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The theoretical foundation for the use of mathematical programming models 1n
general equiltbrium 1s a theorem of Negishi, establishing the equivalence between
the Arrow-Debreu equilibrium problem and a specific mathematical program This
equivalence offers an alternative to traditional fixed point methods for computing
equlibria, which 1s especially attractive when the number of consumers 1s small
relative to the number of commodities In this note, we show that the above
equivalence extends to economues 1n which a government enforces real price
ngidittes through market operations financed by lump-sum taxes Jowrnal of
Economic Literature Classtfication Numbers 021, 213,  © 1988 Academic Press, Inc

1. INTRODUCTION

The traditional approach for computing an Arrow—Debreu equilibrium
(and also for proving 1ts existence) 1s a fixed point calculation in the space
of commodity prices The data for this calculation are demand and supply
functions (or correspondences) expressed in terms of commodity prices A
fixed pomt algorithm then determines a price vector at which supply
exceeds or equals demand for each commodity (Scarf [137).

A different approach to computing an equilibrium was suggested by
Negisha [11]. The calculation of supply and demand functions is replaced
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with the solution of a mathematical program. This mathematical program
maximizes a social welfare function, consisting of a weighted sum of con-
sumer utility functions, subject to the matertal balance constramts.
Negishi's theorem states that for given mitial endowments, there 1s a choice
of welfare weights such that the welfare optimizing solution 1s an
Arrow—Debreu equilibrium. The computation thus nvolves a search fc=
“equiibnium” welfare weights The Negishi theorem 1s proved by for-
mulating this search as a fixed point problem in the space of welfare
weights, and no longer, as in the traditional approach, in the space of comr
modity prices. Equilibrium welfare weights can be computed using
“tdtonnement” procedure (Dixon [47], Ginsburgh and Waelbroeck [8])
See also Dantzig, Eaves and Gale [2]

The computational requirements of fixed point algorithms are quite sub-
stantial and severly limit the size of problems which can be solved
numerically. When the number of commodities 1s large relative to the num-
ber of consumers a traditional fixed point calculation 1n commodity price
space, even if feasible, may be mefficient. In such cases, the existence of
efficient mathematical programming techmques favors a Negishi type
calculation, the cumbersome fixed point search now being carried out m
the relatively smaller space of consumer welfare weights. Moreover, n the
special, but quite frequent case of an economy with a single consumer
group, the equilibnium calculation reduces to solving a single mathematical
program, whatever the number of commodities

We extend the Negishi approach to computing equilibria to a case of
upper and lower bounds on prices. The speaal case of price ngidities con-
sidered 1s that of constraints enforced by a government (or agency)
through market operations. Minimum real prices are maintained through
government purchases at these prices. Maximum real prices are maintaimned
through commodity sales from government stocks, as long as these stocks
are not depleted. Once these stocks are depleted, the government 1s unable
to constrain prices to stay below the declared maxima. The government
budget 1s balanced purchases or sales are financed or redistributed through
lump sum taxes or transfers to consumers. Issues related to the mventory of
commodities purchased by the government are not considered in our
model In particular, stocks acquired by the government in 1ts attempt to
support prices have no further economic value. This deficiency of the model
in the case of storable commodities does not arise, however, 1n the case of
downward price rnigidities on labor, or on nonstorable factors of production
Iike capital services.

Equilibrium prices i the Negish: approach arise as the dual prices of the
material balance constraints in the welfare maxmmizing mathematical
program The difficulty presented by price nigidities in this calculation 1s
that the imputed nature of “shadow” prices does not allow them to verif-
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any conditions other than the classical Karush-Kuhn—Tucker optimalty
conditions. The question posed by price rigidities in the Negisha approach
1s how to modify the social welfare function so that the imputed shadow
prices verify the imposed constraints.

