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THE CONSTRUCTION OF UTILITY FUNCTIONS FROM
EXPENDITURE DATA*

By S. N. ArFRIaT

IN CONSIDERING the behavior of the consumer, a market is assumed which
offers some » goods for purchase at certain prices and in whatever quantities.
A purchase requires an expenditure of money

e=m& + - bl =pla

whieh is determined as the scalar product of the vector z = {&,.--,&)} of
quantities, which shows the composition of the purchase, and the vector
p = {xy, +++, m,} of prevailing prices, where braces { } denote a column vector,
and a prime its transposition. The classical assumption about the consumer
is that any purchase is such as to give a maximum of utility for the money
spent. The eonsumer is supposed to attach a number ¢(x) to any purchase,
according to its composition x, which is the measure of the utility, to the
effect that a purchase with composition ¥ made at price p and, therefore,
requiring an expenditure, e = p’x, is such as to satisfy the maximum utility
condition

ow) = max {g(y» p'y < e} .
An equivalent statement of this condition is
#x) = max {¢(yrw'y =1},

where u = pj/e is the veetor of prices divided by expenditure, that is with
expenditure taken as the unit of money and is to be called the balance vector,
corresponding to those prices and that expenditure. The fundamental prop-
erty required for a wutility function é(x) is that, given a balance u, any
composition 2 which is determined by the condition of maximum utility
satisfies w'x = 1, so that

w'y = 1=¢y) = =)
and
sz dry=uyz1l.

Such an assumption eannot represent necessary deliberations on the part
of the consumer. Any actual consumer is quite unaware of the attachment
to sueh a function ¢, and can even deny by intention and manifest behavior
any such attachment. Then if ¢ is to have a proper existence, it would have
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68 S. N, AFRIAT

to be in the stock of analytical construction of those who entertain the as-
sumption, and based on data of observation. In the earliest form, as the
one used by Gossen, Jevons, Menger and Walras, it was assumed that the
utility of a composition of goods was the sum of utilities for the separate
goods

S(2) = ¢o2y) + -+ + Gul@a) .

Edgeworth then considered a general function

¢(x) = ¢(xh ] x’n) y

and he also considered the indifference surfaces, the level surfaces ¢ = con-
stant of the utility funection. But the now familiar approach whieh is
divorced from numerical utility and deals only with indifference surfaces
was established by Pareto. Before this the utility analysis in demand theory
dealt with utility and utility differences as measurable quantities. By render-
ing numerical utility inessential, Pareto brought relief to the discomfort of
having to assume a measurable utility, the measurability of which was held
in doubt.

Here the concern is with the utility funetion only as a measure of preference
for deeciding for better or worse between a collection of goods. But never
through the long drawn out history of the hypothesis has such a function
been generally shown. The revealed preference principle of Samuelson [5],
elaborated by Houthakker [4], easily gives a condition for the rejection of
the hypothesis of existence. But the principle has been absent by which
the hypothesis can be accepted or rejected on the basis of any observed
choice of the consumer, supposed to be finite in number; and, in the case of
aceeptance, a general method is needed for the actual construction of a
utility function which will realize the hypothesis for the data.

This problem will be discussed here. For the general problem which
arises when the finiteness restriction is removed, one possible approach is
by a limiting process, proceeding on the basis of the results which are going
to be obtained. It is more general than the problem considered by Samuel-
son [5], Houthakker [4], Uzawa [6], Afriat [2] and others which involves a
demand system and, therefore, quantities for every price situation; that is,
a complete system of data. For the data could be assumed infinite but not
necessarily complete. Also, even with completeness, the usual assumption
of a single valued demand system could be omitted.~Or, if a single valued
funetion is assumed, the Lipschitz-type condition assumed by Uzawa [6]
and, therefore, also the differentiability assumed by other writers can be
dropped. In the familiar investigations, the assumptions have been such as
to yield just one functionally independent utility function. In the finite prob-
lem, and even in the infinite problem with completeness assumed, there is
no such essential uniqueness.

