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1. INTRODUCTION

The theory of supermodular games was pioneered by Topkis (1978,
1979) and has since been successfully applied to a variety of economic
models (Vives, 1990; Milgrom and Roberts, 1990). It is now well known
that the set of Nash equilibria of a supermodular game is nonempty and
it has a greatest element and a least onc. But the literature does not have
a complete answer to the lattice structure of the Nash equilibrium set. In
this paper I show that the set of Nash equilibria of a supermodular game
is in fact a complete lattice.

Topkis (1978) proved that the sct of Nash equilibria of a supermodular
game is nonempty and contains a greatest element and a least one. He first
established several properties of the “‘best response’ correspondence.
He then considered two point-valued selections of the “‘best response’”
correspondence and applied Tarski's fixed point theorem for isotone func-
tions on a completc lattice to these two selections to derive the greatest
and the least elements of Nash equilibria. Since it was unclear how to make
proper point-valued selections to derive other Nash cquilibria, Topkis left
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virtually untouched the issue of the lattice structure of the Nash equilib-
rium set. In a more recent paper, Vives (1990) reconsidered this issue.
He derived a partial result by making stronger assumptions under which all
Nash equilibria can be obtained as the fixed points of one single selection of
the ‘‘best response’” correspondence.

In this paper I adopt a more natural approach. Instead of considering
point-valued selections of the best response correspondence, I consider
directly the set-valued best response correspondence itself. This approach
has an obvious advantage: the fixed points of the best response correspon-
dence are precisely the set of Nash equilibria of a game, while the fixed
points of any of its selections are only a part of the Nash equilibrium set,
Key to this approach is, of course, that we have to establish first a Tarski-
type fixed point result for set-valued correspondences. This result, to-
gether with Topkis® analysis of the best response correspondence of a
supermodular game, implies immediately that the set of Nash equilibria
of a supermodular game is a complete lattice.

2. A GENERALIZED TARSKI'S THEOREM

A partially ordered set, or poset, (S, =) is a sct § with a binary relation
= that is reflexive, antisymmetric, and transitive. We write x > y if x =
ybut x # y. Aninterval [x, y] is the set {z € § |y = 7z = x}.

A poset (S, =) is a lattice if any two elements x and y of S have a least
upper bound, denoted by x\/Sy, and a greater lower bound, denoted by
x/\Sy. Alattice S is complete if any subset T of § has a least upper bound
NSerx and a greatest lower bound \/3erx.

A subset T of S is a sublattice of S if for any x and y of 7, both x\/5y
and x/\%y belong to T. A sublattice T of S is closed if for any subset U
of T, both A x and \/$c x belong to T. (The term *“closed’ is used here
in the lattice theoretical sense.)

Let P(S) be the power set of S. A correspondence ffrom S to Sis a
function from S to P(S). An element s € S'is afixed point of a correspon-
dence fis s € f(s).

A correspondence fis ascending if, for any x = y, any s € f(x), and
any t € f(y), it is true that s\/5t € f(x) and s\t € f(y). An obvious
corollary is: If fis ascending, then for any x = y and any s € f(x) there
is t € f(y) with s = 1, and for any b € f(y) there is a € f(x) with a = b.

We now prove a fixed point theorem for an ascending correspondence
on a complete lattice. It generalizes Tarski’s fixed point theorem (1955)
for an isotone function in the same fashion that Kakutani’s theorem gener-
alized Brouwer’s fixed point theorem for a continuous function on a
simplcx.
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THEOREM 1. Let § be a complete lattice, f(-) a correspondence from
S to S, and E the set of fixed points of f. If f(s) is a nonempty closed
sublattice of S for every s € S, and f is ascending in s, then E is a
nonempty complete lattice.

Proof. We follow closely the original argument of Tarski.

(1) Let us first show that Ad.ze € E. Consider the set
C={c€E ST x €flc)st x, =c}

C is nonempty since 1 € C, where 1 is the greatest element of §. Let
a = N)ecc. It is obvious that E C C. Hence, if ¢ € E, then a = Neze.
We now prove that ¢ € E is indeed true.

For any ¢ € C, there is x. € f(c¢) such that x. = ¢. Since fis ascending
and a =< ¢, there is y. € f(a) such that y. < x, < ¢. Let y = Ny,
Because f(a) is a closed sublattice of §, y € f(a). Clearly y < a since
y = Noegey, = Neec = a. Then, since fis ascending, there is z € f()
such that z = y € f(a). Hence, y € C. So we also have a < y by the
definition of a. Therefore, a = v € f(a), i.e., a € E.

(ii) Similarly, we can show that \/Scze € E.

(iii) It is already established in (i) that £ is nonempty. To show that
E is a complete lattice, we have to show that \/& e and N e exist for
any U C E. Note that N\E. e and \/E; e are respectively the greatest and
the least elements of U in E instead of S. Let us deal with the former.

