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In a wide class of social systems each agent has a range of actions among
which he selects one. His choice is not, however, entirely free and the ac-
tions of all the other agents determine the subset to which his selection is
restricted. Once the action of every agent is given, the outcome of the so-
cial activity is known. The preferences of each agent yield Ais complete
ordering of the outconies and each one of them tries by choosing his action
in his restricting subset to bring about the best outcome according to his
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own preferences.  The existence theoren presented here gives general con-
ditions under which there is for such a soctal system an equilibrium, i.e.,
a situation where the action of every agent belongs to his restricting subset
and no agent has incentive to choose another action.

This theorem has been used by Arrow and Debreu® to prove the existence
of an equilibrium for a classical competitive economic system, it contains
the existence of an equilibrium point for an N-person game (see Nash® and
Section 4) and, naturally, as a still more particular case the existence of a
solution for a zero-suni two-person game (see von Neumann and Morgen-
stern, Ref. 11, Scetion 17.6).

In Section 1 the topological concepts to be used are defined.  In Section
2 an abstract definition of cquilibrium is presented with a proof of the
theorem. In Section 3 saddle points are presented as particular cases of
equilibvium (.~ints and in connection with the closely related MinMax
operator. Section 4 concludes with a short historical survey of results
about saddle points, fixed points for multi-valued transformations and
equilibrium points.

Only subscts of finite Euclidean spaces will be considered here.

1. Topological Concebls.—Two scts in R* are said to be honeomorphic
when it is possible to set up between them a one-to-one bicontinuous (7 and
k=1 continuous) correspondence 2 {called a homeomorphism).

A convex cell Cin R"is determined by 7 points z5(k = 1, ..., r); it 1s the
set
. r r
C={sz=>2 o z0fock=1,...,r3¢ =1}
E=1 E=1

Such a set is closed.

The product of two convex cells 4 ¢ R'and B c© R™is a convex cell
C c R'*™  Let 4 be generated by the p points x* (Z = 1, ..., ) and B
by the ¢ points ¥/ (= 1, ..., ¢). Denote by C the convex cell in R'+™ gen-
erated by the pg pomts (x%, 7). Obviously 4 X B > (, and one shows
easily that 4 X B < C.

A geomelric polyhedron is the union of a finite number of convex cells in
R* Tt is clearly closed.

The product of two geometric polyhedra P, Q is a geometric polyhedron.

» q
Let P = u .4‘<Q = u Bj) where the A; (the B;) are convex cells in
i=1 i=1
R (in R™). The relation P X Q = (v A4;) X (uBy) =u (4; X B,
i j i

proves the result.

A polyhedron is a set in R® homeomorphic to a geometric polyhedron
{called geometric antecedent of the first one).

The product of two polyhedra is a polvhedron (since it is homeomorphic
to the product of the two geometric antecedents).
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Let ] = {tIO = t £ 1} denote the closed interval [0, 1] on the real line.
A nonempty set £ of R”is said to be contractible, or more precisely, deform-
able into a point z° ¢ Z, if there exists a continuous function H{¢, 2) (called
a deformation) taking / X Z into Z such that for all z ¢ Z, (0, 2) = z and

- FH{(1, z) = 2%
The product of two sets X' ¢ R%, ¥ © R” deformable into the two points

x% e X, ¥ e ¥, respectively, is clearly deformable into the point (x° ¥°).
o

Finally the real function ¢ = emgi—} of the real variable © is monotonically
e

increasing from —1 to 41 when 6 increases from — « to 4+ . It estab-
lishes a one-to-one correspondence between the closed interval [—1, +1]
and the set R of all real numbers to which are added two elements — o and
4+ . Open sets in R are defined as itnages of the usual open sets in [—1,
+1], an order is defined in R as an image of the usual order in [—1, 4+1].
R endowed with this topology and this order is called the completed real line
(which can naturally be defined directly?),

2. Equilibriwm Points.—Let there be » agents characterized by a sub-

seript e = 1, ..., »
The (th agent chooses an action a, in a set ¥,. The v-tuple of actions
(a1, ..., a,), denoted by a, is an element of I = ;X ... X%, The payvod

to the :th agent is a function f,(z) from ¥ to the completed real line.

