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1. INTRODUCTION

Since the pioneering work of Mirrlees (1971), many authors have considered the non-linear
optimal taxation problem in models with two kinds of goods—labour and consumption—
in terms of the variational method or the Pontryagin maximum principle, That is, several
necessary conditions have been derived and investigated assuming the existence of an
optimal tax schedule. These works, however, have been done without any verification
of the existence of an optimal tax schedule. This problem is not a simple maximization
problem but a compound maximization problem, i.e. it has individuals’ utility maximiz-
ation and government’s social welfare maximization depending upon each other. So, the
existence of an optimal tax schedule is not clear either mathematically or economically.
On the other hand, Kaneko (1979) proved the existence of an optimal tax schedule for
the class of progressive (convex) ones, which is narrower than that employed in the
preceeding works. Although the progressiveness of tax schedules is an important condi-
tion to consider in an optimal taxation problem, it should be checked whether or not
this condition can be derived in a more general theory which permits non-progressive
tax schedules." Thus we have two general problems—one is the existence of an optimal
tax schedule in a class which permits non-progressive (non-convex) tax schedules and
the other one is the progressiveness (in some sense) of the optimal tax schedules. Here
we consider only the existence problem.

In this paper, we model the optimal taxation problem in the context of general
equilibrium analysis. We consider an economy with a finite number of individuals, a
finite number of firms and a government, where a finite number of consumption goods
and one public good are produced by the firms and the government respectively using
labour as input. An optimal tax schedule means one which gives a competitive equilibrium
with the maximum value of a social welfare function. Thus the model of this paper is
much wider than those of the preceding works, though this paper concerns only the
existence of an optimal tax schedule in an economy with a finite number of individuals. The
existence problem in an economy with a continuum of individuals is important for the
further consideration of the shape of an optimal tax schedule, because tax rates or
disposable incomes of rich individuals can be considered naturally in such a model® The
technique given in this paper, however, can not be applied to the existence problem in such
a case. This author continues to investigate the continuum case,

This paper is written as follows. In Section 2, we describe the model and define
the optimal taxation problem. In Section 3, we provide one important theorem and
prove the existence of an optimal tax schedule.

2. TAX SCHEDULE AND COMPETITIVE EQUILIBRIUM

We consider an economy consisting of a finite number of individuals, a finite number of
firms and an agent called “government”. Let N ={1, 2, ..., n}bethe set of all individuals.
633
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We assume that leisure, c-kinds of consumption goods and one public good enter the
individuals utility functions U‘(t,x, Q) (i€ N), where ¢ denotes leisure time, x =
(x1,...,x.) alevel of consumptlon goods and Q a level of the public good supplied by
the government. Every U’ is defined on the consumptlon set Y=[0,L]x ES<™", where
L >0 is the initial endowment of leisure time and E$™' the non-negative orthant of the
¢ + 1-dimensional Euclidean space E*'. We assume:

Assumption A. For all ieN, U'(t, x, Q) is monotonically increasing, continuous
and quasi-concave function of (1, x, Q).

The following argument can be directly applicable to the case of more than one
public goods. But we discuss the economy with one public good for notational simplicity.

Each individual / owns a labour production function f*(#). That is, if he works for
h-hours, he can provide a quantity f'(h) of service called “labour’. For example, labour
may be measured in terms of the unit of manpower/hour. We assume:

Assumption B. For alli e N, f'(h)is a continuous and concave function of 4 € [0, L]
with £/(0) =0 and f*(h) >0 for some 4 > 0.

We assume that all the individuals are endowed with no consumption goods. The
consumptlon goods are produced by firms. There are m firms in the economy. Each
firmj(j=1,..., m)hasaproductionset Z' = E x E°, We alsodenote z' € Z' by (z}, z-) =
(zh, z4, ..., ) We make the following assumptions:

Assumption C. Z'<E_XE forallj=1,...,m

Assumption D.  Z' is a closed convex cone for all i=1,...,m
Assumption E. There are Z'= (20, zc) eZ', ..., z"=(z, z¢)eZ™ such that
Yiize>0,but therearenoz'eZ',..., zmeZ"™ suchthatZ, 12/ =20.

