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WHAT HAS HAPPENED TO THE THEORY OF GAMES

By Lreonip Hurwicz
University of Minnesota

Since the publication in 1944 of the first edition of the by now classic
Theory of Games and Economic Behavior by von Neumann and Mor-
genstern (1) there has been a minor flood of contributions to the
various aspects of the theory of games and its applications; a recent
book by McKinsey (2) provides a systematic treatment of some of
the developments, while a collective volume edited by Kuhn and
Tucker (3) indicates some of the directions of research in this field.
Other valuable contributions, scattered in many journals, are too
numerous to be listed or even referred to in this brief survey, but it
may be helpful to mention that 2 and 3 contain very comprehensive
bibliographies.

The theory of games thus has an undisputed fascination for, and
a stimulating effect on, workers in many fields, ranging from (compara-
tively) pure mathematics to applied social sciences. There is a natural
curiosity as to the directions in which the theory of games and its ap-
plication have been developing; one also wishes to know which of the
developments have found widespread agreement as against those which
still are controversial. The limited scope and nontechnical nature of the
present exposition can do little more than give a very sketchy indica-
tion of the nature of these developments.

The problems of the theory of games are characterized by the
presence of two types of issues: the nature of individual behavior in
situations involving (non-probabilistic) uncertainty; and the interac-
tions in the behavior of individuals when everyone’s action may affect
the well-being of others. Since both of these present difficulties of
their own, we shall start by discussing problems in which only issues of
the first type are present.

Individual Bekavior Under Uncertainty

There is no doubt that this type of problem is of great importance to
the economist (e.g., in the study of investment decisions) and has been
receiving in recent years an increasing amount of attention. One might
question, however, the relationship of this problem to the theory of
games. The answer is twofold. First, the problem of individual decision

‘N_umbers in italics refer to the list of sources cited, placed at the end of the paper.
This paper will be included in Cowles Commission Paper, “New Series,” No. 75.
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making under uncertainty is an essential ingredient of most or all
game-theoretic problems and hence, at the very least, has a very close
conceptual link with the theory of games. Second, certain tools of the
two-person theory of games have been found to be extremely useful in
attacking even the one-person uncertainty type of problem. A brief
discussion concerning the latter point seems in order.

It may be recalled that one class of two-person games has turned out
to be of particular interest; viz., the constant-sum games where the
(algebraic) sum of the gains of the two players does not depend on
the way either of the players has played but always equals a certain
fixed number. (This number is often chosen to be zero and the game is
then called zero-sum.) For a given player, each strategy is characterized
by the different (positive or negative) gains (“pay offs”) he would ob-
tain depending on the strategy chosen by the opponent. (To be precise
we should substitute expected or long-run average gains for gains, since
chance factors may be present.) The solution proposed by von Neu-
mann and Morgenstern makes each player choose that strategy for
which the minimal gain is at least as high as, and possibly higher than,
the minimal gain guaranteed by any alternative strategy. Thus the
player is maximizing the minimum pay off, or “playing the maximin.”
(Because of a customary formulation in terms of minimizing maximal
loss or risk rather than maximizing minimal gains this principle is
usually referred to as the “minimax” principle.) An interesting feature
of maximizing the minimum expected gains is that it may lead to a
“mixed” (i.e., randomized) strategy as superior to any “pure” (non-
randomized) strategy.

Now the same principle (in its minimax form) had been suggested
and applied to an important class of statistical problems by Abraham
Wald (4).” Since there might be two or more minimax strategies not
identical in their effects (but guaranteeing the same minimal risk),
Wald combined the minimax principle with that of admissibility: to
be optimal, a strategy (say s) must be admissible; i.e., there must not
exist another strategy which promises sometimes a better, and never a
worse, outcome than s.

Following the appearance of 1, Wald reformulated (7) the statis-
tician’s problem as one of playing a zero-sum game “against nature,”
the nature representing the unknown properties of the universe from
which the statistician draws his samples. Given this formulation, as
well as the nature of the von Neumann-Morgenstern solution for two-

* The possibility of applying the minimax principle in statistical problems was mentioned
previously in a contribution by Neyman and Pearson (5). Von Neumann’s initial publica-
tion in the field of game theory (6) antedates 4 and 5, but the present writer is not aware

of any influence it might have had on 5 or 4, or, for that matter, of any influence that
5 might have had on 4.