In this note we show that the addition of a single term to the social
welfare function, representing government purchases and sales, suffices for
the imputed prices to verify the price constraints. The government becomes
an additional agent whose net expentidures are matched by lump-sum
transfers from consumers and whose utility function 1s determined by the
price constraints. Agents value purchases of government stocks at the lower
bounds on prices. while they value sales of 1ts stocks at the upper bounds.
The resulting precewsse linear utiity function is added to the social welfare
function, multiphed with an appropriate weight. The number of welfare
weights to be determined is thus increased by one, and is independent of
the number of commodities submitted to price rigidities. The desirability of
this approach over a fixed point calculation in commodity price space 18
thus mamtained for the case where the number of consumers 15 small
relative to the number of commodities.

Imam and Whalley [9] discuss a model, similar to ours, in which a
government ntervenes when prices fall below certain “trigger” prices.
Government mntervention is described 1n terms of functions giving the size
of its purchases as a function of the wedge between “trigger” and market
prices. In the Imam—Whalley model, prices are allowed to fall below their
bounds so that the government is not fully effective 1n maintaining
munimum prices. Another difference with this note is that Iman and
Whalley suggest a traditional fixed point computation in commodity price
space

The note is organized as follows. Section2 formally introduces an
equilibrium with government price support policies Section 3 contains our
main propositions; the first proposition presents conditions under which
the solution of a welfare optimizing program yields an equilibrium with
price nigidities; the second proposition shows that such an equilibrium
exists.

2. THE MoODEL

We consider an economy with » commodities [y=1, .., n] and m con-
sumers [1=1, .., m]. The endowment of consumer 1 1s denoted w’e R” , his
consumption x*e€ R” , and his preferences are represented by a continuous,
concave, and strictly increasing function, U'(x') Government endowment,
purchases, and sales are denoted wé, x%, and z¥¢, all these vectors being in
R" Total endowment is represented by w=w+ w# with w=3"7_ w'

1=
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The productive side of the economy is, for simplcity, described by an
activity analysis matrix A€ R’ **:1f ye R, denotes the vector of intensiues
at which the activities are operated then Ay € R” denotes net output

A price system 15 a vector pe R, We consider a price index /(p) which
1s a continuous and homogeneous function of degree one in p The real
price of commodity ; 1s subject to the real price constraints
p,<p,/I(p)<p,,j=1, ., n, where the upper bound 1s valid only as long as
government stocks are not exhausted [z¥<w?]. In the absence of price
ngidity on commodity y we set p, =0 and p, = M with M sufficiently large

The net cost of government market operations, /= px® — pz¥, is covered
by lump-sum taxes, any government surplus being returned to consumers
as a lump-sum subsidy These taxes and subsidies are described by con-
tinuous functions 1" R—> R, h—»t'(h), 1=1, ,m, verifying 37 | ¢'(h)=h.

We now define a market quasi-equilibrium with government price
support policies

1 om

DeriNiTION 1. The consumption vectors X', .., X, the vectors of
government purchases £¢, and government sales 24, and the activity vector
9, supported by the price vectors p and ¢, are a market quasi-equilibrium
with government price support policies 1f

<ws, q[2f—wf]=0, (1b)
plp)y=zp.  [p/lp)—p]lxé=0, (2a)
(r—q@ylipy<p, [p—a)l(p)—plz*=0; (2b)

either £ maxmmzes U'(x') subject to
px' < pw' — ' (px%— pz%), x' =0 (3a)

or

pX'=pw' —1'(pX¥ — pz%) =0, (3b)
pA<0, pdy=0, (4)

m

PRi=pif+ T 1(pi*— pif) (5)

=1
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Condition (la) 1s the usual market clearing condition, except that the
government may intervene by buying X# or selling 2% to support prices;
condition (1b) states that government stocks are hmited, and that if stocks
are depleted, the upper bound p on prices may be exceeded (see condition
(2b)) Condition (2) requires the government to intervene only 1n support
of maximum or mmmum prices. Condition (3) requires each consumer to
be either in equilibrium given his utility function and his budget constraint,
or to be left without income after taxes; at a quasi-equilibrium a consumer
without mncome 1s thus not necessarily maximizing utility Condition (4)
requires the productive sector to be m equilibrium: activities cannot make
positive profits, and activities 1 use make zero profits. Condition (5)
requires the government to operate with a balanced budget. It states that
government purchases, pxé, are equal to government sales, p7%, plus net
transfers, Y ¢'(px*— pz¢) This constraint will always be satisfied by
definition of the tax functions ¢’

3 MAIN PROPOSITIONS

In this section, we prove that a market quasi-equlibrium with
government price support policies can be generated as a solution of the
following mathematical program

MP(x) max ) o'U'(x')+oa™"(px®— pz?)