While the results for finite data do not immediately give results for com-
plete data, such as for a demand system, it is also the case that the familiar
investigations on demand systems seeking conditions for the existence of a
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utility funetion have no seope for the finite problem now to be considered.
Those investigations depend on a continuous, even a differentiable struecture,
which ean have no bearing here in the disecrete finite case. They do not
take into consideration the problem of establishing eriteria by which any
finite expenditure data can be taken as arising from some complete demand
system which satisfies the appropriate conditions.

Let it be supposed that the consumer has been observed on some k occa-
sions of purchase, and the expenditure data obtained for each ocecasion
r(r=1,---,k) provide the pair of vectors (z., p,) which give the composition
of purchase and the prevailing prices. Henee the expenditure is e, = p.,
and the balance vector is u, = p,/e,;, and, by definition, u/x, = 1. Let E, =
(2, | u,) define the expenditure figure for occasion #, and E={E,|r=1, .., n}
the expenditure configuration constructed from the data. Only through this
configuration does the utility hypothesis have bearing on the data.

The utility hypothesis applied to the configuration E asserts that there
exists a utility funetion ¢ such that

o(2,) = max {p(x) | U < 1} (r=1,---,m

in which ease the funetion ¢ ean be said to exhibit the utility hypothesis for
E or to be a utility function for E. The data E can be said to have the
property of utility consistency if the utility hypothesis can be exhibited for
it by some function, in other words if it has a utility function.

Now there is the problem of deciding, for any given expenditure configura-
tion E, whether or not it has the property of utility consistency, and, if
it has, of construeting a utility funection for it.

If utility consistency holds for E, some utility function ¢ exists for it, and
then

ks < 1= it,) Z olas)
and
s 1A o) = o(ws) = s = 1

for all r,s=1,---, %k Hence, for all r,s,---,g=1,---, k

e, S1Auz, <1 A - ANule, <1
= (@) Z o@s) = -+ Z oz Z ¢ ()
= @(x,) = @lay) =+ = (&) .
Hence
s =l Auln, 1A - Aujr, =1
— s = Uy = o = Uglly = 1.

This condition will define the property of cyclical consistency for E. It has
been shown to be an obviously necessary condition for utility consistency,
and it is going to be proved also sufficient. In order to do this, some other
consisteney conditions will be introduced for E, and finally they will all be
proved equivalent. Define D, = u,x; — 1, which may be called the cross-
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coefficient, from E, to FE,. The cross-coefficients altogether define the cross-
structure D for the expenditure configuration E.
The cyclical consisteney condition now has the statement

Drs_<:0, Dstgoy“',quéozDrs: sp — :qu:()

Jor all r,s,¢,---,q=1,---, k. Since a multiple eycle is just a conjunction
of simple eycles, and since D,. =0, there is no restriction in assuming
r,s,t,---,q=1,---, k all distinet.

Let a new consistency condition now be defined for E, again through its
eross-structure D, by the existence of numbers 2. (r =1, ---,k%), to be called
multipliers for E, satisfying the system of inequalities

)\r>0: zrD'rs_"Istst_'—"'quqrgO,

for all r,s,t,---,g=1,---, k. The consistency of this system of inequalities,
in other words the existence of multipliers for E, will define the condition
of multiplier consistency for E. Again, the same condition is obtained if
r,8, ¢t --+,q=1,---, k are taken to be distinct.

It is obvious that multiplier consistency implies cyclieal consistency. For

lT>OADrS§O:1rD'rS§Or

and
2D £ O0ANBDy 0N oo ANADy =0

with

4Dps + 4Dy + « o+ + Dy, = 0
implies

Dy = 2Dy =+« = 3,D, =0,
which, with 2, > 0, implies

Dyy=Dy="++=Dg=0.

Therefore, multiplier consistency implies cyclical consistency. The converse
is also true, as will eventually appear.
Now let still another condition be defined for E through its cross-structure,

by the existence of numters 4, ¢, (* =1, -+, k), to be called multipliers and
levels, satisfying the system of inequalities
>0, 4Dn=p— o (r,s=1,---,k).

The consisteney of this system of inequalities will define the condition of
level comsistency for E.

