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NON-STRONG MIXING AUTOREGRESSIVE PROCESSES

DONALD W K ANDREWS,* Yale University

Abstract

Certain first-order autoregressive processes are shown not to be strong
mixing A direct proof is given This proof gives considerably more insight mto
the nature of the result than do proofs by contradiction The result and proof
help to clarify the relation between the autoregressive and strong mixing
conditions.

STRONG MIXING

1. Introduction

Let (X))=(--- X, Xi, X1, - -+ ) be a sequence of random variables, and Z°,
be the o-algebra generated by (X., Xos1,- -, X,) for —x=a=sb=w (X)) is
said to be strong mixing if

1 sup sup |P(ANB)—P(A)P(B)|=a(s){0 ass—o.
~w<i<o A EXL,BE Xy,

The strong mixing condition was introduced by Rosenblatt in 1956 to prove
the central limit theorem for ‘weakly dependent’ random variables. Since then it
has assumed a position of considerable importance in probability theory. This is
due to its tractability in the derivation of asymptotic properties of various
functions of sequences of dependent random variables. Its areas of application
are wide and include central limit theorems, strong laws of large numbers, laws
of the iterated logarithm, empirical processes, order statistics, and robust
estimators. Although the strong mixing condition has been widely adopted in the
literature, a clear understanding of the condition itself 1s lacking. The categoriza-
tion of well-known processes as strong mixing or non-strong mixing is still far
from complete. However, Chanda [1] has shown that members of the important
class of linear stochastic processes are strong mixing, provided they are based on
innovation random variables which have Lebesgue-integrable characteristic
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functions. The latter condition is not superfluous. Ibragimov and Linnik [4] and
Chernick [2] give examples of first-order autoregressive (AR(1)) processes based
on discrete-valued innovation random variables which are not strong mixing.
Unfortunately, their proofs are by contradiction, and do not give much insight
into the reason why the strong mixing condition fails. In this brief note we show
that certain AR(1) processes are not strong mixing by explicitly constructing
sequences of sets which violate the strong mixing condition. The examples
include non-strong mixing AR(1) processes with arbitrarily small autoregressive
(AR) parameters. By direct proof of the non-strong mixing character of these
processes it becomes clear why the strong mixing condition fails. Hopefully these
results help in clarifying the nature of the strong mixing condition.

Note that the resuits given here relate to a comment made by Rosenblatt [5],
p. 47, when first introducing the strong mixing condition:

It would be of very great interest to see how much stronger the notion
of a strong mixing condition is than that of an ordinary mixing
condition [as defined, e.g., in Hannan [3]] in the case of a strictly
stationary process.

All L? AR(1) processes are ordinary mixing (see, e.g., Hannan [3], Chapter IV,
Theorem 3), but as shown here, not all L* Ar(1) processes are strong mixing.

A brief description of the direct proof that certain AR(1) processes are
non-strong mixing may be helpful. Suppose (X,) is an AR(1) process based on
Bernoulli (¢q) innovation random variables, and X, is equal to X,., minus its
component which depends on X, X, ,, - - - . If we know X, is small, then we know
that with probability 1 X,., must fall in a set which is a small neighborhood of the
support of X,,. A sequence of such small neighborhoods can be constructed for
s =1,2,- - - which have unconditional probability bounded away from 1. Hence,
knowledge that X, is small increases the probability of certain sets which are
determined by the ‘future’ of the process, no matter how far in the future, by a
non-negligible amount. This implies (X,) is non-strong mixing.

2. Results

Let (&) be a doubly infinite sequence of independent Bernoulli (¢q) random
variables. The AR(1) process (X,) with innovation random variables (g,) and AR
parameter p (in (0,1/2]) is defined by

) X = Z) pect.
=

X, is well defined since the series is absolutely convergent for all realizations of
(g.). We shall exhibit sets A and B,, s = 1,2, - - -, such that the conditions of the
following lemma hold.
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Lemma 1. If there exists a set A in #.. with P(A)> 0 and sets B, in 7.,
with P(B,)=k for all s =1,2,-:+, for some constant k <1, such that
P(B,|A)=1 foralls,

then (X)) is not strong mixing.