400 AMERICAN ECONOMIC ASSOCIATION

person constant-sum games, it was again natural for the statistician to
minimax, so that the “game language” was not inconsistent with his
earlier concept of optimality. However, the new language made it pos-
sible to pool the results obtained in two previously separate fields (game
theory and statistics), with considerable gain for both.

The economic models involving decision making under non-prob-
abilistic uncertainty are very closely related to those appearing in the
problem of statistical decision making, hence here again the game
language has attained considerable vogue.?

It should be noted, however, that recent discussions concerning be-
havior under uncertainty have led to a formulation of “optimal” be-
havior which is broader than the maximin principle. Among examples of
alternatives to the maximin (minimax) principle one may mention
the principle (formulated by L. J. Savage) of minimaxing the regret
rather than the loss (or the disutility), the maximax principle of maxi-
mizing the maximal (rather than the minimal, as in maximin) expected
gain (suggested by F. Modigliani), and the principle of maximizing
some weighted average of the maximal and minimal expected gains
(suggested by the present writer); all of these are to be interpreted as
combined with the condition of admissibility defined above. None of
these uncertainty behavior principles commands universal acceptance,
since they all exhibit certain unsatisfactory properties. Just to what
extent that is inevitable is not yet completely known. In the opinion
of the present writer, one should not expect unanimous acceptance of
some particular one among these principles, since it seems reasonable
that some individuals might, say, find the regret principle a natural
one, while others would feel inclined to maximax. In any case, how-
ever, if an individual is to have any consistent behavior pattern in non-
probabilistic uncertainty situations, he must (implicitly or explicitly)
follow some uncertainty behavior principle, whether it be minimax
or something else.

Many-person Situations

Where two or more persons participate, we find, in general, that the
problem of how an individual should act in a situation of uncertainty
is still very much present, but that a rather peculiar type of uncertainty
arises in an attempt to anticipate the others’ behavior. The problem

* An example of a problem of this type treated by game-theory methods: the question
of an optimal amount of insurance to be carried. (A Ph.D. dissertation by A. Morrison,
Towa State College, 1949.) Among ideas inspired by the game analogy is that of using
randomized strategies as policy tools in situations where it is desired to achieve a certain
measure of unpredictability without permitting arbitrary action (e.g., in open market
operations by stabilization agencies). Cf. 8, p. 418. The problem of how best to aggregate
economic variables yields another example of the application of game-theoretic (or un-
certainty decision-making) methods (9).
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of oligopoly is a classical illustration of this type of situation in eco-
nomics. Von Neumann and Morgenstern further enriched the problem
by considering the possibility of coalitions, threats, and compensations
(the latter appearing very naturally in modern welfare economics),
regarding these phenomena as unknowns rather than data. The concept
of a solution (a set of mutually undominated imputations)* offered by
von Neumann and Morgenstern for the general case involving an ar-
bitrary number of participants and a wealth of possibilities of com-
munication among players has not found universal acceptance.

Under the circumstances it was natural that a simpler class of game
situations, viz., that free of intercommunication among players (‘“‘non-
co-operative”), should be attacked separately; this was done by Nash
(11).

Games without Communication

In order to appreciate the nature of Nash’s proposed solution, it is de-
sirable to return for a moment to the two-person constant-sum case. It
was mentioned earlier that the von Neumann-Morgenstern solution in
this case makes the two players use their respective minimax strategies.
Hence the solution has the valuable property of postulating that each
of the players is following a (fairly acceptable) criterion of behavior
under uncertainty. A fundamental result, however, of the theory of
games shows that (under appropriate assumptions) the two minimax
strategies “meet” at a “saddle-point,” the important implication being
that when one of the players uses his minimax strategy, the other player
cannot do any better than to use his minimax strategy. Thus if the two
players, after having decided on their respective minimax strategies, re-
vealed the choice, neither would have an incentive to change his
strategy, provided that the other player was expected to stick to his
(minimax) strategy. Consequently, the saddle-point enjoys a certain
equilibrium property: there is a tendency to stay at the saddle-point
once it has been reached. This combination of the two advantageous
properties of the maximin strategies, viz., “rationality” of the players’
behavior (in the sense of their following an uncertainty behavior prin-
ciple) and the resulting equilibrium, is probably a good part of the
reason for the favor which the saddle-point (minimax) solution of the
constant-sum two-person game has generally enjoyed.

