the signal can be strengthened is through the use of additional data+ In
fact, recent work by Moon and Phillips~2000! shows how panel data with in-
dependent cross section observations are helpful in resolving the failure of con-
sistency in time series models such as~1!+ This approach relies on the fact that
the model~1! continues to apply with the same localizing coefficient across a
section ofN individual observations whileN r `+ Then, !N consistent esti-
mation ofc is possible+ However, panel data for which the assumptions under-
lying this approach are plausible, particularly that of cross section homogeneity
of the localizing parameter, seem likely to be uncommon+ So, these panel data
results seem at present to be of more theoretical than empirical import+

This paper offers a fresh approach to the problem of modeling time series
with roots near unity+ Our idea is to develop a new formulation of local to unity
models that offers more flexibility than the traditional model~1!+ The new model
leads to a class of different limit processes beyond simple diffusions, and it has
the interesting property that the local coefficient is identifiable and consistently
estimable with time series data, unlike ~1!+ Consistent estimation opens up some
new possibilities with respect to efficient estimation, trend elimination, and the
construction of confidence intervals+ The new model also provides a more com-
plete interface betweenI ~0! and I ~1! models and betweenO~!n! and O~n!
asymptotics+ In the traditional model~1!, the rate of convergence in autoregres-
sive coefficient estimation isO~n!, just as in the unit root casec 5 0, and there
continues to be a discontinuity in the asymptotics between the stationary and
nonstationary cases+ Only asc r 2`,1` in the traditional model do we find
results that correspond to the stationary and explosive autoregressions~Phil-
lips, 1987a; Chan and Wei, 1987!+ By contrast, in our new model, the rate of
convergence to the autoregressive coefficient isO~na! for a [ @ 1

2
_ ,1# and varies

in a continuous way between that of stationary and nonstationary asymptotics+
The new model also captures the power law asymptotics of explosive auto-
regressions and shows that, in a well defined local region greater than unity, it
is possible to obtain invariance principles, in contrast to standard results for the
explosive autoregression+

The paper is organized as follows+ Notation is given in Section 2+ The new
model is laid out and some of its properties are analyzed in Section 3+ A con-
sistent estimator of the local to unity coefficient is constructed in Section 4 and
cases of near stationarity, unit roots, and near explosive behavior are separately
analyzed+ Estimation of the local parameter in models with linear trends is dis-
cussed in Section 5+ Section 6 studies issues of efficient estimation of trend
coefficients and trend extraction+ Section 7 concludes and describes some use-
ful extensions of the present model+ Proofs are collected in the Appendix+
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2. NOTATION
ra+s+ almost sure convergence n,rd weak convergence
5d distributional equivalence @{# integer part of
:5 definitional equality r ∧ s min~r,s!
oa+s+~1! tends to zero almost surely [ equivalence
rp convergence in probability op~1! tends to zero in probability
Wk~r ! standard Brownian motion∀k QD quasi-difference
BM~v2! Brownian motion with variance

v2

3. A BLOCK LOCAL TO UNITY MODEL

The time series model we propose is a block local to unity system defined as
follows:

yk, t 5 ayk, t21 1 uk, t , t [ Tm;k [ KK ,
yk,0 5 yk21,m, (3)

a 5 ec0m ; 1 1
c

m
,

whereTm 5 $1, + + + ,m% , KK 5 $2K,2K 1 1, + + + ,0,1, + + + ,M % with K $ 0+ This
system defines a sequence of blocks withm observations of the time series
$ yk, t : t [ Tm% in each block, and the observable blocks are taken to bek 5
1, + + + ,M+ The initial conditions in each block are set so that they correspond to
the final observation in the previous block+ In this sense, the model is articu-
lated to capture the evolution of a single time series+ The observable series is
$ yk, t : t [ Tm;k 5 1, + + + ,M %+

The coefficient in the autoregression in each block of~3! is local to unity
with localizing parameterc, which is the same in each block+ In later sections
of the paper, depending on the sign ofc, we will allow for various initial con-
ditions, and the index setKK for the blocks is introduced to provide this extra
flexibility + Our initial conditions are described in the following assumption+

Assumption 1~Initial Conditions!+

~i! Infinite past initialization: K 5 ` with index setK`+
~ii ! Distant past initialization: K 5 0 with index setK0 and

y0,0 5 (
j50

K

a ju21,2j K 5 @mk# , (4)

where theu21,2j are independent ofuk, t in ~3!, and

m2102y0,0 n J21,c~2k!,

whereJ21,c~2k! 5 *2k
0 e2~s1k!cdB21~s! is a reverse diffusion process andB21 is

a Brownian motion+

We use a general linear process generating mechanism for the errorsuk, t in
each block of~3!+ The idea is that there is an underlying sequence of innova-
tions«j from whose present and past history the errors in each block are formed+
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We further allow for the specific generating mechanism to change between
blocks, thereby permitting some structural change across blocks in the short
memory component of the model+ The specific structure is laid out in the fol-
lowing assumption+

Assumption 2~Linear Process Errors!+

~i! $«t %t52`
` is a sequence of i+i+d+ ~0,1! variates withE6«t 6 p , ` for somep . 4+

~ii ! uk, t 5 (j50
` bk, j «k, t2j , where«k, t 5 «mk1t+

~iii ! (j50
` j abj , `, for somea $ 1, wherebj :5 supk6bk, j 6+

~iv! Let vk
2 5 ~(j50

` bk, j !
2, and assume that infk vk

2 . 0+
~v! m2 5 limMr`~10M !(k51

M vk
2 andm4 5 limMr`~10M !(k51

M vk
4 exist+

Remarks+

~a! Whenbk, j 5 bj for all k, the time seriesuk, t have homogeneous~overk! generat-
ing mechanisms as measurable functions of the primitive innovations«t and dif-
fer only in terms of the timing of the shocks with each new blockk bringing in a
new block of primitive innovations«k, t + This special framework will apply, for
example, when a single parametric model such as an AR~ p! governs the forma-
tion of the shocksuk, t in every blockk, so that the parameters in this model are
the same for allk+

~b! Condition ~iii ! on the majorizing sequencebj for the linear process coefficients
bk, j ensures the validity of a BN decomposition foruk, t for eachk, as in Phillips
and Solo~1992! ~see the discussion in the Appendix of the current paper!+ It also
ensures that supk vk

2 , `+
~c! The moment condition in~i! and the summability condition~iii ! ensure that fourth

moments ofut are finite+
~d! The parametersm2 and m4 in ~v! are average long run variance parameter and

square of long run variance parameter over the blocks in~3!, respectively+

We write the data from a particular block asyk 5 ~ yk,1, + + + , yk,m!' and then
combine data fromM blocks to writey 5 ~ y1', y2', + + + , yM'!'+ In this case, the
total sample size isn 5 mM+

By recursive substitution we have the representation

m2102yk, @mr# 5 m2102 (
j50

@mr#21

ejc0muk, @mr#2j 1 m2102e@mr#c0myk,0

5 m2102 (
j50

@mr#21

ejc0muk, @mr#2j 1 m2102e@mr#c0myk21,m

5 m2102 (
j50

@mr#21

ejc0muk, @mr#2j 1 e@mr#c0m

3 (
f50

k21

e~k212f !cFm2102 (
j50

m21

ejc0muf,m2jG
1 m2102e@mr#c0mekcy0,0+
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If c , 0 and the initial conditions are in the infinite past, then we can write

m2102yk, @mr# 5 m2102 (
j50

@mr#21

ejc0muk, @mr#2j

1 e@mr#c0m (
f52`

k21

e~k212f !cFm2102 (
j50

m21

ejc0muf,m2jG , (5)

where the second series converges in the mean square sense~see the proof of
convergence in mean square of~5! in the Appendix!+

LEMMA 1 + Let Uj
M 5 ~u0, j , + + + ,uM, j !

'+ Then, under Assumption2, for any
fixed M, as mr `,

1

!m (
j51

@mr#

Uj
M n BM~r !,

where BM~r ! 5 ~B0~r !, + + + ,BM~r !!' [ BM~VM !, VM 5 diag~v0
2, + + + ,vM

2 !+

As in Phillips ~1987a!, we have the weak convergence

m2102 (
j50

@mr#21

ejc0mU@mr#2j
M n Jc

M~r ! 5E
0

r

e~r2s!cdBM~s!, (6)

whereJc
M~r ! 5 ~J0,c~r !, + + + , JM,c~r !!' and Jk,c~r ! 5 *0

r e~r2s!cdBk~s! is a linear
diffusion+ It follows by the continuous mapping theorem that if the initial con-
ditions are in the distant past aty0,0 and satisfy Assumption 1~ii !, then we have

m2102yk, @mr# n Jk,c~r ! 1 erc (
f50

k21

e~k212f !cJf,c~1! 1 e~r1k!cJ21,c~2k!