1=1

subject to
Y X+ xE—zf— Ay <we
=1
ZgSWg
x', x% 28 y=0
where o= [, .., «™ "'] is a vector of welfare weights belonging to S™*! =

{oe RV X 0! =1}

The objective function of MP(«) 1s an augmented social welfare function;
the augmenting term, representing government operations, 1s multiplied by
an appropriate weight, «” %', which will, at equlibrium, be equal to the
price index, I(p) If p and ¢ are the multipliers associated, at optimality,
with the constraints 1t 1s easy to see, by duality, that at equilibrium they
verify the price constraints In the absence of price rigidities (p, =0 and
p, =M, j=1,..,m), both x¥ and z* can be set equal to zero, and MP(x)
reduces to the standard Negishi welfare optimizing program

Note also that government price support policies introduce only one
additional equilibrium weight, «™*!, in the Negshi calculation This
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weight can be considered associated with a fictiious agent, the
government, who maximizes the utility function pxf— pz¢ subject to the
budget constraint pxf- pzf<I¢ and the nonnegativity constraints x°,
z#20. At equilibrium, the income of this agent 1s equal to the total lump-
sum transfer from the other agents, I* =", ¢'(px*— p#%) The presence
of these transfers did not enable us to derive the existence of a qu.
equilibrium with government price support policies as a straightforwarn
application of Negishr’s theorem to an economy with an (m -+ 1)st agent
representing the government.

Our first proposition states that market equilibria with government p____
support policies can be generated as solutions of MP(a).

For each «e S”*', MP(«) 1s a convex programming problem It will be
helpful to introduce notation to describe optimality in MP(«). We use 2%
to denote the set of subsets of a given set W. Let X S§™+*! ~»2R({”“)"“,
a— X(a)={x=[x", ., X" x5 z8 y]e R +2n+5| x is an optimal solution
for MP(a)}. Let D: S™+! 5 2R% a—D(a)={d=[p,q]eR¥”|d 15 a
vector of shadow prices for MP(«)} and let P: $”+' 5 2%\ o — P(o) =
{peR" | [p,q]eD(x)for some ge R" }.

PROPOSITION | Ler [x', ., x", x%, z% y]e X(«) for some acS"*"' If
there exist [ p, g€ D(a) such that px' < pw'— t'(px*— pz*) for 1=1, .., m
and such that «" ' =1(p)>0 then [x',.., x™; x% z% y; p, q] 1s a market
quasi-equilibrium with government price support policies

Proof  Let 0U’(x') denote the subdifferential of U'(x) at x = x* (see, e.g,
Rockafellar [127). The optimality conditions for MP(«) are

(1) pzau' with w'edlU(x), [p—oa'u']x'=0,1=1, ,m;
() pzoa”*p, [p—am*'p] x=0,

(m) g—pz=—o"""p, [q—p+a”"'p]z8=0,

(iv) —pA =20, pAy=0;

(v) 27 X+ xf—zf—Ay<w, p[>X" X' +xF— 25— Ay —w]=0,
ZQS ny C][Zg‘ Wg] ={.

Using (iv) and the balanced government budget condition, the
complementarity condiion 1 (v) can be rewntten O=
2Ly px' A pxf—pzf—pw' = ¥ px'+ 3" t(px®— pz®)— pw. The
assumption that px'+ ¢'(px® — pz8)—pn’' <0 for 1=1, .., m then mmplies
that all these 1nequalities are equalities This and condition (1) then verify
statement (3) 1n definition 1.

Condition (1v) venifies statement (4) in Definiton 1 The assumption
2" *!'=1I(p)>0 and conditions (u) and (1i1) verify statement (2) Finally
condition (v) venfies statement (1) Statement (5) 1s satisfied by defimtion
of the tax functions ' ]

w1
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Our second proposition states sufficient conditions for the existence of a
market quasi-equiibnum with government price support policies These
conditions are now histed and discussed.