Assumption F. There are e;>0 and &,>0 for any zezl lZ’ and ky, k2
(L= kq, k2=c) with z, >0 such that z — ¢, e 1+e;ek262 _IZ’

Here E_ is the set of all non-positive real numbers and z¢ >0 means z; >0 for all
k=1,...,c and z=0 means z=0 but z #0, and e* is the unit vector in E X E* in the
k-direction (all entries zero except the k-th, 1).

Assumption C means that labour can not be produced by the firms. We would not
need to explain Assumption D, but this is a crucial assumption in this paper. Assumption
E means that the economy is productive as a whole in the capital-theory sense, and the
impossibility of free production. Assumption F means that when the economy produces
a positive amount of a consumption good, it can decrease an amount of input or can
produce a positive amount of any other good by decreasing the production level of the
consumption good. . _ ‘ 4

Each firm j has a profit-share vector d’' =(d4, ..., d}) with d/=0 for all i e N and
ZieNd - 1

The government produces and supplies the public good using labour and consumption
goods as 1nputs The government has a productnon set Z°cEXE°XE. We denote, by

=(z9, z%, z%,,), a typical element in Z°. .z§ and zc mean amount of labour and the
consumptlon goods used as inputs, respectively, and z2,; an amount of the public good
produced. We assume:

Assumption G. Z°c E_xXE¢ xE, and 0 Z°.
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Assumption H.  Z° is a closed convex set.

Assumption I.  There is no z°e Z° such that z°= 0.

Here EZ is the non-positive orthant of E*,

Assumption G means that labour cannot be produced and the public good cannot
be used as inputs. Further it excludes the possibility that the government produces
consumption goods. We do not need to explain Assumption H. Assumption I implies
the impossibility of free production.

We are now in a position to define our optimal taxation problem. A tax function
T is a function from the interval [0, M] to E which satisfies

T(y) is a continuous and non-decreasing function of y with
T(y)=y forallye[0, M]

Here M is a positive real number with M Zmax; max, f' (k). We assume that the
government imposes taxes on the individuals’ incomes measured in terms of labour. That
is, a tax function T implies that when an individual i works for #-hours and earns income
f'(h), he must pay an income tax T(f'(k)) to the government. Hence we assumed that
T(yy=y for all y [0, M]. We denote, by _#, the set of all tax functions. For notational
simplicity, we may denote, by Tf(h) or Tf, the composite function Tof of T and f in
the following,

Kaneko (1979) assumed convexity and (1) on tax functions. The significance of
convexity (progressiveness) in optimal taxation theory is clear and we do not need
discussion of it here. Mathematically, however, convexity is a kind of uniformness
condition and a strong one. Disposing of convexity permits a great deal of variety on
tax functions. But we will show in the next section that we can restrict our consideration
to a certain narrower class than #, which plays the same role as convexity in the
existenge proof of Kaneko (1979) in the domam of pro gresswe tax functions.

(D

We say that ((¢', x", Q), ..., (", x", Q), z% z',..., z™) is an allocation iff
(t'x,Q)eY foralieN,z ez forallj=0,1,...,m (2)
and z241 = Q,
i fL=)+T L zb =0, (3)
Z7=1xi—2,'»n=oz’c=0- (4)

It is easily verified that the set of all allocations is a compact set under our assumptions.

The economy works as follows The government plans to employ a tax function
T € # and a production schedule z%°e Z° We call (T, z°) a tax schedule and denote, by
&, the set of all tax schedules. The government announces the tax schedule employed
to the individuals. Under the tax schedule, the individuals and the firms behave as price
takers, and the prices of consumption goods and labour are determined by the market
mechanism (but not the government). Thus we get the following definition.

