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LINEAR PROGRAMMING AND SEQUENTIAL
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Using an illustration drawn from the area of inventory control, this paper
demonstrates how a typical sequential probabilistic model may be formulated
in terms of (a) an initial decision rule and (b) a Markov process, and then
optimized by means of linear programming. This linear programming tech-
nique may turn out to be an efficient alternative to the functional equation
approach in the numerical analysis of such problems. Regardless of compu-
tational significance, however, it is of interest that there should be such a
close relationship between the two traditionally distinet areas of dynamic
programming and linear programming.

1. Summary

Using an illustration drawn from the area of inventory control, this paper
demonstrates how a typical sequential probabilistic model may be formulated
in terms of (&) a decision rule, specifying order quantities as a function of initial
stock levels, and (b) a Markov process in which the transition probabilities
depend both upon the decision rule and also upon the probability distribution
of demands. Optimization of the decision rule is aecomplished by means of
linear programming.

In contrast with the linear programming studies of Dantzig [4] and Radner
[10], the time horizon considered here is infinite rather than finite. For a study
very closely related to this one, the reader is referred to a paper written by R.
Howard [7].

The essential idea underlying this linear programming formulation is that
the “state’” variable ¢ (initial stock level) and the “decision” variable j (order
quantity) are introduced as subscripts to the unknowns z;; . These unknowns
x,;; represent the joint probabilities with which the state variable takes on the
value of 7 and the decision variable the value of j. With an infinite time horizon,
it is then possible to derive equilibrium distributions (steady state probabilities)
of inventory levels, production quantities, and shortage levels. The require-
ments of statistical equilibrium furnish the linear restraints, and the objective
function to be minimized consists of the expected eost level corresponding to
the equilibrium probabilities.

Although the particular application described is a rather specialized one,
there seem to be quite a number of dynamic programming problems in which
this computational technique may prove to be an efficient alternative to the
usual iterative method for solving funectional equations. As yet, there is only
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a limited amount of evidence available for comparing the effectiveness of the
two approaches from the viewpoint of numerical analysis. Regardless of com-
putational significance, however, it is of interest that there should be such a
close relationship between the two traditionally distinet areas of dynamic
programming and linear programming.

2. Formulation of the Problem

This is a single-item inventory problem in which the initial stock on hand at
the beginning of each “month” is, in Bellman’s terminology, the “state vari-
able.” {2, p. 81] The size of initial inventory will be indicated by the subscript <.
The quantity produced within the month is the “decision variable,” and the
amount produced will be indicated by the subscript j. Our problem is to obtain
an optimal sequential decision rule—that is, to specify a value of j for each value
taken on by <.

The sum of initial inventory plus the quantity produced will be known as
the ‘‘available stock,” and its size will be denoted by &.

The quantity demanded during the month is & serially independent random
variable, n. The symbol p, represents the probability with which n units will be
demanded.

The size of month-end terminal inventories will be indicated by ¢. If backlogs
of demand are to be ruled out, £ = max (0, &k — n).

Once that a decision rule and a demand probability distribution have been
specified, the inventory process may be regarded as a Markov chain. From this
chain may be calculated the equilibrium probability distribution of inventory
levels, of production quantities, and of shortage levels. It will be assumed that
the decision rule is to be specified in such a way as to minimize the expected
monthly costs eorresponding to these equilibrium probabilities. (Note that this
objective is elosely related to, but by no means identical with that of minimiz-
ing discounted expected costs.)

The relevant costs here consist of the sum of the expected value of three com-
ponents: (1) those costs related to the initial inventory levels 4, (2) those re-
lated to the production quantities 7, and (3) those related to the shortage levels
(n — k). Symbolically, total costs are expressed as follows:

(1) 8C1 (1) + &Ce(j) + &Cs(n — k)

No convexity restrictions are imposed upon any of the three funections C,(7),
Ca(7), and Ca(n — k).' Convexity is, in effect, brought about by supposing
that mixed strategies are available. In other words, the conditional probability
of taking action j (given that the initial inventory is at level 7) may lie any-
where in the closed interval between zero and unity.”

11t is a serious limitation of the Holt-Modigliani-Simon produetion smoothing model
that all cost functions must be quadratic. (6] No such assumption is required in the case
discussed here.

