Cowles Foundation Paper #627

Reprinted from JOURNAL OF EcoNnoMIC THEORY Vol 36, No 1, June 1985
All Rights Reserved by Academic Press, New York and London Printed m Belgium

Global Stability in a Class of Markets with Three
Commodities and Three Consumers

MAsAYOsHI HIROTA*

Tokyo College of Economics, Kokubunyi, Tokyo 185, Japan, and
Cowles Foundation, Yale Unwersity, New Haven, Connecticut 06520

Received June 22, 1983, revised January 23, 1985

The paper gives an estimate of the fraction of mmtial endowment distributions
which result in global stability of a titonnement process, for a class of economies
which includes the Scarf instability example as a limiting case” The measure of such
a fraction for our class of economies 1s necessarily larger than or equal to the
corresponding measure for the Scarf example itself Jowrnal of Economic Literature
Classification Numbers- 021, 022 © 1985 Academic Press, Inc

1. INTRODUCTION

In this paper we give an estimate of the fraction of initial endowment dis-
tributions which result in global stability of the Walrasian titonnement
process, for a special class of three-commodity, three-consumer economies
which includes the Scarf global instability example [4] as a limiting case.

Our general approach to the problem of stability of the titonnement
process is varying the initial endowment distributions and examining the
proportion of such distributions for which the process will be stable. There
is some precedence for this problem in the work of Balasko [1] and
Keenan [3]. They examine the existence of a set of endowment dis-
tributions nearly Pareto optimal for which stability holds, but they are not
concerned with measuring the size of this set for given classes of preferen-
ces.

In this paper we attempt to provide such a measure for a restricted class
of preferences which includes the Scarf preference [4] as a limiting case.
Such a measure for the Scarf example itself is exactly given by Hirota [2]
and it is quite large. (For a meaning of this kind of approach, see Scarf’s
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comment [5].) Our purpose here is to extend this Hirota’s result to a more
general class of preferences. Our result is that the measure of the set of
initial distributions for which global stability holds for an arbitrary
preference taken from our preference class, is necessarily larger than or
equal to the corresponding measure for Scarf’s special preference.

2. MODEL AND RESULT

Let us consider a class of three-commodity, three-consumer economies
that is characterized by

{W(x,, x,), @ =(ay, a,, a;,)} for differing i, j, k,

where /() and & denote the jth person’s utility function and initial
endowment vector.

We put the conventional postulates on utility functions: /(-) is defined
on the nonnegative orthant of R? is continuously differentiable, has
positive partial derivatives, and is strictly quasi-concave. To restrict our
concern to a special class of economies, we shall, moreover, put the follow-
ing assumption:

(I) The marginal rate of substitution is unity if the amounts of two
commodities are identical, i.e.,

(0fox,)/ (0w )ox,) =1 if x, =X,

The space of all the jth person’s utility functions satisfying the above
assumptions includes Scarf’s utility function #’(x,,, x;,) =min[x,, x,,] as a
limiting case. For instance, a CES function converges to it as the elasticity
of substitution goes to zero. We see, therefore, that the Scarf instability
example economy is a limiting one of ours. It is noted that since no
homothetic assumption is made except along a ray, the model developed
here covers a situation in which there are inferior goods.

Next we restrict a varying range of initial endowment distributions. Let
us define the 3 x 3 endowment matrix 4 = [a,] and put a restriction on A4
as follows; 4 equals 64, where 4 is a double stochastic matrix, i.e., the sum
of each row and each column is unity and 6 is an arbitrary positive real
number.

The Scarf instability example’s a'=(0,1,0), «*=(0,0,1), and
a*=(1,0,0) is a special point of our space of initial distributions. If the
four elements of 4 are chosen, the others can be determined by them. This
permits us to consider the following parameter space of initial distributions



188 MASAYOSHI HIROTA

C(0)= {az (@11, a1, A12,a2,)20[02a,+a, (i=1,2)
0=a,+a, (i=1,2)

We have finished specifying our class of economies. Let us now choose
an arbitrary utility function #/(-) for each person from our utility class. We
have, then, each person’s demand functions that are denoted by
x,(P.> Px; M,)s, where p, and p, are nominal prices of the ith and kth
goods, and M, the nominal income of the jth person. Of course, the
nominal income is determined by an assignment value of initial dis-
tributions and the prevalent prices.

