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ABSTRACT

In this paper we present an extension of the Brown-Robinson equivalence
theorem on the core and competitive allocations of a nonstandard exchange economy.
This has, as its implication, a corresponding extension of their result on the cores of
large but finite economies. The extension is based on a result which shows that the
core allocations of a nonstandard exchange economy with “integrable” endowments
are “integrable.”

1. INTRODUCTION

In this paper, we show in Theorem 1 that if the initial allocation is
integrable, in the sense that “numerically negligible” coalitions are “eco-
nomically negligible,” then every core allocation of a nonstandard exchange
economy is integrable. This result allows us to extend the equivalence
theorem of Brown and Robinson on the equality of core and competitive
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allocations of a nonstandard exchange economy.! To prove their result,
Brown and Robinson assumed that all allocations—including the initial
allocation—were standardly bounded; see Theorem 1 in [1]. We show in
Theorem 2 that their proof is essentially valid for a much larger class of
nonstandard exchange economies, where only initial allocations are required
to be integrable.

As a consequence of their equivalence theorem, Brown and Robinson in
[2] proved a limit theorem on the existence of “approximately” competitive
prices for core allocations in a sequence of economies. Of course, the
conditions on the economies in the sequence are such as to guarantee, among
other things, that the initial allocations and the core allocations in the
nonstandard limit economy are standardly bounded. Consequently, Theorem
2 in this paper suggests a generalization of the Brown-Robinson limit
theorem to a wider class of sequence economies, where no assumptions are
required on the core allocations and whose associated nonstandard limit
economies need only have integrable initial endowments. This generalization .
is given in Theorem 4. We also show that Theorem 1 has, as its implication, a
proposition originally due to Hildenbrand [3]. This proposition is our Theo-
rem 3.

II. THE RESULTS FOR A NONSTANDARD EXCHANGE ECONOMY

In this note we conform to the notation and concepts as used by Brown
and Robinson [1]. However, wherever they use the term allocation or final
allocation we shall take it to mean instead any assignment Y(¢#) from the set
of traders, T={1,2,...,w}, into *Q" such that

% i Y(t):% é I(t).

We shall also need the following definition: An allocation Y(¢) is said to
be integrable if

€l

d 1
> Y(t) is finite and m:zO = = > Y(t)=0.
t=1 w W ies

In [1], Brown and Robinson assumed that I(¢), the initial allocation, was
standardly bounded. This is assumption (i) on p. 44 in their paper. We shall
replace (ii) by the weaker assumption:

(ii") I(#) is integrable.

IFor a survey of modern developments stemming from Edgeworth’s conjecture on the equality
of core and competitive allocations in economies with many agents, the reader can see Notes 2.1
in [3, pp. 145-147].
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Taeorem 1. If & is a nonstandard exchange economy satisfying
assumptions (i) to (iv) (see [1, p. 44]), with (ii') substituted for (ii), then every
allocation X in the core of & is integrable.

This theorem reduces to the following two lemmas:

Lemma 1. (Ve>0)AREN){(1S™|/w) > 1 —¢€}, where S"={tET|X(t) <
ne}.

Proor. (|8”|/w)=1 (V¥ E¥*N—N). If not, we contradict the fact that X
is an allocation by virtue of (ii"). Let S ={ne€*N|(|S"|/w)<1—€}. If § is
empty, the proof is finished. If not, being an internal, star-finite set, $ has a
greatest element, say p, and p&*N— N. Let i=p+ 1, which completes the
proof. n

Lemma 2. If X is any allocation in the core of b,, then for any
commodity r and any internal, negligible set V, (1/w)Z < X, (£)=0.

Proor. Suppose not, ie., there exists a set C of commodities, say
1,2,...,k, k< n, and internal, negligible sets V,, such that
(1/w)Z ,EVX ) 0 (Vie(). Let V=U,.cV; and (1/w)Z,cvX(f)=m

(VieC). Certamly |V]/w=>=0 and m, >0 forall i€C.