That (minimax) rationality and (saddle-point) equilibrium can be
attained simultaneously is a special feature of the constant-sum two-
person games. As soon as the game is two-person variable-sum or it
involves more than two persons one must, in general, sacrifice at least

¢ Since the expositi&n of the general concept of solution would exceed the scope of this

paper, the reader is referred to Sec. 30.1.1 of I for the relevant definition and to 10 for
an exposition against the background of a three-person barter problem.
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one of these two features. Nash’s solution favors the equilibrium as
against the rationality feature of the solution. In fact, his solution is
defined in terms of the equilibrium property. For the sake of simplifying
the exposition, we shall give the Nash definition for the case of a two-
person game only. Let A and B be the two players and denote by a
a stratetgy of the player A while b represents a strategy of the player
B. The pair @, b of the two players’ strategies is a Nash equilibrium
point if the following is true: given that A plays a, B cannot do better
than play b, while at the same time, given that B plays b, A cannot do
better than play a.

It may be noted that if the game happens to be of the constant-sum
type, the Nash definition yields the same saddle-point solution that is
implied by the von Neumann-Morgenstern solution concept (i.e., it
corresponds to both players maximining). A constant-sum game is, of
course, “naturally” nonco-operative. It has been pointed out by
Arrow and others that the Nash solution, when applied to the classical
oligopoly problem (the mineral water example, for instance), essentially
corresponds to the so-called “Cournot solution.” It should be noted,
however, that since the Nash definition avoids the reaction curve ap-
proach, it is immune to the Stackelberg objection: when all oligopolists
but one follow the Cournot reaction curve behavior pattern, the one
who does not can profit thereby; but if each of the oligopolists sticks
to his Nash strategy, then (by definition) the remaining one could not
possibly profit by abandoning his Nash strategy.

The present writer’s inclination is to question the advisability of
seeking solutions possessing the required equilibrium properties but
sacrificing the rationality of behavior. To see the disadvantage of the
equilibrium approach one only has to visualize an individual who is
inclined to follow the maximin principle when faced by uncertainty
situations. Such an individual (let us call him A) would be disinclined
to count on the likelihood of his opponent B adopting (or retaining)
his Nash strategy, since he (A) might suffer considerable losses were
B (for whatever reasons) to follow some strategy other than that cor-
responding to the Nash equilibrium point.

One might, therefore, argue that in a two-person (or many-person)
game without communication (Nash’s nonco-operative game) each
player should simply follow his usual uncertainty behavior principle
(whether it be maximin, maximax, or anything else), subject to taking
into account such information as he believes to have about his op-
ponent’s probable behavior. Thus it would seem safe to assume that
the other player will not use a strategy which is inadmissible. This
need not be true in a game with communication! The simplest solution
then would be obtained by assuming that (after the elimination of all
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inadmissible strategies) each player selects his maximin strategy. The
simplicity of the maximin (minimax) principle is mainly due to the fact
that its nature has been explored much more thoroughly than that of
most alternatives. Of course, this would not, in general, result in a Nash
equilibrium point. However, the situation obtained would be one of
equilibrium nature if the players are genuinely attached to the uncer-
tainty behavior principle being followed. (One might note that on the
latter assumption a Nash equilibrium point would lack the equilibrium
property!)

It should be stressed that even if the Nash model is inadequate as
a basis for a realistic description of what people actually do, and even
if one would regard it unwise to advise an individual player to follow
his Nash strategy, there is an important area in which the Nash model
and solution concepts appear to be tools of great usefulness, both for
descriptive and expository purposes. The area meant here is that of
the allocative properties of the market mechanism. Thus a position of
the market variables (outputs, inputs, consumption levels, prices) at-
tained when every agent in the market finds his utility (profits) maxi-
mized, provided he assumes the variables (or reaction patterns) con-
trolled by other agents to be fixed, is clearly a Nash equilibrium point.
The basic results concerning the optimal properties of the market
mechanism can roughly be summarized in the proposition that in a
properly defined market economy a point is one of Nash equilibrium
whenever it is Pareto-optimal and vice versa. (A situation is defined as
Pareto-optimal if there is no way of raising anyone’s utility without
lowering that of someone else. For a game formulation of the allocative
process, see 12.)