Below we write f,(p; a)s for the market excess demand functions with a
parameter ae C(), where p=(p,, p,, p3) is a nominal price vector.

For our specified class of economies p* =(1, 1, 1) is always a general
equilibrium price vector up to multiplication, because by assumption (I)
each person’s demand for each good becomes 8/2 for any assignment
ae C(#) and the total supply of each good is 8. It is, however, noted that
the multiple equilibria case might emerge dependent on the assignment
value of initial distributions.

We consider the following parametric differential equation which is the
analogue of a Walrasian price adjustment process:

p.=fp;a), =123, (1)

where p, is the time derivative of p,. Let us take an arbitrary initial point
p(0)> 0 satisfying

(P +(p) +(p3)* =3 (2)

By Walras’ law the solution p[#; p(0); a] to (1) satisfies (2).

Our interest is to give an estimate of a subset of the parameter space
C(0), for which the solution to (1) is guaranteed to converge to an
equilibrium price p*=(1, 1, 1), i.e,

S(6)={aeC(0)| lim p[z p(0);al=p*}.

THEOREM. For arbitrary utility functions taken from our utility space and
any positive value of 8,

S(0)=25(0) (3)
and

measure S(6) _ measure 5(8) 3 .
> =2 _log2 = 0.806, 4
measure C(6) " measure C(8) 2 8 (4)

where S(8)= {ae C(0) | 4a,,a > (0 —a,, —ay)*}.
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Since the measure S can be this large, the phenomenon of global stability
dominates the case of instability. The ratio of (4) indicates the probability
of (1) being globally stable when each point of the paremeter space C 1s
assumed to occur with equal frequency. As is analyzed in Hirota [2], the
right-hand side value of (4) exactly equals the ratio of measure S to
measure C when Scarf’s utility function min[x,,, x,,] is assumed. We see,
therefore, that substitutability among goods has the effect of increasing the
extent of global stability.

3. Proor AND REMARK

Let us prove our theorem by contrasting our economy here and a
limiting one of ours, ie., the jth person’s utility function is given by
w(x,, x;,)=min[x,, x,,] for differing 1, j, k.

The demand functions corresponding to #’(-) are

M]
p.+pi

')?r](pnpk;M/)z T=i, k (5)

Below we write f.(p; a)s for the market excess demand functions construc-
ted from (5). In the above, a is an element of the parameter space C. We
define

gr/(pn pks Mj) = xrj(pn pk: Mj) - irj(pn Pi; M])a (6)

where x,,(+) is the demand function of our economy. Since x,,(-) and %,(*)
are defined on the same budget equation, we have

P. &P Pis M) + Pic &1 P> Pis M) =0 )]

By using (6) our market excess demand functions defined in Section 2
can be decomposed into two parts as follows:

Silpsa)=fi(p;a)+ [g:12(") + g15(*)]
fz(P§a)=fz(P§a)+[gzl(')+g23(')] (8)
fipsa)=fs(p;a)+ [g3(") + g2 *) ]

Let us take a Liapunov function

o(p)=[q—17 )
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(where g=TT;_, p,), the time derivative of which is given by v=
2[g— 1] 4. Since the solution to (1) with an initial point p(0) satisfying (2)
always satisfies (2), (¢ — 1) is negative for all p+# p*. On the other hand,
simple calculation yields

g=p2p3fi(p;a)+ pipafop;a)+ pipafi(psa) by (1),

=¢(p; a) +Y(p; a) by (8),

where

¢(p; a)=p, p3J1(p; @)+ py p3 fop; a) + p, pa f3(p; a) (10)

and

VY(p;a)=pi[prgs:(-)+ P3gx()]
+ P2l p183:(") + P3g12(+)]
+ palp2gis(-)+ Py gas(-) ] (11)

Next we find a subset of C such that ¢ is positive for all p # p*; such a
subset leads to the global stability of (1); (10) actually becomes a quadratic
form

d(pya)=(3) p[A+A4' —0-I]p’

=3P — P =P [A+ 4 —0-T] [h:pa]’ (12)
Pr—Ps

where A=[2:22], 4’ and 4’ denote the transposed matrices of 4 and 4,
and Iand /¢ denote matrices such that all the diagonal elements are nil and
all off-diagonal elements are unity.