Let Hi={tET— V|X,(t)>1/n} for all i¢C. We can assert that there
exists 7, €N such that |H}|/w>£0. Suppose not. Then by Robinson’s theorem
[5, p. 65], there exists »ES*N—N such that |H'|/w~0. Certainly
(1/0)Zer-yX(t)=0. If (1/w)Z 1 X,(t)>20, i & C, then we contradict the
definition of C. Thus (1/w)Z,cX;(t)=~0, and we have a contradiction, by
virtue of (i), to the fact that X is an allocation. If r=max, .7 and
H=U iecH,, then |H |/ w2£0. By Loeb’s theorem (see Appendix of [4]), w
can pick H, C H, such that H, is internal and 02¢|H | /w < 1. Let |H|/w—e

Lemma 1 guarantees the existence of v €N such thaﬁ S|/w>1—(e/2).
Let W=H, N S*; then |W|/w>20. If not, |H,U $*|/w=|H,|/w+]|S® |/w—!H
ns* |/w~1+c/2 which contradicts the fact that H C T and S*C T.

For any t€ W let Y(t)=X(t)+ w/2|W|) (my,...,m,0,...,0). From (iv) v,
p(Y(#)> X(t). Define A= {8(1)|S(Y(¢),8(8)> X(t)}, where S(x v) is a closed
ball of radlus v centered at x, and S(x, v)> X(t) means all points in the
closed ball are preferred to X(z). A is Q-closed and, given the irreflexivity of
>, bounded from above. Thus maxg,c,8(f) exists. denote it by 8(¢).
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8(¢) ZO; otherwise we contradict the fact that p(¥(#))> X(¢) if and only if
S(Y(t),8)>,X(¢) for some & > 0, a fact proved by Khan in [4, p. 561].
o~

Let 8§ =min,  y,,8(¢). § is well defined, since W is an internal star-finite set

and §(t) has been chosen in an internal manner. Let n=min(1/7,8), B=T—
V, and consider the following:

Z(t)=

ﬂﬁ—{a%} (Vtew)
X(t)+(Q—ES—W_])("“""’m"’"(%)’“""(%)) (VieB-W).

{0,m/2} is a vector with 0 in the first k coordinates and 7/2 elsewhere. By
construction, u(Z(#))>:X(t) (V¢€W). By (iv)B., p(Z(t))>:X(t) (Vt€EB—
w).

Now, for any i€ C,

15 (z0-101=1 3 (xw-10]+ 2

Y=y tEB

since (1/0)Seyk(£)=0.

For any i& C,
1
; 2 [Zi(t)_li(t)]
t€B
1 1 n, W] n
== X(O-L(H1-= > 1+ L
“’th[ 1) 1()] wt€2W2 'B_W!tEBE—W4w
1 1 1 n
<=2 x()-=SLH-— 2 =
« (B ) “’th() W ew 2
< 0,
-~

since (1/w)Z,--m/2 > 0.
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Thus we have an allocation Z that blocks X via the non-negligible
coalition B, a contradiction to the fact that X is in the core. ]

Proor oF Tueorem 1. (1/w)Z%_,X(t) is finite because of (ii"). Thus
suppose that there exists a set of commodities C and an internal negligible
set V such that (1/w)Z,c X, ()220 for all »EC. We then have a contradic-
tion to Lemma 2. u

Tueorem 2. If & is a nonstandard exchange economy satisfying
assumptions (i) to (iv), with (ii') substituted for (ii), then an allocation X is in
the core of & if and only if there exists a price vector p such that (p,X)is a
competitive equilibrium of &.

Proor or TaEOREM 2. In view of Theorem 1, we know that under (ii’)
all core allocations are integrable. Thus all we need to show is that the proof
of Theorem 1 of [1] carries over to the case where X and I are integrable,
instead of being standardly bounded.

The first change in the proof is on p. 47, where F,(f) is now defined as
{XER, (VD ES, (%)) X(t), x— L(¢) finite}. G,(¢) is defined as before,
ie, G,(t)=F,(t)— I(t), and each vector in G,(¢) is finite, although I(¢) might
be infinite. Letting G(¢)= U ,cyG,(f) and A(U)=the S-convex hull of G(¢),
we see that A(U) is near standard. Consequently we can apply the separat-
ing hyperplane theorem if we prove the Principal Lemma. For this, make no
change until the fourth paragraph of p. 48, where now the arbitrary ¢, in U is
chosen such that X(¢;) is finite. The remainder of the proof of the Principal
Lemma goes through.

