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A DUAL DECOMPOSITION ALGORITHM
FOR QUADRATIC PROGRAMMING!

Andrew WHINSTON
University of Virginia

INTRODUCTION

In this paper we present a decomposition type algorithm for a
convex quadratic programming problem. The method presented
here will be based on a quadratic programming algorithm developed
by van de Panne and Whinston [4]. This method can be considered
as a direct extension of the dual method for linear programming
and for this reason we refer to the decomposition algorithm as a
dual method.

In an earlier paper A. Whinston [?] prescnted a decomposition
algorithm for quadratic programming which can be viewed as an
cxtension of a method for linear programming by Dantzig and
Wolfe [1]. These methods could be referred to as * primal” methods
since the constraints of the problem are always satisfied during the
search for an optimal solution. On the other hand, the method to be
discussed in this paper maintains at every iteration, an optimal
solution which however, may violatc thc constraints. Thus the
algorithm searches for a feasiblc solution while preserving optima-
lity at every step?2.

Dccomposition algorithms are useful when the number of
constraints of a problem is large, but possessing a special block
diagonal form. With a large number of constraints it may be that
a general purposc algorithm could not be used.

THE ALGORITHM

In prescnting the algorithm we shall attempt to illustrate the

1 This paper is an outgrowth of some joint work with Mr. C. van de
Panne as reported in [4]. T am, of course, very much indebted to him. My
colleague, Menahem Yaari and Bela Martos of the Hungarian Academy of
Sciences made several very helpful suggestions. I remain responsible for all
possible errors.

2 In a recent paper by Abadie and Williams [¢], a dual decomposition
algorithm for linear programming was developed. The method developed
here can be viewed as an extension of their approach to quadratic programming.
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basic differences between this case and the linear programming
problem. With this in mind, we consider only two subsectors in
the following problem

Max f(x1, X2) = pix1 + pex2—1/2[x1 x2)] [g;i C12:| [XI:| N

,, 2, Coz| |x2

= p1x1+ psxa—1/2x1 Cr1.x1—x1 Cra X2 — 1/2 x3 Cog x2;

¢)) Aixi+ Agxp = bo,
(2) lel < b1 N
3) Bexs € b2,

x12 0, xz 2 0;

1 1
x; = (x1 ... x), x5 = (xz ... X5%), bo = (bor ... bay),

pi=(r...p0, pi=(p2...p%).

Cu Cre
Cor Cae
dimension (g; +¢2). We shall assume that the convex sets described
by the inequalities (2) and (3) are each bounded in order to simplify
the exposition 1.

Let {xx1} be the set of extreme points for the constraints of (2),
and {xx2} the set of extreme points for the constraints of (3). Then
any point x satisfying the constraints of (2) can be written as

The matrix [ :| is symmetric positive semidefinite matrix of

4) x = z Pr1 XK1,

pr1 > 0.

Correspondingly we have for (3)

kz
(5) Xz = z Pr2XkK2,
k=1

epe=1,
pra = 0,

1 See Abadie and Williams [¢] where the more general argument for linear
programming is developed. Exactly the same approach would be applicable
in this case.
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Substituting (4) and (5) into the programming problem wc have
the equivalent problem

Max pi Z pr1xk1 + ps Zorexke—1/22 o x5 Ci1 2 pp1 X1 —

Prt
— Zpor xk1 CizZ praxke—1/2Z ppo xi2 Co2 X o2 Xx2,
(6) ArZop x4+ AeZ prexpe+ 1)1 = bo,
Y
@) Zom+ye =1, Zera+y3 = 1, where y1=<2 )
yu
@) pxt20, yy=0, y2=0, y3=0, all k,i= 1,2, j=1,... 1

The Kuhn-Tucker [?] conditions for this problem are (6), (7), (8)
and

9) pi1xe1—xk1Cn X pr1 xk1—xk1 Ci2 2 pre Xpe— 0" A1 X —m +up =0,

(10 ug1pp =0,
arn up 2 0,

(12) pzxre—xk2Cos¥ pro Xke—xi2Co1 2 pr1xa1 — v’ AoXpa—rp+tpe =0,
(13) upzere = 0,
(14) uge > 0, forall k.

