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THE BOUNDED VARIABLE PROBLEM — AN APPLICATION OF
THE DUAL METHOD FOR QUADRATIC PROGRAMMING*T

Andrew Whinston

University of Virginta

ABSTRACT

The paper presents an algorithm to solve the bounded variable
quadratic programming problem. The algorithm is a direct extension
of an earlier algorithm of H. Wagner (N.R.L.Q. 1958) for the case of a
bounded variable linear programming problem.

INTRODUCTION
In this paper we shall develop a compact and efficient algorithm for solving the follow-
ing problem:

(1) Max p'x - %X'Cx,
subject to
2 Ax = b,i
3 0=x=h,
where
X = (x]_’ ’ xn)"
B = (51’ ’ bn)',
b = (bI, ’ bm)"
and
p=(p1,. .,pn)'.

A isan mXn matrix, and C is a symmetric nXn positive semi-definite matrix. In principle
this problem may be handled by the various quadratic programming algorithms by explicitly
taking into account the upper bound restrictions of (3). In this note we shall indicate how to
solve this problem but without having to work with a tableau which includes the conditions of (3).
The problem of (1), (2), and (3) has been discussed in the case when the matrix C is
composed entirely of zeros, i.e., the case of a linear programming problem with bounded

*This paper is an outgrowth of some joint work with Mr. C. van de Panne as reported in [5].
Research undertaken by the Cowles Foundation for Research in Economics under task NR
047-006 with the Office of Naval Research.

This form of the constraints may be obtained by adding appropriate slack variables.
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variables.* For this case one very simple and efficient method has been developed by Wagner
[6]. Wagner, in effect, was able to show that with several slight modifications of the dual
method of Lemke [4] an algorithm was at hand which could solve the problem without enlarging
the tableau to account explicitly for the bounded restrictions.

Recently, van de Panne and Whinston have presented a new quadratic programming
algorithm which they call "The Dual Method for Quadratic Programming” [5]. The method is
referred to as a dual method since among other things for the case where C is composed of
zeros, application of this method is equivalent to the dual method of Lemke for linear pro-
gramming [4]. We shall show that the bounded variable problem can be handled by a slight
modification of the dual method presented in [5] without having to include the restrictions (3)
in the tableau. The algorithm will also have the feature that in the case where C is composed
of zeros it will reduce essentially to Wagner's algorithm. In this sense the algorithm pre-
sented here can be considered as an extension of Wagner's to the case of quadratic programming.

THE ALGORITHM
The relevant Kuhn-Tucker conditions [3] for the problem (1), (2), and (3) are:

4) u-u-Av-Cx = -p,
(5) Ax = b,
(6) u'x = 0,
(7) #&-B) = o,
(8) xsbh,
and
9) xz0, uwuz0, uzo0,
where
= (ul’ "un)"

1= (ﬁl, .,ﬁn)',
and

v = (Vl’ ’Vm)'

Introducing the variables

y = (Y]_" ) ym)"
and

we have, replacing several of the conditions

*See [1], [2], and [6].



BOUNDED VARIABLE PROBLEM 175

(5) Ax+y =D,
(7' u'x =0,
(8)' X+% =D,

and the added conditions

(10) y=0,
and
(11) Xz0.

Based on these conditions we may form the following Simplex tableau:

TABLEAU 1
Value of Basic ~ ~
u u v b4 y X
Variables
-p 1 -1 -A' | -C 0 0
b 0 0 0 A 1 0
b 0 0 0 I 0| 1

However, we shall use the following Tableau II which is associated with the problem (1)
and (2) where we have as a starting solution

u = -p
and
y=Db.

Without loss of generality we may assume the vector -p Z 0.* For each i, we refer to the
pairs (xi, ui), (vi, y;), and (1'11, :”{i) as complementary variables. Before giving the rules of
the algorithm we make certain preliminary remarks. The tableau is transformed in the usual
simplex manner once the vector to come in and leave the basis is determined. Let {zi} be the
set of variables which are permitted to leave the basis in a particular iteration and {¢ ij} be

TABLEAU 1I
Basic Value of Basic
u v X y
Variable Variables
u -p 1 -A' | -C 0
y b 0 0 A 1

*See [5] for a discussion of starting solutions.
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the elements in the jth column of the tableau where we assume that this is the column of the
variable to come in the basis. Then the variable to leave the basis is that z; for which

Z 2y
Min<k — |k -—20 li' =0
i lij 255 3

is achieved where k=1 if the new variable is introduced in a positive amount and k = -1 if it
is introduced in a negative amount. The algorithm proceeds in the following manner:*

[an

1. Among the set of x, X, and -|y| variables choose the most negative. If there are none,
the algorithm is terminated.

2. Introduce into the tableau the complementary u, i, or v variable to the one chosen in step
* 1 with the opposite sign to its complement. Choose the variable to be removed from among the
u and @ variable in the basis and the variable designated in step 1. If the variable designated

in step 1 is removed return to step 1; if not, go to step 3.

