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§ 1. INTRODUCTION

Swmomary: § 1. Introduction. -~ § 2. Assumptions and definitions. - § 3. The
case of three commodities. - § 4, The case of four or more commodities. -
Appendix.

If, as is customary in economics, it 15 assumed that the behavior
of individuals 1s governed by a consistent pattern of preferences with
respect to varying bundles of goods, 1t 1s natural to suggest that this
pattern can be approximated by the answers to a questjionnaire as to
the preferences between pairs of such bundles. Against this it has
been argued that while such a procedure might be satisfactory if
only twe or three commodities are involved, the procedure will
be useless if there are several hundred commodities involved, since
the questionee will be unable to apprehend truly the situation, and
his answers may be only distantly related to the choice he would
actually make if the situation arose. [t is the purpose of the present
paper to show that, under the assumptions usually made in economic
literature, the deternmunation of a preference, scale relating to many
commodities can always be accomplished by means of comparisons
involving the variation of only two commodities at a time. In the
present paper, the procedure will be illustrated by showing how to
pass from a knowledge of the preferences among bundles in which
the quantities of only two commodities vary to a knowledge of pre-
ferences among three-commodity bundles. The procedure for more
commodities 1s sketched. Some points of mathematical rigor are
discussed in the Appendix.

This result suggests that there is no true gain in generality in
considering more than two commodities. In principle, all propertics
of multi-commodity indifference maps are deducible from those of
two-commodity maps. Of course, in any given situation, it may be
simpler to consider the problem in full generality directly.

(*) The vesearch for this paper was varvied out al Project Raxw, o project
D}f the Uniled Stales Aiv Fovce, and al the Cowles Conunission for Reseavch in
Economirs. The author wishes to express his gratitude to J. W.T. Youngs,
University of Indiana, who conjectured the main vesults and gave valuable suggest-
Lons for thetr proof, and to J. Marschak, Cowles Commission dnd the Universily
of Chicago, for valuable commenis, This paper will be included in Cowles Coni-

wission Papers, New Series, n. 72.
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§ 2. — ASSUMPTIONS AND DEFINITIONS

A commodity bundle wili be denoted by a point X (or Y or Z),
with coordinates (x,, ..., ,), where x, is the quantity of the ¢* commod-
ity. It will be assumed that x, = o for all 7; that is, we only consider
the relations of preference and indifference as between two bundles
both of which satisfy this restriction ¢én their coordinates. For such
commodity bundles, the relations of preference and indifference are
assumed to have their usual properties, as listed in the following
statement:

I. (a) For all pairs of bundles X and Y, either .X is preferred to
Y or Y is preferred to X or X and Y are indifferent.

(o) If X is indifferent to Y, then Y is indifferent to X; if X
15 indifferent to ¥ and Y is indifferent to 7, then X is indifferent
to Z.

(c) X is preferred to Z if any of the following conditions
hold: X is preferred to Y and Y is preferred to Z; X is preferred to
Y and Y is indifferent to Z; X is indifferent to Y and Y is preferred
to Z. ‘

In addition, we shall make the following customary assumption.

I X, = Y, foralliand X, > Y, for some J, then X is preferred
to Y. I.e, other things being equal, an individual will prefer more of
a good toless. Thisis equivalent to the usual, though sometimes only
implicit, assumption in demand theory, that the marginal utility
of each commodity be positive. Tf some of the cammodities entering
into the bundles among which choice is to be made are irksome, one
can always take their negatives and then change the origin to make
them non-negative; e. g., replace the item, « work», by, «leisure»,
defined as the differencedbetween the length of the day and the number
of hours worked. Assumption II is only essentially contradicted when
the preferences for varymg quantities of one commodity (given the
quantities of all other commodities) are neither always in the same
nor alwayvs in the opposite direction to those quantities. This situation
avise, for example, if there is a point of saturation on the
indifference map, 1. e., if there is one bundle of goods which is preferred
to all others, even to bundles having more of each commodity (3).
This case has not vet been adequately formalized in the literature on
demand theory and will not be treated here (¥).