Definition 1. y=(p, (t',x",Q),..., (" x", Q), z',z%...,z™) is said to be a
competitive equilibrium under a tax schedule r = (7, z%) iff
p=(po, pc)=(po,p1,...,p.)€ BV (5)
with po>0 and (¢!, x', Q), ..., (", x", Q), z', ..., z™) is an allocation,
pex' Epo(1-DIf (L~t)+Y¥, dipz'/po] forallieN, (6)

forallieN, U'(¢, x', Q)= U'(t, x, Q) for all (1, x) such that
pex =po(l-T)[f(L—-0)+X/, dipz’/ po), (7)
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forallj=1,...,m,
pz'zpz forallzeZ’ (8)

We call 7 = (T, z°) a feasible tax schedule iff there exists a competitive equilibrium under
7 which satisfies

—p(z0, 28) = po Liay TIF (L —1)+T %, dipz’/pol. 9)
We denote, by &}, the set of all feasible tax schedules and by C(7) the set of all competitive
equilibria under 7 with (9).

Condition (5) guarantees a positive price of labour and the coincidence of total
demands and total supplies of consumption goods and labour. Condition (6) is the
individuals’ budget constraint and (7) is the individuals’ utility maximization under the
budget constraint. Condition (8) is the firms’ profit maximization. Condition (9) means
that the government’s expenditure for the production of the public good does not exceed
revenue.

Let (T°, 0) be the trivial tax schedule, i.e. T° (y)=0 for all ye[0, M] and z°=0.
That is, the government does nothing. If there exists a competitive equilibrium under
(T°, 0), then (2.9) is automatlcally satisfied by it. The definition of competitive equilibrium
under the trivial tax schedule (T 0) is reduced to the standard one, so the existence of
a competitive equilibrium in this case can be proved, slightly modlfymg the standard
existence proof, e.g. Nikaido (1970). Thus we get the following theorem.

Theorem 1. There exists a feasible tax schedule r, i.e. ¥ # &.

Under our assumptions, we can easily prove:

Lemma 1. p>0 for any competitive equilibrium (p,(¢',x", Q),..., " x", Q),
z',...,z™eC(s) and any e

Since Z' is a convex cone for all j=1, ..., m, firm J's profit pz’ is always zero in
equilibrium for all j=1,..., m. In the following, we will use this fact and Lemma 1

without any remark,
The government employs a social welfare function such that

Y GU()], (10)
where G' is a monotomcally mcreasmg and continuous function on [U'(L, 0, 0), +00).
Forexample ifG'[U()]=log[U'(-)—-U'(0, 0,0)]foralli € N, then this welfare function

is the Nash social welfare function of Kaneko and Nakamura (1979). When the govern-
ment employs a feasible tax schedule 7-——(T z°% and so a competitive equilibrium

=(p, (", x1, Q). .., (1" x",Q), 2", ..., z™) in C(r) results in the economy, the value
of the social welfare functlon is represented as

Winy)=Yr., GIU'(, x', Q)]

The government tries to maximize the social welfare function over the feasible tax
schedules.

Definition 2. 7€ % is said to be an optimal tax schedule iff for some ¥ € C (%),

W(lﬁ ‘5‘/) = SupTEfff W(T7 ')’) (1 1)
veC(r),
The purpose of this paperis to prove the existence of anoptimal taxschedule. Although
the meaning of an optimal tax schedule is clear, the definition deserves a special critical
comment and another note:
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Remark 1. Let us remember the role of the government in this economy. The
government has tax functions and production schedules as the controllable variables.
When the government employs and announces a tax schedule (7, z°), the environment
of the economy is determined. Under the environment the participants, i.e. the individuals
and firms adopt plans independently to maximize their utilities and profits. Then a
competitive equilibrium is determined by the market mechanism but not the government.
If there are multiple-equilibria, i.e. C(T, zo) consists of more than one equilibrium, then
we cannot give a unique answer to the question which equilibrium occurs. We can
answer only that C(T, z°) corresponds to a tax schedule (T, z°). It is natural to assume
that the government cannot select one equilibrium from C(7, z%) but that it can
manipulate only T and z°. This situation is like a “game against nature”. See Luce and
Raiffa (1957, Chapter 13). In this case, the government plays against the market
mechanism. There are many solution concepts for a ‘“‘game against nature” (see Luce
and Raiffa (1957, Chapter 13)). Our definition “max max” (an optimal tax schedule
satisfies W(7, ¥)=max,cy¢, max,cci) W(r, ) is the most optimistic criterion. The
opposite criterion, the most pessimistic one is ““‘max min”, i.e. we define an optimal tax
schedule 7 by