It may be remarked that some of the controversies in the game-
theory field result from the lack of distinction between the descriptive
as against normative character of a theoretical model; we note that
there is a third category of usefulness, viz., as a tool, which includes
the utilization of a model for the purpose of setting up an organizational
structure. Another source of difficulties, of relevance with regard to
models claimed to be realistic, is vagueness as to observational impli-
cations of a given solution concept.

Games with Communication

In this field there is perhaps most still to be accomplished; in view
of its complexity, this is hardly surprising. While there are some
attempts at the application of the proposed solution concepts to eco-
nomic and other situations, the lack of confidence in the solution con-
cept itself has a tendency to undermine the interest in the applications.
(Some contributions in this area are to appear shortly in the Econo-
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metrica and in Vol. 2 of 3, but are not available to the present writer
at this time. Among papers of interest in this context one may mention
13 and 14.)

Among attempts known to the present writer to seek an approach
different from the solution of 1, two deserve mention. One (Vickrey, 15)
appears to be relatively close to the formulation of 1, differing from
the latter in that it imposes an additional requirement that the solution
be, in a certain sense, self-policing. Another, due to Nash (115, page
295), is based on the idea of fitting the co-operative game into the
general scheme of a nonco-operative game; this is to be achieved by
introducing such elements as the bargaining process, as well as com-
pensations, etc., explicity into the game, instead of leaving them on the
outside as appears to be the case in 1. (Once it is known how to reduce
co-operative to nonco-operative games, there is still freedom with re-
gard to which theory of nonco-operative games is to be applied to the
reduced games.) With only very sketchy information available at this
time, one must refrain from passing judgment on the chances of suc-
cess of these proposals in terms of providing a workable and reasonably
realistic tool for treating the multiperson games with communication.

Even if the case involving communication cannot yet be handled in
a satisfactory manner, game theory (together with recent develop-
ments in the science of information and communication, including
cybernetics) is to be credited for the increased attention being paid to
information and communication aspects of social situations. (See 16
for an example related to certain problems of economic theory.) In
the field of economics there is a class of problems very likely to profit
greatly from increased emphasis on the information-processing aspects
of the economy. Among problems of this class is that of the optimal size
of the firm, as well as the more general one of optimal (internal) eco-
nomic structure of an economic unit, especially with regard to the loca-
tion of the limiting line between market structure (characteristic of
interfirm relationships) and the administrative structure (characteriz-
ing—typically, but not without exceptions—the intrafirm relation-
ships). An interesting special case is that of conditions under which a
firm is likely to wish to introduce the pricing mechanism as a method of
internal allocation of resources.

In a broader perspective, there is reason to hope that the develop-
ment of an analytic approach to problems of economic structure
(whether along the lines just indicated or in some other fashion) will
tend to wipe out the traditional division between the theorists and the
institutionalists. Recent developments in fields such as the theory of
organization seem to add further justification to this hope.

While the present paper is in no way a systematic appraisal of the
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impact of game theory and related developments on economics, the
writer does wish to express his opinion on one aspect of the manner in
which economics has profited from the developments in the field of
game theory. Even where the theory of games does not provide satis-
factory answers, it has contributed to a more lucid, rigorous, and
natural formulation of many problems. In many cases, it has led to the
use of mathematical tools not involving calculus and often very close
to intuitive thinking, thus creating the possibility of exploiting both
the mathematical and common-sense (literary) type of talent available.
A further development, which would seem at least partly due to the
influence of game theory (as well as to that of statistical decision
theory) is a trend toward axiomatic formulation of economic theory,
with the consequent increase in rigor and greater transparency in the
relationships between assumptions made and conclusions reached.

In the present writer’s mind there is little doubt with regard to both
the value of what the game theory (with its “relatives”) has accom-
plished, and the length of the road that still remains to be traversed.
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