1) The existence of a peint of satuiation in an indifference map was
apparently first suggested by I. FisHER: Mathematical Investigations in the
Theory of Value and Prices, « Transactions of the Connecticut Academy of Arts
and Sciences», TX (1894), pp. 68, 70-1. The idea is implicit in some of the
Austrian discussion of diminishing marginal utility of a single commedity;
this marginal utility, it wae held, might become zero as the quantity of the
commodity became indefinitely large. See for example C. MENGER, Grundsdize
dev Volkwiertschaftslehve, Vienna, 1871, pp. 57-60.

() For esample, points of saturation are not handled by H. \WoLp in his
classic restatement of the field: A Synthesis of Pure Demand Analysis, « Skandi-
navisk Aktuarietidskrift », 1943, pp. 85-1:8, 220-263; 1044, pp. 69-120.



Under Assumption 11, the preference scale in the one-commodity
case 13 completely defined, being simply that more of that commodity
is preferred to less. Henceforth, it will be assumed that the number
of commodities is at least two.

To state the next assumption, we shall define a linear combination
of two commodity bundles. 1f X and Y are two commodity bundles,
with .Y, the amount of the / commodity in bundle X and VY, the
amount of the # commodity in bundle Y, we will use the symbol
aX — hY to denote the commodity boundle in which the amount
of the " commodity is aX, - 5Y, for each commodity 7. If cach
bundle 15 represented by a point in #-dimensional space whose coor-
dinates ave the quantities of the different commodities in the hundle,
and f we consider the particular case where a4, b 1 -,
-7t n, then (Y A (00 4Y s represented by oa point between
Noand Y oon the straight Ine segment joining them.

ML T X is preferred to Y and Yois preferred to £, then there is
a number £ osuch that o« ¢ 1 and LY + (1 A7 is indifferent
to )

Assumptions I-T1 are essentially equivalent to Professor Wold’s
Axtoms IV {¢)0 Assumption Lis exactly equivalent to his Axioms 1-111;
Assumpuion IT is stightly stronger than his Axiom 1V Assumption 111
is samewhat weaker than his Axiom V.

The vssential role of Assumption 1115 to establish the continuity
of the indifference map. More precisely, an indifference map satisfving
Assumptions [-11T amits of a continuous wtility mdicator (). From
this point on,we  shall assume without speaal discussion that our
mdifference maps have all the usual continuity properties.

IFor the purposes fo the present paper it is unnccessary to make
the usual assumptions of differentiability of the utility function, and
convexity of the indifference sufarces.

By a rafioned collection of connmodity bundles, we shall mean a
collection consisting of all bundles in which certain commodities
occur in fixed quantities but all other commodities can occur m any
non-negative amount; e. g, the set of all commodity bundles
contammmg just five units of the first commodity, or the collection
of all bundles containing cxactly three units of the first commaodity
and exactly six units of the third. Particular interest centers on
rationed collections in which all but two of the commodities are fixed
in amount; such collections will be termed rafion planes. Ameng the
bundles in a given rationed collection, there will still hold relations of
preference and indifference, and these relations will still satisfy
Assumptions I-III in the restricted space, Asswuption II holding
with respect to the coordinates which are not restricted. This stat-
ement 15 obvious for Assumptions I and IT. To see that 111 still holds
within a rationed collection, suppose that collection defined, for

() Worbp.: op. cil,, pp. 22
>

4
sy » 21

3.
i WorLn of. ¢it., pag. "
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example, by preseribing a; == ¢ If X, ¥V and Z are bundles in the
collection such that X is preferred to Y and Y to Z, then there is a
number such that tX + (1 — £ i1s indifferent to Y and o < ¢ < 1.
But the first coordinate of (X + (1--Z 18 (X, + (T —H Y, = tc +
+ (1 1) = ¢, since X and Z both have ¢ as a first coordinate.
Henee, all the usual properties of indifference maps hold on the
rationed collections as well as on unrestricted collections of bundles.