Denote further by 4, the (» — )-tuple (a1, ..., @, -1, ¢,-1, ....a,) and by
I, the product A X ... XA, _; X Ny X. .. XA, Given g, (the actions of
all the others), the choice of the ith agent is restricted to a non-empty, com-
pact set 4,(@) < A,; the ith agent chooses ¢, in A,(d,) so as to maximize
f(a, «.), assumed to be continuous in a, on A4,(a,).

This background makes the following formal definition intuitive:

Definition a* is an equilibrium point if for all « = 1, ..., va, ¢ A,(@)
and f(a*) = Max [f(@, a).

a e Ay (@)
The graph of the function A (d) is defined as the subset of ¥, X ¥,
G, = {(d@,a)|a, eAla)}. Foranyad, A/(a) is always understood to be
non-void.
THEOREM. Foralli =1, ..., v, let 3 bea contractible polvhedron, A (a)
a multi-valued function from A, to N, whose graph G, is closed, f.a continuous

function from G, to the completed real line such that ¢(d) = MNax
ace Ao (@0

fla, a) is continnous. If for every . and @, the set Mz, = |a, ¢ AL(d‘);
fa, a) = o(d)} is contractible, then there exists an equilibrium point.

The proof uses as a lemuma a particular case of the fixed point theorem
of S. Eilenberg and D. Montgomery® or of the even more general result of
E. G. Regle.®

Let Z be a set and ¢ a function associating with each z ¢ Z a subset ¢(z)
of Z. We hay e defined above the graph of ¢ as the subset of ZXZ, {(z, z’)l
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z'ep(s)}. ¢ 1s said to be semicontinuous if its graph is closed. A fixed
point of ¢ is a point z* such that z* ¢ ¢(s%).

Lenya.  Let Z be a contractible polyhedron and ¢: Z — Z a semicontinu-
ous nilti-valued function such that for every 5 ¢ Z the set &(z) is contractible.
Then ¢ has a fived point.t

3, the product of » contractible polyhedra, is a contractible polyhedron
(Section 1). Define on ¥ the multi-valued function ¢ as follows:

dla) = A X ... X M,

Since /g, is contractible for all « and @, ¢(a) is contractible for alla ¢ %
(Section 1). To be able to apply the lemma it remains only to show that
¢ 1s semicontinuous.

For this first define in 9, X [, the sct

M, = (@, a)la, e My}
The equivalent definition

M, = {(@,a) «G|fla, a) = ¢fd)}

shows that 1/, 1s closed since G, is closed and f, and ¢, are continuous.
The graph T of ¢ is the subset of I X U

I = {(a,a")]a edla)} = {(a,a’)]a e M}, for all ] =
{(a, a’)| (@, a.) e M, for all +}.
Consider the subset of 9 X %

M, = {(a, a")l (@, a)) e M};

M, is closed since .V, is. AsT' = n M, I is closed.

The conclusion of the lemmia is then that there exists a* ¢ ¥ such that
a* e ¢(a®), ie., forall ¢, @) € Ag*; thisis the definition of an equilibrium
point a*.

The requirement that ¢,(a,) be continuous is a jeini requirement on the
two functions f, and A4,(a,); it is thercfore not well adapted to applica-
tions. The following Remark tries to overcome this.

The function 4,(d,) is said to be continuous at & if for any a° e 4,(a%)
and any sequence (&) converging to 4., there exists a sequence (a]) con-
verging to a’ such that for all #, a, € 4 (a}).

Remark: If A(d) has a compact graph G, and is continuous at &°, if f,
15 a continuous function from G, lo the completed real line, then ¢.(a,) is con-
tinwous at a.