W(7, ¥) =max,cs min,eciy Wi, y). (12)

This definition means that an optimal tax schedule # maximizes the guaranteed level of
social welfare min, . ¢,y W(s, y). Therefore this definition would be safer than the former.
But this author has not succeeded in proving the existence of an optimal tax schedule
using the ‘‘max min” criterion. If the correspondence of equilibria to r was always
lower-semi-continuous, the existence would be proved without much difficulty, but
unfortunately, lower-semi-continuity does not necessarily hold (see Hildenbrand (1974,
Section 2.3)).

Remark 2. We have chosen labour as numeraire, and so we have assumed that
the government imposes taxes upon the individuals’ incomes measured in terms of labour.
But it is also possible to choose any other good as numeraire. Or, when the government
does not measure the individuals’ incomes by any particular good, the argument of this
paper remains true if we define the unit of incomes appropriately. For example, we
always normalize the price vector p such that ¥, _, px = 1 and assume that incomes are
measured in terms of the value defined by p, i.e. when individual / works for A-hours,
his gross income and disposable income are pof' (L —h) and pof (L —h)— T[pof (L—h)].
But since the individuals can get incomes only by selling their labour in our economy,
there is no substantial difference among these alternative settings.

3. THE RESTRICTION THEOREM AND THE EXISTENCE THEOREM

Before we state and show the existence of an optimal tax schedule, we need to state the
theorem which makes it possible to restrict our consideration within a narrower class,
Fo, than #. Here $, designates the set of all tax functions T € ¢ having the following

operty:
property T(y) = T(52)
Y1—Y2
A tax function T € $; has the property that its marginal tax rate is not greater than
100% everywhere.

Let (T4, z°) and (T», z°) be feasible tax schedules. Then (T, z°) is said to be
equivalent to (T, z°) iff C(Ty, z") = C(T>, z°). The equivalence of (T, z%) and (T3, z°)
means that even if the government employs either, the same equilibria can be expected
to result. Of course, this relation is an “‘equivalence relation’ on %

=1 forall yi, y,€[0,M] with y,#vy,. (13)
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Theorem 2. (The Restriction Theorem). For any feasible tax schedule (T, z°), there
exists a tax function To€ $o such that (T, z°) is equivalent 10 (T, z°).

Theorem 2 says that for every feasible tax schedule, we can curve the tax function
so that the new tax function has the same equilibria but has marginal tax rates not
greater than 100%. Hence this theorem ensures that we can restrict our consideration
to $y instead of &

This theorem can be explained intuitively as follows. Suppose T is not in ;. Then
there are points y, and y, in [0, M] such that (T(y;)— T(y2))/(y1—y2)>1 and y; > y,.
This is equivalent to y,— T(y1)<y,—T(y2). Any individual i does not choose labour
time A, with y; = f'(h,), because he can get more net income y,— T(y,) than y;— T'(y;),
working for the less time %, with y, = f'(h,). So, we can flatten out T without any effect
on individuals’ behaviour so that a new tax function belongs to #,. A precise proof will
be given in the Appendix.

We are now in a position to state the main result of this paper.

Theorem 3. (The Existence Theorem). There exists an optimal tax schedule.