:5 Hk,c
k ~r !+ (7)

If c , 0 and the initial conditions are in the infinite past, it follows that

m2102yk, @mr# n Jk,c~r ! 1 erc (
f52`

k21

e~k212f !cJf,c~1! :5 Hk,c~r ! (8)

~see the proof of equation~8! in the Appendix!+ Note that (f52`
k21 3

e~k212f !cJf,c~1! converges because(j50
` e2jc , ` andE~Jf,c~1!2! , ` and be-

cause$Jf,c~1!%f52`
` is a sequence of independent diffusion processes+

Note that the limit processesHk,c~r ! and Hk,c
k ~r ! involve linear combina-

tions of independent~acrossf ! diffusion processesJf,c and are therefore both
Gaussian+ They may be called mixed diffusion processes+ The expressionHk,c~r !
is defined forc , 0+ However, Hk,c

k ~r ! involves only a finite linear combina-
tion of terms whenk is finite, so it is also well defined whenc $ 0+ Both
these limit processes differ from the usual diffusion limit~2! that applies for
the traditional local to unity model+ The block structure of the model~3! en-
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sures that the traditional diffusion limits apply within each block to linear com-
binations of the shocks in each block, as in ~6!+ But the observable data cover
M blocks with progressive reinitializations of the process to assure the com-
patibility of the block structure with the observed time series+ The new limit
processesHk,c~r ! andHk,c

k ~r ! of the normalized observed data take these pro-
gressive reinitializations into account+

The device of a block local to unity system facilitates the sequential asymp-
totic analysis that is used later in the paper, and it also provides a statistical
model for what may be described as “isolated regions of persistent behavior”
for macroeconomic time series+ Many macroeconomic time series are now well
known to display a form of persistence whereby economic shocks have long
run effects+ However, it is possible that shocks may affect an economy for a
long period of time but not forever+ In other words, the effects of a shock may
be highly persistent over a certain range~the region of persistent behavior! but
then may begin to disappear outside this range+ The region of persistent behav-
ior may constitute a “little infinity” relative to the full sample+ Consider a time
series, $zs%, which evolves over blocks of time in such a way that there is per-
sistency inside each block but only short memory across blocks, i+e+,

z1, z2 , + + + zm
assssdssssg

Block 1

, zm11, + + + , z2m
assssdssssg

Block 2

, + + + , zkm11, + + + , z~k11!m
assssssdssssssg

Block k 1 1

, + + + +

The number of observations in each block ism, and the number of blocks isM+
The block local to unity system~3! ~when c , 0! is a simple model that has
this property+ Because there is persistent memory inside each block but short
memory across blocks, we call this type of memory “regional persistence+” As
a result, the partial sums inside each block have nonstationary asymptotic be-
havior, whereas partial sums over blocks behave like a stationary system+

4. ESTIMATION OF THE LOCAL PARAMETER

4.1. The Near Stationary Case: c , 0

In this section we assume that the initial conditions are in the infinite past+ We
propose to estimate the autoregressive coefficient by the usual least squares
estimator, which we write here in pooled form as

[a 5
y21
' y

y21
' y21

5

(
k51

M

y21
k' yk

(
k51

M

y21
k' y21

k

+

From this estimator, we are able to extract a corresponding estimate of the lo-
calizing coefficientc+ Using the model formulationyk 5 ay21

k 1 uk, we get
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m~ [a 2 a! 5

(
k51

M 1

m
y21

k' uk

(
k51

M 1

m2 y21
k' y21

k

+

Asymptotic results for this estimator can be obtained most conveniently by
using sequential asymptotics in whichm r ` first, followed by M r `,
which we denote by~m,M r `!seq+ This type of asymptotic analysis will be
used throughout the paper+ Sequential asymptotics are discussed in Phillips
and Moon~1999!, which also explores the connections between this type of
asymptotic analysis and joint limit theory in which two indices such as~m,M !
may pass to infinity simultaneously+ Although less general than joint limit theory,
sequential asymptotics are easy to obtain and will serve our purpose in this
paper of revealing the main features of the block local to unity system+ As the
analysis in Phillips and Moon~1999! indicates, we can expect the main re-
sults obtained here under sequential asymptotics to hold for joint limits under
somewhat stronger conditions+

For fixed M, we have, as in Phillips~1987a!, that asm r `,

1

m
y21

k' uk n E
0

1

Hk,c~r !dBk~r ! 1 lk

and

1

m2 y21
k' y21

k n E
0

1

Hk,c~r !2dr,

wherelk 5 (j51
` bk,0bk, j + It follows that asm r `,

m~ [a 2 a! 5

(
k51

M 1

m
y21

k' uk

(
k51

M 1

m2 y21
k' y21

k

n

(
k51

M SE
0

1

Hk,cdBk 1 lkD
(
k51

M E
0

1

Hk,c~r !2dr

+

We may now employ the usual nonparametric corrections~Phillips, 1987b!
to [a that use consistent estimatesZlk of lk giving the following modified
estimator:

[a1 5

(
k51

M

~ y21
k' yk 2 m Zlk!

(
k51

M

y21
k' y21

k

+
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It will be convenient in what follows to make the following high level assump-
tion about the nonparametric estimates such asZlk that we use in our development+

Assumption 3~Nonparametric Estimation oflk andvk!+ Used to represent
both l andv in ~i!–~iii !+ Then

~i! Zdk rp dk asm r `, ∀k+
~ii ! !mh~ Zdk 2 dk! rd N~0,Vk! asmr `, ∀k, whereh is the bandwidth used in the

construction of the estimateZdk+
~iii ! supk Vk , `+

Parts~i! and~ii ! of this assumption will be satisfied by a wide class of non-
parametric estimates ofdk under Assumption 2~see Hannan, 1970; Park and
Phillips, 1988; Andrews, 1991!+ Part ~ii ! will typically be satisfied when there
is undersmoothing of the estimateZdk through the choice of bandwidthh, to
ensure the absence of bias in the limiting normal distribution+ Part~iii ! simply
bounds the limiting variancesVk over k+

The error in the estimator[a1 is

!Mm~ [a1 2 a! 5

1

!M (
k51

M S 1

m
y21

k' uk 2 ZlkD
1

M (
k51

M 1

m2 y21
k' y21

k

;

1

!M (
k51

M FE
0

1

Hk,cdBk 1 ~lk 2 Zlk!G
1

M (
k51

M E
0

1

Hk,c~r !2dr

(9)

5

1

!M (
k51

M E
0

1

Hk,cdBk

1

M (
k51

M E
0

1

Hk,c~r !2dr

1 op~1!, (10)

providedM2102 (k51
M ~lk 2 Zlk! 5 op~1!, which holds under Assumption 3, as

shown in the Appendix+ Now we consider taking limits asM r `+ By applying
a suitable strong law of large numbers~SLLN! to ~10M !(k51

M *0
1 Hk,c~r !2dr and

a suitable central limit theorem~CLT! to ~10!M !(k51
M @*0

1 Hk,cdBk# asM r`,
it can be verified that [a1 converges toa at the rate!Mm and, further, that
!Mm~ [a1 2 a! has an asymptotic normal distribution+ In particular, we have the
following result, the proof of which is in the Appendix+
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THEOREM 2+ Let Assumptions1~i!, 2, and 3, hold and let c, 0+ Then, as
~m,M r `!seq

!Mm~ [a1 2 a! n N~0,Va!,

where

Va 5 VH
21S lim

Mr`

1

M (
k51

M

vk
2EFE

0

1

Hk,c
2 GDVH

21 (11)

and

VH 5 lim
Mr`

1

M (
k51

M

EFE
0

1

Hk,c
2 G+

It is shown in the proof of Theorem 2 that

lim
Mr`

1

M (
k51

M

EFE
0

1

Hk,c
2 G 5 2

1

2cS lim
Mr`

1

M (
k51

M

vk
2D :5 2

1

2c
m2

and

lim
Mr`

1

M (
k51

M

vk
2EFE

0

1

Hk,c
2 G 5 2

1

2cS lim
Mr`

1

M (
k51

M

vk
4D :5 2

1

2c
m4+

It follows that Va 5 ~22c!~m40m2
2!+ When the errors are homogeneous across

k, we getvk
2 5 v2 for all k and thenm4 5 m2

2 5 v4 andVa 5 22c+ Because
m4 $ m2

2, Va 5 22c is a lower bound for the limiting variance in the general
case where the long run variances vary across blocks+

The weighting in the limit varianceVa in the general case~11! indicates that
we can improve the efficiency of the estimator[a1 by means of a weighted
regression+ Let [vk

2 be a nonparametric estimate ofvk
2 satisfying Assumption 3+

Define the semiparametric weighted regression estimator

[av
1 5

(
k51

M 1

[vk
2 ~ y21

k' yk 2 m Zlk!

(
k51

M 1

[vk
2 y21

k' y21
k

+

The following result shows that the asymptotic theory of[av
1 is very simple+

THEOREM 3+ Let the conditions of Theorem2 hold+ Then, for c , 0 and as
~m,M r `!seq,

!Mm~ [av
1 2 a! n N~0,22c!+ (12)

The limiting variance formula22c in Theorem 3 has an interesting relation-
ship to that of a stationary autoregression+ In particular, the formula is identical
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to the limiting variance of the autoregressive coefficient[am in a stationary auto-
regression withm observations, which is~12 a2! ;12 ~11 ~c0m!!2 ; 22c0m+
This suggests the approximationm~ [am 2 a! ; N~0,22c!, which corresponds
to ~12!+

Observe that in Theorems 2 and 3, we still get the unit root0near integrated
process result of consistent estimation ofa by [a, [a1, and [av

1 in spite of serial
dependence~Phillips, 1987b!, provided the second order bias terms are not too
large and satisfy Assumption 3+

It follows from these asymptotics that

m~ [a1 2 a! 5 m~ [a1 2 1! 2 c 1 OS 1

m
Drp 0

and therefore

[c 5 m~ [a1 2 1! rp c,

giving us anO~!M ! consistent estimator ofc+ Of course, we have a corre-
sponding estimator[cv 5 m~ [av

1 2 1! in the case of the weighted regression es-
timator [av

1 + In short, we have the following limit theory+

COROLLARY 4+ Let the conditions of Theorem2 hold+ Then, for c , 0 and
as ~m,M r `!seq, [c, [cv rp c and

!M ~ [c 2 c! n N~0,Va!, !M ~ [cv 2 c! n N~0,22c!+

The rate of convergence of[c depends on the number of blocksM and is
therefore determined by the number of separate blocks of information about
the localizing parameterc+ So, the success of this estimator relies on the homo-
geneity of the localizing parameter across blocks and the number of blocks in
total+ The form of the limit distribution of [cv makes inference aboutc particu-
larly easy in the case wherec , 0+