The first half of Theorem 1 of [1] needs no changing, since the only
property of standardly bounded allocations they use is |S|/w=0 =
(1/w)Z,5X(t)=0, ie., the defining property of integrable allocations.

Starting in the second paragraph on p. 50, let X be in the core of & and
U be a full set of traders in the Principal Lemma. Then by the S-separation
lemma there exists a standard 550 such that x € S—Int(AU), - > 0. Hence
7 €S—1Int(G(¢t))= G(t)p-7=0. This is equivalent to saying that p-x=p-I(¢)
for all x € S—Int(F(¢t))=F(z).

Let F = {t€ T|X(t) and I(¢) are finite}. ¥ is external, but this won’t be a
problem. Clearly ¥, For all t€% and all standard >0 we can show
that p-[2+ X(£)] = p-1(¢), by the same reasoning as appears on p. 50. But this
implies that p> 0 and p-X(£)=p-I(¢) for all tEF.

Let A, ={tET|p-X(t)+1/m<p-I(t)} for each mEN.
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Suppose, for some mEN, that |A,|/w=4§ q>oO Since for e=48/4, there
exists [ €N such that [{¢ET|X(8)] >1}|/w<e and [{tET||I(t) >1}] /w <e,
we see that |{tEAm[]X (B <l, [I(t)]<1}|/w>8/2. But this contradicts p-

X(t)zp-1(t) for all t €F. Hence A,, negligible for all m € N, and therefore,
except for a negligible set of t, p-X(£)=p-1(1).

We can now show that except for a negligible set of ¢, p- X (t)~p-1(t). If
for some non- neghglble internal set S we have p-X(t) > pI(t), then
(1/w)Z,csp-X(t) 2 (1/w)Z,e5p-1(2), which contradicts the assumption that
X is in the core, 1e 1/ 0)Z,crX()=(1/w)Z, 7 1(¢)

To complete the proof we must show that X(¢) is maximal in t’s budget
set. We will first show that p = 0. Suppose not: let p'==0, say. Since P is
standard, some coordinate of p is not infinitesimal, say p? 2 0. But
(1/0)Z 1%t 2 0. Since X is an allocation, it follows that

(1/w)Z,cr X3t ,,><,0’ so there must be a non-negligible internal set of traders
S, for whom X*(t) > 0. Let |S|/w=28 > 0. Pick €=8/4; then there exists
lEN such that |{tET||X(t)|>1}|/w<e and |{t€T||I{t)>1}]|/w<e.
Therefore [{t€ S||X(f)| <1, |I(#)| <1}|/w>8/2. Let {tES||X()]| <L, |I(t) <
l} Now for any trader ¢, it follows from desirability that X(£)+(1,0,...,0)
+X(t). Choosing t € E, we see by continuity that for some sufficiently sma]l
e,,><, 0, X(t)+(L, —¢€0,...,0)>: X(t). Hence X()+(1, —¢,0,...,0)EF(¢).
Therefore 5-I(t)<p-[X() + (1, —¢,0,...,0)]=p-X(¢) + p' — @” < prX(t)
Therefore p-1(¢) < pX(1) for all tEE, but |E|/w >0, which contradicts the
fact proved above that except for a negligible set of ¢, p-X(t)=p-I(t).
Consequently p > 0.

Now for all tE the proof that X(¢) is maximal goes through in the same
manner as it appears in the last paragraph of p. 50. Suppose, for some m € N,
that B, ={t€T|3FEB,(1), y>,X(t), |y—X(2)|>1/m} is non-negligible,
say |B, | Jw=28 > 0. As before we can show that at least half of the traders
in B, are in &, which is a contradiction. Hence B,, is negligible for all
mEN, and therefore X(t) is maximal in all but a negligible set of traders’
budget sets. This completes the proof. n

III. STANDARD LIMIT THEOREMS ON THE CORE

We now introduce the terminology necessary to state our limit theorems
for unbounded sequences of standard exchange economies.