Let % ={(T, z% e ;. T € $o}. Then it follows from Theorem 2 that

Supvec(r) W(T> y) :Sup-yeC(T) W(Ta ‘)/) (14)

T€%o TeSFr
Since U' and G' are continuous functions for all i € N and the set of all allocations is a
compact set, we have sup W(r, y) < +co. Hence there is a sequence {(+°, y*)} = {((T?, z*),
(p% (¢, x™5,Q%), ..., (¢, x™, Q%), 2" ..., ™)} such that ¥* € C(r*) and 7*° € &, for all
sz 1 and lim,.e W(7°, ¥°) =sup W(r, y). The outline of the following proof is that we
can choose a convergence subsequence {(r*", ¥*")} from {(r°, ¥*)} and then the limit point
(%, ¥*) really attains (14).

Lemma 2. inf, T°(0)>—cc,

Proof. Suppose inf; T°(0) = —c0. Since each T belongs to %o, T°(y)= T°(0) +y for
all y [0, M] and all s. Hence there is an so such that T°(y)= T*(0)+M <0 for all
y €[0, M]and all s = 5,. This means that for large s, the government’s revenue is negative,
This contradicts the supposition that y* € C(+*) for all 5. ||

Let K =inf, T°(0). We define C[0, M] by

C[0, M]={r: t is a continuous non-decreasing function with

(t{y1)—t(y2))/(yi —y2) =1 for all yy, ya(y1 # ¥2)
and K =¢(0)=0}. (15)

Lemma 3. C[0, M] is a compact set with respect 1o the topology of uniform con-
vergence.

Proof. By Ascoli’stheorem (Simmons (1963, Section 25, Theorem C)), it is sufficient
to show that C[0, M7 is closed, bounded and equicontinuous.

It is easily verified that C[0, M] is closed and bounded. By (15) it holds that for
all re C[0, M],

Iyl—y2|§6 lmplles lt(y1)-—t(y2)I§6

This means that C[0, M] is equicontinuous. ||
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We can normalize {p°} without loss of generality such that each p’ belongs to
P= {p €E{: Yi_op=1}. Let A be the set of all allocations. Then the sequence
{(+*, ¥ )} is in C[0, M]XPXA Clearly C[0, M]x P XA is a compact set, so there 1s a
subse uence {(r Sy of AGy i whrch converges to (r¥, ) ((T*, 2%,
(p*, (¢, Q*),..., " ,Q%), 25, 2™ in the sense of the product topology.

We assume for notatnonal 51mp11c1ty that {(f v°)} itself converges to (¢*, ¥*). Then
since U’ and G' are continuous functions for all i € N, we have

sup W(r, ¥) = lim o0 Lien G'TU'(¢%, x5, Q*)]=Zien G'LU (17, 27, QM)].

Further ‘it holds that T*e C[0, M]< $,. Hence it is sufficient to show that y* is a
competitive equilibrium under 7* with (9).

Lemmad. pf>0.

Proof. Let p§ =0. By Assumptron E there are z'€Z',..., 2" €Z"™ such that
i zc>0 Then for some S0, P p’ey L,z >0 for all s=s,. That is, there is, a j such
that p°z’ >0. Then p*z”* Zp°z' >0 by (8). Thisis impossible. ||

Suppose:
FUL—t)=T* (L -1"Y=0 forallieN. (16)

Then it is easily verified that if pf >0, then hms_,m xk = (0 for all i € N because of Lemma
4 and (16). Let p&=0. Then smce pCOZ, 1z converges to 0 by the compactness
of the set of allocatlons pleY iz =pyeXl, zh + P Y - z¢=0 for all s implies
lim,.e Yoy z6 =0, because of Lemma 4. This implies YL, zc =0 forall j=1,...,m
by Assumption E, and so x” =0 for all ie N. Finally let us consrder the case where
pE, =0and p,,>0 for some kq, k, (1 =k, ka =c). Inthis case 1f2 -1 zk‘ >0, then there
are 81>O and 82>0 by Assumptron F such that ¥", 2’ —elek‘+826 2isin Y., Z'.
Hence p’ Z, 1z —gqe !+eze 2)—)pk282>0 which is a contradiction to the fact that
max..zpz=0forallj=1,. Lo m and all s. Thus we have shown that Z, 1 zkl =0 for
all /. Hence it follows that xk‘ =0 for all ie N. Thus, it is always true that x* =0 for
allieN.