We drop subscripts « everywhere and reason as if f took its values in the

. . . S -1
real line (the isomorphism ¢
e +1

between the completed real line and the
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closed interval [—1, 4+1] immediately extends the results to the general
case).

() Using only the compaciness of G and the continuity of f we first prove:
For any sequence (%) converging to @® and any ¢ > 0, there 1s an N such
that n > N implies ¢(a@") < (@) + e (in other words, ¢(d) is upper semi-
continuous at &%).

For every n, choose a” ¢ A(d@") such that f(d", a™) = ¢(a"). Since G
is compact it is possible to extract frotu the sequence (@* a") a subsequence
(@*’, a®') converging to (@° a°).

By the continuity of f, f(@", ¢"’) [which is = ¢(d")] tends to f(a° a9
[which is £ ¢(@%]. Therefore there exists N’ such that »’ > N’ implies
e@¥) < ¢(a% 4 e Since from any sequence (@) converging to g° it is
possible to extract a subsequence (@*) having the desired property, any se-
quence (@") converging to d® has the property.

(8) Using in addition the continuity of A(Q) at @° we prove: For any se-
quence (") converging 10 d® and any e > O, there is an N such that # > N
implies ¢(@*) > ¢(@") — € (in other words, ¢(@) is lower sernicontinuous
at av%).

Choose a® ¢ 4(3° such that f(a% e = ¢(a®). By continuity of 4(a)
at @% there is a sequence (@*) converging to ¢ such that for all #, ¢” e
A(a"). By the continuity of f, f(@* a®) [which is £ ¢(@")] tends to
f{a®, a% [which is = ¢(a@%]. Therefore there exists N such thatn > N
implies ¢(@”) > ¢(@°) — e

(a) and (B8) together naturally prove that ¢(a) is continuous at G°

3. Saddie Points and dinldlax Operator—1In this section x ¢ X ¢ R,
ve Y © R"and f{x, v) is a function from X X } to the completed real line.
A saddle point of [is a point (x° ¥} such that

Min f{x9, v) = f(x°% y*) = Max f(x, ¥°). (1)
¥ x
It is & very particular case of an equilibrium point for two agents:

Flx, »)
": ./2((1) - —f(\:, y)

I

a, = X, I = X, Aa) =X, fla)
s = v, W0 = T, Asa)) = 1 .

One obtains therefore by using the remark:

Cororrary.  Let X, Y be two contractible polyhedra, and f(x, ¥) a con-
{innous function from X X Y to the completed real line. If for every x® e X,
Lo = |y e Y] Jlx® vy = DMin J{x" )} is contractible and for every ¥ € ¥,

yel
Iy = {xeX|f(x, ") = Max[(x, ¥°)} s contractible, then f has a saddle point.

-
This corollary contains as more and more particular cases the saddle
point theorems of Kakutani,” von Neumann (Ref. 9, p. 307, and 10}, and
von Newmnann and Morgenstern (Ref. 11, Section 17.6).
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The special interest of saddle points comes from their intimate relation
with the MinMax operator.

From now on X, Y are assumed {o be compact and f(x, v) to be continuous.
We know from the Remark that \Iinf(\' ) [resp., \Ln Sflx, ¥)] is a con-

tinwous function of x [resp., v]. I‘he following result%, already given in
Ref. 11, Section 13, are proved here for completeness.
(a) Max\[in fix,y) = \Im\Id‘(f(x ¥).

LetAd = lx 1\[mj( X, v) = \Ia\\lmf(\ yil, B =1y Max f(x,y) =
x
MinMax f(x, )}
X

¥

Ifx' edand y' ¢ B,

AMaxMin f(x, ) = AMin f(x7, ) £ f(x/, ¥) £ Max f(x, ¥) =
x ¥ ¥ x
Mindaxf(x, v). (2)

> x
The result follows from a comparison of the first and last terms.
(b)  The existence of a saddle point (x°, v*) implies the equality

MaxMin £ = MinMax /[ = /(a9

¥ ¥ ¥ x

From the definition 1 it follows that

MaxMin f(x, 3 = Min f(x%, v) = f(x% V) =
X 3 ¥
Max f(x, ) = MinNax f(x, y) (3)

hy b
which together with (a) gives the result. It also gives Max f(x, 3°) =

\IIH\Id‘( flx, A 1e., ¥ e B, and similarly x" ¢ 4.

