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1. Introduction

The noncooperative game theoretic approach to exchange, in
contrast with general equilibrium theory requires the complete speci-
fication of the market mechanism through which trade is conducted.
Elsewhere several different market mechanisms have becn investi-
gated. In particular a “sell-all” model has been considered by Shubik
[1] and Shapley and Shubik {2]; Dubey and Shubik [3] have in-
vestigated a “bid-offer” model of trade and Shubik has considered
a simple market with price-quantity strategies [4] and it has been
suggested that there are only a limited number of market mechanisms
involving simultaneous bidding in terms of money, goods or prices
[3]; and which have intrinsically symmetric roles for all individuals.

A model related to the one suggested here is that of Wilson [8],
however he has a special nonsymmetric role for the auctionecr.

2. The Double Auction Market

A mechanism is described for a single market and then it is
generalized for m markets. Suppose that # traders have endowments
of two commodities, one of which serves as a means of payment
and a numeraire. We fix the price of a unit of numeraire at 1.

All traders are required to move simultaneously without knowl-
edge of each other’s actions by bidding and offering in a market.

* The research on the original version of this paper was partially sup-
ported by the Office of Naval Research. However the content does not
necessarily reflect the position or the policy of the Department of the
Navy or the Government, and no official endorsement should be inferred.
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The endowment of trader 7 is given by (a1?, a2?); a move by trader
i (which is also his strategy) is described by four numbers (p?, gf;
pt, q*) which are interpreted as follows:

¢ = the maximum price (in terms of the numeraire) that ; will
pay to buy g or fewer units of the first good. We require that
piqi<as, i. e., he cannot bid more money than he has on hand.
We assume gt =>0.

pt = the minimum price that i will accept to sell ¢ or fewcr
units of the first good. We require that 0 <g¢<a1?, i. e., he cannot
offer for sale that which he does not possess.

Although it may be unlikely that a trader will wish both to sell
and buy the same item at the same time, there is no a priori reason
to rule this behavior out, hence the strategies employed here permit
an individual to be on both sides of the market if he so chooses.

Figs. 1a, b, and ¢ show possible configurations of supply and
demand for the market in aggregate. The supply schedules are ob-
tained by ranking the offer prices in ascending order and cumulat-
ing supply; similarly demand prices are ranked, but in descending
order.

The market mechanism works as follows. The aggregate supply
and demand schedules are calculated and the market price is fixed
at the price given by their intersection. All suppliers who require a
higher price sell nothing; all buyers who require a lower price buy

Fig. 1

nothing. At the margin, as is shown in Figs. 1a and c there may
be some buyers willing to pay the market price of p* for whom
there is not enough supply. Similarly there may be sellers willing
to supply more at p* than the buyers wish to buy. This is shown
in Fig. 1b.
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Fig. 2 illustrates four further possibilities. In Fig. 2a there will
be no trade as there is no p* for which both sides of the market
will be active. Fig. 2b illustrates an instance where there is an open
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Fig. 2

range of prices at which effective demand will equal supply. Fig. 2¢
shows an instance where all buyers and sellers have their demands
and offers met.

When as in Figs. 1a and 1c there is excess demand at p* or, as
in Fig. 1b there is excess supply we adopt the convention that the
marginal buyers or sellers are rationed in proportion to their demands
or offers. In a market such as that shown in Fig. 2a no trade will
take place. In markets such as shown in 2b and 2d we assume
that a price interior to the range pspa is selected by some convention,
for example p* may be selected as the midpoint of the indeter-
minate range.

2.1 Variations

Before we set up and analyze the m commodity market structure
several points are made concerning variants of this model.

In contrast with the mechanisms analyzed in the papers already
noted [1, 2, 3] the payoff functions arising from the game are highly
discontinuous as functions of the strategies. Intuitively this is the
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same distinction that can be made between the Bertrand-Edge-
worth and the Cournot models of duopolistic competition. Even
here, the distinction in results obtained by Cournot and Bertrand
are preserved. The Cournot noncooperative equilibria converge
slowly towards the competitive equilibria (under the appropriate
circumstances) but in general for a finite number of traders the
noncooperative equilibria are not efficient [9]. In contrast, under
the appropriate circumstances, as was shown by Bertrand full
competition may begin with two competitors; i. ¢. there may be
noncooperative equilibria which are also competitive equilibria
when therc are as few as two competitors on each side of the market.

In actual markets sometimes a trader may buy or sell shares or
other items through several accounts, or under several names. This
proxy account trading behavior is frequently associated with strug-
gles for control, however even setting aside the corporate control
features of stock trading there is no a priori reason to rule out mul-
tiple account trading. In a separate discussion [10] we have shown
that the assumption that there is no gain to be had from multiple
account trading is equivalent to showing that the game has strategies
which can be aggregated, i. e. individuals are concerned only with
their own moves and the sum of the moves of the others.