Comment. Clearly the notion that (X,) is ‘weakly dependent’ is untenable if
sets A and B; exist. The occurrence of A alters the probability of B, by at least
1—k, for arbitrarily large s.

Proof of Lemma 1. We have
a(s)= P(A NB,)— P(A)P(B,)= P(A)[P(B; l A)—P(B,)]|z P(A)[1—k].

The latter expression is bounded away from 0 independently of s, so a (s) 4 0 as
s — . This completes the proof.

To find sets A and B, as in Lemma 1 write X, = X, + p°X,, where

s—1
_— 1
X,s = z p Erts—1.
=0

X, is independent of X,. Let W, be the support of X,;,and w,,j=1,---,J, be
the elements of W,, where w, <w,.; and J =2°. If X, takes a value x, in (0, p),
then X,., must fall in the set U _, (w,, w, + p°),since 0 < p°x, < p**'. Define

I
3) A={X €(0,p), and B, = {Xm e U w,w +ps“)} .

1=1
Note, if &, = &1 =e-=0 and ¢-3=1, then X, €(0,p). Thus, P(A)>0. We
have proved the following lemma.

Lemma 2. Let A and B, be defined as in (3). If A occurs, then B, occurs,
Vs. That is, P(B, | A)=1, Vs. Further, P(A)>0.

To get the desired non-strong mixing result it remains to show P(B,) =k <1,
for all s. The upper bound, w, + p**', of the intervals in B, has been chosen
sufficiently small so that this result holds.

Theorem. For A €X', and B, €Z7.,, s = 1,2, -, as defined in (3),
|P(A N B,)—P(A)P(B,)|>P(A)[1-k]>0 Vs,

where k € (0, 1) is independent of s. That is, the sets A and B, violate the strong
mixing condition (1), and the AR(1) process (X;) based on Bernoulli (q)
innovation random variables and AR parameter p € (0, 1/2] is not strong mixing.
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Comment. The condition p = 1/2 facilitates the proof. One might conjecture
that it is not a necessary condition for the theorem.

Proof of theorem. We introduce a set D (independent of s) such that
P(D)=1—-k >0 and P(D N B,)=0, Vs. Then,

P(B)=P(DNB,)+P(D)sk<1

(where D° is the complement of D), as desired. The result of the theorem then
follows by Lemmas 1 and 2.

D is defined as {X, €E[p,1]}. If & =0 and &-,=1, then X, €[p,1]. Thus
P(D)>0.

To show P(D N B,}=0, Vs, we claim the elements w,, j=1,--- J, of the
support W, of X,, are at least of distance p* ™' apart, provided p € (0,1/2]. Then,
X =x,E€[p1] and X, =w, imply X, =w, +p’x, >w, +p°"" and X., =
w, + p°x; < w,.1. This holds for all j, so

J
PDNB)=P(X €1} X € U (w,w+p™) 0.

1=1
The claim is proved by induction. For sets G, G;, and G, in R, let
d(G)=inf{|go~ g1 g0, & € G} and

d(G:, G;)=inf{| g — &:|: 8: € G, & € G}

For s =1, W, ={0,1}, and d(W,)=1= p*”". Hence, the claim holds for s = 1.
Suppose, for s =,

@ d(W,)zp*".
We now show (4) holds for s =v +1,
W= W, U(W, +p°)
where W, +p° ={w +p*:weE W,}, and
d(W,.)=d(WHAd(W, +p°)ad(W,, W, +p*)

Zp" " Ap T A[p® A(p°T = p?)] since (4) holds for s = v,

zp”
since p° ' —p° Z p*° for p €(0,1/2]. Hence, the claim holds, and the theorem is
proved.
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