The estimator of the autoregressive coefficienta pools information within
and across blocks and has a rate of convergence that depends on bothm andM+
The rate of convergence of[a1 and [av

1 is !Mm, and this rate is intermediate
between theO~!n! rate of a stationary autoregression and theO~n! rate of
unit root regression+ For example, we may functionalizem andM on the sam-
ple sizen, as inm5 ng, andM 5 n12g, with 0 # g # 1+ Then!Mm5 na with
a 5 1

2
_ 1 ~g02!, and the rate of convergence, na, of [a1 then varies continuously

from!n to n+ In effect, the block to unity system~3! is a family of models that
constitute an intermediate class between stationary and unit root autoregressions+

WhenM is fixed, it is apparent from~9! that we have a class of nonnormal
asymptotics, which reduce to the traditional case~Phillips, 1987a, 1987b! only
whenM 5 1 and the initial conditions are in the near or distant past~thenHk,c

is replaced byHk,c
k in ~9! andk 5 0 or k . 0 in ~7!!+Whenm is fixed, then the

model has autoregressive parametera ; 1 1 ~c0m! , 1 and is stationary+
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In the general case wherem r ` asn r `, the autoregressive parameter
a ; 1 1 ~c0m! r 1+ However, becausea ; 1 1 ~c0m! , 1 1 ~c0mM! 5 1 1
~c0n!, the block autoregressive system with coefficienta andM r ` is “closer”
to stationarity whenc , 0 than a conventional near integrated model with auto-
regressive coefficient 11 ~c0n! and the same localizing coefficientc+ This ex-
plains why the asymptotic distributions of[c and [a1 are normal and why there
is enough discriminatory information in data from the block autoregressive sys-
tem to consistently estimate the localizing parameterc+ In effect, the model
across blocks has a stationary autoregressive structure with coefficientec , 1,
as is apparent in the definition ofHk,c~r ! in ~8!+

However, whenM is fixed, we havem 5 O~n!, and the autoregressive pa-
rametera ; 1 1 ~c0m! is in the same locality of unity as the conventional local
to unity model+ In this event, [c is not consistent, and the situation is analogous
to that of the conventional local to unity model+ Nonetheless, the preceding
analysis allows for a wider class of limit theory in this case, as indicated in
~10! earlier, where the number of blocksM plays a role in the limit and the
limit processHk,c is a diffusion average, rather than a simple linear diffusion+

In light of these remarks, it would appear that there are substantial advan-
tages in modeling to working with the general case where bothm andM r `+
This is the situation that we will pursue in what follows and in our empirical
application+

4.2. The Unit Root Case: c = 0 and vk
2 = v2 ∀∀∀k

Let the initialization of the process be in the distant past, rather than the infi-
nite past, and let Assumption 1~ii ! hold+ We will consider the homogeneous
case wherebk, j 5 bj + Homogeneity in the linear process coefficients across blocks
ensures thatvk

2 5 v2, ∀k, so that the model is then comparable with a conven-
tional unit root system that has a single long run variance parameterv2 and a
single one sided long run covariance parameterl+

From the analysis in Section 3, we havem2102yk, @mr# n Hk,c
k ~r !, as defined

in ~7!+ Whenc 5 0, this limit process has the form

Hk,0
k ~r ! 5 Bk~r ! 1 (

f50

k21

Bf ~1! 1 B0~2k!,

a linear combination of independent Brownian motions, all with variancev2+
Our limit theory for [a1 in this case is given in the following result+

THEOREM 5+ Let Assumptions1~ii ! and 2 hold+ Then, in sequential limits
as ~m,M r `!seq,

mM~ [a1 2 a! n SE
0

1

U~s!2dsD21E
0

1

U~s! dU~s! :5 jU ,

where U~s! [ BM~v2!+
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Hence, in the c 5 0 case we getm~ [a1 2 1! rp 0, as required for [c 5
m~ [a1 2 1! to be a consistent estimator ofc 5 0+ However, M [c n jU , and
therefore the estimate ofc has a limit distribution in the unit root class in this
case+ Furthermore, we revert to anO~n 5 mM! rate of convergence for[a1

and move to anO~M ! rate of convergence for[c whenc 5 0+

4.3. The Near Explosive Case: c . 0 and vk
2 = v2 ∀∀∀k

In the case wherec . 0, it turns out that [a r a at the rateecMm, comparable to
the power rate of convergence in an explosive autoregression+ Again, we work
with distant past initial conditions aty0,0 and homogeneity across blocks so
thatvk

2 5 v2, ∀k+ The latter helps us to relate our results to those already well
known in the literature for explosive autoregressions+ The limit theory for this
case is as follows+

THEOREM 6+ Let Assumptions1~ii ! and 2 hold+ Then, in sequential limits
as ~m,M r `!seq,

ec~M11!m

e2c 2 1
~ [a 2 a!,

ec~M11!m

e2c 2 1
~ [a1 2 a! n

Z~c!

Y~c! 1 J0,c~2k!
, (13)

where Z~c! [ N~0, ~v202c!!, Y~c! [ N~0, ~v202c!!, and Z~c!,Y~c!, and J0,c~2k!
are independent+

Remarks+

~1! It is apparent from~13! that the second order bias term that arises in traditional
unit root regression disappears in the near explosive case+ A similar result was
obtained in Phillips~1987a, Theorem 2~c!! using the traditional local to unity
model ~3! and sequential limits involving the localizing coefficientc r `+ The
reason is that the signal from the regressor is strong enough in the explosive case
to eliminate the bias effects asM r `+

~2! The limit variate~13! is a ratio of independent normals, each with zero mean,
and is therefore proportional to a Cauchy variate+ Note that the initial condition
distributionJ0,c~2k! plays precisely the same role in the limit distribution here
as it does in the well known explosive case~e+g+, see Anderson, 1959, Theorem
2+5!+ However, unlike the conventional explosive model, the initial condition dis-
tribution in our case is always normal as it arises from a preliminary limiting
process within the initial block+

~3! When the initial condition is at the origin andk 5 0, then J0,c~2k! 5 0 and
ec~M11!m0~e2c 2 1!~ [a 2 1! has a limiting distribution that is standard Cauchy+
This Cauchy limit~13! corresponds to the well known result from White~1958!
and Anderson~1959, Theorem 2+7!1 about the limiting distribution of the least
squares regression coefficient in an explosive model with Gaussian errors and
zero initialization+ However, unlike these standard results, the limit result here
does not rely on Gaussian errors+ The difference is a major one and can be ex-
plained as follows+ What happens in the block local model, in effect, is that as
m r ` within each block we get normality in the data from the first stage as-

AUTOREGRESSIVE ROOTS NEAR UNITY 41



ymptotics+ The model across blocks then mirrors the structure in a Gaussian ex-
plosive autoregression+ The outcome is that an invariance principle operates in
the block local model in the explosive vicinity of the unit root case+

Theorem 6 implies that

[c 5 m~ [a1 2 1! rp c,

giving us, in this case, an O~ecM! consistent estimator ofc . 0+ In particular,
we have the following result+

COROLLARY 7+ Let the conditions of Theorem6 hold+ Then, if k 5 0 and
c . 0, and as~m,M r `!seq, [c rp c and

ec~M11!

e2c 2 1
~ [c 2 c! n j,

wherej is a standard Cauchy variable+

5. ESTIMATION WITH TRENDING DATA

Our results in previous sections can be extended to more general models that
allow for the presence of a deterministic trend in the original data+ Such an
extension is important because many macroeconomic time series, such as real
GNP, consumption, money, and prices, are often characterized as integrated or
near integrated processes with drifts+ Our treatment here will deal with the case
of a linear trend but it is easy to see how the approach applies for general poly-
nomial trends+ We also assume homogeneity in the linear process coefficients
across blocks so thatvk

2 5 v2, ∀k+ Again, this is easily generalized using the
results of the previous section+

It is convenient to write the model in component form as follows:

yk, t 5 dk, t 1 yk, t
* , t [ Tm;k [ KK , (14)

dk, t 5 g0 1 g1~km1 t ! 5 g 'xk, t , xk, t 5 ~1, km1 t !', (15)

yk, t
* 5 ayk, t21

* 1 uk, t , yk,0
* 5 yk21,m

* , a 5 ec0m ; 1 1
c

m
, c # 0+

(16)

In ~14! and~15!, the deterministic component, dk, t , contains both a linear time
trend t and a block specific componentkm that assures the continuity of the
trend across blocks+ The stochastic part, yk, t

* , in ~14! corresponds to~3! in Sec-
tion 3 and is a stochastic block local to unity process of the form

yk, t
* 5 (

j50

t21

ejc0muk, t2j 1 etc0m (
f52K

k21

e@k212f #cF (
j50

m21

ejc0muf,m2jG
1 etc0me@k211K #cy2K,0+
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As in the simple case with no trend, the processyk, t
* has both a block index, k,

and a within-block temporal index, t+ However, by virtue of the sequence of
block initializationsyk,0

* 5 yk21,m
* , the representation is consistent with a well

defined evolution of a single time series sequence, this time with a linear drift+
To simplify the analysis, it is sometimes useful to recognize this alternative
representation by reindexingyk, t in the following way:

zs 5 y@s0m# ,s2m@s0m# , s5 1,2, + + + , n 5 mM+

We use this single indexed representation and also the block representation in
what follows+ It can be easily verified that

zs 5 g0 1 g1s1 zs
*5 g 'xs 1 zs

*,

wherexs 5 ~1,s!' is a single indexed linear trend andzs
* 5 y@s0m# ,s2m@s0m#

* + For
any k and t, yk, t corresponds tozkm1t +

Our purpose is to construct a consistent estimator of the local to unity pa-
rameterc in this model, and, to do so, appropriate detrending ofyk, t is re-
quired+ The most natural procedure, as in the traditional model~1! with trend,
is to apply linear least squares detrending by means of the regression

yk, t 5 [g0 1 [g1~km1 t ! 1 [yk, t
* 5 [g 'xk, t 1 [yk, t

* + (17)

