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Most of the mathematics associated with the more general cases of
production with indivisibilities than are dealt with here has been pre-
sented elsewhere in an article dealing primarily with nonconvex prefer-
ence sets (Shapley and Shubik 1966). That analysis, however, could have
been applied to production.

We assume that there are n people in an economy with one unit of one
producer good, “time,” and each with a utility function or a value for the
one possible consumer good, “the Bridge game.”

For simplicity we assume that a Bridge game requires the participa-
tion of four players, each for one unit of time. The production function
for Bridge games can be described as:

It
+= 3],
that is, the output is the largest integer in the number ¢/4.

For further simplicity we assume that the utility function for each
individual is U; (2;) = 2; where z; is the amount of Bridge playing he
obtains. In this trivial case z; will be 0 or 1, as each individual has the
time for only one game.

We do not need to assume that the individuals’ values for a Bridge
game are comparable or that there exists any monetary mechanism. If
we did, then we could state the characteristic function of the economy as

below and illustrate it with a simple drawing, as is shown in figure 1.
In this function,

o(s) = 4[4—‘1] for all s where s = |S| and SC N,
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v(s) may be read as “‘the value that can be obtained by a set of players
S.”" As the game is symmetric we may save ourselves a small amount of
notation and use only “s,”’ the number of players in the set “S,” as all
sets of the same size have the same total value even though they may
have different players.

If we do not wish to compare utilities we must use a ‘‘characterizing
function” whose values must be described by a vector with a component
for each member of the coalition. For clarity the characterizing function
for the five-person game is given. Here we use the following notation:
V(123) stands for the outcome achievable by the set consisting of players
1, 2, and 3.

V(i) = (0) fori=1,...,5
V(i) = (0, 0) for all pairs 4,7 .
V(ijk) = (0, 0, 0) for all triads 4, j, k .

V(ijkl) = (1,1,1,1)  for all tetrads i, 7, &, I .

—  (,1,1,1,00 or (1,1,1,0,1) or (1,1,0,1,1)
V(12345) = {or (1,0,1,1,1) or (0,1,1,11) .

It is easy to observe that if we treat the Bridge-game problem as an
economy, a price system only exists when the number of players is divisi-
ble by four (or trivially when the number of players is less than four).

In the terms of game theory, the core (Shubik 1959; Debreu and Secarf
1963) exists only forn = 1, 2, 3,4, 8,12, ..., 4k. For n = 1, 2, 3 the
core is trivial; no group can obtain anything. For n = 4 it is every impu-
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tation! in the game with side payments and the single point (1, 1, 1, 1) for
the no side-payment game. For n = 4k where k > 1, the core is a single
point for all of these games.

In this model our economy suffers from the effects of the indivisibility
or the integral aspects of the Bridge game. As the numbers increase, the
price system and the core appear and disappear periodically.?

Does it seem reasonable to have the price system disappear when the
economy has 1,000,001 people instead of 1,000,000? A way to avoid this
undesirable situation is to introduce a lottery ticket for the Bridge game.
We agsume that for any size n, each individual sells his time in exchange
for a lottery ticket which carries the probability of 4/n[n/4] that he plays
in a Bridge game and 1 — 4/n[n/4] that he is left out. As the number of

i In the side-payment game an imputation a = (a;, as, . . ., a,) will add to

R

T==1

For a core to exist the above condition must be satisfied together with the inequalities

Sai > o(s) forall SC N .

i8S
These conditions are illustrated for n = 4, 5, and 8.

n=4 v1)=0 n=5 +1)=0 n=8 21 =0

2(2) =0 2(2) =0 2(2) =
2(3) =0 2(3) =0 2(3) = 0
v(4) = 4 v(4) = 4 v(4) = 4
v(5) = 4 v(5) = 4
2(6) = 4
o(7) = 4
2(8) = 8
a: 20 a; >0
o;+ a; >0 a;+ a; > 0
a¢+aj+ak20 ai+a,~+ak20
4 only the imputation
Zla@-=4 ait+aj+art+an>4 a;=1fori=1...,8
5
Zlai = 4
any imputation no imputation

2Tt ig of interest to note that this unsatisfactory state of affairs is not encountered
with the value (Shapley and Shubik 1969) of a game to a player. For the n-person
game the value of the ith player &, is given by

4run
‘I”"%[Z]’

which fluctuates between 1 and 1 — 3/nforn = 4k +3and k > 1.
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players increases, the probability of getting a Bridge game becomes
arbitrarily close to 1.

The interpretation of the “lottery ticket’ in this case is quite natural.
If we leave out special social structure, then everyone has the same
chance to find a game. In spite of the fact that the indivigibility may still
cause an annoyance and one, two, or three people may fail to play, the
odds become insignificantly small as the numbers increase. The price of
the lottery ticket becomes approximately the same as the guaranteed
game.

As long as the number of types of indivisible factors of production is
finite and their capacities are finite the core will still appear and disappear
in a periodic manner as the population mix of the different owners of
resources is or fails to be in the correct ratio. As the size of the economy
grows sufficiently there will still remain the possibility of a mismatch of
resources, but relative to the whole economy, the amount of the mis-
match approaches zero.

The implications of this example for the economy as it is are that, when
indivisibilities are small relative to the economy as a whole, they do not
matter very much and lottery tickets could be formally introduced and
sold to preserve the price system; otherwise the lottery aspect will come
about by a relatively minor amount of queuing, or social convention to
correct for the minor aberration from the price system. In many instances
the indivisibilities in society are large relative to the economy as a whole.
Hence the approximation and limit argument will not apply.

The approach here appears to be related to the type of work on integer
programming by Gomory (1968) and is also related to the comments on
nonconvexity of Farrell (1959, 1961q, 19615).
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