2 In an accompanying note by Harvey Wagner [12], it is shown that even though prob-
ability mixtures are permissible, there will always be an optimal solution consisting solely
of “pure’’ strategies.
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Some fairly light restrictions are imposed upon the quantities 7, 7, k, », and ¢.
First, they must be nop-negative integers. Second, there must exist a positive
integer 7, an upper limit upon inventory acecumulation, such that:

t=max (0,k —n) =T

The linear programming problem deseribed below will involve T + 1 equa-
tions. In order for the simplex computations to be carried out with present-
day electronic machine programs, it would be necessary to choose units in
such a way that the integer T’ does not exceed something of the order of 200.

3. Some Definitions
DF: y; = probability that a month’s initial stock equals z-(Q iy = 1.)
DF: 1y = probability that a month’s terminal stock equals ¢ (Q_¢9/c = 1.)
Statistical equilibrium requires:
(2) yt:y,t <t=0717"':T)

DF: z;; = joint probability with which the initial stoeck equals 7 and the pro-
duction quantity equals j.

(3) .'.;xij=yi (i=0,1---,T)

and

(4) ZZJ: zi; =1

DF: z. = probability that the available stock equals k

(5) oz = izj:‘xﬁ (k=0,1,---,7T)
gk

DF: p, = probability that » units are demanded within the month.

N.B. The probahilities p, are independent of any choices made by the de-
cision-maker. The probabilities z:;, v:, v'¢, and 2, however are
directly under his control. (Note that once the joint probabilities
z;; have been specified, it is straightforward to reconstruct the de-
cision rule—i.e., the conditional probability of taking action j, given
the initial stock level 4.)

4, Relationships between the Individual Probabilities
Since the random wvariable n is independent of the available stock %, and
since t = max (0, % — n):
yo = kZ Dok
kom0

yi= 2 paa (t

k—"n‘=t

(6)

il

1J2:"')T)
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By (5):
y’o = Z Pn T4
2,0,
i+j—n 20
(7) -
y,t = Z Pr i (t = 17 27 Tty T)
it

By (2) and (3), we finally arrive at the interdependence relationships be-
tween the individual unknowns a; :
(80) Z: Zoj = Z PuZyj

P
i+j—n <0

(8.1) ; Ty = JZ; Pais (t=1,2-,1)
itj—n=t

Equations (8.0) — (8.T) may each be interpreted as a requirement of statis-
tical equilibrium. In each of these equations, the left-hand side measures the
probability with which the iéniféal monthly inventory level will be ¢, and the
right-hand side the probability with which the terminal level will equal ¢. Statis-
tieal equilibrium implies that these two probabilities must coincide.

The unknowns in the linear programming model are the joint probabilities
z;; . The constraints consist of the usual non-negativity conditions upon the
x:; , together with equations (4) and (8.1)-(8.T). Equation (8.0) is redundant,
and need not be included explicitly within the constraint set.

5. Expected Costs

The cost coefficient associated with each of the ;; will be known as ¢;;.
The total cost expression to be minimized by means of the simplex procedure is
as follows:

(9) Z CiiTi;
%7

How do we assign values to the coefficients c¢;; so as to be consistent with the
minimand given previously by expression (1)? Note that:

8Ci(z) = Z: yiCi(2) = ZZJ: z4;C1(2)
&Cy(j) = ; %3;C2(J)

The cost coefficient ¢;; associated with the unknown z;; is therefore constructed
as follows:

(10) ¢y = Ci(9) + Co(j) + 22 pulis(n — 7 = )

6. A Numerical Example

In order to construet & numerical example, it is neeessary to assign values
to the demand probabilities, to the three cost functions, and to the upper limit
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placed upon inventory accumulation. For illustrative purposes, we will work
with the following:

Po=}% Cie) =7 T =3
m =0 C:(j) =35
P =13 Ci(n — i —j) = max [0, 6(n — < — ;)]

In addition, it will be assumed that the production capacity is at most one
unit per month (i.e., j = either 0 or 1), Note that the mean demand level
amounts to only § of this capacity limit. There is, however, a 3 probability that
demand will actually amount to twiee the production limit.