Note that =; is associated with ys, and 72 with y3.
We must show that the transformed problem is still a concave
programming problem. We write

J— ’ ’ . ’ 4 Cll Cl2 X1
S(x1, x2) = pr1x1 + paxa—[x1, x3] [Cm C22:| |:x2:|

and show the following :

Theorem :

The criterion function f(Zpx1 xx1, Zerexke) is a concave function
of (p1, p2) == (P11 --. Pry1, PI2 ... PRy2).
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Proof : Since f(x1, x2) is concave we have
SO (%, £2) -+ (1=2) (F1, %)) 2 M(%1, 22) + (1 =1 f(51, £2),

where (%1, ®2) and (%1, X2) are any two points satisfying the con-
straints of the problem. We are given that

(x1, x2) = T(p1, p2),

where T is a linear transformation.
Define g(¢) = f(Te). Then

g8+ (1—1p) = ATOS+(1—1)p))
= [T+ (1—-1)TP)
2 W(Tp) + (1—2) f(TP)
=@ +0-Mg@.
g.e.d.

DESCRIPTION OF THE ALGORITHM

An important aspect of any decomposition algorithm, as
pointed out by Dantzig and Wolfe, is the sequential generation
of the extreme points as they are required in the algorithm. We shall
indicate specifically how the approach, discussed in this paper,
accomplishes this : First we give a general description of the
algorithm and its rules.

To initiate the algorithm we set y1 = bo, yo =1, y3= 1,
pri = 0, v = 0, m1, n2 = 0. Thus all uy; are in the basis, set equal to
— p; xxi. Of course the {xi;} are not known but we must insure that
conditions (11) and (14) are satisfied. This will evidently be so if
all components of the vectors p1 and pp are nonpositive.

However if the latter is not the case then we follow a special
procedure in order to arrive at an initial solution satisfying condi-
tions (11) and (14). We introduce into the set of constraints (6) the
addcd equation

Z ek =M,
PR

where M is chosen largec enough so that no possible solution value
is excluded. Associated with this constraint is a dual variable vp.
The introduction of the extra equation adds one more row and
one more column to the quadratic tableau. Next we determine the
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largest possible value among the components of P and Pz where
P1 = ([){XH péxk11).

Set-up Tableau for the Algorithm*

Value of
Basic basic U u, v P1 Pz M M2 Yy Ve Vs
variables variables
u —P; 1o —-A; -C, -C, - 0 000
uj . 01 -A; -C,, -C,, 00 -, 0 00
¥; b, 00 0 A A I 00
¥} 1 0 0 0 Iy 0 0 0 010
¥4 1 00 O 0 I 0 0 0 01
w = (Ukr ... Uk1), er = (p11 ... Pk;1),
ug = (uxz ... Uk,2), ez = (P12 ... PKy2)»
v o= (v1 Uz),
Ar= (A1xn ... A1xk1), Py = (p1x11... p1Xk,1),
A= (Aex12... AaXp,2), Py = (pyXar ... P3Xky2),
ho=(l...1x),
bo=(1...1x).
rxi1Cuxu .. %11 Crxg 17
Cu=|-:
| Xk1Cuxa - Xk Crixeg
rx11Ciz X1z ... x11CiaXk, 2]
Cio=|.
| Xk,1Crex12 ... x§1CraXp,e
B rx12Carxn1 ... X12Car Xk 17
Coy= 1.
Ljf;c22C21x11 v X£2Co1xE 1 |
rx{2Cezx1z ... X12Ca2Xk, 2]
Cez .
| Xk,2Coox12 ... Xk,2ConXk2 |

* We add the artificial variables y = (31, y2, y3) to the constraints in
order to write the tableau in this form. I refers to an identity matrix of appro-

priate dimension.
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and Py = (psxa1 ... pyxk,2). This can be accomplished by solving
the following linear programming problems

Ma‘xp;.xl9 Maxp;x23
Bixi by, Baxs = ba.
xy 20; x2 = 0.