§ 3. Trr Case or Taree COMMODITIES

In this section, we will assiune that there are only three com-
modhities altogether. In this case, a ration plane is defined by fixing
the amount of one commaodity, We assume that for each ration plane
we know the relations of preference or indifference as between any
pair of bnndles on that plane.  That is, we consider that between
any two bundles which have the same quantity of one comunodity,
we can ask the mdividual whether he is indifferent between the two
or prefers one to the other, and, m the latter case, which he prefers.
We are not pennitted, Tet us sav, to ask these questions as between
two bhundles in which the quantities of cach commodity differ. It
will turn cut that we can imfer the preferences in the latter case from
the preferences as between pairs of hundles having the same quantity
of some commodity,

Let N oaud Y be any two given bundles, and et U = (i1, 1, 1)
be a variable bandle. If Y, = Y, both X and Y lie on the ration
plane w, X, and from knowledge of the indiflerence curves on
every ration plane we can certainly infer the proper preference or
indifference relation as between X and Y. Hence, we need only
consider the case XN, 3£ Yy since it does not matter which bundle
we call .\ and which Y, we may assume that X, > Y,

Our procedure will be to derive, for cach of the propositions, X
is preferred to Y, X is indifferent to Y, and X is disfavored to Y, the
respective necessary implications coneerning the indifference maps
on each of various ration planes; then, it will be easily seen that the
conditions in question are also respectively sufficient. Let I, be the
indifference curve through X on the ration plane #, = X4 by assumpt-
ion this curve is known. We will derive the conditions in question
separately fo the two cases where the projection of 7, on the u,-axis
15 unbounded and where it is bounded.

Case 1. The projection of 1, on the w-axis is unbounded. Consider
the bundles represented by points on the ration plane u#, = Y, which
are indifferent to X; these points, if there are any, form an indifference
curve I,. Since Y, << X, the curve I,, if it exists at all, must lie further
away from the origin than the curve /,, if we imagine them plotted
together (see Fig. 1). In particular, I, must also be unbounded.

Suppose X 1s, in fact, preferred to Y. Consider the intersection,
if any, of the line »#, = Y, with 7, on the plane u, = X,; let the
#,-coordinate of the point of intersection be ¢. On the ration plane
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u, =Y, this point of intersection has the coordinates u, == ¢, u, == X,
let 1, be the indifference curve on this plane through the indicated
point (see Fig. 2).

Uz

u,

Consider the mtersection, 1if any, ot /7, with the lne #, - Y,
let Z be bundle designated by this point of intersection. By construc-
tion, Z, = Y, since 7 1s on the ration plane v, — Y, and 7, — ¥

u3
XB
Y R
\ \[3

g, 2

also, Z 1s indifferent to the bundle (Y, ¢, X,), which in turn is indift-
erent to X. Since X, and hence 7, is preferred to YV, 2, > Y,. That
is, ¢f X is preferred to Y, then either 7. 1s not constructible by the above
procedure ov Z, > Y,.

Suppose Z is, in fact, not constructible. This means that either
the line #, = Y, does not cut I, on the plane #; == X, or that the
curve [, does not intersect the line %, =~ Y, on the plane 2, -~ Y,
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Since [, 1s unbounded m the w,-direction by assumption, the first
contingeney can only arise if I, is separated from the origin by the
line #, = Y, (see Fig. 3). DBut then either I, does not exist at all or
[, must also be separated from the origin by the line #, == Y, since
it must lie still further away from the origin than 1,. If I, does not
exist at all, there are no points on the plane #, = Y, which are
indifferent to X since X, » Y, this means that XX is preferred to

S F

AN
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all the points on the planc i, = Y, and hence i particular to ).
i I, is separated from the origin by the line «, = Y,, on which Y
lies, the points of the plane u#, = Y, which are indifferent to X are
preferred to Y, and again X must be preferred to Y.