(c) The equaliry NaxNin f = NinMax [ implies the existence of a saddle
x ¥ ¥ x
point.
Assume that the equality holds and take % e A4, ¥° ¢ B, Eq. (2) gives \Iin

Fa%y) = flx® %) = \Iax f(x, ¥°), which is the definition Eq. (1) of a saddle

point (x% 1%). We ha\ e, incidentally, proved

(d) the set of saddle poinis is either emply or equal to A X B.

4. Historical Note—A function f(z) from a set Z to the completed real
line R is said to be quasi-convex (resp., quasi-concave) if for any a ¢ R, the
set of 2 € Z such that f(z) £ « (resp., f(2) 2 «) is convex.

Let S, = {ze¢R"g = Ofork=1,..  ,nand Y, z = 1}.

k=1
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In his first study on the theory of games, J. von Neumanu® proved:

(). Let f(x, v) be a continuous real-valued function for x ¢ S, and y ¢ S,,.
If for every x° € S, the function f(x° y) is quasi-convex, and if for every y°
€ S, the function f(x, ¥°) is quasi-concave, then f has a saddle point.

In another paper on economics® he later proved a closely related lemma
which S. Kakutant’ restated in the more convenient form of the following
(equivalent) fixed point theorem:

(IT). Let Z be a compact convex set in R* and ¢: Z —» Z a semicontinuons
multi-valued function such that for every = ¢ Z the set ¢(z) is non-emply and
convex. Then ¢ has a fixed point.

The convexity assumptions were, however, irrelevant and S. Eilenberg
and D. Montgomery® gave a fixed point theorem where convexity was re-
placed by acyclicity. Their result was further generalized by E. G.
Begle.?

These last two theorems deserve particular attention as valuable con-
tributions to topology whose origin can be traced directly to cconomntics.

The notion of an equilibrium point was first formalized bv J. F. Nash®
in the following game context. There are » players; the th player chooses

a strategy s, in S,,; his payoff is f{s), a polylinear function of s, ..., s,
An equilibrium point is a w»-tuple s* such that for all ¢, f(s7) = Max
5, €Sn

f.(s.* s5). Nash proved the existence of such an equilibrium point.

* Based on two Cowles Commission Discussion Papers, Mathematics 412 (Nov. I,
1951) and Economics 2032 (Feh, 11, 1932). This paper has been undertaken as part
of the project on the theory of allocation of resources conducted by the Cowles Com-
mission for Research in Economics under contract with The RAND Corporation. To
be reprinted as Cowles Commission Paper, New Series, No. 64.

One of the main motivations for this article has been to lay the mathematical founda-
tions for the paper by Arrow and Debreu;? in this respect [ am greatly indebted to K. J.
Arrow. Acknowledgment is also due to staff members and guests of the Cowles Com-
mission and very particularly to I. N. Herstemn and J. Milnor. I owe to J. L. Koszul
and D, Montgomery references 6 and 3. Finally 1 had the privilege of consulting
with S, MacLane and A. Weil on the contents of Ref, 6.

t The statainent of E. G. Begle (Ref. 3, p. 546) 15 indecd much more general and the
existence theorem can accordingly be geueralized.  Instead of a contractible polyhedron
one utight take for example an Absolute Retract (as defined in [Ref. 4, p. 222]) using the
fuct that the product of two AR, is an AR, [Ref. 1, p. 197}, For finite dimensions
“Ahsolute Retract’ is equivalent to “contractible and locally contractible (Ref. 4, pp.
235-236) compact metric space’ [Ref. 4, p. 240].
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