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1. INTRODUCTION

In this paper we make good the promise [6, Sect. 9] that, under appropriate
conditions, the Nash Equilibria of finite-player strategic market games are
generically inefficient. Our conditions are: (a) the dimension of each trader’s
strategy set is at most / — I, where / is the number of commodities, (b) the
mapping from strategies to net trades is sufficiently smooth, (c) so are the
traders’ preferences. For concreteness we work out a specific model—the
so-called “sell-all” model, explored in [9]. But the same proof can easily be
adapted to the general case.

Condition (c) is quite standard and not particularly restrictive (e.g., see
[7]); Condition (b) is necessary and without it our conclusion may well fail.
Indeed see [8, 5] for models with price-cutting strategies where the Nash
and Walras Equilibria coincide. For a discussion of (c), see again Section 9
of [6].

Needless to say we take our cue from the analogous finiteness results
obtained for the Walras Equilibria of markets by Debreu [2], Smale [11],
and others. For a similar analysis of strategic games in general, see [4].

For any integer r, let I, = {1, 2,..., r}, and let £27 be the nonnegative orthant
of the Euclidean space of dimension r. Let I, be the set of traders and 7,
the set of commodities in which they trade. Each trader { € ,, is characterized
by an initial endowment a*e Q% and a utility function #?: Q%1 — R,
(Here g is the quantity of commodity j held by trader i) We assume that
Yi,a >0and that g, >0forall'iel,.

To recast the market as a game in strategic form, we single out the (& -+ 1)st
commodity as a money. There are k& trading posts, one for each of the other
commodities. Traders are required to put up all of their first £k commodities

* The research reported in this paper was partially supported by grant No. SOC77-
27435 from the National Science Foundation, and by Contract N00014-77-C0518 issued
by the Office of Naval Research under Contract Authority NR-047-006.

1f @}, , = 0, then trader i is a “strategic dummy” in our game and can be ignored.
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for sale in these trading posts, and use their endowment of commodity
money for bidding on them. The strategy set S¢ of trader 7 consists of bids
on the k trading posts, but he is constrained to bid within af_, :

St — {bi e OF z bi < a§;+1
jE[}:
Given a choice of strategies b = (b*,..., b"), bi e S%, prices p(b) e 2% are
formed in the trading posts and the markets cleared, with the final bundle
x%(b) accruing to i, according to the rules:

pib) = a—j (where b, = i;]n by, etc.)
i) = 2L i p) >0
! pib
—0 it pib) =0

for j = 1,..., k; and
. . I X k )
Xpa(B) = s — 3 b 4 Y pi(d) o'
je=1 j=1

(We may interpret x,;(b) = 0 to be a confiscation of goods in the absence of
any bid. Consider a b = (§%,..., 6" e S = S" x - x S* b is called a Nash
Equilibrium (N.E.) of this game if, for all ie 7, ,

w(xi(b) = ui(xi(6 | b)),  bies,

where (5| %) is the same as § but with & replaced by b%; it is called an
efficient point of the game if there is no » € S such that

w(xi(b)) = wi(xi(b))  forall iel,,
w(x4(b)) > u(x¥ b)) forsome lel,.

2. FINITENESS AND INEFFICIENCY

In our analysis we will, for convenience (see Remark 3, however), hold
the traders’ endowments fixed and vary their utilities only. Put Q = {x ¢
Q%1 x; < ag). Let U denote the linear space of all C? functions® from O
to R, endowed with the C%norm.* Thus we may think of a market game as

2 That is, those which can be extended to a C? function on R*+1,
3 That is, || u | = sup{ll «(x)ll, | Du(x)!], || D%u(x)!]: x € @}, where i| || denotes the maximum
norm.
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given by a point u — (..., w?) € (U)*. Denote the set of its N.E. by n(u),
and the set of its efficient points by e(u).

We will focus our attention on certain open sets of (U/)". Let ¢ be the unit
vector in £2%+1, i, e; = 1 for each j. Take two positive numbers ¢ and o,
o < ¢'. Define U(o, ¢') = {ue U: ove << Du << o'e}. The manifold of games
which we will consider will be open sets of the type (U(e, o))" Finally let
S ={@...,b") e §: b is a vertex of $* for at least one / € [,,}. We are now
ready to state our main result:

THEOREM. Fix o and o', 0 << o << o'. There is an open dense set E of
(U(o, o"))® such that, for any u € E,
(a) n(u) is a finite set,
b)) (@) N e(w) C S,

Remark 1. To obtain generic inefficiency, we could, for instance, confine
our attention to u = (i4,..., u?) € (U(cz, o))" such that:*

for any 7 in I, , there exist at least two distinct j,(7) and j,(i)
in 1, with the property w”(r) N {x € Q%' x; () = 0} = & and
w7y N {x e Q¥ x; ) = 0} = o, whenever 1 > u¥(0).