3. Introduce the x or X variable corresponding to the u or u variable which just left the
basis. The variable to be eliminated is chosen from the u and U variables in the basis and
the variable designated in step 1. If a u or U variable is eliminated go back to step 3, if not
go to step 1.

4. At any stage of the algorithm if an x or X variable exceeds its upper bound (i.e., some Xy
or ii is greater than the corresponding Si) perform the following operations on the tableau
before proceeding to the designated step in the process: In the row of the tableau associated
with the x(X) variable change all the signs except for the elements in the column of the x(X)
variable. Change all the signs in the corresponding u{u) variable's column. In the columns
designating the xi(ii) variable and its corresponding ui(fii) variable change their headings to

X (Xi) and ui(ui).

The proof of convergence of the algorithm can be obtained directly from [4] as soon as
we make certain observations on properties of Tableau I. In effect, we shall indicate that using
rules (1), (2), (3), and (4) on Tableau II is equivalent to applying rules (1), (2), and (3) to Tableau
I. Since convergence has been proved for Tableau I in [5], which includes all the constraints,
the method proposed here will also converge to the optimum.

When rules (1), (2), and (3) are applied to Tableau I it is clear that the tableau elements
in the columns of uy and ﬁi will have opposite signs. The second observation can be best put
in terms of a lemma concerning Tableau I.

LEMMA 1: Consider an iteration when both x. and 'sz for some value of j are in the
basis at values K; and K., respectively. Let {hi} be t{xe set of nonbasic variables, {aij} the
tableau elements opposite X in the tableau and {Ei].} the elements opposite ij. Then we will
have

aij = -ai]. for each i.

PROOF: We know that at any step in the procedure

*Rules (1), (2), and (3) are based on the rules for the dual method as described in [5].
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~

1 . . =b..
(12) x]+xJ b]

(Note that in Tableau I no 53 variables are introduced.) Thus for the iteration under consid-
eration

(13) K, +K; = b;.

From the tableau we have the following two equations:

14 .. h. .= X,
(14) ; 2y h + K] %
and

(15) ; a5 hi + Kj =X

By adding (14) and (15) we have
2 (aij + aij)hi"'Kj +Kj = X+ K.

By combining with (13) and noting that {hi} can be chosen arbitrarily, we have the result

q-e-d.
EXAMPLE OF THE ALGORITHM
We consider the following problem:
(16) Max -6x; - 2x2 4+ 2x; %, - 22,
Xq X
1272
(17) X +X9 = 2,
(18) Xy = 2,
(19) X,y =1,
and
(20) X 20, x520.

The simplex tableau format for the problem involving constraints (17) is seen in
Tableau III. Applying rule 1 we see that y variable is selected. In the next tableau the v
variable is introduced and the u, variable removed. Since y was not removed we apply rule
3 to Tableau IV. Because u, left the basis we introduce Xy into the basis and then u, isto be
removed. Since we have not yet removed y we must apply again rule 3 and in Tableau V
we introduce Xy (since u; was just removed). Since no u variables are in the basis we may
eliminate y. We note that Xy MOW exceeds its upper limit so we apply rule 4 and obtain Tableau
VII. In Tableau VII we have 5{'2 < 0 and according to rule 2 we introduce ﬁz. In Tableau VIII
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TABLEAU FOR EXAMPLE

Tabl Basic Values of Basic .

ableau Variables Variables b ! U2 Y1 X X3 y
uy 6 1 0 -1 -4 +2 0

Tableau II1 Uy 0 0 1 -1 +2 -4 0
y 2 0 0 0 1 1 1
uy 6 1 -1 0 -6 +6 0

Tableau IV v 0 0 -1 1 -2 +4 0
y 2 0 0 0 1 1 1
X, +1 1/6 -1/6 0 -1 1 0

Tableau V v -4 -2/3 -1/3 1 +2 0 0
y +1 -1/6 +1/6 0 +2 0 1
Xy 3/2 +1/12 | -1/12 0 0 1 +1/2

Tableau VI v -5 -1/2 -1/2 1 0 0 0
Xy 1/2 -1/12 | +1/12 0 1 0 +1/2

Tabl Basic Values of Basic - -
ableau Variables Variables 1 U2 1 %1 X3 y

;‘2 -1/2 -1/12 | -1/12 0 0 1 -1/2

Tableau VII v -5 -1/2 +1/2 1 0 0 0
Xy 1/2 -1/12 | -1/12 0 1 0 1/2
u, 6 +1 +1 0 0 -12 | 46

Tableau VIII v -8 -1 0 1 0 -0 -3
Xy 1 0 0 0 1 -1 1

”ﬁz is introduced and §2 eliminated so that we return to rule 1. Checking the tableau elements
we see that the algorithm terminates. The solution is x4 =1, Xy = 1.
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