Equation (12) tells us that ¢(p; a) is nonnegative for all p if and only if

the right-hand side of (12) is positive semi definite, i.e.,
4a,a, > (0—a,—ay) (13)!

Next we show the positivity of (11) for all p # p*. First consider the first
parenthesis of (11). (7) leads to

P283:1(0)+ P3 g ()= L[(p2+ p3)/ P31 (Ps— P2) - 821(*) (14)

! (13) with inequality 1s equivalent to boundary condition (#) f(p,a)>0 if p,=0, p,>0,
and p, > 0 for differing ¢, 7, K (13) with equality 1s dehcate for Scarf’s type example the system
pe=Jfdp,a) (x=1,2,3) 1s subject to a limit cycle when a,; =ay=(0—ay —ap,), and 1s
globally stable when a;; +ay >0 ad 4a,1a» = (0 —ay —a;,)* See Propositions 2 and 3 of
Hirota [2]
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Let us show (14) is positive unless p,= p;. Suppose x,(*)=x;,(-) for
P> > p5. Then from the condition of the first person’s utility maximization
subject to his budget equation, we have

(0u'/0x51)/(0u"0x31) 2 po/p3> 1.

(At the corner maximum case the marginal rate of substitution may be
larger than the price ratio.) On the other hand, the diminishing marginal
rate of substitution and assumption (I) in Section 2 together say that if
X2,(+) = x3,(+), then (0u'/dx,,)/(0u'/dx;,) must be less than or equal to
unity. Therefore 0<x,,(-)<x3(-) has to hold for p,> p,. Figurel
illustrates this. It is also clear that x,,(-) < X,,(*) = %3,(- ) < x3,(+) holds for
P>> D3, 50 that g,,(+)=x,,(*)— X,,(-) < 0. Similarly we have g,,(-)> 0 for
P> < p3. Thus, (14) is positive unless p, = p;.

The positivity of the second and third parentheses of (11) can be
obtained similarly unless p, = p; and p, = p,, so that we may summarize
these as Y(p; a) is positive for all p # p*.

Let S(8) be the set defined by

S(0)= {aeC(8)| (13) is met}.

Indifference curve

/of the limiting economy

Indifference curve

/ of our economy
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e = o e e o e e e e e

*21 *a

FiG 1. The first person’s demands in our economy and the limiting economy when
P> D3
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Hence we know that for any @e 5(6), the solution p[t; p(0); @] to (1) con-
verges to p*=(1, 1, 1). So our set S(#) defined in Section 2, contains S(8).

When 6=1, the measure of C1) and 5(1), as shown in Hirota [2],
equals

i

1
8

measure C(1) = J da

aeC(1)

measure S(1) =J da =3(3—log 2).
ae8(1)

Since there are linear maps 6-I: C(1) - C(8) and 8- I: 5(1) —» 5(0), where I
is the identity matrix, we have

measure C(6) = 6* measure C(1), measure 5(8) = 8* measure S(1).

This completes the proof.

We have clarified the extent to which global stability holds for a class of
economies and have found it to be quite large. Our class of economies,
however, is very restrictive and our work must be viewed as a positive
indication that further and more general results are worth pursuing.

From a series of analyses studied by Sonnenschein, Mantel, Debreu, and
others we know that a classical assumption on preferences cannot charac-
terize any class of market excess demand functions aside from continuity,
homogeneity, and Walras’ law. But we also imagine that for given preferen-
ces there will be such distributions of initial endowments or incomes that
yield a well-behaved market excess demand function very suitable for some
problem (stability, uniqueness, comparative statics, and others). Our work
here may suggest a possible direction of such a research.
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