We will assume that all agents in the economy have the same consump-
tion set {2,,, the positive orthant of R,. The tastes of an agent are represented
by a preference relation > on . The set of all preference relations is
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denoted by . 3 will denote the complement of > in , X,,. If P is given
the topology of closed convergence, then & is a compact separable metric
space. Henceforth we assume that P has the topology of closed conver-
gence.

If x€ R, and € is a real positive number, then

={Z€R,|z— x| <e}.

If C and D are subsets of R, then C D means that 3c €C, 3d € D such
that ¢ d.

A preference > €% is said to be monotone if ¥>7 (ie., x>y, for all i
and for some , x, >y;) implies x>y.

A standard exchange economy & is a triple (T,p,I), where T is a finite
initial segment of the natural numbers, ie., |T|=n€N; T is the set of
traders; p is a function from T into &. p(f) is the preference relation of
trader ¢ and will be denoted >,; I is a function from T into &,. I(f) is the
initial endowment of trader ¢,

An allocation X is a function from T into £, such that

EIRCES R

An allocation X blocks an allocation Y via a coalition E if

I‘%_I S X 2 I(f) and (VtEE) X(t)>,Y(2).

The core of &, C(&), is the set of unblocked allocations.
A sequence of standard exchange economies &,=(T,.p, L) for n=
1,2,..., is said to be purely competitive if

(1) |T,|—>o0 as n—o0;

2 hm > L (1) exists;
= L] & |
3) E,CT, and hm — =0 = lim
@) o 770 = Jim 77 e

Turorem 3. Let &,=(T,,p,.I,) be a purely competitive sequence of
standard exchange economies, where
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(2) AB>0)(VnEN)VLET,) L(t)>B;
(b) For all €0, there exists a compact set of monotone preferences K
and there exists nyEN such that for all n €N, if n>n,, then

[{teT,|te K} Sl

|T,|
Then (VX,€C(&,))
Enng
and
B ' =
lim —==0 = lim X, (t)=0.
n—sco ’Tnl n—oo ITnl tEZE,, (

TueoreM 4.  Under the hypothesis of Theorem 3,

(V8 >0)(3n, EN)(VnE N)(VX €C(6,))(35>0)

nzn, =>
(e T)(37E0,) pg<p1(1) and By( )= By(X ()] _,
T,
wng LUELIPX(O>p1H+8)]

T,

Proofs. The deductions of Theorems 3 and 4 from Theorems 1 and 2
respectively are essentially the same as the deduction of the Brown-Robinson
limit theorem in [2] from Theorem 1 in [1]; hence we shall not repeat the
argument here. |

In conclusion we relate our Theorems 3 and 4 to results presented in
Hildenbrand’s book [3]. To begin with, note that the hypotheses underlying
our Theorems 3 and 4 constitute what Hildenbrand calls a purely competi-
tive sequence; see Definition 4 and the preceding discussion in [3, p. 138].
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The only point which needs elaboration is how condition (b) of Theorem 3 is
implied by the weak convergence of the sequence of preference endowment
distributions, (ii) of Definition 4 in [3]. Under the topology of closed
convergence, the subset of monotonic preferences in &, ie. &P, is a
Borelian subset of a compact space, and hence every measure on it will be
tight; see the Lemma and the preceding paragraph on p. 98 in [3]. Now we
get (b) by applying D.32 on p. 49 in [3].

The relationship of our Theorem 3 to Proposition 1 of Hildenbrand [3, p.
181] is now clear. Thus, Theorem 1 furnishes an alternative proof of
Proposition 1 based on nonstandard analysis. This proof may be of indepen-
dent interest.

In his Chapter 3 on limit theorems on the core, Hildenbrand presents
three theorems. The first two pertain to economies with strongly convex
preferences, while the third assumes only a purely competitive sequence of
economies and, as such, is comparable to our Theorem 4. It is easy to see
that the approximate notion of equilibrium allocations underlying our Theo-
rem 4 is finer than the one used by Hildenbrand on his third theorem but
rougher than the ones used in his first two theorems.

The idea for the proof of Theorem 2 is due to Abraham Robinson. We are
also grateful for helpful discussions with Mr. Salim Rashid.
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