Of the two solutions we choose that one which has the largest value
(if they both have the same value either one can be chosen). The
solution is attained at an extrcme point which we designate as xjp#;*.
Associated with the extreme point xip*;* is the variable pg*+ and
its complimentary variable u;x:*. We introduce v, into the basis
and remove uz*x, The new solution will be a dual feasible one
since all ug; =0 L.

In general, the initial solution will not satisfy the conditions
in (8) but will do so in (10), (11), (13) and (14). (Naturally conditions
(6), (7), (9) and (12) will always be satisfied). When conditions (11)
and (14) are satisfied then we say the solution is dual feasible. When
conditions (10) and (13) are satisfied we have a standard form
tableau; otherwise the tableau is referred to as nonstandard. The
initial solution constitutes a dual feasible standard form tableau.
The algorithm moves from a dual feasible solution, which is either
standard or nonstandard form, to a primal feasible solution, i.e.,
a solution satisfying the conditions in (8).

Before giving thc rules of the algorithm we wish to make
certain preliminary remarks. The pairs (pzi, Uke), (U1, Y1e), (M1, ¥3)
and (»2, y3) arc referred to as complimentary variables. Let {z;}
be the set of variables which are permitted to leave the basis in
a particular iteration and {/is} be the elements in the j-th column
at the tableau where we assume that this is the column of the
variable to come into the basis. Then the variable to leave the basis
is that z; for which

4

Min {kE

i

|k—2—: 20,111950}

is achieved where k = 1 if the new variable is introduced in a
positive amount and k£ = —1 if it is introduced in a negative
amount. The algorithm proceeds in the following manner 2 :

1 See PT]for a complete discussion of this type of starting solution.
2 These rules are based on [4].
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1. Among the set of px; and —[y| variables we choose the most
negative variable. If there are none the algorithm is
terminated.

2. We introduce into the basis the complimentary ugi, v; or
variable to the one chosen in step 1 with opposite sign of
its compliment. For the variable to be eliminated from the
basis we choose from among the uy; variables in the basis
and the variable designated in step 1. If the variable
designated in step 1 is removed we return to step 1, if not
we go to step 3.

3. We introduce the px: variable corresponding to the wuxq
variable which has just left the basis. The variable to be
eliminated is chosen from the wy; variables in the basis
and the variable designated in step I.

According to the rules of the algorithm let us assume that we
have chosen the variable to come into the basis. Next we consider
the question of determining which variable should leave the basis
and in particular which, if any, of the wy; variables in the basis
should be removed.

Let u; indicate the current values of the basic uz; variables.
Then the relevant information needed is an expression for

ulti

lit.s
where li,5 is the tableau element in the j-th column, the column
associated with the vector designated to come into the basis,
opposite the ux; variable.

At any iteration the uy; variable is a linear function of the
extreme point xx;. Consider then the determination of an expression
for lrs.5. We designate B as the matrix of coefficients for the variables
in the current basis and n; as the column of coefficients of the
variable that is to enter the basis. Then we have

B[=1tj

to determine the vector / of tableau elements. We partition
B = (B}, B?) so that B! consists of the coefficients associated with
the uy; variables in the basis, while B2 contains the coefficients for
the variables pgi, U1, n; and y; which are in the basis. Then we write

(BL, B2) (2) =y,
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where /; is the vector containing the /x;,; elements. By permuting
the rows of B we have

I B\ /4 _ [
0 Bae/ \l T2/
I ‘ Biz
where Bl = and B2 = .
o) #n¢ = i
The elements in Bgo are all known. Accordingly, since B is non-
singular, B2 must also be a nonsingular matrix. Then we have
ly = Biamys.
The vector /» gives the tableau elements opposite the prs, vi, Vi
and »; variables in the basis. For the vector /; we have the expression

h == mp—Biaks.