Since U’ is continuous for all i e N, it follows from the above argument that lim,.«
U(e®, x*, Q%)= U (", 0, Q¥ forallieN. If ¢ <L, then for a sufficiently small ¢ >0,
there is an so such that U'(L,0, Q%) —e>U'(1" x°, Q°) for all s = s,. Further there is
an sy such that U (L, 0, Q*)>U'(L, 0, Q%) —¢ for all s =s,. These imply U'(L, 0, Q°) >
U'(t*, x*, Q°) for all s =max (S0, sQ, which is a contradiction because (L, 0) always
satisfies his budget. Hence we have t* =L for all i € N. This also implies Q* = 0. Hence
we have

sup W(r, v)=2,.nG' UYL, 0,0)].

Let +'= (T0 0) be the trivial tax schedule and ¥y —(p (' x',0), ..., ("% x"°, 0),
2% ..., 2" C(r"). The existence of such a 'g has been stated in the preceding
paragraph of Theorem 1. It s clear that U'(¢, Y= U (L, 0,0) for all i e N. Hence
we have
W%, y°) =sup W(r, y). (17)
In the following we consider the case where
FL—t)=T*(L-1"y>0 forsomeieN. (18)

Lemma 5. p*>0.

Proof. Let p¥ =0 for some k (1 <k <c) Then it is easily verified that x§ >
(s> o) for all i with f/(L—¢")— Tf(L—1")>0. This contradicts the impossibility of
free production. ||
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It is easily verified that y* satisfies (5), (6) and (8) under . We show that v
satisfies (7) Suppose that there is a (¢, x°) such that U'(t", x° Q")> U ,x', Q0%
and pcx =ps(1- T*f(L—-1°). Now let us show (1 — T*)f —t )> 0. Onthe contrary,
let (1 T*)f (L~ ZO):O. Then x°=0 because p*>0. Hence U (L,0,Q" =

Ui, 0, 0* )>U ', x, O ) Since {(¢ ® x", Q")) converges to (t',x", Q%), there is
an s such that U'(L, 0 Q )>UY(", x*, Q ) for all s =so. But (L, 0) satlsﬁes i’s budget
constraint under (T*, z%). This is a contradrctlon Hence (1—T*)f(L—1")>0. Then
there is another (7, ) in a nelghbourhood of (¢°, ) by the continuity of U’ and Lemma
5 such that U'(f, %, Q*)>U'(’ , Q") and pcx<p[, (1— T")f ‘(L—T7). Since {T}
converges uniformly to 7% and {p } converges to p*, there is an sl* such that pef <
po(l=Tf(L—-Dforalls=s;. Smce (", x", Q% converges to(t ,x', Q%), thereisan
52 for some & >0 such that U'(7, Q*)—F >U'(t" x", Q) for all s>s2 Since {Q°}
converges to Q*, there is an s3 such that U'(7, %, QS)-E U'(f, x, Q%) —¢ for all s =s;.
Hence it holds that U'(f, x, Q")>U'(t", x", QOF) and pex <py(1-THf(L-7) for all
s Zmax (81, 52, §3). This contradicts the fact that y° is a competitive equilibrium under
7° for all s=1. Thus we have proved (7).

Flpally we show that y* satisfies (9) under 7*. Since {y } and {z”} converges to y
andz"", and since { T*} converges uniformly to T* {Tf Y} convergesto T*f (L —1")
forall i eN Hence the condition

—p (28 zE)=ps oYX T f(L—1") forallsz=1
implies ~p*(z0 , 2& ) Epé o Xiy TH(L—1")

APPENDIX
Proof of Theorem 2. Let (T, z% be any feasible tax schedule. Let c(y) be the net
income function corresponding to T, i.e. ¢(y)=y— T(y) for all y €[0, M]. Using this
function ¢(y), we define co(y) and Ty(y) by
co(y) =maxo-y,=, c(y) forallye[0, M], (A.1)
To(y)=y —coly) forallye[0, M] (A.2)
Lemma 6. (i) co is a non-decreasing continuous function with property (13). (i)

To(y) is a nondecreasing continuous function with property (13) and To(y)=y for all
ye[0, M), i.e. Toe $o.