Here, the estimate of the trend coefficient is given by the following pooled
regression formula:

[g 5 F(
k51

M

(
t51

m

xk, t xk, t
' G21F(

k51

M

(
t51

m

xk, t yk, tG
5 g 1 F(

k51

M

(
t51

m

xk, t xk, t
' G21F(

k51

M

(
t51

m

xk, t yk, t
* G +

The cases of primary interest are those wherec , 0 andc 5 0+ As in the analy-
sis of the model without trend, it is convenient to separate the analysis of these
cases+We shall also consider the efficiency of this type of detrending by simple
regression+

5.1. The Near Stationary Case: c , 0

To develop the limit theory, start by defining some scaling matrices for the
deterministic trends+ Let D 5 diag@1, n# ,F 5 diag@1,m# , andG 5 diag@1,M # +
Then, D 5 FG, and the deterministic components have the limits

D21x@nr#
nr`

&& X~r ! 5 ~1, r !', F21xk, @mr#
mr`

&& Xk~r ! 5 ~1, k 1 r !'+

The following theorem gives the limit theory for the least squares trend coeffi-
cient estimator [g+
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THEOREM 8+ Let Assumptions1~i! and2 hold and suppose c, 0+ Then, as
~m,M r `!seq

!n

m
D~ [g 2 g! n S2

1

cDFE0

1

X~r !X~r !'drG21FE
0

1

X~r !dU~r !G , (18)

where U~r ! [ BM~v2!+

The scaling matrix!nm21D 5 diag@n102m21, n102M # in ~18! indicates that
consistent estimation of the interceptg0 and also the slopeg1 in ~15! is possi-
ble whenc , 0 provided thatn102m21 r ` or, equivalently, M0m r `+ This
is in contrast to the traditional local to unity model, where the intercept or any
slowly evolving components in the deterministic trend are not consistently es-
timable+ The reason whyg0 can be consistently estimable in the block local to
unity model can be explained as follows+ From ~14!–~16!, the regression equa-
tion can be written in the form

Dc yk, t 5 g 'Dc xk, t 1 Dc yk, t
* 5 g0S2

c

m
D1 g1S12 ck2 c

~t 2 1!

m
D1 uk, t ,

(19)

whereDc 5 1 2 ~1 1 c0m!L is the quasi-differencing~QD! operator andL is
the lag operator+ The excitation condition for least squares regression consis-
tency for the parameterg0 holds when

(
k51

M

(
t51

m S2
c

m
D2

5
c2M

m
r `+

For this to hold, we must havec Þ 0 andM0m r `+ In effect, g0 is consis-
tently estimable when the stationary element of the model~M blocks with auto-
regressive coefficientec , 1 for c , 0! dominates the nonstationary element
~blocks ofm observations with autoregressive coefficient 11 ~c0m!! in the sense
that M0m r `+

The detrended time series is obtained from the residuals

[yk, t
* 5 yk, t 2 [g 'xk, t ,

whose asymptotic behavior is shown in the following lemma to be the same as
that of the stochastic component of the series, yk, t

* +

LEMMA 9 + Under Assumptions1~i! and 2, and when c, 0,

m2102 [yk, @mr#
* n Hk,c~r !+

We now estimate the autoregressive coefficient in~16! by least squares re-
gression on the detrended time series[yk, t

* , giving

Ia 5

(
k

(
t

[yk, t21
* [yk, t

*

(
k

(
t

~ [yk, t21
* !2

,
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and construct the modified estimator ofa as in Section 4+1, i+e+,

Ia1 5

(
k51

M S(
t

[yk, t21
* [yk, t

* 2 m ZlkD
(
k51

M

(
t

~ [yk, t21
* !2

+

THEOREM 10+ Suppose c, 0, Assumptions2 and 3, and the distant past
initialization condition1~i! hold+ Then, in sequential limits as~m,M r `!seq,

!Mm~ Ia1 2 a! n N~0,22c!+

It therefore turns out that the estimation errors that arise from detrending
are negligible in the limit and do not influence the asymptotic distribution of
the coefficient estimator whenc , 0+ As a result, the limiting distribution of
!Mm~ Ia1 2 a! is the same as that of!Mm~ [a1 2 a! in Theorem 2+ This is
entirely analogous to the situation of a stationary autoregression about a de-
terministic trend+

Furthermore, in the same way as before, we may construct the localizing
parameter estimates

[c 5 m~ Ia1 2 1! rp c,

giving us O~!M ! consistent estimators ofc+ Corollary 4 continues to hold
for [c+

5.2. The Unit Root Case: c = 0

Whenc 5 0, we find that

1

!n
D~ [g 2 g! n FEX~r !X~r !'G21FEX~r !U~r !G,

whereU~r ! [ BM~v2!+ The detrended time series are constructed as

[yk, t
* 5 yk, t 2 [g 'xk, t ,

[zs
* 5 zs 2 [g 'xs,

and, as is usual in unit root theory, the detrending process influences the as-
ymptotic behavior of the filtered data+ In particular, we have the following con-
ventional result+

LEMMA 11+ For c 5 0 and under Assumptions1~ii ! and 2,

n2102 [z@nr#
* n U~r ! 2 FEUX 'GFEXX'G21

X~r ! :5 tU~r !+
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Again, we estimate the autoregressive coefficient by least squares regression
on the detrended time series[yk, t

* , giving the pooled estimator

Ia 5

(
k

(
t

[yk, t21
* [yk, t

*

(
k

(
t

~ [yk, t21
* !2

,

and construct Ia1 as before+ Then we have the following asymptotics+

THEOREM 12+ When c5 0 and under Assumptions2, 3, and 1~ii !,

n~ Ia1 2 1! n

E tUdU

E tU 2

+ (20)

An O~M ! consistent estimator ofc 5 0 can be obtained immediately from
this result because[c 5 m~ Ia1 2 1! rp 0, and then

M [c n

E tUdU

E tU 2

+ (21)

Thus, whenc 5 0, we revert back to unit root asymptotics, and the distribution
~20! is identical to that of the traditional model+ In particular, Ia1 converges to
a at rateOp~n!, and the limit distribution is a function of a detrended Brownian
motion that depends on the limiting deterministic trend function just as in Phil-
lips and Perron~1988! and Park and Phillips~1988!+ Moreover, because the
limit distribution of M [c, ~21!, is identical to that of theZa unit test in the tradi-
tional model, it turns out that a significance test of the null hypothesisc 5 0
againstc , 0 that is based on the statisticZa 5 M [c is identical to that of a
conventional unit root test against a trend stationary alternative+ As is apparent
from Theorem 10, Za 5 Op~M ! whenc , 0, so our theory shows that theZa

test is, in fact, consistent against local alternatives in the block local system
with c , 0+ Similar results can be shown to apply to other unit root tests+

6. EFFECT OF QUASI-DIFFERENCING IN TREND ELIMINATION

In the block local model~14!–~16!, the residual process in the ordinary least
squares regression~17! is near integrated, and it might appear at first blush that
least squares estimation of the linear trend coefficient is not efficient, as is the
case in the traditional local to unity model~Phillips and Lee, 1996!+ In the
traditional model, an efficient estimator of the trend coefficients can be con-
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structed by first quasi-differencing the regression equation+ If we apply the same
QD procedure to~14!, we get, as in~19!,

Dc yk, t 5 g 'Dc xk, t 1 uk, t , (22)

whereDc 5 1 2 ~11 c0m!L is the QD operator+ Then, the trend coefficient can
be fitted by regression on~22!, giving

Jg 5 F(
k51

M

(
t51

m

Dc xk, t Dc xk, t
' G21F(

k51

M

(
t51

m

Dc xk, t Dc yk, tG
5 g 1 F(

k51

M

(
t51

m

Dc xk, t Dc xk, t
' G21F(

k51

M

(
t51

m

Dc xk, t uk, tG +
Analogous estimates of the trend coefficient in the traditional model were used
by Elliot, Rothenberg, and Stock~1996! to construct modified unit root tests
~with a prespecified value of the localizing parameterSc!+

In practical work, the local parameter is not known, and so the QD operation
in ~22! is not feasible, thereby explaining the use of prespecified values such
as Sc+ However, in block local models such as those considered here, c can be
consistently estimated and used in a second stage QD detrending procedure+
Thus, it might appear that there would be an advantage to QD detrending with
an estimated operator+ However, this turns out not to be the case+

Suppose thatc , 0 and we estimatec by [c 5 m~ Ia 2 1!, as in Section 5+ Then
[c 5 c 1 Op~M2102!+ If we apply QD detrending with the operatorD [c to model

~14!–~16!, we get

D [c yk, t 5 g 'D [c xk, t 1 D [c yk, t
* + (23)

The ordinary least squares~OLS! estimator ofg from ~23! is

Jgf 5 F(
k51

M

(
t51

m

D [c xk, t D [c xk, t
' G21F(

k51

M

(
t51

m

D [c xk, t D [c yk, tG
5 g 1 F(

k51

M

(
t51

m

D [c xk, t D [c xk, t
' G21F(

k51

M

(
t51

m

D [c xk, t D [c yk, t
* G +

The limiting distributions of Jg and Jgf are given in the following theorem+

THEOREM 13+ Suppose c, 0, Assumption2, and the distant past initial-
ization condition1~i! hold+ Then, in sequential limits as~m,M r `!seq,