Table 1 contains a calculation of the cost coefficients for this problem, and
Table 2 indicates the constraint matrix in detached coefficients form. In tran-
seribing equations (8.1)-(8.3) into this matrix, the right-hand side shown
earlier in the text has been subtracted from the left-hand side. Equation (8.1),
for example, has been transformed as follows:

22T = 2 Pai; = 0

23R
i4+j—n=1
TABLE 1
Calculation of the cost ceefficients ci;
Identification subscripts (2, 5)................ (0,0) 0,1) (1,0) (1,1) (2,6) 2,0) (3,00
Inventory costs = C1(1) = < 0 0 1 1 2 2 3
Produetion costs = C.(j) = 3j 0 3 0 3 | 0 3 0
Shortage costs = 4 2 2 0 0 0 0
Za pncs(n -1 .7) =
Znopn max [0, 6(n — ¢ — 7)] !
Total cost coefficient = ¢;; 4 5 3 4 1 2 5 3
TABLE 2
Detached coefficients matriz
Identification subscripts (G, 7) ... .......... 0 | o | ao | an | e | ev | 6o c‘t’é‘;‘rﬁ‘;‘
Equation (4) 1 1 1 1 1 1 1 =1
Equation (8.1) 0 —% 3 1 0 —% —3% =0
Equation (8.2) 0 0 0 —2 b 1 0 =0
Equation (8.3) 0 0 0 0 0 —Z L =0
Optimal activity levels, z; — 1l — § $ — e*
Conditional probability of or- 0 1 1 1 0 1*
dering quantity j—given an
inventory level of <.
£
Zis
7

* To eliminate the question of degeneracy, it is convenient to regard the valuc of z3,o
as &, a ‘“‘small”’ positive quantity.
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Also shown in Table 2 is the optimal linear programming solution to the
problem. Aceording to this caleulation, the initial inventory will be at a zero
level during % of the months, at a unit level 2 of the time, and at a level of two
during the remaining %.° The conditional probabilities derived from this solu-
tion indicate the following deeision rule: Whenever the initial inventory has
dropped to a level of either zero or unity, one unit of production is ordered.
At higher initial levels, no production takes place at all. Note that no mixed
strategies are indicated despite the fact that this option was built into the model.

7. Some Observations

(1) There are a number of paths by which one may prove that it will always
be optimal to adopt pure strategies. One way is sketched out in the aceompany-
ing note by Harvey Wagner. Another—and perhaps a more intuitive way—is
to follow the line of reasoning by which Dvoretzky, Kiefer, and Wolfowitz
dismiss mixed strategies in a problem of this sort. This is & problem in which
the demand probabilities p, are known in advance to the decision-maker, and
do not have to be estimated by him. [5, p. 191 n.] Henee the conclusion that
in a two-person game in which the decision-maker has “found out’ his oppo-
nent’s strategy, it will never hurt him to restrict his own choiee of strategies to
pure ones.*

(2) The choice of an upper limit, T, upon inventory accumulation is admit-
tedly an arbitrary one. If, after finding an optimal solution for a given value of
T, and observing that x;_; ; = 0 for all j, it is entirely possible that a further
inerease in the value of 7" will lower the minimand still further. It is a simple
matter to construct pathological cost functions that will yield this result. Lest
the reader beecome too econcerned over this potential snare, it is worth pointing
out that there are a number of applications in whiceh there exist very real upper
limits upon the accumulation of inventory, e.g., the reservoir capacity of a hy-
droelectric system.

(3) Tt is not altogether legitimate to have brushed aside the question of
initial econditions for the Markov process. If the optimal matrix in the linear
programming solution is a ‘“decomposable” one, the initial conditions will
clearly govern the ultimate statistical equilibrium. The most direet way to
circumvent this difficulty would be to assume that the initial conditions lie
within the control of the decision-maker—at least to the extent that he may
choose them so as to start off within any one of the subsystems into which the
larger system splits up.

(4) It is possible to attach an economic interpretation to the implicit prices
(dual variables) associated with the linear programming solution. They represent

3 The average monthly cost associated with this solution equals () (5) + (}) (4) +
(3) 2) = 31/9. It is of some interest to compare this cost level with that of the do-nothing
basic feasible solution—one in which the unknown z,, equals unity, all other unknowns
are set at zero, and the resulting monthly costs amount to 4.

4 I am indebted to J. Marschak for having pointed out the applicability of this line of
reasoning to the problem at hand.
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the amount by which total costs would be altered if the initial inventory were
at the ¢ th level rather than at zero.® Apparently, they are related to the solution
of Bellman’s functional equation for the inventory problem. [2, pp. 159-164]
This being so, it should be & comparatively simple matter to use them in order
to link together a non-stationary finite-horizon model with a stationary one
having an infinite horizon.