Now suppose that the line u, = Y, does intersect [;, but that 7,
does not intersect the line u, - - Y, Since any point of I, for which
#y == Y, would lie on the intersection of I, with the line wu, = Y,
there can be no such points of I,. Either /, does not exist, in which
case X is preferred to Y as before, or, since [, is unbounded, it must
be separated from the origin by the line #, - Y, so that again X is
preferred to Y.

{j Z 1s not constructible, then X is preferred to Y. Therefore, 1f X
1s indifferent to Y, Z must be constructible and must be indifferent
to Y; smce Z, == Y, Zy, = Y, we must have Z, = Y, Similarly, if
X s disfavored to Y, Z is constructible, and Z, < Y,.

I 1, is unbounded in the x-divection, then we may asceriain the
preference or indifference velation between X and Y, where X, > Y.,
by the frllowing criterion: Try to construct the point Z. 1f it is not de-
fined, then X s preferred to' Y. If Z is defined, then X is preferred,
;ndszez\;;em, or disfavored to Y according as X, > Y, Z, =Y, or
Ly < Ya.
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It is to be observed that the question of whether or not Z is
defined and of finding the value of Z, if it is can be answered solelv
from a knowledge of the indifference maps on certain ration planes;
in fact, not more than two such planes need be considered.

Case II: The projection of 1, on the w,-axis is bounded. In this
case, I, cuts the u,-axis; let the u,-coordinate of the point of intersect-

u
l

\

2

C U,
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on be ¢, (see Fig. 4). Suppose X is preferred o Y. On the plane
iy = ¢;, let 7, be the mdifference eurve through the pomt with w, = 0,
1y == X, This point represents the bundle (¢, 0, X;), which 1s the
point of interscction of I, with the #,-axis on Tig. 4, and hence 1,
represents points indifferent to X, 1f 7, intersects the line uy = Y,
let the point of intersection be Z. Then, Z; = Y, sv that Zand Y
are on the sane ration plane; since X 1s preferred to ¥, 5o is Z. 1f

v, u,

Iigr. 3.

Z is not defined, then /, must be unbounded in the u,-direction (see
Fig. 5). Since I,does cut the line u, = o, therc is a point on I, with
any preassigned (non-negative) value of 1, and in particular & point
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with u#, = Y.. Let the w#,-coordinate of this point of intersection
be ¢, On the ration plane %, = Y,, the point of intersection just
found has the coordinates #, = ¢,, %, == ¢,. Draw the indifference
curve through this peint on the plane u, = Y,; let 1V be its intersect-
ion, if any, with the line v, = Y, 1V, =Y, and I, = Y; also 164
is indifferent to X, by construction. Hence, 1 is preferred to Y since
X 1s; therefore, TV, > Y.

If X is preferved to Y, then etther 7. is preferred to Y or W, > Y,
or netther 7 nor W is defined.

Suppose neither Z not W is defined. Since £ 1s not defined, it
follows, as above, that therc 15 a pomt on the plane u. Y, which
is indifferent to X If there were a point on the plane #, = Y, which
was indifferent to X and for which w, - Y, that point would be 1§
since 17 15 not defined, either [,, which contains all points on the
planc u, = Y, indiflerent to X, does not exist, or [, does not cross
the line », = Y,. H I, does not exist, then, as before, X must be
preferred to Y. If 7, does not cross the line o, == Y, then cither 1,
is separated from the origin by the Iine w, == Y,, in which case, again
as before, X is preferred to Y, or 7, is on the same side of that line
as the origin in which case every bundle for which 2, = Y., v, = Y,
is preferred to X. This last case 16 impossible, however; for, in parti-
cular, the bundle (¢, Y., Yy} would be preferred to X, but it is disfa-
vored to the bundie (¢, Y., ¢), by Assumption II, since ¢, > Y,
and this last bundle is indifferent to A by construction.

1} neither Z nor W is defined, then X Is preferred (o Y.