AssumPTION 1 There exists an activity vector ye R, such that
Ay+w>0

AssuMPTION 2 The set {(x, y) x—Ay<w, x>0, y>0} 1s bounded.

AssumpTION 3 There exists a price p verifying pA <0, I(p)=1 and
p=p

ASSUMPTION 4 Let /4 denote the net expense of government market
operations. If £ < pw* with pe R”, then r'(h) < pw' for1=1,. , m

ASSUMPTION 5. I(p)>0 for all pe P(a) with ™ +1=0.

AssUMPTION 6. 1(p)<1 for all pe P(a) with « =[O0, .., 0, 17].

The assumptions are minor or standard. Assumption 1 1s the Slater con-
dition for mathematical program MP(a). It states that it is feasible to bring
to the market positive quantities of all goods The Slater condition imples
certain regulanty properties for the shadow prices of MP(a). Assumption 2
1s standard and bounds the production set. Assumption 3 requires that the
mimmum prices be consistent with production equilibrium. It clearly needs
to be venfied for a market quasi-equilibrium with government price sup-
port policies to exist. Assumption 4 18 a statement about the distribution of
the tax burden. It states that the government, as long as 1ts net expenses do
not exceed total consumer mcome, will distribute the tax burden so as to
force no consumer into bankruptcy, ie, pw'—r(h)=0 for 1=1,..,m
Assumption 5 requires the price index to be positive at any social welfare
optimum It will clearly be verified mn all applications Assumption 6 is
discussed in the next paragraph.

The prices in MP(x*) with a*=[0,.,0,1] are part of an optimal
solution for the dual of MP(a*), which can be written

DP(o*) min pw®+ gw?

subject to
—pA=0

p=p
—pt+q4=-p
p.q=0.
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Assumption 3 ensures the existence of a feasible solution [ p, ¢] for DP(a*)
verifying I(p)=1 The nonnegativity of the vector [w*, w®] then makes the
requirement that I(p) <1 for all optimal solutions of DP(a*) minor

We now state our second proposition which we prove by extending
Negishr’s proof to the case of market quasi-equilibria with government
price support policies

PROPOSITION 2 Assumptions 1-6 ensure the existence of a market quasi-
equilibrium with government price support policies.

Proof. We set the stage for an application of the Katutam fixed point
theorem and first discuss some properties of the mappings X and D

Let @ = {[x', .., x™, x5, 2%, y]e R"+2n+s | 3m  x' 4 x8— 28— 4y <w',
z¥<w#} Assumption 2 implies that the set @ 18 bounded. @ 15 also convex
and closed. Assumption 2 and the continuity of the objective and constraint
functions of MP(x) make the mapping X upper semicontinuous and com-
pact valued MP(o) being a convex programming problem, X is also
convex valued.

We now turn to the mapping D. Assumption 1 1s the Slater condition for
MP(«) and implies that the mapping D 1s upper semicontinuous and com-
pact valued (see, e.g., Cornet [1]). The upper semicontinuity of D ensures
that the image set D{S™*!) is compact as well. The convexity of MP(«)
yields that D 1s convex valued Let I be any convex compact set in R¥
containing the image D(S™*') and venfying pA4 <0 for all [p, g]leV

Consider a*=1[0, .,0,1]e S™** D(a*) 15 compact. By Assumption 6
and by conunuity of the index function I 1t follows that there exists 4 >0
such that i p)<1—6 for all pe P(«*) By the upper semicontinuity of D
we can then find ¢>0 such that f(p)</I—¢ for all pe P(a) with ae
faeS™H o™ 21 —¢}

We now define a multivalued mapping F whose fixed point yields a
market quast-equilibrium with government price support policies Let T=
fae S gt <1~} Let F@ Tx®xV—o>Tx2%%x2", [a,x,d]—>
Fla, x,d)=[A(e, x,d), X(a), D(z)] The mappmng A: ITx@xV->T,
Lo, x,d] > Ao, x, d)=[A (0, x,d), ,A" (o, x,d)] 15 defined as
follows