!n

m
D~ Jg 2 g!,

!n

m
D~ Jgf 2 g! n 2

1

c FEX~r !X~r !'G21EX~r !dU~r !, (24)

where U~r ! [ BM~v2!+
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It follows from Theorem 13 that the errors arising from preliminary estima-
tion of c are asymptotically negligible in the estimation of the trend coeffi-
cients, and the limiting distribution of the feasible trend coefficient vectorJgf is
the same as that ofJg, the infeasible estimator that uses the true local parameter+
Moreover, both these estimates are asymptotically equivalent to the least squares
trend estimator [g that uses no information about the localizing parameterc+
Hence, the simple trend estimator[g is efficient in the sense that it is asymptot-
ically equivalent to the generalized least squares~GLS! estimator, were we to
know c+ Thus, in the block local to unity model there is no need to apply QD
procedures in fitting the trend coefficient, at least asymptotically+ The explana-
tion for this phenomenon is that whenM r `, the deterministic trend be-
comes a dominating characteristic across blocks~because of the continuity of
the trend! and whenc , 0 the behavior of the model across blocks is, as we
have seen, essentially stationary+ This produces a stochastic environment that
validates the Grenander and Rosenblatt~1957! theory of efficient trend elimi-
nation by least squares regression+

7. CONCLUSIONS

This paper introduces a new statistical model to capture the notion of near in-
tegration+ It has the advantage over the traditional model developed in earlier
work ~Phillips, 1987a; Chan and Wei, 1987! that the local parameter can be
consistently estimated+ The model also provides a more complete interface be-
tweenI ~0! andI ~1! models and betweenO~!n! andO~n! asymptotics+ In fact,
the rate of convergence to the autoregressive coefficient in the new model is
O~na! for a [ @ 1

2
_ ,1# and varies in a continuous way between that of stationary

and nonstationary asymptotics+ The model also captures the power law asymp-
totics of explosive autoregressions and shows that, in a well defined local re-
gion greater than unity, it is possible to obtain invariance principles, in contrast
to standard results for the explosive autoregression+

Some additional features of the model stand out+ First, semiparametric esti-
mation of the autoregressive parameter is possible using the methods of earlier
work on unit root estimation, giving a robust estimator in models that are closer
to stationarity than unit root models and traditional local to unity models+ In
other words, specification of the short memory component of the model is not
necessary for consistent estimation, in contrast to stationary autoregression,
where short memory error serial dependence induces inconsistency+ Second,
conventional unit root tests are seen to be consistent against alternatives that
are local to unity in the new sense+ Third, least squares regression estimates of
deterministic trend components are asymptotically efficient, and it is not nec-
essary to quasi-difference the data or to use GLS techniques to improve effi-
ciency in trend elimination procedures+

Implementation of the procedures given here requires the selection of the
index parametersm andM+ A serious study of this matter is likely to be com-
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plex, as a result of the interactive role of the localizing parameterc and the
block sizem+ Ideally, we would like to obtain data based rules, and, as in ker-
nel estimation, this will require the use of a suitable criterion function and some
more refined asymptotics than we have presented here+ A further matter of in-
terest is the extension of the present model to allow for heterogeneous deter-
ministic trends across blocks+ The blocking mechanism in the present model
provides a natural structure for introducing such breaking trend functions+ Of
course, allowance for endogenously determined breaks would require the fur-
ther extension of variable block sizes+ Moreover, because the model allows for
the number of blocks to pass to infinity, this extension effectively introduces
an infinite number of nuisance parameters asM r `+ Although these and other
interesting considerations extend beyond the limitations of this initial study,
they serve to give an idea of the potential of block nonstationary systems in
modeling time series economic data+

NOTE

1+ The normalization factor in Theorem 2+7 of Anderson~1959! is aT0~a2 2 1!, corresponding
to a sample of sizeT+ The normalization in~13! is ec~M11!m0~e2c 21!, which corresponds toaM11m0
~a2 2 1!+ The reason for the exponentM 1 1, rather than simplyM, is that we haveM blocks in the
data butM 1 1 blocks in the process from the initialization aty0,0+ In an explosive model, a change
in the initial conditions does affect the limit theory, and it figures here in the normalization factor+
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TECHNICAL APPENDIX AND PROOFS

BN decomposition of uk, t + Following Phillips and Solo~1992! we decomposeuk+t as

uk, t 5 bk~1!«k, t 1 I«k, t21 2 I«k, t ,

where I«k, t 5 (j50
` Dbk, j «k, t2j , Dbj 5 (l5j11

` bk, l , andbk~1! 5 (j50
` bk, j + Under the summa-

bility condition in Assumption 2, it is apparent that there exist finite constantsM1 and
M2 such that

E I«k, t
2 # M1 (A.1)

and

Euk, t
2 # M2

uniformly in k and t ~see Moon and Phillips, 1998!+

Proof of Convergence in Mean Square of (5).Let Xf 5 m2102 (j50
m21 ejc0m 3

uk212f,m2j +Write xk 5 m2102 (j50
m21 ejc0m«k,m2j andRk 5 m2102~e@m210m#c I«k,0 2 I«k,m! 1

m2102 (j50
m21 e@~ j21!c#0m I«k,m2j ~1 2 ec0m!+ Then, using the BN decomposition ofuk, t , un-

der Assumption 2, there exists a constantM such that
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EXf
2 5 ES 1

!m (
j50

m21

ejc0muk212f,m2jD2

5 E~bk212f ~1!xk212f 1 Rk212f !2 # M, (A.2)

where the last inequality is proved in Moon and Phillips~2000! and holds uniformly in
f+ To finish the proof, we need only show that

lim
nr`

ES(
f5n

`

efcXfD2

5 0,

which holds because

ES(
f5n

`

efcXfD2

5 ES(
f5n

`

e~102! fce~102! fcXfD2

# S(
f5n

`

efcDES(
f5n

`

efcXf
2D # MS(

f5n

`

efcD2

r 0 asn r `,

where the first inequality holds by the Cauchy–Schwarz inequality and the last conver-
gence holds becausec , 0 and(f51

` efc , `+ n

Proof of Lemma 1. From the BN decompositions ofuk, t , we have

1

!m (
j51

@mr# 1
u0, j

I

uM, j
2 5

1

!m (
j51

@mr# 1
b0~1!«0, j

I

bM ~1!«M, j
2 1

1

!m 1
I«0,0 2 I«0, @mr#

I

I«M,0 2 I«M, @mr#
2

5 VM
102

1

!m (
j51

@mr# 1
«0, j

I

«M, j
2 1 op~1!,

where the second line holds by the same argument as that in Phillips and Solo~1992,
p+ 978!+ Because

1

!m (
j51

@mr# 1
«0, j

I

«M, j
2 n WM~r ! [ 1

W0~r !

I

WM ~r !
2 ,

a ~M 1 1! vector standard Brownian motion, we have

1

!m (
j51

@mr# 1
u0, j

I

uM, j
2 n 1

B0~r !

I

BM ~r !
2 [ BM~VM !

as required+ n
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Proof of (8). We start by introducing some notation and definitions+ Suppose that
the i+i+d+ sequence$«t %t in Assumption~2!~i ! is defined on the probability space~V,F,P!+
Define

Xm, k 5
1

!m (
j51

m21

ejc0muk,m2j , Ym, k 5 eck02Xm, k,

Xk 5 Jk,c~1! and Yk 5 eck02Xk,

Ym 5 ~Ym,0, + + + ,Ym, k, + + + !' and Y5 ~Y0, + + + ,Yk, + + + !'+

The termsYm andY areR`~5 3 1
`R!-valued random elements+ We use the following

distance metric between two elements ofR`:

d~x, y! 5 sup
k$0
6xk 2 yk6, (A.3)

wherex 5 ~x1, x2, + + + !, y 5 ~ y1, y2, + + + ! [ R +̀ Let N be the set of non-negative integers,
$0,1,2, + + + % + The spacel `~N! is defined as the set of all uniformly bounded, real func-
tions onN, i+e+, all functionsx :N r R such thatd~x,0! , `+

By virtue of ~A+2!

ESsup
k$0
6Ym, k6D # (

k50

`

E6Ym, k65 (
k50

`

eck02E6Xm, k6

# (
k50

`

eck02 max$1,EXm, k
2 % # (

k50

`

eck02 max$1,M % , `,

and it follows thatYm is a sequence ofl `~N!-valued random elements with probability
one+ Similarly, it is easy to verify thatY is also anl `~N!-valued random element with
probability one+ Thus, we may restrict attention to the case whereYm takes values in
l `~N!+

For weak convergence inl `~N!, we need only establish the following two condi-
tions: ~i! finite dimensional convergence and~ii ! asymptotic tightness+ In fact, accord-
ing to Theorem 1+5+4 of van der Vaart and Wellner~1996!, Ym converges weakly toY
if ~i!

1
Ym, k1

I

Ym, kn

2 n 1
Yk1

I

Ykn

2 (A.4)

asmr ` for an arbitrary subset$k1, + + + , kn% of N and~ii ! Ym is asymptotically tight+We
already know that the finite dimensional convergence~A+4! holds by Lemma 1+ For
asymptotic tightness ofYm, we appeal to part of Theorem 1+5+6 of van der Vaart and
Wellner ~1996!: specifically, the sequenceYm:V r l `~N! is asymptotically tight ifYm, k

is asymptotically tight inR for everyk and, for all «,h . 0, there exists a finite parti-
tion N 5 øi51

I Ni such that

lim sup
m

PHsup
i

sup
s, t[Ni

6Ym,s 2 Ym, t 6 . «J , h+ (A.5)
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~In van der Vaart and Wellner, 1996, to define~A+5!, an outer probability measure ofP
is used+ However, because the index setN of l `~N! is a countable set and there is no
measurability problem on the sup operator on the setN, we use the underlying proba-
bility measureP in defining ~A+5!+!