If X is indifferent to Y, then cither Z or 7 must be defined; in
the first case, Z must be indifferent to Y, in the second W, = Y.,
Similarly, if X is disfavored to Y, either Z is defined and disfavored
to ¥ or IV 1s defined and W, < Y,.

1j 1, is bounded in the u,-direction, then we may ascertain the
preference or indifference relation between X and Y, where Xy > Y,
by the following criterion: Try to construct the point Z as indicaled,
if it 1s not defined, trv to construct \V. If neither 7 nov W is defined,
then X is preferved to Y. If 7 is defined, then X is preferved, indifferent
or disfavored to Y according as Z is preferved, indifferent or disjavored to
Y. If\V is defined, then X is preferred, indifferent or disfavored fo Y
according as W, > Y, W, =Y, or W, <Y,

Ii is to be observed again that all the processes implied in the
above statement can be carried out with a knowledge of the indifference
maps on certain ration planes separately; in this case, the indifference
maps on three ration planes are needed.

Thus we have shown that a comparison of any two bundles of
three commodities can be carried through by means of a knowledge
of all comparisons of two bundles in wich the same guantity of one
commodity appears in the two bundles.




§ 4. ~ THE CAsE oF Four or MorRE COMMODITIES

The development of indifference maps for more than three com-
modities from the indifference maps on the various ration planecs will
be illustrated by the case of four commodities. The crucial point
here is that cach rationed collection of bundles obtained by fixing
the quantity of just oné commodity is essentially a world of three
commodities, and the indifference surfaces in cach such rationed
collection can be derived from the indifference curves on the indi-
vidual ration planes by a comparison of any two three-commodity
bundles.

Let X and Y be any two bundles; as before, we may assume
Y.< X, Let I, be the indiffcrence surface in the ration hyperplane
uy == X, through the point X; let I, be the indifference surface, if
any, in the ration hyperplane #, = Y, of points indifferent to X,

First, suppose I, to be unbounded in the u,-direction. Find a
point in [, if any, for which u#, = Y,; if there is one such point, there
will m general be many. Find the indifference surface through this
point on the ration hyperplane 2, == Y, and then a point Z of this
surface with u, = Y., As before, if Z is not defined, X is preferred to
Y. If Z is defined, then the preference or indifference relation of X
to Y is the same as that of Z to Y. But the latter relation is known,
since Z and Y are both in the ration hyperplane u, == Y,, and we
have said that we may assume the indifference surfaces known on
each ration hyperplane.

Next, suppose [, to be bounded m the #,-direction. It must then
contain a point with u, == 0, u; = o0, and, of course, 1, = X’,. Let
the u,-coordinate of this point be ¢,. This point is, then, on the hy-
perplance u, = ¢,; consider the indifference surface through the given
point on the ndicated hyperplane. If there is a point on the indiffer-
ence surface for which », = Y,, call that point Z. If there is no such
pomnt Z on the indifference surface, there must be one point for which
iy = Y, Comsider the indifference surface through this point in the
hyperplane 1, = Y, If there is a point on this indifference surface
for which u, = Y, ¢all it 1. Then, if neither Z nor ¥ is defined,
X must be preferred to Y. If either Z or W is defined, then X bears
the same preference or indifference relation to Y that 7 or IV does,
respectively.

By this method, the indifference hypersurfaces in four-commodity
spaces may be builtt upo out of the indiflercnce surfaces in three-
commodity spaces and hence ultimately out of the indifference curves
in two-commodity spaces. By mathematical induction, we can pass
to any number of dimensions,



APPENDIX

Certain propositions about the nature of inditfference surfuces deducible
from Assumption I-ITI which have been uscd implicitly ju the above analysis
will here be brought out into the open. A repeatedly unsed theovem is the
following:

Propesition 1. Tho projection of an indifferenve cuvve or surface on
the x-axis is an interval (finite or infinite).