Such # form an open set £ in (U(o, o)), and clearly imply n(x) N S’ = &.
Thus the theorem could be restated with £ in place of (U(o, ¢'))* and
“plu) N e(u) = @7 in place of (b).

3. ProOOF OF THEOREM

LemMa 1. Fix o and o', 0 <o < o'. Then there exists a pu >0 such
that for any u € (U(o, o'))7,

W) CS, ={0eS:b;>un and bi<bh; forall iel,,jel}.

Proof. Let ue(U(o, ¢'))* and b = (bL,..., b") € n(u). Then clearly b, > 0
for je I, . Otherwise, if b; = 0 for some j, then any trader could bid an
arbitrarily small € on the jth trading post (if necessary by reducing some
other bid). By this change of strategy, he acquires a; , while his other holdings
change by amounts that go to zero with €. Hence for small enough e this
improves his payoff, a contradiction.

Next, it is also clear that b7 << b; for all / and j. For if b;f = b, , then i
could reduce 5,2 and improve his payoff, a contradiction.

! Intuitively this says that each trader “sufficiently desires™ at least two commodities.
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To establish the lower bound on &; we consider two cases.

Case I. Y:_, b <al,; for all hel,. Let i be such that b;i/b; < 1/2.
Now if 7 bids €« more on J, his increase in payoff for small € is approximately:

e [2 oy (25 - 2 won (1 - )]

Xy

od; , [ a,-i]
—= =
ij = 0 aj >

ie.,

w1 =4

Case 1. E]:=1 b = a,, for some h € I, . Then there is a r* € I, such that
bl = ap tk. If #* = j, then

If r* = j, choose i € I, to ensure that b;7/b; << 1/2. Now if i reduces his bid
on #* by ¢ and increases his bid on j by ¢, then his increase in payoff for
small € is approximately:

~—w<b)) )(5 'E* by a; ey o (ib;b“)
- oy (4 -4
Now note
ax (x z(b»["” __ci] - Z ’

o) (5
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Hence the increase in i’s payofT is at Jeast:

e -

. at

O’le , [ azr* Zl"r*k ]
o -
T+

2b;,

This must be nonpositive, from which we get

I Gaj
bj 2 -
j' —
, [ e { ke
20 [ a —  av
r B+l
Let
M* = min{a;: je I}
M? == min{d,,: i€ I}
at ;=
M? = max {1 — fl] IlE[n,JGIk,aj’<(lj§
g
at ka; . .
M* = max 3—_’-——|——TJ——:ZEIn,/7E]n,]E[,; .
a; a :
i kb1
Set

M? M Mz]

b= min [ s S QED.

Lemma 1 enables us to steer clear of the discontinuity in the payoff
functions at b; = 0 for je I, . This is important—see Remark 5—because
in order to show the openness of E in the theorem we need to be able to
extend the payoff functions smoothly in a neighborhood of S, .

Given Lemma 1, it suffices to prove the

AUXILIARY THEOREM. There is an open dense set E of (U(o, o’))* such
that for any u€ E
(a) n(u) NS, is a finite set
®) 9w) Ne(w NS, CS".
We proceed to prove the Auxiliary Theorem through a sequence of lemmas.
Unfortunately, first we need to introduce some fairly cumbersome notation
V¢ = the set of all the & + 1 vertices of S,

7t = the set of all nonempty subsets of V%,
V=711 %
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For any Tie V", Ty =T ’3/{91'}, where 07 is the zero vertex of $°.
Forany T ={7",..,T% eV and ie N:

SYT) = convex hull of T7,
SiT) = relative interior of SYT),
S(T) = SYT) x - x S%T),
S(TYy=3(T)n S,
0

K2
7
a;

5 = |be S a¥b; — b) + aby

~1) = o%,
SHT) = 8(T) n 87,
MT)={ieN: | T > 1,

T = {Tyi: i e N(T),

ti bl ( 7-’O’i {7

i= 3 1
iEN(T)

1= | N(T),

RNT — Euclidean space of dimension ## whose axes
are indexed by pairs (i, /) € N(I)) x T.

For any ¢ e RV, v/ will be its (i, /)th component. Also for any LC 7,
v, ¢ will be the vector in RL (whose axes are indexed by elements of L) with
components {v;*: je L}

Note that there is a natural correspondence between elements of Vg and
the variables {5, : 1 <{j < k}. Thus, without confusion, we will speak some-
times of the variable x;, le 7.