Because the individual sequence of random variablesYm, k converges in distribution
to Yk 5 ekc02Jk,c~1! for all k, Ym, k is asymptotically tight inR for everyk+ Next, condi-
tion ~A+5! is satisfied if we show that for all«,h . 0, there exists a constantk0 such that

lim sup
m

PH sup
s, t$k0

6Ym,s 2 Ym, t 6 . «J , h+ (A.6)

For, if ~A+6! holds, we can chooseNi 5 $i % for i , k0 andNk0
5 $t : t $ k0%+ Then, N 5

øi51
k0 Ni is a finite partition and~A+5! is satisfied+ Note that

PH sup
s, t$k0

6Ym,s 2 Ym, t 6 . «J
# PH (

k5k0

`

6Ym, k11 2 Ym, k6 . «J
#

1

«2 ES (
k5k0

`

6Ym, k11 2 Ym, k6D2

5
1

«2 ES (
k5k0

`

eck02 6ec02Xm, k11 2 Xm, k6D2

#
1

«2S (
k5k0

`

eck02DS (
k5k0

`

eck02E~ec02Xm, k11 2 Xm, k!2D, (A.7)

where the last inequality holds by the Cauchy–Schwarz inequality+ In view of ~A+2!, by
choosingk0 large enough, the right hand side of~A+7! can be made less thanh+ Thus,
~A+5! is satisfied, and we have

Ym n Y

asm r `+
Next consider the functionaln : l `~N! r R defined by

n~x! 5 (
k50

`

ekc02xk+

Then, it is easy to see thatn~x! is continuous with respect tod in ~A+3!, and by the
continuous mapping theorem, we have the required result+ n

Proof of Theorem 2. For fixed M, asm r `, under the assumption that the initial
conditions are in the infinite past, we have as in~9!

!Mm~ [a1 2 a! 5

1

!M (
k51

M FE
0

1

Hk,cdBk 1 ~lk 2 Zlk!G
1

M (
k51

M E
0

1

Hk,c~r !2dr

1 op~1!+ (A.8)
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First, under Assumption 3 we have!mh~ Zlk 2 lk! rd jk [ N~0,Vk! asmr `, ∀k, and
$jk% is an independent sequence of normal variates with zero mean and variance that
are bounded uniformly ink, because supk Vk , `+ It follows that asm r `,

1

!M (
k51

M

~lk 2 Zlk! ;
1

!M (
k51

M 1

!mh
jk 5 op~1!, (A.9)

as~m,M r `!seq+
Next, we apply a strong law to~10M !(k51

M *0
1 Hk,c~r !2dr and a CLT to~10!M ! 3

(k51
M @*0

1 Hk,cdBk# asM r `+ To find the limit of ~10M !(k51
M *0

1 Hk,c~r !2dr, we write

1

M (
k51

M E
0

1

Hk,c~r !2dr

5
1

M (
k51

M E
0

1

Jk,c
2 dr 1

2

M (
k51

M E
0

1

Jk,cercdrS (
f52`

k21

e~k212f !cJf,c~1!D
1 E

0

1

e2rcdr
1

M (
k51

M S (
f52`

k21

e~k212f !cJf,c~1!D2

5 I 1 II 1 III , say+

Now $Jk,c% is a sequence of independent normal variates, and because supk vk
2 , ` we

have supk E~*0
1 Jk,c

2 dr!11d , `+ It follows from the Markov strong law for independent
and nonidentically distributed~i+n+i+d+! sequences that

I 5
1

M (
k51

M E
0

1

Jk,c
2 dr

ra+s+ S lim
Mr`

1

M (
k51

M

vk
2DESE

0

1

Sc
2D, (A.10)

whereSc~r ! 5 *0
r e~r2s!cdW~s!+ Next consider termII + From the independence of$Jk,c%k

and because

sup
k

ESE
0

1

Jk,cercdrS (
f52`

k21

e~k212f !cJf,c~1!DD2

# sup
k

ESE
0

1

Jk,cercdrD2

sup
k

ES (
f52`

k21

e~k212f !cJf,c~1!D2

, `,

it follows that$*0
1 Jk,cercdr~(f52`

k21 e~k212f !cJf,c~1!!%k is a sequence of square integrable
martingale differences with respect to the natural filtration, and by the strong law for
martingale differences~e+g+, Hall and Heyde, 1980, p+ 36!

II ra+s+ 0+ (A.11)

Before considering termIII , under Assumption 2, we define

OZc 5 sup
k
6vk6 6Sc~1!6,
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where Sc~1! 5 *0
1 e~12s!cdW~s!+ Then, E~ OZc!

4 , `, and OZc is a dominating random
variable for the martingale difference sequence$Jk,c~1!% in the sense that

P$6Jk,c~1!6 . x% , P$6 OZc6 . x%+

Also, we have

1

M (
k51

M

EJk,c~1!2 r S lim
Mr`

1

M (
k51

M

vk
2DESc~1!2

and

(
j50

`

je2jc , `+

Then, by Theorem 3+16 of Phillips and Solo~1992!, we have

III 5 E
0

1

e2rcdr
1

M (
k51

M S(
j50

`

ejcJk212j,c~1!D2

ra+s+ E
0

1

e2rcdrS lim
Mr`

1

M (
k51

M

vk
2DS 1

12 e2cDESc~1!2

5 S2
1

2cDS lim
Mr`

1

M (
k51

M

vk
2DESc~1!2+ (A.12)

Combining~A+10!–~A+12!, we have

1

M (
k51

M E
0

1

Hk,c~r !2dr

ra+s+ S lim
Mr`

1

M (
k51

M

vk
2DSESE

0

1

Sc
2D2

1

2c
ESc~1!2D 5 VH + (A.13)

To reduceVH note that

FESE
0

1

Sc
2D2

1

2c
ESc~1!2G

5E
0

1 e2rc 2 1

2c
dr 2

1

2c

e2c 2 1

2c

5 H 1

2c
F 1

2c
~e2c 2 1! 2 1G2

1

2c

e2c 2 1

2c
J

5 2
1

2c
, (A.14)

so thatVH 5 m2022c, wherem2 5 limMr`~10M !(k51
M vk

2+
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We now derive the limit distribution of~10!M !(k51
M *0

1 Hk,cdBk+ Let Zk,c 5
*0

1 Hk,cdBk+ In view of the independence ofBk acrossk and the fact that

sup
k

EZk,c
2 5 sup

k
vk

2FEE
0

1

Hk,c
2 G

5 sup
k
Fvk

4EE
0

1

Sc
2 1 vk

2S (
f52`

k21

e2@k212f #cvf
2ESc~1!2DE

0

1

e2rcdrG
# Ssup

k
vk

4DFEE
0

1

Sc
2 2

1

2c
ESc~1!2G ,

we know thatZk,c is a sequence of martingale differences with respect to the natural
filtration, and we may therefore employ a CLT for martingale differences+ Let SM

2 5

(k51
M EZk,c

2 + Define

EZk,c 5 Ssup
k

vk
2DS*E

0

1

SkdWk* 1 *E
0

1

ercdWk*S (
f52`

k21

e~k212f !c 6Sf,c~1!6DD+
It is easy to verify that EZk,c is strictly stationary, EZk,c $ 6Zk,c6 ∀k, and

E~ EZk,c
2 !

# 2Ssup
k

vk
2D2

ESE
0

1

SkdWkD2

1 2Ssup
k

vk
2D2

ESE
0

1

ercdWkD2

3 HE~Sf,c~1!2!S 1

12 e2cD1 S E6Sf,c~1!6

12 ec D2J
# C,

for some constantC uniformly in k+ Then, for any « . 0,

(
k51

M

EF Zk,c
2

SM
2 1H* Zk,c

2

SM
2 * . «JG

# (
k51

M

EF EZk,c
2

SM
2 1H* EZk,c

2

SM
2 * . «JG

5
M

SM
2 EF EZ1,c

2 1H EZ1,c
2 .

SM
2

M
M«JG

#
1

infk E~Zk,c
2 !

E @ EZ1,c
2 1$ EZ1,c

2 . ~ infk E~Zk,c
2 !!M«%#

r 0 asM r `,
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where the second line holds byEZk,c $ 6Zk,c6, the third line holds by the strict stationar-
ity of EZk,c

2 , the fourth line is well defined because infk E~Zk,c
2 ! . 0 in view of the fact

that infk vk
2 . 0, and the last line holds by virtue of the fact thatE~ EZk,c

2 ! , C+ There-
fore, asM r `

1

!M (
k51

M E
0

1

Hk,cdBk n NS0, lim
Mr`

1

M (
k51

M

vk
2EFE

0

1

Hk,c
2 GD+ (A.15)

Combining~A+9!, ~A+13!, and~A+15!, we have the required limit distribution+
To simplify the variance formula, observe that as in~A+13! and~A+14! we have

1

M (
k51

M

vk
2EFE

0

1

Hk,c
2 G

r S lim
Mr`

1

M (
k51

M

vk
4DSESE

0

1

Sc
2D2

1

2c
ESc~1!2D

5 2
1

2c
m4+

n

Proof of Theorem 3. The proof follows the same lines as that of Theorem 2 given
earlier, and so we simply outline the argument+ For fixed M, asm r `, we have as in
~A+8!

