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THE OPTIMALITY OF REGULATED PRICING:
A GENERAL EQUILIBRIUM ANALYSIS*

Donald J. Brown and Geoffrey M. Heal

1. INTRODUCTION

Consider a world where consumers, with diminishing marginal rates
of substitution, maximize utility subject to their budget constraints
and firms, with constant or decreasing returns to scale technologies,
maximize profits subject to the prevailing prices. Then every competi-
tive allocation is Pareto optimal and every Pareto optimal allocation
can, with lump sum redistribution of endowments and share holdings, be
supported as a competitive equilibrium. These two propositions, the
first and second welfare theorems, form the foundation of neoclassical
welfare economics. Unfortunately, in a world where some firms with in-
creasing returns to scale technologies are price-setting profit maximi-
zers, both of these theorems fail to be true. In this case, there is a
need for government intervention, which may take the form of regulated
pricing of firms with increasing returns to scale technologies.

In this paper, we use the two sector general equilibrium model to
investigate the optimality of several pricing schemes that have been
proposed for the regulation of a public monopoly. Here a public mono-
poly is taken to be a multiproduct firm having a nonconvex production
set.

A recurring concern in the literature on public utility pricing is
the merit of cross-subsidization. That is, if a public enterprise pro-
duces two or more products, each of which can be priced separately, is
it in the public interest to allow this firm to satisfy only a single
break even constraint over its total menu of outputs? Under this single
constraint, some product lines may be making a profit while others may
be sold at a loss. Moreover, the prices need not reflect the marginal
cost to society of producing these outputs. Simply put: Should I have

to pay for your consumption?

Invoking the benefit principle, some economists have argued against
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cross-subsidization. Other economists have argued that the government
can use commodity taxes and cross-subsidization to improve social wel-
fare. The prices which emerge from this approach are the so-called
Ramsey prices. A recent criticism of Ramsey pricing is that it takes
the number of firms as fixed and that cross-subsidization may induce
socially undesirable entry, i.e., the public enterprise is a natural
monopoly (see the illuminating discussion in Faulhaber [4]). If one
considers the conditions for total second best optimality which includes
the optimal number of firms, then the government should require the re-
gulated prices to be sustainable, i.e., prices at which no other firm
with the same technology can profitably enter the markets of the public
enterprise. 1In the best of all possible worlds, one might hope that the
Ramsey prices are sustainable. In which case, the government, using
commodity taxation, has obtained total second best optimality.

Suppose the public enterprise produces only two products, say ele-
ctricity and grain, from two inputs, capital and labor, which are in-
elastically supplied. The production function for electricity and the
production function for grain both exhibit nonincreasing average costs.
Hence, the production possibility set for this firm will, in general, be
nonconvex. Assume also that this is the only active firm in the economy,
but there are potential entrants. We assume that there are two consumers,
each endowed only with capital and labor, who consume only electricity
and grain,

Clearly, in this model, Ramsey pricing and sustainable pricing are
incompatible, without some special assumption on the technology of the
public enterprise. This can be seen as follows.

In order that the consumer prices of electricity and grain are
sustainable , they must equal the average costs of producing the equili-
brium outputs. Moreover, in this world sustainable prices require the
factor price ratio facing consumers be the factor price ratio at which
the equilibrium outputs are produced at minimum cost. Given the prices
of electricity, grain, capital and labor, we lose one degree of freedom
by normalization. The remaining degrees of freedom are consumed by the
sustainable conditions. Hence, there is no freedom to trade off the
elasticities of demand through cross~subsidization to obtain the Ramsey
optimum!.

Can we use exclse taxes to both improve social welfare and prohibit

socially undesirable entry? The answer is yes, if we remember that con-

1 The incompatibility of Ramsey pricing and sustainable pricing, for separable cost
functions, has been independently noted by Mirman-Tauman-Zang [7].
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sumer prices and producer prices can be chosen independently in a world
where there are no profits in equilibrium. This is the fundamental in-
sight in the paper of Diamond and Mirrlees (D-M, [3]). Let g and p be
consumer and producer prices, respectively. 1In D-M, the intended inter-
pretation of p is that it is the vector of shadow prices at the social
optimum. Indeed, this has been the prevailing interpretation throughout
the optimal taxation literature and the related literature on public sec-
tor pricing, as for example, in Baumol-Bradford [1].