It is obvious that level consistency implies multiplier consistency, and
moreover that any multipliers which realize the level consisteney condition
also realize the multiplier consistency condition. For, from

Z'rDrs —>_: Ps — ©Or
follows

/.qus'f'stst'f""+)‘qur—.ZSOs"Sor+90t-'90a+"' +Soq"50r:0~
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It will be shown that, conversely, multiplier consistency implies level eon-
sistency, and moreover, that dany set of multipliers which realized the muitiplier
consistency condition ecan be joined with a set of levels to realize the level
consistency condition.

Teeorem. The three conditions of cyclical, multiplier and level consistency
on the cross-structure of an expenditure éonfiguration are all equivalent, and
are implied by the condition of wtility consistency for the configuration.

It has been seen that utility consistency for the configuration E implies
cyclical consistency for its cross-structure D. Also it has been seen that
level consistency implies multiplier consistency and that multiplier consistency
implies cyclieal consistency for D. Henece it remains to be shown that cyclical
consistency implies multiplier consistency, and that multiplier consistency
implies level consistency, and then the theorem will have been proved.

Introduce the relation W defined by

rWs=D,.=0,

it being reflexive, since D,, = 0, and then R = V[.}, the transitive closure of W,
this being transitive and such that Wc R, from the form of its definition,
and reflexive, since W is reflexive. Then P= R n R’, the antisymmetrie
part of R, is antisymmetric, from the form of the definition, and transitive,
since R is transitive. Hence it is an order. In ease it is not a total order,
there always exist a total order which is a refinement of it, that is Rc T
where T is a total order, and Tc 77, since T is antisympmetric. Without
loss in generality, it can be supposed that the occasions are so ordered that
rTs=r<s.
Now ecyclical consisteney is equivalent to the condition

Drsg()/\cstg()/\"' /\qué():*Dq,gO

which can be stated as

Rc M,
where M is the relation defined by
*rMs=D,, =0
such that
*Ms =D, > 0= rWs
so that

WeM.

Now cyelical consistency gives R c M’; and the definition of R gives WC R,
so that R"c W cM’. Henece RUR' cM’'. But RnR' cTc T’ so that
TcR UR. Hence Tc M’, or equivalently

r<s=D,=z=0.

Now assume, as an inductive hypothesis, that, at an (m — 1)-th stage, multi-
pliers 4, > 0(1 =< r < m) have been found such that

27D78+23Dst+"'+/2qur§0 (1§”‘,"',q<’m\.
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Then, for the m-th stage to be attained, it is required to find a multiplier
An > 0 such that

ZrDrs+)kstt+ e quqm+2mDmrzo (lg T,y q gm—l)-
But D,, = 0 if r < m. Hence let

)wDrs + X.stt + vee A Rqu'm
Dor

ym:—min{ 1§7‘,---,q<m;Dm>0}.
Then any 2, = max {0, ¢} is as required. Henece the m-th stage is attainable
from the (m — 1)-th. The second stage can obviously be attained, since, with
any A; > 0, there only has to be taken a i; > 0 such that i,Dy; 4 4,D: = 0,
whieh is possible since Dz < 0 and D,; < 0 is impossible, by the hypothesis
of cyelical consistency. It follows by induction that the k-th stage is attainable,
that is, multipliers can be found which realize the multiplier consistency
condition. The proof that cyclical consistency implies multiplier consistency
is now complete.

To prove that multiplier consistency implies level consistency, assume a
set of multiplier 4, and let @, = 4.D... Then

Ars + Qop + +° +aqrgoi

for all distinet r,s,%¢,---,q. It is now going to be proved that there exist
numbers ¢. such that
(a) Urs = Pr — Ps (”' * S) ’

whence the level consistency condition will have been shown. Let

Qrimeeps = Qrl + O + o0 + Aps o

and let
A, = min Grimeeps -
l’m ----- P
Then
Qps = Ays ©
Also,

Ars + Ay =0 and A, + Aat = Art .
Consider the system
(A) Ara g Dr — Qs (’r # s) .