We construct a mapping?

b (U(o, o)) x S(T) — R,

which will enable us to study n(x) and e(u). Letting # = (u',..., u*) € (U(o, o"))"
beS(T), define (for ie N(T), je T)

i, 6) = (

oyt
Xy

)(b), ie N(T), leTl.

[t is easy to compute that:

dut
a.xj‘

ah; — b/ ou’

TS/fii(u’ b) = (Xz(b)) ’ [ (B,)z {| + 0xy, 1 (xi(b)) [(Z{: N ]

8 Assuming S(7) is not empty.
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if j e Ty; and

ab;i oyt

i, b) = — f—fcl: (o) - [(EJ)Z] + X2 (o) [%:_]

! {Jiiigrg/; we now deline some other mappings. First, define the subspace
RT of RN by Rf ={weR: pyi =0if j¢ T,). Then define & (U,
o))" x S(T) — R* by setting ;1 = 0 if j¢ T, . Finally define
+ @ (U(o, o))" x S(T) — R¥T x (1)
and
r& : (U, ) x S(T)— RT x S(T)
by
12U, b) = (r3f(u, b), ),
r @ (u, b) = (4w, b), b).

We next need to define two subsets of RVT. To this end, first let
T, ={eNT): 0eT?,
Ty = {ie N(T); 0' ¢ T2,
Then let
‘AI(T) ={ve RV the projections of the v%, i € N(T),
on S(T) are linearly dependent},
A¥T) = fwe RVT vre =0 for ieT,;
vi=uf for ieT,,je Ty, le T
Lemma 2. Let M be any submanifold of RY % S(T). Then & is trans-
versal® to M((y @ & M)).

Proof. Consider any (4, b) e (U(o, 0'))* X S(T) such that r&(u, b) —
ye M. Take any ve R? and any w e Tangent space of S(7). We will show
that there is a differentiable path {(,u, ,b)}:., in? (U)" x S(T) such that

(0“9 ()b) = (Zl, b)a

L 16, )] =,

=

8 For the definition of “‘transversal,” see Appendix.
" Clearly, for sufficiently small =, this path will lie in (U(a, ¢"))* X S(T).
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To do this, let {,b}*_, be a path in.S(7") such that®

Ob :03

= W

=0

b

E 7
and then let ,u = {1 : ie N(T)}:_, be given by:

a(x) = W) = Y Tyt

jeT®
where
ot = —7 [0 — A/Lf — BOS — D),
J
o a(hy — by
Ajz — __7_(_5_57_-7)_ ,
‘ d
Lt = tim . [ ()],
P bu’
B = lim |2 (D)

i [i i aj(TBf — 7bji)
0/ = tim 7 [,

D= (a, B 1) d [ out

a; T—>0 o+ dr X1

(0]

(4% = 0 since b S, and these limits exist because ¢ is C%) It is straight-
forward to verify that this path has all the requisite properties.

To complete the proof of the lemma, we need to establish that (T, ) + &)
(T, M) splits. Since we have established that the derivative map is surjective,

this follows from the finite dimensionality of the range T, M.
Q.E.D.

LEMMA 3. There exists an open dense set E(T) in (U(o, o'))* such that,
for any u € E(T),
(@) nw) NS(T) is a finite set,
(0) n(w) N SHT) is empty (for ie N(T), je T9).

Proof. For any fixed u, denote by & the mapping from S(T) to RT %
b(T) glven by ¥Z(b) = r @ (u, b). Consider the submanifold (4%(7T) N RT) X
S(T) of R x S(T), and call it Z. By the Transversal Density and Openness

8 Clearly such a path exists.
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Theorems,? there is an open dense set £(7) of (U(o, ¢'))* such that for each
ue E(T), 3 A& Z. But (letting t, = | T, |) codim Z =7 — 1, = dim §(T).
Hence, for such u, ¥ —(Z) has dimension zero. Being bounded, it must be
a finite set.1?

Next let Z; = (4¥T) N RT) x §;(T). Again there is an open dense set
EA(T) of (U, o))* such that for any ue E/(T), ¥& A Z;. But codim
Zi# >f—t, = dim§(T). Hence, for such u, ¥&-4Z,)) = o.

Let £(T) be the intersection of E(T) and all the E;(T). Since n(x) N S(T)C
22-1(Z) and nu) NSHT)C¥z-YZ;), we have proved the lemma.

Q.E.D.

In Lemmas 4, 5, and 6 we will assume that N(7) = N. Consider M(T) =
S(DVSHT): ie N, je TH. Then M(T)is a manifold of dimension # — ty .