Take b = NSz e, the greatest element of U in S. Forany e € U C E,
since e € f(e) and fis ascending, there is x, € f(b) such that x, = ¢. Let
x = Noeyx,. Clearly x = b, and x € f(b) since f(b) is a closcd sublattice
of S. Because fis ascending, there is x, € f(s) with x, = b forevery s =
b. Hence, if we let S' = [b, 1], and g from §' to S’ defined by g(s) =
Sy N b, 1] forall s € S, then g(s) 1s nonempty for every s € S'. Since
both f(s) and [b, 1] are closcd sublattices of S for every s € ', g(s) must
be a closed sublattice of S’. Also, since both f and /1, which assigns cach
s € S' the constant interval [b, 1], are ascending on S, g = f N h is
ascending on S'. Hence, S' and g satisfy the assumptions of the theorem.
Therefore, if we let b’ = Nz e, in which E' is the set of fixed points of
gon S’, then ' € E' according to (i). Since £’ = E N |b, 1], b’ is indeed
the least fixed point that is greater than or equal to b, i.e., b’ = NE e,

The existence of AL ¢ can be proved in a similar fashion. Q.E.D.

Remark 1. The conclusion of Theorem 1 that £is a nonempty complete
lattice is stronger than the statement that E is a nonempty and Nicpe €
E and \/3c.e € E. But it does not imply that E is a sublattice of S. The
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following example illustrates these two points. It was ascribed to Mas-
Colell by Vives (1990).

S s, S,
O O 0O 0 0 O O
O O 0O O O O
O O 0O o 0 O O 0O

In the example, §, is not a lattice, even though it has both a greatest
element and a least one, and 5, is a complete lattice, yetitis not a sublattice
of S.

Remark 2. The condition in Theorem 1 that f(s) is a sublattice of §
closed in the lattice theoretical sense is equivalent to the condition that
it is a sublattice of S that is topologically closed in the interval topology
of S. The interval topology of a lattice (S, =) is the topology for which
all closed sets are intersections of finite unions of intervals of the following
forms: S, [x, =) and (—2<, y], for all x, y € §. Frink proved that a complete
lattice is compact in its interval topology, and Birkhoff proved the con-
verse that any lattice compact in its interval topology must be complete;
consequently, any sublattice of a complete lattice is closed in the lattice
theoretical sense if and only if it is topologically closed in the interval
topology (see Birkhoff (1967)).

3. NAaSH EQUILIBRIA OF A SUPERMODULAR GAME

Let us now consider an n-player normal form game G. Each player i’s
strategy space (S;, =;) is a lattice that is also compact for a topology 7
finer than the interval topology. Let § = H . S; be the direct product
compact lattice of all S;. Each player i has a utlhty function u; on S that
is upper semicontinuous in 7; on §;. A game G is supermodular if

(1) each u; is supermodular in §;, i.e., forall s;, t, € 5;, and s_; €

Hj#iSj’
w s, N/ by So) s, N g, s = sy, o)+ oult, s2);
and

(it) each u; has increasing differences in .5, and H l.e., for all

S$p =,V =W,

i
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wi(s;, v_g) — sy, wo) =t v — ut, wop).

A strategy profile s = (s;);ey € S is a Nash equilibrium if w,(s;, s ;) =
u(t;, s_;) for all 1; € §; and i € N. Hence, if we define the best response
correspondence B from S to § by B(s) = ]—LC \,B,(s), in which B;(s) =
Argmax e u;(s;, 5_;), then s € S'is a Nash equilibrium if and only if s is
a fixed point of B. Thus we can apply Theorem 1 to study the structure
of the Nash equilibrium set of a supermodular game G.

THEOREM 2. The set of Nash equilibria of a supermodular game G is
a complete lattice.

Proof. Since the sct of Nash cquilibria of G is exactly the set of fixed
points of the best response correspondence B, the theorem is proved if
one can show that B satisfies the conditions in Theorem 1. This was done
in Topkis (1978), which we recapture here. Because B is the product of
B;'s, we only need to consider individual B,

First, B,(s) is compact, hence closed, in the interval topology since it
is so in an even finer topology 7; given that 4; is upper semicontinuous
in 7.

Second, take ¢, }; € B(s). Since «; is a supermodular in S, u(t; \/ 1;,
s v N s ) =t s +oull, s ) so N\ b, AN € Bs).
Thus, B(s) is a sublattice of s;.

Finally, take any s_; =_, §_;, #; € By(s), and #, € B,(§). We have

0=t/ 1, 5.0 — ity s ) = udly, o) — ult; N, s2)
= ult;, 52 — w(t; N ) =0,

in which the first and the last inequalities hold by the definition of B, the
second holds because «; is supermodular, and the third holds because u;,
has increasing differences. But then all inequalities must be equations, so
t:\/ & € Bis) and #; A\ 3, € B,(5). This means that B, is ascending.
Q.E.D.

Note, however, that the set of Nash equilibria of a supermodular game
generally is not a sublattice of S. Here is an example from Topkis (1979):
N ={1,2,3}, 8, = 1[0, 1] in R for each i, and 1{s|, 55, 53) = 55,5, for
each i. The set of Nash equilibria of this game is not a sublattice because
both (1, 0, 0) and (0, 1, 0) are Nash equilibria, but (I, I, 0) = (1, 0, 0) \/°
(0, 1, 0) is not.
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