Any solution ¢, of (A) is a solution of (a), since a, = 4,.. Also, any
solution ¢. of (a) is a solution of (A). For

Ul = Or — P, Qim 2 QL "y Ops = Pp — Ps5
whence, by addition,
Qrimeeps = Pr — Q1 — Pm T 2+ + Qp — 05
= Qr— P,
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and, therefore,
Ars = Pr = s «

It follows that the consisteney of (a), which has to be shown, is equivalent
to that of (A), which will be shown now.

The proof depends on an extension property of solution of the subsystems
of (A). Thus, assume a solution ¢,(r < m) has been found for the subsystem

(A,m—1) A Z0r— ¢ (r£sr,s<m).
It will be shown that it can be extended by an element ¢. to a solution of
(A, m).
Thus, there is to be found a number ¢. such that
Arm g— Pr — Pmy Ams g Pm — Ps (”', s < m)
that is,

Ams+¢sg¢mg¢r—Arm~
So the condition that such ¢., ean be found is
Amg+ 03 2 ¢p — Apm
where

©p — Apm = mﬁx {or — A}, Amg + @y = mrin {Ang + 04 .

But if p = ¢, this is equivalent to
Apg+4mz0,
which is verified by hypothesis; and if p # ¢, it is equivalent to
Apm + Amg Z 05 — ¢,
which is verified, since by hypothesis,
Apm + Ang 2 Ay, A Z 0~ ¢ .

Since the system (A, 2) trivially has a solution, it follows by induction that
the system (A) = (A, k) has solution, and is thus consistent.

Tueorem. If E={E,|r=1, ---,n} is any expenditure configuration, with
figures E, = (x| uy) (s, = 1) and cross-coefficients D,, = usxs — 1, and if A,
o, are any multipliers and levels, being such that

2«>0, X,Drsggos~—¢, (”',3—1,“-,')@)
and if gr = u:d., and ¢x) = ¢r + g:(x — @), then
ox) = min {p () |r=1,---, 0}

18 a function which realizes the utility hypothesis for E.
Now

@d%) = ¢, + go(w — )

so that
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el@s) = ¢r + 4Dps Z ¢4, ©5{s) = @5 .
Hence
(@) = minfo () r=1, ---, n}
=g .
Also, ¢(x) = ¢, implies ¢4(2) = ¢,, which, since 4, > 0, equivalent to u,z = 1.
Therefore, usx <1 implies ¢{x) < ¢;. Accordingly,

max {¢(@): u < 1} = o,
and
U LA o@) =@, =uir =1,

The function ¢ therefore realizes the utility hypothesis for the configuration.

Since level consistency is the condition for the existence of the i, ¢,
there follows

CoroLrarY. For an expenditure configuration to have the property of utility
consistency it is sufficient that its cross-structure have the property of level
consistency.

But, by the previous theorem, level consistency is necessary for utility
consistency and is equivalent to cyclical consistency, whence

CoroLraRY. The cyclical consistency condition is mecessary and suflicient
Sfor the utility consistency of a finite expenditure configuration.

Some comments are now made on the form of the function ¢(x) which has
been construeted. The functions ¢.(2) are linear and, therefore, coneave and
they have gradients g, > 0, so they are increasing functions. Therefore, ¢(x),
since it is the minimum of increasing concave functions, in an increasing
concave funetion. Its level surfaces {x: ¢(x) = ¢} are the convex polyhedral
surfaces which are the boundaries of the convex polyhedral regions {&: (i) = ¢}
defined by the inequalities ¢.(x) = ¢, or equivalently

uixgl+‘0;% (r=1,+-,m.

The region 2, = {x: ¢(&) = ¢.(x)}, in which ¢(%) coineides with ¢.(z), is a
polyhedral region, which is the projection in w-space of the face in which
0s(2) = ¢ cuts the boundaries of the region in (x, ¢)-space defined by these
inequalities. Sinee ¢{x,) = ¢ = ¢.(%,), as has been seen, it appears that z, € 2,.
Also

Qi={x:olx) = o) r=1, -, m}.
Hence £, is defined by the inequalities
or + lurr — 1) = ¢ + Aluizr — 1) (r=1,---,m).