Let us consider a particular wug;, say wug1, which is in the basis.
Then we have

5 = =g, g—(—0 Axr1— X0 CruXpr Xk — Xk2CioZ pra Xka—71)

where 7, Pr1, P2, and %1 compose the vector of tableau elements
in /. The expression for /x5 is computed in a similar fashion. The
component w13 is cither a constant or a lincar function of the
extreme point xz1, depending on which vector has been chosen to
enter the basis. With this information we must compute

{Min fo 1 ’k-“—"*_ =0, [y # 0!,
¥ Tk1,4 Ik, s J

and

IMin & 72| g 2 50, ;2 0).
r Ikag ! lkay |

Each problem dctermines the minimum of the ratio of two linear

functions of the extreme points. If we can show that the minimum

of such a linear fractional function, if it is achieved, will occur at

an extremc point, then our problem will be immensely simplified.
For example consider the minimum of

— pix1 + x1CuZprxrr + x1Cr2Xeraxae + v'Arxi+m
1,1+ 0 Ax1+ x1Cin 2 8 xp1 + x1 Cra X graxpe +01
s.t. Bix1 £ b1,

x; =0.
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where we assumc that £ = + 1. Note that the numerator is always
nonnegative, and we require that the denominator be also non-
ncgative. Methods for finding the minimum of a lincar fractional
function, if a minimum exists undcr the condition that the denomi-
nator be nonnegative, have becn presented by B. Martos [3]1. He
has also shown that the minimum will occur at an extreme point.
Thus we see that by solving two fractional programming problems
we may determine the vector to leave the basis and its associated
extreme point.

With the determination of a wx; to leave the basis we obtain
the valuc of the associatcd cxtremc point xg. This provides us
with the value of the simplex pivot value. All other stcps and
procedures of the algorithm can be carried out without further
discussion. Since there are only a finite number of extreme points
in each of the subproblems thc argument in [*] can be used to prove
convergence.

ExAMPLE

We present in this scction an example in order to illustrate
the way in which the algorithm works. For this purpose several
iterations will be carried out.

Consider the problem :

Max — 6x1—2xf+ 2x1x2—2x§ ,

(15) X1+ x2 = 2,
(16) 0sx 52,
(17) 0sx 1.

where (15) is the interconnecting constraint, and (16) and (17)
represent the sub-problems. To simplify the writing and presen-
tation of the example we will take into consideration the fact that
each of the sets represented by (16) and (17) contains two extreme
points. The method presented here, however, does not depend on
this information being available.

1 Abadic and Williams [%], have also discussed this problem and have
presented a method of solution closely related to [3].

In order to insure that the denominator is nonnegative we may introduce
this condition as an explicit constraint. In the case where the constraint is bind-
ing the fraction is -+ 0. When the result is finite the constraint will not be bind-
ing, so that an extreme point relative to the original system of constraint is
obtained.
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Let
(18) {x11, xa1}

be the set of extreme points for the convex set represented by (16)
where

X1 = p11X11 + pa1xai1,

(19) eu o = 1,
p11, p21 = 0.
and for (17) we have
{x12, X22}
and Xz = P12X12 -+ P2eXag,
(20) piz+pez =1,

pr2 20, p22 0.
We have the transformed problem

Max — 6(p11x11 + p21 X21) — 2(p11X11 + po1X21)?
4+ 2(o11 X114+ p21.x21) (pr2X12 + p22 X22)
— 2(pr2x12 + paz x22)?,

21 p11X11 + p21 X1 + p12X12 + peaxee +y = 2,
(22) P11+ P21 =1,
(23) p12 -+ pa2 =1,
P11, P21, P12, P22 = 0,
y=0.

Note that we have introduced the artificial variable <y into (21).
The Kuhn-Tucker conditions are

(24) —4xr1(pri X1+ pa1X21) + 2xk1(pr2Xiz + pazX22)
— UXp1 — 1+ upr = 6xx1,

fork =1, 2.
(25) 4 2xr2(pr1x11 + pa1xa1) — 4 Xk (P12 X12 + po2 Xo2)
—0Xpe—ne+ukz =0,

fork=1,2.