We suggest that in the case of a natural monopoly, the p in the
D-M analysis should be interpreted as supporting prices? rather than
shadow prices. Of course, no such p need exist., If it does exist (a
sufficient condition in this model is that each product line is produced
with nonincreasing average costs) then the excise tax t=qg-p is to be
interpreted as the optimal excise tax imposed by the government to pre-
vent socially undesirable entry. That is, g are the socially optimal
prices prevailing in the market, i.e., Ramsey prices, but the prices
facing the public utility and potential entrants is q net of t or
p, which are supporting prices. It is easy to see that the net tax
revenue is zero. Hence, there is no surplus to dispose of. If each
product line is produced with nonincreasing average costs, then p is
simply average cost pricing, i.e., each product is sold at average cost
and produced at minimum cost. If the Ramsey prices happen to be sus-
tainable, then we let g=p and t=0.

It may seem strange at first reading that the government should use
a per-unit tax to prevent entry rather than simply forbidding entry or
requiring a licensing fee, once it has determined that the public utility
is a natural monopoly. But without the threat of potential entry, aver-
age cost pricing is not incentive compatible. Even if the public enter-
prise is breaking even, it need not be producing at minimum cost. Also,
the government wishes to encourage innovation. If some entrepreneur
discovers a more efficient technology for producing the outputs of the
natural monopolist, we want her to enter the market. Finally, a license
fee acts as a fixed charge for entry, hence innovations whose profita-
bility does not exceed this fee will be lost to society.

We shall assume that the reader is familiar with the two-sector
model as a general equilibrium model of increasing returns to scale,

say, as in the paper of Brown-Heal [2]. In fact, the present paper

2 A cost function C is supportable at y,, if there exists a price p such that

(L p-yo=C(yo) and (2) p.z € C(z) for all zE]R& such that z < y,. The prices

p are said to be supporting prices. Sustainable prices are supporting, but the con-
verse need not hold, see Sharkey~Tesler [9] for a discussion of supportable cost func-
tions.
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should be viewed as a continuation of the investigations initiated there.

Before proving our major theorem concerning the use of commodity
taxes to improve social welfare, we first discuss first-best situations
where lump sum taxation is feasible. In the final section of the paper,
we extend our theorem on supporting Ramsey optima to a larger class of

general equilibrium models.

2. THE MODEL

We consider an economy with two households, and a single firm pro-
ducing two products from two factors which are inelastically supplied by
the households. The factors are capital (K) and labor (L). The products
are grain (G) and electricity (E). Households have utility functions
denoted by Uy and Uy, respectively. Endowments and shareholdings in
the firm are given by (Kg,Ly), (Ky,Ly); 6y and ey. The production
function of the firm is separable, where the production functions for
the products are Fg and Fg or equivalently, cost functions Cg and

Cg. Let K=KX4-Ky and I.=LX+Ly.

We make the standard assumptions regarding households and production

functions, with the following important exception:

Although we assume that the factor markets are competitive, i.,e.,
that the production functions for both products exhibit diminishing
marginal rates of technical substitution, we do not assume constant

or decreasing returns to scale.

Under these assumptions, we construct the Edgeworth-Bowley box for
production and the associated production possibility set for the firm.
In general, the production set for the firm (public monopoly) is non-

convex.

Let Py and Pp denote the prices of grain and electricity, and
w and r denote the prices of labor and capital.

A point (G,E) is said to be production efficient 1f it lies on
the frontier of the firm's production possibility set. Each point on
the frontier uniquely determines the factor price ratio at which these
outputs are produced at minimum cost. Moreover, the marginal rate of
transformation (MRT) at this point is equal to the ratio of the marginal
costs.

The income distribution is said to be fixed if (K4,Ly) =6x(K,L)
and  (Ky,Ly) = 6y (K,L).
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A marginal cost pricing (MCP) equilibrium is a family of consump-
tion plans, production plans, prices, and lump sum taxes such that house~
holds are maximizing utility subject to after~tax income; the public
monopoly is producing at minimum cost and selling at marginal cost, where
losses are covered by the lump sum taxes; and all markets clear.