The model of trade above is only one from a fairly natural class
of models which include the conventiens of:

{(a) maximize trade;
(b) maximize the take of a middleman;

(c) maximize the surplus of one side.

In the first instance in a situation such as that shown in Fig. 1a
the highest priced seller who would otherwise be extramarginal
could be matched with the highest priced demander.

In the second instance we could introduce a middleman who
buys from the sellers and sells to the buyers and keeps the “spread”
for himself.

A third convention is to have the sellers sell up to the supply-
demand intersection with the buyers all buying at the price they
named; i. e. all the surplus goes to the sellers. For example, we
may begin by matching the lowest priced seller with the highest
priced buyer; if they do not quite match the residual goes to the
second seller or buyer and so on.

These somewhat different models are examined elsewhere [11].
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3. The Noncooperative Equilibria of a Price-Quantity Strategy Game

Let there be » individuals trading in 7 commodities using credit
as a mecans of payment. Each trader 7/ has an endowment of
(n?, a2, ..., aw') where af 20 for all i=1,...,n; j=1,...,m, and
at least one a;*>0 for j=1,...,m. Also assume that for each j
there is some #* which is strictly increasing in the j-th variable.

A strategy s* of player i is to announce four vectors in R7: p?,
qis P’y q*. How this leads to the disbursement of commodities has
already been discussed. In addition we can compute the net credit
of i as: money obtained from sales minus spent on purchases.
Suppose i ends up with the final bundle xf € R, and the credit f.
Then his payoff IT¢ (s, ..., s%) in the gamec is ¢ (x¢) + 2% min [0, 5],
where A% is a preassigned positive constant. This simply says that
while having surplus fiat money is useless, being in debt involves
a “bankruptcy penalty” which has disutility for the trader (e. g.
some of his commodities may be confiscated).

The strategy set S of trader 7 is thus a subset of R% x R” _ x
R7xR% . (Here R%  is the interior of R™, i.e., traders are not
allowed to name zero prices) Put S=S'x...xS% For any
s=(sl,...,s"eS,McN and e={e! : ie M} e X S let (s|e) denote

i€
the element of S obtained from s by replacing s* by et for each

i € M. Define s to be M-efficient if there does not exist any ee ¥ St
iMe
such that:
ITi (s|e) = 1T (s),  all ie M;

11 (sle) > IT' (s), some leM,

If s is {i}-efficient for each i e N, we call it a non-cooperative equi-
librium (N. E.); if it is N-efficient, we call it simply efficient; if it
is M-efficient for all MaN, we call it a strong non-cooperative
equilibrium.

This game has certain trivial N. E., e. g. those in which the
traders announce that they will buy and sell nothing for some
subset of the trading-posts. We focus our attention henceforth on
non-trivial N. E. i. e. those in which trade actually occurs in
each post.

Finally, recall that (p; x',..., x") is a competitive equilibrium
(C. E.) of the market (where p and x% are in R”) if 2 xi= X 4

i=1 i=1
and x? maximizes #’ on #’s budget set Bé (p)={x eR” : p-x<p-a;}

e xteBi(p)={xeBi(p):ut(x) = max u (v)}. Also note that
yeBi(p)
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with cach C.E. we can associate shadow prices of income
A, ..., A% where 2120 is chosen to ensure that

max u' (y)+2 (p-a'—p-y)
yeRT
has x* as a solution.
We arc ready to state our main result:

Theorem. Let (p; £,..., ") be the prices and allocation produced
at an N. E. Then the set of traders who are not optimal on their
budget sets i.e. {feN:%¢ Bi(p)}, has at most 2k members.
Moreover, each C. E. has corresponding to it a strong N. E. which
produces the same prices (up to scaling) and allocation.

Suppose that {p%, g, D%, gty 1S an active N. E. of I'(E, 2)
which produces prices p and the allocation £1,..., £». First note

that if §%,..., 6% is the net credit of the traders, then 2 pi=0.1If

ft>0 for some i then ¢ could improve his payoff by buying more
of a commodity he desires without going bankrupt, a contradiction.
Hence ft=0, i. e. x* € B (p), for each 7. Call a trader i “interior”
at this N. E. if there is no commodity j at which i is the only
active marginal buyer or seller, i. e. at which: i actively buys (sells)
iy pit=ps, and pit>p; (pt<py) for all traders I who actively buy
(sell) j. We will show that if i is interior then &% e B? (p). This is
done by a contradiction. W. L. o. g. let 1 be interior and suppose

u' (1) <ul (y) for some y € B! (p). Define

J={i:y—%'>0},
J ={j: % —v;>0},

T; = total active sale at trading-post j;
s; = sale of 1 at trading-post j;

d; = purchase of 1 at trading-post j;
ap; = max{p;’ : i actively buys j};

il

min {§;* : i actively sells j}.

sPi
Let 0<t<1 be chosen sufficiently small so as to ensure that:
Ti—dj+i(y;—%4) >0 for je ],
Ti—sj+t (£1—y5)>0 for je]J.
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We now construct a strategy (,.pY, .q%, .P% .qY) for 1 as follows*:
qs 4 3