To initiate the algorithm we assume that the extreme points
x11 = 0 and x12 = 0 are known. Setting p11 = 1, pri2= land y = 2
gives us an initial solution to equations (21), (22) and (23). Since
we set u1; = 0 and w13 = 0 we obtain from equations (24) and (25)
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two conditions to determine w1 and v2. We thus have the following

system of equations : :

Op11+0p12— m+0m+0y =0,
Opnn+0p12+0m — 72+ 0y =0,

(26) Op11 +0p12+0740me+ y==2,
lenn+0p12-+0740me 40y =1,
Oprin+1p12+0m+0v+0y=1.

The solution is

P11 = 1, S12 = 1, ‘f,1=0, ‘f,2=0, y=2.

According to step two of the algorithm we introduce the variable v

to the basis in a negative amount since its compliment y is positive.

From (26) we have the following matrix of coefficients for the
current basis

0 0—-1 0 0“'

0 0 0-1 0

BO=|0 0 0 0 1

1 0 0 0 0O

0O 1 0 0 O

The inverse is
0O 0 0 1 O
0 0 0 0 1
BYyt=]—-1 0 0 0 O0f.

0—-1 0 0 O
0O 0 1 0 O

To determine the tableau elements for the “v” variable entering
the basis we have

(BY)!

coooo
Il
coococo

In order to determine which variable will leave the basis among
uri > 0 we solve the following fractional programming problems
as stated in section three :

. 6xy
27N Min T

0=x =2;
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and

.0
(28) Min -~

0=x2 1.

and choose the minimum solution of the two problems. This is
achieved at xy = 0 or x; = 1. We choose xo = 1 and designate
this extreme point as xzs.

In order to determine the new basis matrix the variable w22 must
be explicitly introduced into the present contracted basis BS. Thus
we adjoin the equation

ue+0p11+0p12— 01 —72+0p =0

to the system (26). Denote by B as the augmented matrix of
cocfficients for the larger collection of constraints. We have

PN 1 h
0—
8= |10y vo)
where [0] represents a vector of zeros and

h=[0 0 0-—1 0]

To obtain (}’30)—1 note that

o [1  —h(BOyT
@ =[5 "o | =

1 0 1 0O 0 0

O 0 0 0+1 0

oo 0o 0 0 1

- 0 —1 O 0 0 0

0 0 —1 0O 0 0

O 0 0 1 0 0O

In order to continue the algorithm we must determine the
inverse of the new basis where the activity v replaces wugs. First we
must compute the tableau values for v in the terms of the current
enlarged basis B?. We have

(Bo)1

I

SO O OO —

—1
0
0
0
0
0
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Next use the0 theory of basis transformation and construct the
matrix E;. E; is an identity matrix except that the first column

consists of eleoments derived from the tableau representation of .
The matrix E; is :

—1 0 0 0 0
6 1t 0 0 0 O
0O 0 1 0 0 o0
0O 0 0 1 0 O
0O 0 0 0 1 0O
0O 0 0 0 0 1

We have
-1 0 1 0 0 O
. O 0 0 0 1 0
E(BY)-1= 0 0 0 0 0 1|=@BYH1,

0—-1 0 0 0 0
60 0—-1 0 0 O
0O 0 0 1 0 0

According to rule three of the algorithm the variable oo
comes into the basis. To obtain the current tableau values for the
activity cee we have

4
0
@)1 0 |-
1
0
1

Based on the current information we may construct the following
abbreviated tableau :

Value of Tableau values
Basic variables Basic variables for pge
v 0 +4
P11 1 0
P12 1 1
n 0 0
N2 0 0
y 2 1
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To carry out step three of the algorithm we must determine the us;
variable, if any, to leave the basis. We obtain the following two
programming problems :

. 6x1
(29) Min 2x1+4x1’
and 0 =x £2;
Min — 0 =0
(30) 4x1—4x9 0
0=x =1.

Problem (30) has no solution indicating that there are no wu
variables in the basis. Problem (29) achieves a minimum at the
extreme point x; = 2 and we designate it as xo;. We have as the
ratio 1/l which compared with 2/1 for the y variable indicates
that up; will leave the basis. Again employing rule three po; will
be introduced into the basis.

We continue in the above fashion until a dual feasible solution
is attained. The final solution is x; = 1, x» = I.
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