!Mm~ [av
1 2 a! 5

1

!M (
k51

M 1

vk
2 FE

0

1

Hk,cdBk 1 ~lk 2 Zlk!G
1

M (
k51

M 1

vk
2 E

0

1

Hk,c~r !2dr

1 op~1!+

Then

1

M (
k51

M 1

vk
2 E

0

1

Hk,c~r !2dr ra+s+ SESE
0

1

Sc
2D2

1

2c
ESc~1!2D 5 2

1

2c
,

as in~A+14!+ Further, in the same way as~A+15! we find

1

!M (
k51

M 1

vk
2 E

0

1

Hk,cdBk n NS0, lim
Mr`

1

M (
k51

M 1

vk
2 EFE

0

1

Hk,c
2 GD5 NS0,2

1

2cD+
It follows that in sequential limits as~m,M r `!seq

!Mm~ [a1 2 a! n N~0,22c!,

giving the stated result+
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Proof of Theorem 5. If Assumptions 1~ii ! and 2 hold, then, as in ~9! but using the
fact thatc 5 0, it follows that asm r ` for fixed M,

Mm~ [a1 2 a! 5

1

M (
k51

M S 1

m
y21

k' uk 2 m ZlkD
1

M 2 (
k51

M 1

m2 y21
k' y21

k

n

1

M (
k51

M FE
0

1

Hk,0
k dBk 1 ~lk 2 Zlk!G

1

M 2 (
k51

M E
0

1

Hk,0
k ~r !2dr

,

whereHk,0
k ~r ! 5 Bk~r ! 1 (f50

k21 Bf ~1! 1 B0~2k!+ As in the proof of Theorem 2, we have

1

M (
k51

M

~lk 2 Zlk! 5 op~1! (A.16)

in sequential limit as~m,M r `!seq+
Before proceeding further with the proof, note that the sequence$Bk~1!%k is i+i+d+

N~0,v2!+ Then, by Donsker’s functional law for partial sums of i+i+d+ random variables
we have, asM r `,

1

!M (
f50

@Mr #

Bf ~1! n U~r !,

whereU~r ! [ BM~v2!+ It follows that asM r `,

1

M (
k51

M E
0

1

Hk,0
k ~r ! dBk~r ! n E

0

1

U~s! dU~s!

because

1

M (
k51

M E
0

1

Hk,0
k ~r ! dBk~r !

5
1

M (
k51

M E
0

1

Bk~r ! dBk~r ! 1
1

M (
k51

M S(
f50

k21

Bf ~1!DBk~1!

1 B0~2k!
1

M (
k51

M

Bk~1!

5 (
k51

M S 1

!M (
f50

k21

Bf ~1!D 1

!M
Bk~1! 1 OpS 1

!M D
n E

0

1

U~r ! dU~r !, (A.17)
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where the final line follows by using partial summation techniques, as in Phillips~1987b!+
Similarly, we have

1

M 2 (
k51

M E
0

1

Hk,0
k ~r !2dr n E

0

1

U~r !2dr+ (A.18)

Thus, in view of ~A+16!–~A+18!,

mM~ [a1 2 1! n

E
0

1

U~r ! dU~r !

E
0

1

U~r !2ds

,

as required+ n

Proof of Theorem 6. For fixed M, asm r ` we have, as in~9!,

ecMm~ [a 2 a! 5

e2cM (
k51

M 1

m (
j51

m

yk, j21uk, j

e22cM (
k51

M 1

m2 (
j51

m

yk, j21
2

n

e2cM (
k51

M E
0

1

Hk,c
k ~r ! dBk~r ! 1 lMe2cM

e22cM (
k51

M E
0

1

Hk,c
k ~r !2dr

+ (A.19)

For the limit whenM r `, we follow arguments similar to those of Basawa and Brock-
well ~1984!+ First, consider the numerator of~A+19!+

Note that

e2cM (
k51

M E
0

1

Hk,c
k ~r ! dBk~r ! 1 lMe2cM

5 e2cM (
k51

M E
0

1

Jk,c~r ! dBk~r !

1 (
k51

M

e2cMS(
f50

k21

e~k212f !cJf,c~1! 1 ekcJ21,c~2k!DE
0

1

ercdBk~r ! 1 o~1!

5 (
k51

M

e2cMS(
f50

k21

e~k212f !cJf,c~1! 1 ekcJ21,c~2k!DE
0

1

ercdBk~r ! 1 op~1!,

(A.20)

where the last line holds because

e2cM (
k51

M E
0

1

Jk,c~r ! dBk~r ! 5 OpS!M

ecM D5 op~1!+
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Before proceeding further, define

Xk21 5 (
f50

k21

e~k212f !cJf,c~1!

5 Jk21,c~1! 1 ecJk22,c~1! 1 {{{ 1 e~k21!cJ0,c~1!

[ NS0,S(
f50

k21

e2~k212f !cDv2
~e2c 2 1!

2c D
[ NS0,v2

e2kc 2 1

2c
D

and

Qk 5 E
0

1

ercdBk~r ! [ NS0,v2
~e2c 2 1!

2c
D+

Then, we have

Xt 5 ecXt21 1 Jt,c~1! t 5 0, + + + , k 2 1,

whereX21 5 0+
Also, note that

sup
M$0

E~e2cMXM !2 5 sup
M$0

e22cMv2
e2~M11!c 2 1

2c

5 sup
M$0

v2
e2c 2 e22cM

2c
#

v2e2c

2c
, `+

Then, e2cMXM is a martingale with respect to the filtrationFM 5 s~JM,c~1!, JM21,c~1!, + + + !,
and, by the martingale convergence theorem, we have

e2cMXM ra+s+ e
cY~c!, whereY~c! [ NS0,

v2

2c
D+ (A.21)

In addition, it is easy to see that

(
k50

M21

e2c~k11!QM2k

[ NS0,S (
k50

M21

e22c~k11!D v2

2c
~e2c 2 1!D

n NS0,
e22c

12 e22c

v2

2c
~e2c 2 1!D5 NS0,

v2

2c
D :5 Z~c!+

Moreover, the limit variatesZ~c!, Y~c!, and J21,c~2k! are independent, and Y~c! and
Z~c! have the same normal distribution+

Next consider the limit of~A+20!+ Proceeding as in Basawa and Brockwell~1984! we
get
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(
k51

M

e2cMS(
f50

k21

e~k212f !cJf,c~1! 1 ekcJ21,c~2k!DE
0

1

ercdBk~r !

5 ~1 ecJ21,c~2k!!1 (
h50

M21

e2c~M2h21!XM2h21e2c~h11!QM2h

(
h50

M21

e2c~h11!QM2h
2

; ec~Y~c! 1 J21,c~2k!! (
h50

M21

e2c~h11!QM2h

n ec~Y~c! 1 J21,c~2k!!Z~c!, (A.22)

where the third line holds because6e2c~M2k21!XM2k216 # Kc almost surely for some
random variableKc ~cf+ Basawa and Brockwell, 1984, pp+ 161–171! and we can apply
dominated convergence+ Thus, asM r `

e2cM (
k51

M E
0

1

Hk,c
k ~r ! dBk~r ! 1 lMe2cM n ec~Y~c! 1 J21,c~2k!!Z~c!+ (A.23)

Now, we proceed to the denominator of~A+19!+ By definition

1

e2cM (
k51

M E
0

1

Hk,c
k ~r !2dr

5
1

e2cM (
k51

M E
0

1

Jk,c~r !2dr

1 2
1

e2cM (
k51

M E
0

1

ercJk,c~r ! drS(
f50

k21

e~k212f !cJf,c~1! 1 ekcJ21,c~2k!D
1 E

0

1

e2rcdr
1

e2cM (
k51

M S(
f50

k21

e~k212f !cJf,c~1! 1 ekcJ21,c~2k!D2

5 I 1 2II 1 III , say+

It is easy to verify that, by the strong law for i+i+d+ variates,

I 5 Oa+s+S M

e2cMD5 oa+s+~1!+

For III , note that

1

e2cM (
k51

M S(
f50

k21

e~k212f !cJf,c~1! 1 ekcJ21,c~2k!D2

5 (
k50

M21H 1

e~M2k21!c ~XM2k21 1 e~M2k21!cecJ21,c~2k!!J2S 1

e2~k11!cD
5 (

k50

` H 1

e~M2k21!c ~XM2k21 1 e~M2k21!cecJ21,c~2k!!J2

3 1$0 # k # M 2 1%S 1

e2~k11!cD + (A.24)
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From ~A+21! we know that for fixedk

H 1

e~M2k21!c ~XM2k21 1 e~M2k21!cecJ0,c~2k!!J2

1$0 # k # M 2 1%

ra+s+ e
2c~Y~c! 1 J0,c~2k!!2,

asM r `+ Because

H 1

e~M2k21!c ~XM2k21 1 e~M2k21!cecJ0,c~2k!!J2

1$0 # k # M 2 1%

is almost surely dominated by a random variable as in~A+22!, it follows by the domi-
nated convergence theorem that

~A+24! ra+s+ ~Y~c! 1 J0,c~2k!!2
e2c

e2c 2 1
+ (A.25)

For II , by the Cauchy–Schwarz inequality, we have

II # S 1

e2cM (
k51

M SE
0

1

ercJk,c~r ! drD2D102

3 S 1

e2cM (
k51

M S(
f50

k21

e~k212f !cJf,c~1! 1 ekcJ0,c~2k!D2D102

5 opS!M

ecM DOp~1! 5 op~1!,

where the first equality holds by~A+25!+ Thus

1

e2cM (
k51

M E
0

1

Hk,c
k ~r !2dr ra+s+ ~Y~c! 1 J0,c~2k!!2

e2c

e2c 2 1
+ (A.26)

Finally, combining~A+23! and~A+26!, we have

ecMm~ [a 2 a! n
ecZ~c!

e2c

e2c 2 1
~Y~c! 1 J0,c~2k!!

+

It follows that

ec~M11!m

e2c 2 1
~ [a 2 a! n

Z~c!

