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Haar measure is invariant under the homeomorphisms induced by
the group operation in the measure space. Consider instead the problem
of finding a subinvariant measure for a locally compact space with respect
to a set % of homeomorphisms. That is, we look for a measure A such
that 2(GB)<2(B) for all ¢ € ¥ and Borel sets B. Clearly the existence
of such a measure when % is a group implies that A is already invariant,
so it is natural to consider semigroups & of homeomorphisms instead.
Furthermore, for a monotone set function 4 the relation G'BDB implies
AMGB)=A(B), and it is thereforc natural to require GB p B for all G € &.

In this paper we take the underlying space to be the open unit interval 1.
The construction of the set function A given below follows the con-
struction of Haar measure for compact sets as described in [1, Ch. XI].

The problem of a subinvariant measure on an interval has arisen from
an economic problem in the axiomatics of utility [2, 3]. The latter problem
concerns choice between consumption programs cach consisting of an
infinite sequence of future consumption vectors. The points of I on
which & operates are utility levels of these programs. The elements
@ of & represent the effect on utility levels of postponement of programs
by a stated number of time units. Each @ is labeled by that number
and by the “momentary” utility levels associated with the consumption
vectors inserted in the gaps created by postponement. The existence of
a measure on / subinvariant for & signifies a certain lack of patience
with regard to the time of availability of desirable goods.

Theorem 1. Let & be a semi-group of homeomorphisms from 1,
the open unit interval, to I, having the properties
(a) that GU D U never holds for an interval U of I and a G € &, and

(b) that for any giwven open interval U of I an arbitrary point of I can
be covered by GU for some G e &L.
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Then there exists a real function 2 defined on closed intervals D of I, finitely
additive on tntervals with disjoint interiors, positive on non-degenerate
intervals, and such that A(D)YZAGD) jor all e & and all DCI.

Proof: Fix a point p in I and let U be an open interval containing p.
If D is a closed subinterval of I let

(D : Uy=min {n| DC\J Uy, Us=GiU, G4 € &}
§=1

Obviously, (D : U)=1, and it folows from the compactness of I that
(D : U) is finite. Define, for 4 fixed, closed and non-degenerate in I,

Au(D)=(D : U)(4 : U).

If the intervals U;=G;U, Gy e &, i=1,...,n, form a cover of 4 by =
images of U and the intervals 4;=G;'4, G/ € &, j=1, ..., n’, a cover
of D by »n' images of 4, then clearly U;=G;G;U is a cover of D by n'n
images of U, with GG, € & for all j, i. Hence (D : U)<(D : 4)-(4 : U),
and, if D is non-degenerate,

1 < (DU
(4 : D) (4:0)
Let @ be the set of functions f defined for closed intervals D in I and
such that O< /(D)= (D : 4). Provide @ with the topology of convergence
on finite sets {D1, De, ..., Di} [4, p. 92]. Then @ is compact, by Tychonoff’s
theorem on the compactness of a product of compact spaces [4, p. 143].

Let A(U)={iy | UDV,p e V}. Itis straightforward to verify [1, p. 255]
that the family of all sets A(U) has the property that any finite sub-
family {A(U1), ..., A(Uz)} has a non-empty intersection. Since @ is
compact there is therefore a function 2 in (M A(U). For D non-degenerate,

g0
(1) implies A(D)> 0. ’
To show that A is finitely additive we use two lemmas.

(1) 0 < = Ju(D)<(D : 4)

Lemma 1. If {Un}, n=1,2,..., is a nested sequence of neighborhoods
of p converging to p, then im (A4 : Uyp)= oo.

n—o0

Proof of Lemma 1. Clearly (4 : U,) is a non-decreasing function
of n. Suppose (4 : Un)< N for all » for some fixed integer N. Choose N
disjoint open intervals 4;, i=1, ..., N, in A. By premise (b) of Theorem 1
we can find open intervals U;’ about p such that Gyd;=U; for some

N
Ghe & Let Uy= () U;. Then p € Uy and, by premise (a) of Theorem 1,
i=1
no Ao with GUy= A4, for some ( can contain an 4;. Hence N images of
Uy under & could not cover 4, which contradicts the premise.

Lemma 2. If U is a neighborhood of p and D and E are closed
wntervals with disjoint interiors and a common end point, then

—1/(4 : U)+20(D)+ro(B)<Au(D U B) <A D)+ Ao (B).



Proof of Lemma 2. The second inequality holds because the
union of minimal coverings of D and £ is a covering of D U K, perhaps
not minimal. The first inequality holds because the latter covering of
D U E can be turned into a minimal covering of DU £ by removing
at most one interval that covers the common endpoint of D and £.

To prove additivity of 2, notice that 4 € A(U), for all neighborhoods
U of p, implies that there is for any finite set of closed intervals {Ds, ..., Dy}
a nested sequence U, converging to p, such that i,=1ip, € A(Us) and
(D) converges to A(Dy) for k=1, ..., N. For let U, be a sequence of
neighborhoods of p converging to p. Since Ze (| A(U), we have

pel

2 e (N A(Ux). Then, for any given finite set {D1, ..., Dy}, there is for

all 78 Uy’ C Uy’ such that | Ao/ (De)—ADy) | <1fn, k=1, ..., N. Since
the sequence U,"” converges to p, it contains a nested subsequence Uy
converging to p such that 1, converges to 4 on the set {Di, ..., Dy}.
For the set {Di, ..., Dy} we now take {D,E, DU E} of Lemma 2.
Then, given £>0, there is an n, such that n>n, implies
[An(D U E)—AD U E)| <¢f8,

| 7n(D)— (D) | <ef3, | IalB)—ME) | <&f3.

From these inequalities it follows that

et (D)4 An(E) — (D U B) < A D)+ A(E)— (D U E) <
<in(D)+ An(E) —In(D U E)+e.

But by Lemma 2,
/(A4 : Un)= (D)4 An(£) —2n(D U K) > 0.

Therefore, for all =,
—e<ADY+AE) - MDDV E)<1)/(4 : Uy)+e.

By Lemma 1, 1/(4 : U,) tends to zero. Since ¢ is arbitrary, 4 is additive.

To check that 2(GD)<A(D) it is enough to check the same condition
for arbitrary Ay. Now (GD : U)<(D : U) because a minimal covering
of D by sets G4U gives rise to a covering, not necessarily minimal, of GD
by sets GG4U. The desired result follows on division by (4 : U).

Corollary. 2 is zero on one-point sels.

Proof: If D is a one-point set, (D : U)=1 for all U. The corollary
follows by Lemma 1.

Theorem 2. Any interval function A of Theorem 1 is continuous in
the sense that, if Dn is a nested sequence of closed non-degenerate intervals,
converging to a fized point g, then lim A(D,)=0.

n—>o0
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Proof 1). For any e>0, there are in I non-degenerate intervals
having i-measure at most ¢. To see this take an interval having finite
positive measure M and partition it into at least M e-1 non-degenerate
intervals. One of these must have measure at most ¢. Let E, be a non-
degenerate interval of measure at most s. Then, for some ¢ € &, GE,
contains g in its interior by premise (b) of Theorem 1, and A(GE,) < A(E.) <e.
For n sufficiently large D, CGE, so A(Dy,)<e.

1) We are indebted to R. Stricmartz for this simple proof.
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