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On a Theorem of Scarf

In [3], Herbert Scarf has given a remarkable solution for a classical problem of
economics. In this note, T wish to suggest a simplification of his proof, and a slight
weakening of his assumptions.

Let Q denote the non-negative orthant of the commodity space R. The cconomy is
made up of N infinite sequences of consumers. For eachj=1,..., N, all the consumers
of the jth sequence have the same resources /; in the interior of €, and the same complete

>

preference preordering % on £ satisfying

() {xeQ|x%x}and {x e¢Q|x" 7 x} arc closed for every x in £,
2) for every x in Q, there is X" in Q such x” 7 x,
3 x" % x implies 7 x' + (1 — #) x 7 x for every 7 such that 0 <7 < I,

©)] x 7 x' for some x' implies that x is interior to Q.

An allocation is an N-tuple of infinite scquences (x}), . .., (xi) of points of Q, where
x} is the consumption of the ith consumer in the jth sequence, such that

. n N . N
(5) lim ¥ Exi—n X lj) = 0.

n—-ow =1 j=1 Je=1

A finite coalition S of consumers blocks an allocation ((-’»"D, cees (A;{r)) if, for every
consumer (i, j) in S, there is a consumption y! in Q such that X = X I, and
: . o . Ghes Ges
yi 5 x; for every (i, j) inS, while y! 5 x] for at least one (¢, /) in S The core of the

economy is the set of allocations that no finite coalition blocks.

An allocation ((«\'i), Ce e (*}{:)) and a price system p form an cquilibrium of the
economy if, for cvery (i, j), the consumption x} is a greatest clement of the set
{x eQ|p.x=p.Ljfor3.

i

1 Rescarch undertaken by the Cowles Commission for Research in. Economics under Task NR 047-006
with the Office of Naval Rescarch. T thank Herbert Scarf for the privilege of sceing his ideas develop in
the spring of 1961,  To these conversations T owe my interest in the subject of his article.

2 It is convenient, here, ta identily the resources of consumer (i, j) by 1}, although 1} is a4 constant with
respect to 7. Given the assumptions made on prefesences, our definition of a blocking coalition is casily
scen to be equivalent to H. Scarf’s.
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178 REVIEW OF ECONOMIC STUDIES

THEOREM : Given an allocation ((x{), Ces (.\'g,)) in the core, there is a price system p with
which it forms an equilibrium.

Proof: By (1), there is a continuous utility function u; on Q foreveryj ([1], p. 56). We denote
uj (x]) by vi. Two cases have to be distinguished:

(a) for every j, Inf; v} = lim; v;

We introduce the notation
Cl={xeQluy(x) >V}, Ti=C—{L};
Cj = {x c QI U; (Y) > Inf; V}':}, Fj = Cj — {]J}

All these sets are non-empty, by (2), and convex, by (3) and (1) ([1], p. 60). They
also have non-empty interiors, for every C!does. Indeed, let x be a point in Cj, 1.e., such
that x 7 xl. By (1), x has a neighbourhood in Q all of whose elements 7 xi. But, in
that neighbourhood, there are points interior to Q. Any one of them is interior to Cl.

The basic property of the sets I’y is

(6) 0 is not interior to the convex hull of U Ty.
j=1

To establish this, we denote the interior of a set S by Int S, its convex hull byH(S),
and its closure by S, and we first prove that

(7) Int H (U Iy < H(y Int Ty).
J i

Int H(u ) e Inti(ulnt I')<= Int 4 (ulnt 1) < Int H (U Int TY)
i j j i
= Int H (U Int IY}).
j

Assume now that (6) does not hold. According to (7), there are, for cach j, a point
N

y;in Int Ty, and a non-ncgative real number a;, with X o == I, such that
=1

) o yj = 0
Thus, onc can find, for cach j, a point y; in I';, and a non-negative rational number ry,

N
with 2 r; = 1, such that
=1

) ;Y = 0
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Multiplying by a common denominator of the »;, we obtain

Zokjy =0

for an N-tuple (k;) of non-negative integers, not all zero. Since }; € Iy, one has
ui(y; + L) > Inf; vi. Therefore, according to (a), we can select, in the jth sequence,
k; consumers whose vl are less than u;(y; + /;). This means that y; belongs to the set
I of each-one of these k; consumers. Consequently, 0 belongs to the sum of the sets T'}
of the k; + ... 4+ kn consumers we have selected. And the coalition of these consumers
would block the given allocation.

Having established (6), we apply Minkowski’s theorem to the situation it describes,

N
and we obtain a hyperplane through 0, with normal p, bounding for T, hence for every
i=1

Ty, We write thisasp . I'; =2 0,0rp. C; = p . I;. However, C]is contained in C; for
every (i,/). In addition, by (3), every x such that x ¥ x7 is adherent to Cj. Therefore
(8) for every (i, /), x 5 xjimpliesp . x = p . I;.

In particular, p . \}' = p. I forevery (i, j). 1fany of these inequalities were strict, the inner
product of p and the vector in the parenthesis of (§) would not tend to zero when n —— c0.

Hence
p . xi = p . I for every (i, /).

i

Finally, since /; is interior to £, it follows readily from (8) ({1], p. 69), that ,\J’ is a greatest
element of theset {x € Q|p . x = p . L} for 7.

(b) for some ', Inf; i < lim; v

We will show that this case cannot occur. Notice first that, according to (5),

N N
Jim ( % X — 2 ]j) = 0.

=0 j_—.l Je= 1

Therefore the sequence of N-tuples (v7) is bounded, and we can exiract a subscquence
converging to the N-tuple (x7). Clearly

N
9 Zx0 = XL
Moreover

ui(x7) = Inf; v] for every j, and uy, (x7) > Inf; vi.

The last inequality, which follows from (), implies x? 7 \J‘ for some 7, hence, by (4),
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x;. is interior to Q.

Let s(x,r) denote the open sphere with center x and radius r > 0. We can choose »
small enough for s(x2, r) to be contained in £, and for the utility of every consumption in
s(x)‘?,, ) to be greater than Inf; vj’ By (2) and (3), there is, for every j # j’, a consumption
x; in s(x7, L) such that

up (53) > w (x9) (G # J)-

N
We dlefine x7, as equal to ‘E[ x — 2 x;. Thus | x. —x2| < r. Consequently
Jj= J#i
x} isin Q and
w, (v.) > Inf; v,
Also, by (9),
N N
T x= 21U

- E

j=1 J=1
To conclude, sclect for each j, a consumer (i, j) such that x7 5 x7. The coalition of

i

these N consumers blocks the given allocation.

New Haven, Conn., and Berkeley, Calif. GERARD DEBREU.

The theorem can be gencralized without modification of the proof. For instance, the common con-
sumption set Xj of the consumers ol the jth sequence may be any unbounded closed, convex set with a

N
non-empty interior (instead of being Q), provided that the asymptotic cone of X = X X; satisfies
j=1
AX N (—AX) = {0} (to insure that the sequence (x}’-‘), at the beginning of (), is bounded). Assuniptions

(1), (2), (3), and (4) are made on the preferences Son X;. Then, given an allocation in the core, there is a

price system with which it forms a quasi-cquilibrium (a definition of this concept, and a discussion of its
relation to the concept of equilibrium will be found in [2]).
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