Proof: T.ct [ be the given indifference surface. 1t suffices to show that il
@, < @, =< @y and if there are points in 7 for which u, = a4, and wy == «,, respect-
ively, then there is a noint in 7 for which 1, = a.,.

Tet X hea pnmt in T for which X, == @, Y a noint w7 {or which Y, == «,.
Define p(n‘r.ts X7 and Y7 by their coordinates as t'n]lmn Ny =a,, N7 o=\
foris1; Y, = a, Y= Y, foris1. Since .\"i N2y, Xy NN
i3 preIclud tr) X, b\ : »\ump‘unn IT; similavly, Y is preferred to Y7, w0 that WV,

which is indifferent to Y, is prcfexwd to Y. Henee, by Assumiption 1, there
is a nwmber { such that 2 = /X’ + (1 — fﬂ" e indifferent 10 X and hence
belongs to /. But Z, = tX'; 4- (1~ )Y’ = u,. so that theve iz a point of 1
for which u, = a,.

This prouposition alone suftices ta justiiy the procedure indicated for
deciding the relation between X and V, with N, o ¥, in the case where /),
the indifference surface in the hyperplane «, - N, throngh X is nnbounded
in the i,-dircction. If the point £ is defined. then the procedure ¢learty deter-
mines the relation between X and Y. 1f 7 is not defined, then either 7, has
no points for which «;, = ¥, or 7,, the sorface of points in the hypervlane
1y == ¥, indifferent to X, has no points fov which = Y, or 7, does not
exist. In the last case, certainly X is superior to some point Tor which i, = Y.
since .\, > Y, by Assumption IT; if X were not preferred to V), [hpm would,
by Assumption 1T, be a ]mint for whicl: 1, = Y, which s indifgevent to X
But there can be no point for which u, = Y, which is indifferent to X if [,
does not exist.

Now suppose that 7, has no points for which wy = Y, Since 7, is unboun-
ded in the u,-dircetion, there are points for which u, -~ V. By Proposition I,
then, there cannot be anyv points on T, for which i, <= ¥, for if there werc,
there would have to be a point on 7, for w hich g == Y, Heace n, > Y for
every point of Iy; every point for which u, = N, 1, = Y must be disfavored to
the points of [, and Lence to X. Since Y, n < N, any point for which u, == Y,
1y = ¥, must be disfavored to X a for h(m b} Assumption T1; in particular,
X must be preferred to V.

Finally, suppose that 7, has no points for which w, == V. Since {, is
unbounded, there 1s a point of 7, with 4, > V). Consider the bundle obtained
by replacing the u,-coordinate of this point, whichis X', bv ¥, Since ¥, < &,
the new bundle must be disfavored to 7, and hence A That 55, there is a pmnt
disfavored to .\ on the hvperplane u, = Y, {for which i, > Y,. The projection
of I, on the x,-axis is an interval not con"ann..rr the stumber Y Hence, either
i, < Y, {for all points of 7, or u; > ¥ {or all such points. If the first alternative
he]d, al] points on the h\ perplane i, a for which u, > YV, would be pre-
ferred to points of 7, and hence to X but "we know this to be false. Hence,
1, > ¥, for all points of I,, so that any point for which 1, £ Y, u, = ¥, must
be dlsfa\ ored to X. In particular, X is preferred to V.

The case where I, is hounded in the 1-direction reqaires another propos-
ition.

Proposition 11. 1i an 111(I1ifercnce surface is bounded in the i,-direction,
it contains a point for w hich #; == o for all i % 1. That is, the indifference
surface must cut the ui-axis.

Proof: Since the i-coordinates of the 1)0int% on 7 are bounded from ahove,
thev mnst possess a least upper bound ¢; . for all points on I, u, = e, whiic
far anv nomber ¢’ < ¢, there is a point on i hu(.h that 4, = 7. let "X be the
bundle (¢, 0. ..., 0 we will show that X belongs to 1.