Thus for a point to belong to two of the cells, say xe @2, n £2,, it is required
that

@s + Luw — 1) = ¢, + Auir — 1) .
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Hence, in a regular case, these cells can only interseet on their boundaries.
The regions f2, thus constitute a dissection of the x-space into polyhedral
cells. In the relative interior of each cell £2,, the function ¢(%) is differenti-
able and has constant gradient g(z) = g,(x € 2,).

Now an index-number formula will be shown which is made intelligible by
the construction of this utility function. Given any utility function ¢{z),
the cost of living index with » and s as base and current periods has the
determination

Psr = min {u;x: @(x) = o0},

where wix = pix/pix,. and o, = ¢(z,). Hence, with determination relative to
the function ¢(x) which has been constructed,

p”:min{u;x: wae=1+ &0 o1, ...,/C},
» Rt
showing a linear program formula which can be evaluated by the usual
methods.?
It can be seen that the realization of the utility hypothesis by a utility
function ¢ whieh is concave and has gradient g implies level consistency.
For the conecavity is equivalent to the condition

o(y) — elx) = g@)(y — o),
and Gossen’s Law that preference and price directions coincide in equilibrium,

gives g = u4, where 1= g’z since w’x = 1. Hence, with o®,) = ¢., g&;) = U, 4,
there follows

Ps ~ Op § )\rur(xs - xr) -
Thus
)wDrs = Ps — Pr

By an easy enlargement, the present results can be made to encompass the
point of view of Pareto of preference as a relation divorced from a numerical
measure,

An expenditure figure E, = (x.]u, is considered as the choice (x,| W.,),
of #, from among all compositions in the set W,, = {&: ulxr < 1}; and the
preferences immediate in this choice form the set

R, ={(x,, xy: 0 e Wy} = (., W) .
If these belong to a relation R, for all r, then
U er cR,

r=1, .00,

2 A further diseussion of this and related approaches to index-number construe-
tion can be fonnd in S.N. Afriat, “The Cost of Living Index,”” appearing in Studies
in Mathematical Economics, Essays in Honor of Oskar Morgenstern, ed. Martin Shubik,
chapter 13 (to be published by the Princeton University Press).
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and if R is transitive, that is l—%)c l—% where l—% is the transitive closure, this
is equivalent to

RycR,
where
RE - G R’r
r=1,",n
can define the preferences implicit in the configuration E = {E.|r=1, .-+, n}.

Any preference relation which ean be a hypothesis for E, in that it is
reflexive and transitive and contains all the preferences in the ehoices shown
by E, is revealed to the extent of containing Eg.

Now let © stand for the relation by which one composition is greater than
another. That is, © © y means every quantity in « is at least the correspond-
ing quantity in y, and not all are the same. ,In any admissible preference
hypothesis R, it is to be assumed that the greater is exclusively preferred
to the lesser so that

sRy=~ -4y x.
That is R € &’, and, with By c R, this gives
R,c® .

It will now be seen that this condition, which can be called the preference
consistency condition and is obviously implied by utility consistency, implies
cyclical consistency. For it implies that

TrRtg = ~ 1, O 2,
which implies the same as eyclical consistency, namely that
D =1ADy=1A -+ ANDp<1
is impossible, since
2, Qar=Dpr < 1.

Now if normal utility comsistency is defined as utility consistency with
realization by a concave utility funetion, and sinee, by virtue of the form of
the function whieh has been shown constructible under level consistency and

utility preference

normal
utility cycle

level multiplier
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by the implication of level consistency from the existence of such a function,
the following implications are established, those on the outside in the diagram
having been quite immediate, and those on the inside having been proved
with less immediacy.

1t follows therefore that all these six conditions are equivalent. The assump-
tion in the utility consistency condition is weaker, and that in the normal
utility consistency condition is stronger than the usual assumption that a
utility function be continuous, increasing, and with concave levels. But
now, in regard to the finite data, these three conditions appear equivalent.
Also seen is the identity of the two approaches involving preference as a
relation and utility as a magnitude. The finiteness of the configuration E has
been essential for the methods used. Nevertheless it is possible to obtain
analogous results without this restriction, though they must be without the
present constructiveness.

Purdue University, U. S. A.
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