Proof. 1t is clear that ¢o(y) is a non-decreasing continuous function. Since T'(y) is
non-decreasing, we have, for y; > y,,

c(y)—clya)=y1—T(y)—(y2— T(y2)
=y1= Y= (T(y) = T(y2)) = y1—y2,

which is (13). It follows from this and (A.1) that ce(y) also satisfies (13). It is clear that
To(y) is a continuous function. Since co(y) is nondecreasing and satisfies (13), we have,
for y1>y,,

Toly1)— Toly2) = v1 —co(y1) —(y2—coly2))

=y1—y2—(colyr) ~coly2)) = y1 — y2,
and .

To(y1) = To(y2) =y ~y2— (co(y1) —coly2)) Z 0.
Since To(0) = T(0), we have, by the above inequality, To(y)=y for all y [0, M]. |
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We define the set I(T, Ty) for T and T, by
I(T, To)={y [0, M]: T(y) = To(y)}. (A.3)

Lemma 7. (i). If y=(p, (t',x',Q),..., (" x", Q) z ,...,z”) is a compelitive
equilibrium under (T, z ) then f( —t )e I(T To) for all ieN. (ii). If v is a competitive
equilibrium under (Ty, z°), then f(L —t"Ye I(T, To) foralli e N.

Proof. We prove only (i), but can prove (ii) analogously Suppose f{(L—1)g
I(T, Ty). Then T(y)>To(y),i.e. c(y)<co(y), wherey =f(L—t'). Hence thereisay, <y
such that co(y) = c(y1). If he works for L —¢; hours such that f'(L—¢;)=y,; and t,> ¢,
then the disposable income c(yl) is greater than c¢(y). This means that the individual
can increase his utility. Thls is a contradiction to the supposition that y is a competitive
equilibrium under (7, z%. ||

Lemma8. vye C(T,z° ifand only if ye C(T,, z°).

Proof. We prove that if ye C(T, zo), then y € C(Ty, z°. It is sufficient to show
that y satisfies (6), (7) and (9) under (T, z"). It follows from Lemma 7(i) that vy satisfies
(6) and (9). Let (7) be not satisfied. Then there is a (1, x) such that /(L —1)g I(T, Ty),
U'lt,x, Q)>U'(t,x, Q) and pex =po(1-To)f (L~1). Since f(L—1t)=yel(T, To),
T(y)> To(y), i.e. c(y) <co(y), which implies that there is a y; <y such that ¢o(y) = c(y1).
Let t; be the real number suchthaty, =f(L—r)and r, >t Thenf (L—t)— Tf' (L—t)=

c(y1)=coly)=f(L—1t)~ Tof (L —t). Insum, we have

fl(L-tl) EI(T, T()), Ui(tls X, Q)> Ui(t’ X, Q)> Ui([iu xi7 Q)
and

pex £ poll =T f (L —1)=po(1 = T)f (L—t1).

This is a contradiction to the supposition y € C(T,, z°).
We can analogously prove the converse part of this lemma using Lemma 7(ii). ||
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NOTES

1. A resultof Seade (1977) appears, to a certain extent, to contradict the progressiveness of an optimal tax
schedule. Ordover and Phelps (1979) also achieved asimilar conclusionin a different context. But Kaneko(1979)
proved that the optimal marginal and average tax rates tend to 100% as income level becomes arbitrarily high
under certain assumptions. We can interpret this result as progressiveness in a different sense broader than
convexity. Anyway, the author does not think that the optimal taxation problem has been studied fully nor that we
can generally answer the problem of progressiveness.
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