8. Areas of Application

Among the applications that suggest themselves, the following stochastic
models would seem to be of the most interest:

(1) Changes in the rate of production. A number of studies have been con-
cerned with systems in which the eosts depend not only upon the rate of pro-
duction (as in the example above), but also upon the rate of change of that
level. (IE.g., {6].) This kind of problem could be attacked through the same
methods outlined here by defining the “state variable” 7 as a pair of numbers:
one representing the initial inventory level and the other the rate of production
during the immediately preceding period. With this one change in interpreta-
tion, things would proceed in essentially the same way that has been suggested
here. The only serious difficulty might arise from the computational costs in-
volved in an increase in the number of equations within the linear programming
model. Instead of just one equation for each of the (7' 4 1) levels of inventory,
there would now be r equations—one for each of the r diserete rates of produc-
tion that were considered. Altogether, the programming matrix would contain
(T 4 1) rows.

(2) Seasonal storage of inventories. Several recent papers have been focussed
upon the problem of optimization under conditions of seasonally fluctuating
demands (e.g., the demand for heating oil [3]) or of supplies (e.g., the supply
of water for hydroelectric installations [9]). In order for a linear programming
model to reflect such seasonal fluetuations in the probability distribution of
demands or of supplies, the state variable ¢ would again have to represent a
pair of numbers—the first indieating the season of the year and the seeond the
inventory level at the beginning of the particular season. The conditions of
statistical equilibrium would then imply equality between probabilities for the
terminal inventories of one season and the initial inventories of the one following,
With s seasons and (T + 1) inventory levels in each, a total of s(T 4 1) equa-
tions would be involved. Even with time subdivided into 12 individual months
and with 10 levels of inventory considered during each month, the computa-
tional requirements would still remain modest—a 120-equation system.

(3) Multi-location inventory problems. In the event that inventories are
scattered among several geographical loeations, it may no longer be appropriate
to deseribe the system in terms of a single state variable—the aggregate quantity

8 For the numerical solution shown in Table 2, the implicit prices associated with
equations (8.1)-(8.3) are, respectively, —7/3, —13/3, and —11/3. These values serve to
measure the comparative advantage of beginning the Markov process with an inventory
level of 1, 2, or 3 units.
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held in stock. Instead, a separate quantity must be speeified for each location.®
If, then, there are stocks held at ! different locations, the state variable ¢ will
have to be regarded as an l-tuplet of numbers. With (7 4 1) alternative in-
ventory levels at each individual loeation, the linear programming model would
contain no less than (T + 1)° distinct equations. As far as any realistic problems
are concerned, it must be eoneeded that this number of equations could beeome
hopelessly large. Fiven with just four locations and five inventory levels at each,
the system would eontain 625 equations! The most obvious way to reduce the
gize of such problems would be to devise some judicious scheme for aggregation
into a manageable number of geographical areas.

(4) Delivery lags. Each of the cases described thus far has been based upon
the assumption that delivery lags are short—that any production ordered at
the beginning of a period will be available to satisfy whatever demand takes
place within the period. With long delivery lags, these models hardly seem to
be appropriate.

A number of authors [1, 8] have shown, however, that there is a simple way
to analyze a problem in which there are long but fixed delivery lags—that is,
no randomness in the time required for delivery. (This formulation guarantees
that all currently outstanding orders will have been received prior to the arrival
of any order placed currently.) In addition to non-random delivery lags, these
authors also assume that a shortage in supply is reflected in a temporary backlog
rather than in a permanent loss of demand.

With these assumptions, the appropriate state variable required in order to
describe the system is no longer the actual inventory on hand, but rather the
sum of that inventory plus all outstanding orders. To adapt this suggestion to
the linear programming model discussed here, all that needs to be done is to
reinterpret the state variable ¢ as “stock on hand plus orders outstanding.”
The probability p. would be regarded as the probability that n units were
demanded during whatever time interval is required for the delivery of an order.
This variant upon the inventory model is equally well adapted to the case in
whieh time is regarded as a diserete or as a continuous parameter.

9. An Unresolved Difficulty

The minimand employed here represents the average level of costs per unit of
time, and completely ignores the dating of these costs. Time discounting is
neglected—ijust as in many other treatments of the inventory problem. The
only justification for this procedure must be that the mean interval between
successive recurrences of any given inventory level—that this mean interval is
short relative to the discount factor.

In cases involving equipment analysis, however, this simplification seems
quite unpalatable. The interval between successive replacements of a piece of
equipment is likely to be measured in years rather than months [11]. With

6 Essentially the same problem arises if, instead of one commodity in several locations,
we are concerned with planning for several different comamodities at a single location.
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such models, the “present worth” form of minimand appears essential. It will
be of considerable interest to sce whether the current linear programming

formulation of Markov processes can be extended to the case of time discount-
s 7
ing.
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