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A STATISTICAL MODEL OF FRICTION IN ECONOMICS
By RicearRD N. ROSETT

The maximum likelihood method for estimating relationships with limited
dependent variables is generalized to include relationships in which the depen-
dent variable, over some finite range, is not related to the independent
variables.

THE staTisTicAL model presented in this paper is a generalization of the
model of a limited dependent variable described by Tobin in Econometrica,
January 1958.1 The Tobin model deals with relationships in which it is
known that the conditional cumulative distribution function of the dependent
variable has a mass point at some lower or upper limiting value of the
dependent variable. The more general model includes cases in which the
mass point is anywhere in the conditional cumulative distribution function.

For example, if one were to examine the effects of changes in yield on
changes in the holdings of a particular asset by a certain class of investors, it
might be found that small changes in yield have no effect because of trans-
action cost. Figure 1 represents such a relationship. A4 is change in asset
holdings and Avris change in yield. For any changein yield Az < A7 << Avs,
the change in asset holdings is zero.
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FIGURE 1

Since this is not an exact relationship, it is necessary to specify the distri-
bution of errors. One would expect that at A7, a negative errorin A4 would
be more likely than a positive error and that at Ars the reverse would be
true. Further, if the relationship, for a given Avr, specifies a non-zero A4
and an error 4 = — A A would give an observed value of A4 = 0, one would
expect that if # were of slightly greater magnitude, the observation would
stillbe A4 = 0.

1 James Tobin, “Estimation of Relationships for Limited Dependent Variables,”
Econometrica, Vol. 26, No. 1, January 1958.
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While the most obvious examples of this phenomenon are those involving
transactions costs, there are many reasons for insensitivity to small changes
in the state of the world. Insensitivity of this sort has traditionally been
called friction. This, therefore, is a model of relationships in which the
dependent variable is subject to friction.

The Model. Let W be a dependent variable subject to friction, and let
X1, ..., Xm be a set of independent variables which are related to W. If
theeffects of theindependent variables are assumed to belinear and additive,
the relationship can be specified asfollows:

m

Let Y, = /3(,) + 2 BX:
-1
(M . om .
and Yo=fo+ X pXi where fo > fo.
i1

If deviations (#) from the true relationship are taken to be random and
normally distributed, then W is determined by

W=Y —u (Y1—~%<L),
(2) W=L (Yi—u>L and Yy —u < L),
W=Ys—u (Yo—u > L).

P(x) is the value of the unit-normal cumulative distribution function,
Q(x) = 1 — P(x), and Z(x) is the value of the unit-normal density function.

PriW>xx>L |Xi, ..., XmL)=Pru<Ys—x) :P(Yg“"),

[
@3) PyW=L|X1,..,Xn L)y=Pr(¥Y1—u>Land¥Y;—u < L)
_— . Y2_L Yl—L
=Pri—L>u>Yy—1) = Q(F—=) —0 (=),

Prix<Lx>W |Xy,..., Xn L) =Priu> Y —z) =Q(Y1_x)_

g
The distribution function of W is

F(u; X1, ..., X, L) :Q(Yl:") (x < L),
(4) FL; X, . Xn, 1) =0 ( ng—L) 0 (X_l?—_L),
i Xy, X L) = Q (P2 (x> L).
The corresponding density function is
fx; Xy, .o, X, L) _%Z(Yl:") (x < L),
© Hx; X1, .o X, L) :%Z(Yz:") x> L),
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For ease of exposition and computation, it is convenient to normalize on
o. Let (ay, ay, a1, . - ., am, a) be estimates of (Bylo, By [o. Bifo, . .., Bm[o, 1]0).

m

L=a¥Yy=ay+ iEI a: X,

(6) . om
Izde2=do—|— Edez
f=1

Each observation in a sample consists of a set of values for the independent
variables and the dependent variable. The value of L may be different from
observation to observation, but it must be known. Since the distribution
function has a mass point, the likelihood function ¢(a;, ay, a1, - . ., am, a)
will be a mixture of densities and probabilities. Assume that a sample contains
n observations, and that for p of these observations W < L, for ¢ observations
W = L, and for » observations W > L. Then

olao, ao, a1, - . ., am, a) = 1L aZ{li;— aW;) -
(7 . = ,
II [QUax — Wi) — QUi — W) - 11 aZ(Ia — W7).

