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Let there be | commodities in the economy. When the price system is p ¢ I/,
the excess of demand over supply is z ¢ . Generally, p does not uniquely deter-
mine z; it determines a set {(p) of which z can be any element. The problem of
market equilibrium has the natural formulation: Is there a p compatible with
z = 0, i.e., is there a p such that 0 € {(p)?

In usual contexts, two price systems derived from cach other by multiplication
by a positive number are equivalent, and all prices do not vanish simultaneously.
Thus the domain of p is a cone (' with vertex 0, but with 0 excluded.

Sinee no agent spends more than he receives, the value of total demand does not
exceed the value of total supply; hence p-z £ 0 forevery zin {(p). This can also
be written p-¢(p) = 0, i.e., the set {{(p) is below (with possibly points in) the hyper-
plane through 0 orthogonal to p (sce Fig. 1).

FiG. 1

ERRATUM

&, which is a misprint, denotes the empty set.
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It is intuitive that, under proper regularity assumptions, there is in € a p, differ-
ent from 0, for which ¢(p) intersects T, the polar of (' (whose definition is recalled
in the Appendix). The theorem gives a precise statement of this result.  Its in-
terest lies in the fact that, for a wide class of cconomiecs, I' n {(p) # @ implies
Oei(p)t

It 1s convenient to normalize p by restricting it to the unit sphere S = {p e R
Ipi = 1}.

Taeores. Let (' be a closed, conver cone with vertex O in R, which is not a lincar
manifold, let T be its polar.  If the multivalued function ¢ from C n S to R'4s upper
semicontinuous and bounded, and if for every p in C' n S the set {(p) is nonempty.
convex, and satisfies p-¢(p) S 0, thenthereisapin C n S suchthal T n ¢(p) # .

Proof: Throughout, Z denotes a ecompact, convex subset of 27 in which ¢ takes
its values; such a subsct exists, since ¢ is bounded.

1. The theorem is first proved in the case where T' has an interior point 2% It
is more convenient here to normalize p by restricting it to theset I’ = {pe ("' p-2°
= —1!, which is easily seen to be nonempty, compact, and convex.

Given zin Z, let w(z) be the set of maximizers of p-zin P.  The set #(2) is clearly
nonempty and convex, and the multivalued function r from 7 to P is eusily seen
to be upper semicontinuous.

Consider, then, the set P X 7 and the multivalued transformation ¢ of this set
into itsclf defined by e(p, 2) = w(z) X ¢(p). Since ¢ satisfies the condltions of the
Kakutani? fixed-point theoren, there is a pair (p*, 2*) which belongs to o(p*, 2%),
e, p*ex(2®) and 2* € £ (p*).

The first relation implics that p-2* £ p*.2z* for every p in P; the second implies
that p*-z* = 0; therefore, p-2* = 0 for every p in £; hence 2* ¢ I''  This, with
z* e f(p*), proves that T n ¢(p*) = &,

2. Tn the general ease, T is considered as the limit of an infinite sequenee of
cones I' with vertex 0, having nonempty interiors.  These cones are constrained
to be closed, convex, different from R! and to contain T

Let € be the polar of T™; it is contamed in €, which is the polar 01 r. Apply,
then, the result of paragraph 1 to the pair (', T there is a pair (p™, z™) such that
preC™ n S 2" e '™ and 2" € {(p™).

Since S X Z is compact, one can extract from the Soquom e (p™, ™) a subsequence
converging to (p*, 2%). Clearly, p* e (' n S, 2% e T, and 2* ¢ ¢(p¥*) (the last relation
by upper semicontinuity of ).

Remarks: The central idea of the proof is taken from Arrow-Debreu.®* It
consists, given an exeess z of demand over supply, in choosing p so as to maximize
p-z. It has a simple economic interpretation: in order to reduce the excess de-
mand, the weight of the price system is brought to bear on those commodities for
which the excess demand is the largest.

Since the convexity assumptions i Kakutani’s theorem can be weakened (see
Bilenberg-Montgomery® and Begle®), the assumption that {(p) is convex is inessen-
tial.

(iale” and Debreu! have, independently, stated (and Kuhn® has proved in a third
way) the theorem in the pdrtuul(u case where (' is the set of points in R? all of whose
co-ordinates are non-negative. The underlying economic assumption is that com-
modities can be frecly disposed of.  As McKenzie® emphasizes, it is very desirable
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to relax that assumption. The purpose of this note was to give a general market
equilibriunt theorem with a simple and economically meaningful proof.

Appendiz—Lect € be a cone with vertex 0 in RY; its polar I' is the set {z ¢ £’ [p-z <0
for every pin €'}, This sct is a closed, convex cone with vertex 0. It ean also be described
as the intersection of the closed half-spaces below the hyperplanes through 0 with normals p
in C.

It is immediate that «C? contains 2, imiplies «I'? contains I''.. One can prove that if
C s closed, and convex, then € is the polar of I, i.e., the relation “is the polar of” becomes
symmetric.

Let ¢ be a multivalued function from u subset ¥ of R” to R”; it is said to be upper semi-
continuous if “2% — 29, y7 ¢ ¢ (29, ¥ — 3°, implies «° e Y (29)..

* A technical report of research undertaken by the Cowles Foundation for Research in Economics
under contract with the Office of Naval Rescarch. Based on Cowles Foundation Discussion
Paper No. 10 (February, 1956).  Reproduction in whole or in part is permitted for any purpose of
the United States Government.
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