An agverage cost pricing (ACP) equilibrium is a family of consumption
plans, production plans and prices such that households are maximizing
utility subject to their budget constraint; the public monopoly is pro-

ducing at minimum cost and breaking even; and all markets clear.

In general, neither MCP nor ACP equilibria will be Pareto optimal.
ACP equilibria violate the first order conditions necessary for Pareto
optimality and MCP equilibria need not satisfy the sufficient conditions

for Pareto optimality, if the production possibility set is nonconvex.

3. WELFARE THEOREMS

PROPOSITION 1. If the income distribution is fixed, then every Pareto optimal al-
location, where both households consume a positive amount of each good, can be sup-
ported as a MCP equilibrium with lump sum transfers to households3,

PROOF. If (Ey,Gy), (ﬁy,ay) is the Pareto optimal allocation, let

E=Ey +Ey, G=Gx+Gy and

A= {(E,G): E=Ey+E,, G=G,+G, where Uy(E,,G,) > U,(E,,Gy) and

y' XY
Uy (Ey,Gy) > Uy (Ey,By) 3.

Then (E,G) is on the production possibility frontier and A is a

convex closed set which is tangent to the production possibility set at
(E,6). Let w/r, Pg/r, Pg/r be the factor price ratio at which E and
¢ are produced at minimum cost, the marginal cost of producing E, and
the marginal cost of producing G. These prices define the budget con-

straint for households as:

PE PG
—x—_-E-+ —x—_'G

w
5 —Lj+Ky+e5ll+T

it 3783 i’

where j=x or vy, where [l is the firm's profit and T is the lump

sum transfer to household j. The firm is required to produce (E,G)

at minimum cost and sell at marginal cost. Since the income distribu-

tion is fixed, the right hand side of the budget constraint reduces to:
P Fg

ej(?E +?G) +Tj.

3 This is a special case of Theorem 4 in Guesnerie [5].
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Let

Recalling that the MRT at (E,G) is the ratio of the marginal
costs, i.e., PE/PG, we see that the set A 1is supported by the price
line with slope Pp/Pg- - Hence, (Ex'ax) and (Ey,ay) maximize U, and
Uy subject to the budget constraints as defined above.m

PROPOSITION 2. If the income distribution is fixed and the utility functions are
concave and homogeneous of degree one, then there exists a Pareto optimal MCP equi-
Librium.

PROOF. Under the assumptions on preferences and endowments, it follows
from Eisenberg's theorem (see Theorem 3 in [8]) that the market demand
function is generated by a utility function U(E,G), where

ox oy
U(E,G) =max[Uy (Ey,Gy) ] ~[Uy(Ey,Gy)] &

such that Ex+Ey=E and Gy +G;=G,

y=
Suppose U achieves its maximum over the production possibility

set at (E,G). Then, assuming monotonicity of Uy and Uy, (E,8) is

on the production possibility frontier. Let (E4,G¢) and (ﬁy,ay) be

the Pareto optimal allocation, corresponding to U(E,G). That is
U(E,G) =max[Uy(Ey,Gx) ] “[Uy(Ey,Gy)] .

If w/r, Pg/r, and Pg/r is the factor price ratio at which E and G
are produced at minimum cost, the marginal cost of producing E and
the marginal cost of producing G, then the optimal solution of

max U(E,G) such that
P P Py . Pe -
Ep+ Sc=TF+ 2¢
r r r r

is (E,G), since U is a concave function of (E,G). Now note that

- = ;] ] - -
U(E,8) = max{[Uy (Ex,Gy)] " [Uy(Ey,Gy)] ¥i Ey+E,=E and Gy+Gy=G)

eX ey _ _ PE PG _PE— PG—
<max{ [Uy (By,G,)]1 Uy (Ey,Gp)] V¢ By +E =E, Gx+Gy=G and — E+G= —E+—C)
P PG Pp _ PG_
<max{U(E,G): —E+ = G= FE+ =8

Hence, (Eyx,Gx) and (Ey,ay) is the optimal solution of
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e