Suppose it did not, Then either X is pieferred to the points of I or is
disfayvored to them. In the first, case, let X’ be any point in [, so that X", =
Since X/, = o = X; for i = 1, if also X*, = ¢, we would have X' orefelred or
mdxfferent to X, Confrary to assumption. I{ence, X’ < ¢. Defined X as follows:
X”l = X', X’y =oforist 1. Then X'is preferred or indifferent to X; since
X i3 Dreferred to )L by assumption, there 1s a lincar combination ¥ = £X” 4
4+ (1_._[)}\ o < t= 1, which is indifferent to X’ and hence helongs to J.
Clearly, YV, <= ¢, Y;= 0 (i = 1). As noted above therc is a point Z in I for
which /l e \, vasZ; = o0 = Y, (i 1), Zis preferred to Y, which is a contrad-
iction since hoth ar(\ w [, Hence, X cannot be preferred to the points of I.

Now suppose that X is disfavored to the points of 7. Again let X be any
p')int of I: \’ =Z ¢ Define X7 as follows: X7, == ¢, X7; X7 (0= 1). Then
N7 1 prcfcr\cd or indiffetent t+ X7, which, in tuvn, is p\'(‘ffrrod to X. There is
A linear con.bination Y - AV L {1 - X7 which is indifferent to X7 and heace
belongs to T Y =~ ¢ il V=20 lovall is£1, then V= X, and X would
belong to [, contrary 1w assumption. chco Y > o for some 7= 1. (hoose
n mbms ¢, " oso that ¢ o r" < ¥V " >c¢. Define Y7, Y7 as follows: V7 = ¢,
Yoa= ¥, (s Ju Y s 0t Y ; (0= 1), Then Y7 is preferred to Y and,

Y ta Y }\Qu(,(‘ there 18 a lnear combination 7 = ¢Y 4- 11 == HY7, 0 2§ <« 1
\\Int;h is indifferent to 1 and hence be longs to 7. But Z; ¢, which s impossible
by definition of 6. Hence, N cannot be distavored to the points of 19t must
belong to [ Q.15.D.

P >pm\’|«m 1T establishics the validity of the procedure for deciding the
,)mlcwnc e as between N and Y, X, > Y when T ix bounded in the v -ditection,
Ui ¢ is the Jeast upper bound of the cakues of i, for points of 7y, then, bv Propos-
ition 1T applicd to the vation plane or hyperplane u, = X, the hmvndlc (¢,
0, ..., 0, X,) belongs to / and hience is inditferent to X Therefore, /,, the sui-
face in the hyperplane ¢, = ¢ of points indifferent to (1, o, ... X)), consists of
points inditfersnt to X Henee, iF 7 §s defined, X bears to thv sanme relation
to Y as Z does. 1 Z 15 not detined, there is no point of 1, for which 1, = ¥,
Since there is a Du\nt of I, tor which 1, = X, > Y, fbcm cannot be a point
of I, fur which u, == o, by Pl()D()Sltlﬁn 1. On the hypc‘rpl;mc i, = ¢, the coordin-
ates which vary are u,, ..., 4, I [, 13 bounded in the i,-divection, then by
Proposition 11 there would have to be a point of I, for which ey =0 (i -+ 3, ..., %)
but there is no point which », == o, Ience 7, is unbounded fn the w-cirection;
sbice thete iz a point of 1, tor which 1, = o, it follows from DProposition 1
that thers is a point of I, with any assigned value of v, awdl and in particular
with 26, = \’2. For this point w, > Yo Let /5 be the indifference snrface on
the hyperplane 1, = ¥, of pumts inditferent to the one just found, [/, consists
of points indifierent to X, [f 1 is defined, then the relation of A to Y is the
same as that of I to Y. [f J s not defined, then there is no point of [ with

ti, = Y sinee there s a point of 15 with i, > Y, we must have, by Proposition
[, that i, = Y, lor all points of [, and therefore any point for which u, = Y,
i = Y, must be disfavored Lo the points of 7 aad henee 1o X0 Iy particalar,
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