Lemma 4. Consider any M(T), and the mapping @ : (U(o, )" X
M(T)— R 5 M(T). Then, for any be M(T), and i € N,
(a) Lri(d) = {4 2w, b) 1 ue(U(o, o)} is a manifold of dimension
4+ 1.
(b) L) N R™ isan opensetin R™ (where R™ = {y ¢ R¥T: vt %0
if, and only if, | = i and j € TP}).

Proof. (a) Take any je T, (w.lo.g. j = 1) and consider the (k + ) x
(k 4+ 1) matrix:

d1(61 - bli) a1i
0 0 0 0 g
(b)* @
- (“lbf) 0 0 0 0 o
(61)“ ay
byt a,t
0 ( ) 0 0 0 a
(52)2 da
. abh;t at
0 0 0 R S (_ﬁ)
. (57:)2 a-.l.

¢ See Appendix.
10 This sentence is made rigorous in Remark 5.
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Since b ¢ S;HT) for any j e T,

a6, — b))  at
= =
det (b1) dy 20
_ (Eﬁ'_) a4
(by)? ay
from which it is easily deduced that the rank of the matrix is z* -- 1. To prove
(a) note (1) the mapping from (U(e, )" to RNT given by ; @, b) for fixed
b is linear, (ii) the image of the mapping is obtained by linear combinationst*
of (#* + 1) nonzero vectors each with # components, (iii) the matrix displayed
above (after removal of columns j, j¢ 7, is a submatrix of the matrix
(which, for future reference, will be denoted by C;¥(b)) of these vectors.

(b) This is obvious.
Q.E.D.

By Lemma 4, ;@ ((U(o, o)) X M(T))is a manifold #(7T) in RVT M(T)
(of dimension f + n + £ — ¢,). From now on, view the range of the mapping
r@ as M(T).

Lemma 5. Consider @ : (U(o, o)* X M(T)— M(T). Let M’ be any
submanifold of MI(T). Then & h M.

Proof. This is along the same lines as the proof of Lemma 2. Let
r @, b) = (v, b) € M(T). Consider any differentiable path (v, ,b) in FI(T)
for 7 € [0, 1], with (2, o#) = (v, b). We will show that there is a differentiable
path (i, .0") in *¥(U(o, o'))* x M(T) such that r2 (u, ,0) = (v, ,b) for
Te[0, 1], and (4, o») = (i, b).

Write ;o = (..., o7), ,u = (ul,..., u?). Since each C7(.b) has full rank
there exists a unique (#¢ + 1)-vector, ;o = {,a* : je€ Ty’ andj = k -+ 1} such
that C7i(,b),o* = .. Now construct the path (., ,b") as follows:

’fb, e 7b,
ﬂli(x) = “i(x) + ZO Tsjixj + 73£+1X7:+1 )
jeT;

where
) ) cut
TBJ_Z = 7‘0C7'z - —_é';,; (xl(fb))
forje Ty and j = k + 1.

11 Where the coefficients of the combination are picked from an open set in R*+1.,
12 Again, for small enough +, this path lies in (U(o, 6"))* x M(T).
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It is easily checked that this path has the requisite properties. The rest
of the proof is concluded as in Lemma 2. Q.E.D.

LEMMA 6. For any T there is an open dense set V(T of (U(a, o))" such
that for ue V(T), n(u) N eu) N M(T) is empty.

Proof. Define M*(T) = [RV N AYT) A 4(T)] x M(T). Recall that
AYT) is a finite ynion of submanifolds of RY, each of which has codimen-
sion z=1. Piecing this with the previous lemma, we see that M*(T) is then a
finite union of submanifolds of NM(T), say M¥(T),..., MY (T), with codi-
mension M7(T) >*%—t,. But Lemma 5 again implies that there exist
open dense sets V(T) (i = 1,..., (1)) of (U(o, ¢'))* such that for any ue
VAT), 2 A MFT). But then codim ¥@-Y(MHT)) = codim MHT) >
dim M(T); hence ¥ 2 (M (T)) = 2. On the other hand, using the proposi-
tion from [10] [p(u) N e(w) N M(T)] C Fo Y MF(T)U -+ U M¥(T)). Put
() = nN{V(T): i =1,.., (T} Q.ED.

Proof of Auxiliary Theorem. Put
E=[ET): TeVIn[N{WT): TeV, N(T) = N}

The proof follows from the observation that {n(u) N S(T) : T e ¥} constitutes
a partition of 7n() N S, . Q.E.D.

4. CONCLUDING REMARKS

Remark 2. Let U = {[t%,..., u®) e (U(o, ¢"))* : each u* is concave}. Then
it can be shown—see [9]—that %(u) # @ for any u e U. Since U contains
an open set of (U(o, ¢"))"—for instance, consider those u* which are strictly
concave—our theorem is not vacuous.