Y~c! 1 J0,c~2k!
,

as stated+ n
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Proof of Theorem 8. For eachk,

1

m (
t

F21xk, t

yk, t
*

!m
n E

0

1

Xk~r !Hk,c~r !dr 5 3 EHk,c~r !dr

E~k 1 r !Hk,c~r !dr4 + (A.27)

Notice that

1

!M (
k51

M E
0

1

Hk,c~r !dr

5
1

!M (
k51

M E
0

1

Jk,cdr 1
1

!M (
k51

M E
0

1

ercdrS (
f52`

k21

e~k212f !cJf,c~1!D+ (A.28)

We start with the first member of~A+28!, and use the relation~cf+ Phillips, 1987a!

Jk,c~r ! 5 Bk~r ! 1 cE
0

r

e~r2s!cBk~s!ds, (A.29)

whereBk~r ! [ BM~v2!+ Because$Bk~r !%k51
M is an independent sequence of Brownian

motions, it follows that ~10!M !(k51
M Bk~r ! is BM~v2! for all M and

1

!M (
k51

M

Bk~r ! n U~r ! [ BM~v2!+ (A.30)

Hence,

1

!M (
k51

M E
0

1

Jk,cdr n E
0

1FU~r ! 1 cE
0

r

e~r2s!cU~s!dsG dr

5E
0

1E
0

r

e~r2s!cdU~s!dr

5
1

c
ecE

0

1

e2scdU~s! 2
1

c
U~1! (A.31)

by using partial integration+
Next, for the second member of~A+28!, let

hk 5 (
f52`

k21

e~k212f !cJf,c~1!+

Then

1

!M (
k51

M E
0

1

ercdrS (
f52`

k21

e~k212f !cJf,c~1!D 5 E
0

1

ercdr
1

!M (
k51

M

hk+

The time serieshk is a linear process of the form

hk 5 a~L!nk,
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where $nk 5 Jk21,c~1!% is a sequence of independent normal innovations anda~L! 5

(j50
` aj L

j, with aj 5 ejc+ Thus, following the approach of Phillips and Solo~1992!, we
can write

1

!M (
k51

M

hk 5 a~1!
1

!M (
k51

M

Jk21,c~1! 1 OpS 1

!M
D

5
1

12 ec

1

!M (
k51

M

Jk21,c~1! 1 OpS 1

!M
D+

Then, as in~A+29! and~A+30!, we obtain

1

!M (
k51

M

Jk21,c~1! n U~1! 1 cE
0

1

e~12s!cU~s!ds5E
0

1

e~12s!cdU~s!+

The limit behavior of the second member of~A+28! is therefore

1

!M (
k51

M E
0

1

ercdrS (
f52`

k21

e~k212f !cJf,c~1!D
n SE

0

1

ercdrDS 1

12 ecDSE
0

1

e~12s!cdU~s!D
5 2

1

cSE0

1

e~12s!cdU~s!D+ (A.32)

Combining~A+28!, ~A+31!, and~A+32! we obtain

1

!M (
k51

M E
0

1

Hk,c~r !dr n
1

c
ecE

0

1

e2scdU~s! 2
1

c
U~1! 2

1

cSE0

1

e~12s!cdU~s!D
5 2

1

c
U~1! 5 2

1

c
E

0

1

dU~s!+ (A.33)

If we denote*0
1 Hk,c~r !dr by zk, under the assumption of homogeneity, zk is a stationary

process, and, in a similar way to~A+33!, the partial sum

1

!M (
k51

@Mt #

zk n Bz~t ! 5 2
1

c
U~t !+

Thus

1

!M (
k51

M ES k 1 r

M
DHk,c~r !dr 5

1

!M (
k51

M k

M
EHk,c~r !dr 1 OpS 1

M
D

5 (
k51

M S k

M
D zk

!M
1 OpS 1

M
D

n E
0

1

sdBz~s! 5 2
1

c
E

0

1

sdU~s!+ (A.34)
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Thus, from ~A+27!, ~A+33!, and~A+34! we obtain

1

m!n (
k

(
t

D21xk, t yk, t
* 5

1

!M (
k51

M

G21
1

m (
t

F21xk, t

yk, t
*

!m

n
1

!M (
k51

M

G21E
0

1

Xk~r !Hk,c~r !dr

5
1

!M (
k51

M 3 E
0

1

Hk,c~r !dr

E
0

1S k 1 r

M
DHk,c~r !dr4

n 2
1

c 3 E0

1

dU~s!

E
0

1

sdU~s!4 5 2
1

c
E

0

1

X~s! dU~s!

in sequential asymptotics as~m,M r `!seq+ Further, in a straightforward way

1

n (
k

(
t

D21xk, t xk, t
' D21 r E

0

1

X~r !X~r !'dr+

In consequence, we have

!n

m
D~ [g 2 g! 5 S1

n (
k

(
t

D21xk, t xk, t
' D21D21S 1

m!n (
k

(
t

D21xk, t yk, t
* D

n 2
1

cSE0

1

X~r !X~r !'drD21SE
0

1

X~s! dU~s!D,
giving the stated result+ n

Proof of Lemma 9.

m2102 [yk, @mr#
* 5 m2102yk, @mr#

* 2 m2102~ [g 2 g!'xk, @mr#

5 m2102yk, @mr#
* 2

1

!M

!n

m
~ [g 2 g!'DD21xk, @mr#

5 m2102yk, @mr#
* 1 Op~M2102!

n Hk,c~r !+
n
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Proof of Theorem 10.

Ia 5 a 1

(
k

(
t

[yk, t21
* uk, t

(
k

(
t

~ [yk, t21
* !2

1
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*

(
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*
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+
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M (
k
S 1
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!M

!mGF 1
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G21S 1

m (
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!m DG
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M (
k
F 1
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M 302
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k
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m (
t
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!m DG
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M 302D+

As m r `
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!M (
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S 1

m (
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[yk, t21
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M (
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S 1

m2 (
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~ [yk, t21
* !2D
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!M (
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+
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Thus, if we consider the adjusted estimator[a1 and take sequential limits as
~m,M r `!seq, we have

!Mm~ Ia1 2 a! 5

1

!M (
k
S 1

m (
t

[yk, t21
* uk, t 2 ZlkD

1

M (
k
S 1

m2 (
t

~ [yk, t21
* !2D

1 op~1! n N~0,22c!+ n

Proof of Lemma 11. Whenc 5 0,

1

!n
D~ [g 2 g! 5 F 1

n (
s51

n

D21xsxs
'D21G21F 1

n (
s51

n

D21xs

zs
*

!nG
n FEX~r !X~r !'G21FEX~r !U~r !G +

By definition,

[yk, t
* 5 yk, t 2 [g 'xk, t ,

[zs
* 5 zs 2 [g 'xs,

and thus

n2102 [z@nr#
* 5 n2102z@nr#

* 2 n2102~ [g 2 g!'DD21x@nr#

n U~r ! 2 FEUX 'GFEXX'G21

X~r ! :5 tU~r !+ n

Proof of Theorem 12. Because

Ia 5 11
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* uk, t
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(
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* !2
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~ [g 2 g!'(
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(
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~xk, t 2 xk, t21! [yk, t21
*

(
k

(
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* !2

,

and

n~ Ia 2 1! 5

(
s
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* 0!n!~vs0!n! 2 n2102~ [g 2 g!'DFn21 (

s

nD21Dxs [zs21
* 0!nG

n21 (
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* 0!n!2

,

we get

n~ Ia1 2 1! n

E tUdU 2EUX 'FEXX'G21EX0 tU

E tU 2

,
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whereX0~r ! 5 X '~r ! 5 ~0,1!' 5 PX~r ! with

P 5 F0 0

1 0G +
Because

EX0 tU 5 PEX tU 5 0,

we obtain

n~ Ia1 2 1! n

E tUdU

E tU 2

,

giving the stated result+ n

Proof of Theorem 13. By definition,

Jg 5 F(
k51

M

(
t51

m

Dc xk, t Dc xk, t
' G21F(
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(
t51

m
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5 g 1 F(
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m

Dc xk, t uk, tG +
Thus,

!nN~ Jg 2 g! 5 F 1

n (
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N21Dc xk, t Dc xk, t
' N21G21F 1

!n (
s

N21Dc xk, t uk, tG
n FEXc~r !Xc~r !'G21EXc~r !dU~r !,

where

N 5 diag@m21,M # , Xc~r ! 5 2c~1, r !'+

Simply noting thatXc~r ! 5 2cX~r ! gives the stated result forJg+
Suppose thatc , 0 and we estimatec by [c 5 m~ Ia 2 1!, as in Section 5+ Then [c 5 c 1

Op~M2102!+ If we apply QD detrending to model~14!–~16! based on [c, we get

D [c yk, t 5 g 'D [c xk, t 1 D [c yk, t
* + (A.35)

The OLS estimator ofg from ~A+35! is

Jgf 5 F(
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' G21F(

k51
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(
t51
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Notice that

D [c yk, t
* 5 uk, t 2 ~ [c 2 c!m21yk, t21

*

and

1

!n (
s

N21D [c xk, t D [c yk, t
*

5
1

!n (
s

N21D [c xk, t uk, t 2 ~ [c 2 c!
1

!M (
k

N1
21

1

m (
t

N2
21D [c xk, t

yk, t21
*

!m

5
1

!n (
s

N21D [c xk, t uk, t 1 Op~M2102!,

where

N1 5 diag@1,M # , N2 5 diag@m21,1# , N 5 N1 N2+

It can be verified that the error terms coming from the preliminary estimation ofc are of
smaller order of magnitude and

!nN~ Jgf 2 g! n FEXc~r !Xc~r !'G21EXc~r !dU~r !+

The limiting distribution of the trend coefficient vectorJgf is then the same as that ofJg,
the estimator using the true local parameter+ n
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