A" Yo, x, d)y=min[I(p), 1 —&],
Ao, x, d)=[a'+ pw' —'(px® — pz¥) — px']™*
[1—A" (2, x,d)Vk for 1=1,.,m

with x=[x',..x" x% z% y]. d=[p,q], and k=37 [a'+ pw' —
t(pxf—pzf)—px']"
The mapping A4 1s well defined as we now show that k> 1—o" "1 >¢>0



176 GINSBURGH AND VAN DER HEYDEN

for all [o,x,d]leTx®xV The denommator £k verifies k=
X Lo 4 pw' — 1(pa® — pzf) — px'] = 1 — " 4 pw — px¥ +
pzf—=23"  px'. The fact that xe® and pel’ then welds k=
I—am™*'— pAy>1-oa™" " The desired inequality, k > &, now follows from
e e T. The contmuity of the tax and index functions imply the continuty of
the funcion A.

The mapping F meets all the assumptions of the Kakutani fixed point
theorem This theorem asserts the existence of a fixed point [, x, d] venfy-
ing a=A(a, x, d), xe X(«), de D(a). In view of Proposition 1 1t now suf-
fices, in order to establish the existence of a market quasi-equilibrium with
government price support policies, to show that «”*'=1I(p)>0 and that
px'<pw' — ' (pxf—pz¥)fori=1,..,m

The fixed point [a, x,d] veriffies 2" '=A4""Y o v,d)=
min{/(p), 1 —&]. Since I(p) <1 —efor ™+ ' =1 —e¢, we easily conclude that
7"+ 1=I(p) Assumption 5 ensures that I(p)>0

For 1=1,.,m we have =AY, x, d)=[a' + pw' — '
(px*—pz)—px']" [1—a" ")k If «'=0 then xe X(«) imples px'=0
and pw'—t'(pxf— pz#)<0 Assumption 4 then yields pw'—t'(px%— pzf)=
px'=0. If a'>0 then [(k/(1—«""')—1]a" = pw'—'(pxs— pz¥)—
px'=0, since we established earlier that k> 1—«™*'. This completes our
proof of Proposition2. §

The above proof suggests calculating a market quasi-equilibrium by
computing a fixed point of the mapping F in a space of dimension
(3 +n)m+2n+s. However, a more careful examination of the proof shows
that a market quasi-equilibrium can be computed as a fixed point of the
mapping H: T-T, a-H(a)={h|h=A(x, x,d), acT, xecX(a),
de D(a)} The latter calculation can be carried out n the space of welfare
weights, which is of dimension m.

The existence of a fixed point for the mapping H cannot be asserted by
applying the Kakutani fixed point theorem to H as this mapping is not
convex valued. Convexity properties are obtained by extending the dimen-
sion and introducing the mapping F A direct proof of the existence of a
fixed point of the mapping H can be obtained by adapting Diewert’s [3]
proof of the Negishi theorem to the case considered m this paper. Diewert’s
proof uses the Eilenberg-Montgomery fixed point theorem which does not
require the mapping to be convex valued. The more technical nature of
such a proof prompted us to follow the indirect route of proving the
existence of a fixed pont of the mapping H by applying the Kakutam
theorem to the mapping F.
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4. FiNaL REMARKS

Positive prices for goods 1n excess supply are frequently observed for
labor, and production capacities. Unemployment 18 a common
phenomenon, so are idle capacities in industry. In both cases “government
purchases” can be interpreted as supply rationing in the sense of Dréze
[5], see Ginsburgh and Van der Heyden [7]. However, in the case of
labor rationing, the interpretation requires that utility functions be
separable 1n leisure For an apphcation see Erlich, Ginsburgh and Van der
Heyden [6].

In an economy with a single consumer (see also [107]) having utility
function U(x), the mathematical program MP(«) reduces to

max(l —a) U(x) + a( px* — pz¥)
subject to

x+x8—z8—Ay<we (p)

<
ZE<wEf (q)
x. x% z8 y=0.

The computation of a market quasi-equilibrium with government price
support policies reduces to a simple one-dimensional search for a value of a
verifying o = I( p), pe P(a) This approach seems particularly attractive for
problems 1n which income distribution 1s not an 1ssue
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