Remark 3. We could have let the space of games be (U)* x (Int 251,
allowing for the endowments to vary also. However, it would become
necessary to restrict this variation to ensure that the N.E. are bounded
away from the zero-price strategics, as in Lemma 1. Thus, for instance, we
could state the theorem with (U(c, o))* x (Q)?, where Q is the interior
of a cube which itself is in the interior of %+,

Remark 4. The generic inefficiency of the N.E. attenuates in this model
as the player-set is increased in the direction of a nonatomic continuum.
For the continuum itself, the N.E.—under appropriate conditions (see [3])—
are efficient, and coincide with the Walras Equilibria of the market.

Remark 5. We have been somewhat slipshod in parts of the proof in
order to keep the main ideas clear. Now we redress this. Let O be an open
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neighborhood of Q in R*# and U the manifold of all C? functions on 0
whose restriction to Q is an element of U(o, o’). Note that if £ is open (or
dense) in Q, then E, obtained by restricting the functions in £ to the domain
0, is open (or dense) in E. This follows from the well-known fact that there
is a K >0 such that: each we U(o, o) can be extended to a #c U with
l|ul] < K|l 4]|. Next let S, be an open neighborhood of S, in £27* such that®?
S, N{@Y...,b") e Q" 1 b, = 0, some je I} = o. ST = (AFS(TH N S,
where Aff stands for ““affine hull.” Then define the mappings 14, 3, ;@
and @ on (U)" x S(T) exactly as before.t By adjusting O to be large
enough, and S, to be small enough, there is no problem of definition. (There
would have been a problem if §, was not bounded away from points where
b; = 0. Hence the importance of Lemma 1.)

Lemma 2, in fact, holds—and the proof really shows this—for this bigger
mapping +@ : (0)" x S(T)-— RY x S(T). Now the proof of Lemma 3 may
be reread as follows. First we apply the Transversal Density and Openness
Theorems (see Appendix) to this @ with 4 = (0)", X = S(T), K = Closure
of S(T), etc. This gives us the open dense set in (), which in turn induces
the desired open dense set E(7) in (U(o, o’))*, as explained above. Also
) NVS(T) C ¥z YZ) N K, and the latter set is clearly finite since it is the
intersection of a compact set and a O-dimensional manifold.

Lemmas 4, 5, and 6 can similarly be reread to make the proof rigorous.

APPENDIX

We recall the results from [1] used in this paper.

“Let X and Y be C! manifolds, f: X— Y a C' map, and W C Y a sub-
manifold. We say that f is fransversal to W at a point x € X, in symbols :
[k, W, ifl; where y = f(x), either y ¢ W or ye W and

(1) the inverse image (7T~ (T, W) splits, and

(2) the image (7,.f)(T,) contains a closed complement to 7, W in T,Y.
We say fis transversal to W, in symbols: fh W, iff fh, W for every x e X,

Let o7 X, and Y be C” manifolds, €7(X, Y) the set of C" maps from X to
Y, and p: o/ — 67(X, ¥) a map. For ae«Z we write p, instead of p(a);
ie, p,: X— Yisa C" map. Wesay pis a C7 representation iff the evaluation
map

ev,: . X X — Y

3 This is clearly possible.
1% J.e., by the same formulas.
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given by

ev,(a, x) = pu(x)

foraes/ and xe X is a C" map from & X X to Y.

TRANSVERSAL DENSITY THEOREM. Let o, X, Y be C™ manifolds, p : &/ —
€"(X, Y) a C representation, W C Y a submanifold (not necessarily closed),
and ev,: & x X — Y the evaluation map. Define <4, C o by

=9]W = {ae‘%ipatﬁ W}

Assume that:

(1) X has finite dimension n and W has finite codimension q in Y;
(2) o and X are second countable;

(3) r > max(0, n — g);

(4) ev,sh W.

Then 2y is residual (and hence dense) in o .

Openness of Transversal Intersection. lLet o7, X, and Y be C! manifolds
with X finite dimensional, W C Y a closed C! submanifold, K C X a compact

subset of X, and p: & — CI(X, Y) a C" pseudorepresentation. Then the
subset %, C.o7 defined by

Shew ={ac | p, b, W for xe K}

is open. This holds even if X is not finite dimensional, provided that p is a
C? representation.”

For our purposes, it is enough to note that every C' representation is a C*
pseudorepresentation. Also 7, W is the tangent space to W at y; T,.f: T, X —
T,Y is the derivative map of fat x. See [1] for detailed definitions.
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