1 )abite ifje]
it = pyt otherwise

~‘1_{8P;‘—8 if jeJ
«HI

i otherwise

L Jat =25 forje]
W g otherwise

oy _Jart+e (@) forje]
«q7 1 Gt otherwise

Now suppose 1 deviates to the strategy (,p%, .q%, <P, «g*) while
others hold their strategies fixed. Then the commodity bundle ob-
tained by 1 is &' +¢ (y—£1) =z. At the same time the prices remain
unaffected, hence his credit is p - z. But p -&1=p - a' by Fact 2, and
p-y=p-al since ye B (p). Hence p-z=p -4, i e. the net credit
of 1 remains 0 when he deviates. But %! is concave, so #! (z) > u! (1),
Consequently 1’s payoff increases, a contradiction.

Clearly the maximum number of non-interior traders is obtained
by having a distinct marginal buyer and seller at each of the &
tradingposts. Thus the set {ie N : &%¢ Bt (p)} has at most 2k
members.

Next, let (p, £#1,...,%") be a C. E. of E with shadow prices
u=(ut, ..»,u". Pick «>0 such that ap? <2 for each i e N. Con-
sider the n-tuple of strategies {p?, q%, p?, §'};cn defined by:

o1
pr=pt= P’
qit = ait,
45t = %',

It is easy to check that these strategies constitute a N. E. of
I"(E, 2) and yield the prices %; p and the allocation £1,..., &%

It remains to show that this N. E. is strong. Suppose some con-
dition T< N deviates to new strategies while all the players in N\T
hold theirs fixed. Then the members of T can effect two things:
(a) trade among themselves, (b) buy from members of N\T at

* For ¢ small enough ,p'e R’f'_ 42 SO the definition is viable.
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prices p or more, or sell to them (as before) at prices p. Suppose T
ends up with new trades {#’:ie T}. Here t'=a'—y!, where y’ is
the final bundle of i € T as a result of the deviation. We can de-
compose this trade into two parts: the trade {¢! : i € T} which occurs
among members of T, and the trade with members of N\T. Sup-
pose that the former results in the credit {8 : i e T}. If fi=p - £ for
each i€ T, then any trader in i € T can do no better than procure
the bundle £* with zero credit. (Recall that % is optimal for i when
he can buy and sell unrestrictedly at the prices p, with the rate of
bankruptcy penalty equal to 4! or more, e. g. A). Thus T could not
have improved, in this case. So suppose that it is not true that
ﬁi =p - t* for each i e T. Then we claim that for at least one j& T,

Bi<p -t If not, 0= 2/3‘>p Xii=p-0=0, a contradiction. Con-
ieT
sider the trader j. As a 1esult of the deviation, j must be worse off

than if he could buy and sell unrestrictedly at prices p, because his
credit becomes less favorable. Thus T could not have improved in

this other case either.
Q. E. D.

An Example of an N. E. that is not a C. E.

Consider two typcs of traders with two of cach characterized by:
Type 1: ul =x1239113 + 11 min ([6p2—p1x1—p2y1], 0) with (0, 6)
and
Type 2:  u? = x213y223 + )2 min ([6p1 —p1xz—pay2], 0) with (6,0).

It is easy to see that the unique C. E. is given by p1=p2=1
(if we choose to normalize) and final holdings for Type 1 of (4,2)
and (2,4); when A, =21,=(4)1/3/3,

The following set of strategies also form an N. E.

Trader 1 of Type 1: p11=10, q1'=6; f2'=1/2, Gol=4;
Trader 2 of Type 1: p12=1, q12=6; P22=3/2, g22=
Trader 3 of Type 2: p13=1, gi13=4; p23=3/2, q23=28/3;
Trader4 of Type 2: p1i=1, gi1*=4; pa*t=3/2, q2*=8/3.

Fig. 3 illustrates this unsatisfactory equilibrium where traders
of type 1 arc in excess demand in the first market (trader 1) and
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in excess supply in the second market {trader 1). If trader 1 would
lower his bid price sufficiently in market 1 or raise his supply price
sufficiently in market 2 the equilibrium would be destroyed.

7 7k
0 1]
1
s »
s - r B 5
r = E !
4 I 4
Fig. 3

At equilibrium the payoffs to trader 1 (2) are given by:
(6)2/3 ()13 =416 for 1;
(2)2/3 (4 —2/3)% = 2.65 for 2.
At the C. E. the payoff to all are (4)2/3 (2)118=3.175.

Comment 1. In any economy where there are at least two traders
of any type, any type symmetric N. E. will be a C. E.

Comment 2. In an economy with strictly concave utility functions,
modelled as a cooperative market game the core will contain only
type symmetric imputations, but the example of an N. E. shown
above is not type symmetric hence is not in the (Edgcworth) core.
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