The natural logarithm of @ is

qa*(a(;, a(,): ap, .., @m, @) = — — ({1 —aW;)?2 4
2 =1
q
kZ:lln QUi — Wi) — QL1 — Wi)]
—Lz ;El (log—aWyp2+ (p+7)Ina— 75—2|—7 In 27,

Let Xo = 1 for all observations. Taking the derivatives of ¢* with respect to
all parameter estimates gives the following system of w -+ 3 equations:

% P 2 Z(Ilk—de)
o= % ([ — aW;) Xo; p Xor = 0,
P4 1=1( 11— aWy) Xoj o+ k=1 QUor—Wy) — QUL1x—Wk) o
" g Z(ng——Wk) r
A = _ Toy — —
4 0 k§1 Q(ng—-—Wk) —Q(Illg—Wk) XOk I=1 ( 2 “ WZ) XOZ OJ
P & ZIi—Wr) —Z(L2—Wp)
8) ga=— 2 (ly—aW)Xy+ X X;
(8) Pa, pact e aW;) Xu; + k=1 QUor—Wi) —Q(I1ix—Whi) g
— Y (Iu—aW) Xu =0 (=12 ... m),

D g Z(I]_k—de) —Z(ng—de)
= Ly — aWy W; — X 14
e El (Iy — aWy) Wy =1 QUor—aWy) — QI1— W) k

+ 72 (log—a Wy W, + Pt

=1 a

= 0.
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As is the case of the Tobin model, these equations are nonlinear, and the
suggested method of solution is exactly the same as that described by Tobin.

Let 4 be the vector of parameter estimates, M the matrix of second
derivatives of ¢*, and V the vector of first derivatives. An initial trial value
of 4 is obtained, A®. An approximation to A is obtained by iteration.
Each iteration consists of solving the equation

© M40 — 46-0) = 7,

where M and V are evaluated at A=D1, Letting ug = Iy — aW and ug = Iog
— aWy, the second derivatives of ¢* are

o & Z(m) Z(w) .
P 45 Q) — Q)T ok

& 11 Z (1) [Q(utz) — Q)]+ Z (1) [ Z (1) —Z ()]

rho =53, () — Q) e
Phira, = é:ﬂzZ (MZ)[Q(M?Q@S@]QJ(; i ](Zz) [Z (1) —Z (us)] XonXoy— :2;‘1 X, X0
ot = _é XXy gm Z(m)—usZ (u[zg([fz()ui E(ZS;)] tZ0m)— 20w
e = é Xo, W, +k:zlulz(m) [Q(u2) E(;(gi;tl—)— z (ZX;%J [Z (1) —Z (us)] Xos s,
Pho= _é Xy, Jél [ulZ(ul)—uzZ(u[zé](Ethguﬂ—Q(();SE)z]+[Z(u1)—Z(u2)]2 Xyl
— £ Xul,
oha = é W?*,cg mZ(m)—uZ (uz][é((,) Z)z): QQ(EZl))]]2+ () —Z(u)]2 o
+ Ewi—L21

The computation of the first and second derivatives can be accomplished
through a trivial modification of a program which has been written for obtain-
ing estimates of the probit-regression model. A linear regression could be
used asaninitialtrial value, 4°. Doubtless, better methods for obtaining initial
trial values are available, but this problem has not yet been examined. The
significance tests are exactly those described by Tobin. The negative inverse
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of the matrix of second derivatives evaluated at the maximum of ¢* is the
matrix of large sample estimates of the variances and covariances of the
parameterestimates,and likelihood ratio tests can be applied to the parameter
estimates.

The locus of estimated expected values of W is not the relationship which is
estimated, but can be computed as follows:

EW; Xy, ... X, L)= _ff«Z(Yl:x) v+ L [Q (Yz—L) —Q(Ylb—l‘)]

[oX0) [ [

+TL2(B i = vio(Ph) —o (P + 1 o ()

—0(FF)] + v (TR o (M)

[

The locus of expected values of W is represented in Figure 2.
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