8x 8y Pg Pe - Fo-
max{ [Uy (Ey,Gy)] " {Uy(Ey,Gy)] t o (Bx+Eg) + = (Gx +G E+2¢L

)

Therefore, by Eisenberg's theorem the optimal solutions to

max Uy (Ej ,Gj)

H °

P P
G _ E = G =
E. + = Gy = 9-(;;E +

such that 3 j 3

are (Ex'ax) and (ﬁy,ay). Recalling the fixed income distribution,
we see that the right hand side of each household's budget constraint
can be expressed as

w w
Tlxt Rx+0ll and  ZLy+ Ky+ol,

where ]I is the profit of the natural monopoly that is producing (E,G)
at minimum cost and selling at marginal cost.m

PROPOSITION 3. BEvery Pareto optimal allocation, where both households consume a
positive amount of each good, can be supported as an ACP equilibrium with lump sum
transfers to households",

PROOF. If (Ey,Gy), (Ey,(_;y) is the Pareto optimal allocation, let
E=Egy+Ey and G=Gyx+Gy. Let w/r be the factor price ratio at which
(E,G) is produced at minimum cost. Cross-subsidization gives us one
degree of freedom in determining the relative prices for products, i.e.,
we only have the single break-even constraint

Fo

PE- = _W
?E’F G =7L+K,.

Hence, we can require that the product price ratio equals MRT at (E,G),

i.e., P?E = MRTP?G . These two equations uniquely determine the values
P PG
of - and - where w
PG _ EL + K
r (MRT)E+G °

These prices define the following budget constraint for households

as:

P P
E G W
—EJ+?G3_rLj+Kj+T]’
where Tj is the lump sum transfer to household j and j=x or vy.

Since the firm breaks even, the profit II=0. Let

% This and the next proposition do not generalize beyond the two-sector model.
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P P

Eg. + E&, -¥15 -xy .

Ty=F By + 7 Gy i~

Ej) maximizes Uj(Ej,Gj) subject to the budget constraint.m
Proposition 3 was suggested to us by T. N. Srinivasan.

PROPOSITION 4. If the income distribution is fixed and the utility functions are
concave and homogeneous of degree one, then there exists a Pareto optimal ACP equi-
1ibrium.

PROOF. As in the proof of Proposition 2, we invoke the Eisenberg aggre-
gation theorem to obtain U(E,G). We then maximize U over the pro-
duction possibility set, obtaining a maximum at (E,G) on the production
possibility frontier. Let w/r be the factor price ratio at which

(E,G) is produced at minimum cost given the MRT at (E,G), we set

w
E_E_= I‘L+K
r

Hlg?

PG
MRT — and = e,

r (MRT)E+G
As in the proof of Proposition 3, these relative product prices are
chosen to make the firm break even and the product price ratio equal the
MRT. The rest of the argument is the same as the proof of Proposition
2, noting that in the family of maximization problems the budget con-
straints depend only on the MRT at (E,G).m

4. SUPPORTING RAMSEY OPTIMA

THEOREM 1. If the social welfare function is individualistic and (g and C, ex-
hibit nonincreasing average costs, then every socially optimal allocation can be
supported.

PROOF. We shall find it convenient to represent the production possibi-
lity set for the firm by a smooth transformation function H(E,G). The
production possibility set is the set of (E,G) such that H(E,G) < 0
and the set's frontier is characterized by H(E,G)=0. Let A be the
price simplex in :mi and q==(qE,qG,qL,qK) be the normalized house-
hold prices for electricity, grain, labor and capital. Since households
are only endowed with factors which they supply inelastically, let X(q)
be the market demand for electricity and grain. Let

D={g€ A: H(X(q)) < 0}.

If V(g) is an individualistic (indirect) social welfare function, then



51

the government's problem is to maximize V(g) subject to g€D. The
set D is clearly compact, hence we only need to show that D # @ in
order for the government's problem to have a solution. Moreover, it
follows from Lemma 1 in D-M [3], that the social optimum if it exists
will be on the frontier of the production possibility set, i.e., house-
holds are endowed with labor but do not consume leisure. Unlike D-M,

we cannot show that D#¥@ by invoking the existence theorem for exchange
economies since households are not endowed with electricity or grain.
Instead, we choose g and qg sufficiently small such that X(q) is
close to zero and therefore inside the production possibility set. Hence,
D#¥@. Let § be an optimal solution of max{V(q): g€ D}, then X(§) is
on the frontier of the production possibility set. Denote X(§) as (&,8)
and let ﬁL/ﬁK be the factor price ratio at which (£,8) is produced
at minimum cost and ﬁE/ﬁK, ﬁG/ﬁK be the average costs of producing

£ ana G, respectively. Renormalizing gq so that capital is the nu-
meraire good, we have ﬁL/ﬁK as the factor price ratio facing house-
holds and Qg/dg: QG/QK as the prices which households face in the pro-

duct markets. The optimal excise taxes are
tp=4p/8x - Pp/Pys tg= Gg/8g = Pg/Pg and tp =G /4y - Py/Py i

capital is untaxed. Applying Walras' law and the break-even condition,

we see that the tax revenue 1s zero.

It is clear that with nonincreasing average costs for both elec-
tricity and grain no part of (E,6) can be produced for profit at pro-
duct prices less than pp/Py and B, /Py, with a factor price ratio of
?L/ﬁK. This completes the proof.m

5. EXTENSIONS

In this section, we extend our theorem on supporting Ramsey optima
in the two-sector model to general equilibrium models where factors may
be elastically supplied; the aggregate production possibility set is
characterized by a cost function; and this cost function need not be
separable.

We shall follow McFadden in [6]. The economy has n commodities
where k commodities are factors or inputs and £ commodities are pro-
ducts or outputs. The k inputs will be denoted by v and the £ com-
modities by y. We treat factors and products as distinct commodities.
Consumer prices are denoted as g where q==(qv,qy) and producer prices
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are denoted as p where p= (Py/,py)-

The production possibility set Y 1is the set of pairs (v,y) which
are technologically feasible. V(y), the input requirement set, is the
set of all v which can produce vy, i.e., V(y)={v: (v,y) €Y}. We make
the conventional assumptions on Y, i.e., Y 1s non-empty and closed,
with non-zero outputs requiring non-zero inputs; the input requirement
sets are strictly convex from below and admit free disposal.

If producer factor prices, py, are strictly positive and factor
markets are competitive, then the cost function is

Cly,py) = Min{py-u: u € V(y)1l.
u

In our discussion, it will be convenient to characterize the pro-~
duction possibility set in terms of transformation functions, as we did
in Theorem 1. The distance function is defined by

F(y,v) =Max{x > 0: ]X'VEV(Y)}

for v strictly positive. Let
G(y,v) =F(y,v) - 1.

Then G(y,v) =0 1s a transformation function characterizing the effi-

cient points or " frontier " of Y. Now

C(y,pv) =M1i1n{pv-u: F(y,u =1}.

We say that C(y,py) is supportable if for every fixed Py,
C(y,py) is supportable for all y.

Suppose there is a finite number of households in the economy,
where each household is defined by her utility function and her endow-
ment of products and factors. We make the standard assumptions on tastes
and endowments such that demand functions are well defined, continuous,
and satisfy Walras' law.

THEOREM 2. If the social welfare function is individualistic and the cost function
Cly,p,) is supportable, then every efficient soctally optimal allocation can be sup-
ported.

PROOF. Let X(§) be the efficient socially optimal allocation, i.e.,
G(X(§)) =0 or equivalently F(X(§))=1. Define P, as the normal of
the unigue hyperplane which supports the input requirement set V(y) at
¥, where X(§) =(3,V). Let p, be supporting prices at ¥ for the
cost function C(¥,B)-

The optimal excise taxes are T:y= ﬁy— fay and t,=g,-Py. Ap-
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plying Walras' law and the break-even condition: ﬁy-§=c(§z,§v) , We see
that the net tax revenue on net demands is zero. This completes the
proof.m

Sufficient conditions for C(y,pv) to be supportable are given

in Sharkey-Telser [9]. One such condition is cost complementarity, i.e.,
3C

for all i and jJj, as in the two-sector model with nonincreasing aver-
age costs.
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