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Mathematical Models in the Social Sciences®

KENNETH J. ARROW

I. Tue USEFULNESS OF
MATHEMATICAL REASONING

IT 15 a commonplace remark among
many social scientists that mathemat-
ics, however useful it may have proved
in the physical sciences, can play no
essential role in the development of the
social sciences because the phenomena
studied are somehow different—“human
beings are not amenable to mathemati-
callaw.” The social scientist who thinks
a little more about the matter will per-
haps add that mathematical analysis is
quantitative, while his field calls for
qualitative analysis. Doubtless he will
concede that certain elementary facts of
a numerical nature can be tabulated
(e.g., distribution of income or popu-
lation) ; and he will usually admit that
for certain purposes, one might be per-
mitted to add up a column of the table.
Nevertheless, it is held that the judg-
ment and intuition of the skilled investi-
gator are fundamentally more useful in
the social sciences than mathematical
formulas based on quantitative observa-
tions.

To the mathematician or the indi-
vidual trained in the spirit of modern
mathematics, the views just presented
seem to be based on nothing more
profound than a misunderstanding.
“Mathematics,” said the American
physicist Gibbs, “is a language.” If
this be true, any meaningful proposi-
tion can be expressed in a suitable
mathematical form, and any generaliza-
tions about social behavior can be for-
mulated mathematically. Mathematics,

* This chapter will be reprinted as Cowles Com-
mission Paper, New Series, No. 48. The author
wishes to thank J. Marschak, of the Cowles Com-

mussion and the University of Chicago, for valuable
comments.
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in this view, is distinguished from the
other languages habitually used by the
social scientist chiefly by its superior
clarity and consistency.® Furthermore,
it is simply not true that mathematics is
useful only in quantitative analysis.
Doubtless many branches of mathemat-
ics—especially those most familiar to
the average individual, such as algebra
and the calculus—are quantitative in
nature. But the whole field of mathe-
matical or symbolic logic is purely
qualitative. We can frame such ques-
tions as the following: Does the occur-
rence of one event always imply the
occurrence of another? Is it impos-
sible that two events should both occur?
The events here may be of a purely
qualitative nature, such as the presence
or absence of traits in a culture com-
plex. It must further be observed that
there may very well be a quantitative
aspect to the study of even the most
definitely qualitative phenomena; if we
realize that we will rarely be able to
assert universally valid laws about the
relation between different traits, we will
be willing to ask in what proportion of
the observed phenomena will two traits
be found together, i.e., what is the prob-
ability of their coexistence. The Men-
delian theory of inheritance is the pro-
totype of the transformation of qualita-
tive into quantitative analysis via the
probability calculus.? It is, of course,

1The doctrine that mathematics is a superior
language goes back to Letbnitz. The inclusion of
all forms of logical reasoning in mathematics was
begun by George Boole and continued by Charles
S. Peirce, Gottfried W. Frege, and Bertrand Rus-
sell. See K- s Introduction to Mathematical
Philosophy 1. ed., 1920). The best elementary
presentation vt the present state of mathematical
logic is found in Alfred Tarski, Introduction 0
Logic (1941).

21t is of interest to observe that the modern
theory of statistical inference fundamental to any
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also clear that quantitative phenomena
enjoy equal claim with qualitative ones
in the study of social forces. An under-
standing of a community doubtless re-
quires knowledge of its religious and
social beliefs, but it also involves knowl-
edge of the distribution of income by
size and by occupation, the total popu-
lation and its distribution by occupa-
tion and social class, and the proportion
of resources devoted to various social
and individual needs.

Finally, the argument that only
trained intuition can yield worth-while
social analysis is rejected as meaning-
less by the mathematically trained. If
the intuition of the investigator is re-
liable, it will yield the same judgments
every time it is confronted with the
same set of facts. But any such unique
correspondence can always be repre-
sented by a mathematical relation of
sufficiently complicated form. Hence,
any intuitive knowledge can always be
reduced to mathematical terms. Apart
from this, there is the general pre-
supposition that scientific knowledge
should be interpersonally valid and
transmittable and hence expressible in
an objective, consistent language.

These arguments seem logically irre-
futable, and yet, outside the realm of
economics, very little use has been made
of mathematical and symbolic methods.
Even in economics, only a small minor-
ity of the theorists use anything more
complicated than a very elementary
form of calculus. How can we explain
this failure on the part of social scien-
tists to accept in their practice the theo-
retically superior language of mathe-
matics? The simple fact that they
would like to shun such a difficult sub-
ject as mathematics can be regarded at
best as only a partial explanation.
There have always been enough mathe-

quantitative analysis in the social sciences owes its
inception to the interest of Francis Galton and
Karl Pearson in the problems of inheritance and
evolution. A further discussion of the significance
of probability laws in the social sciences is given
later in this chapter.

maticians interested in the social sci-
ences to have made the superiority of
mathematics manifest if it were a clearly
better tool.

There must be some flaw in the argu-
ments advanced above for the use of
mathematical methods in the social
sciences; the most important omne is
concealed in the statement that every
proposition “can” be expressed in
mathematical form. The statement is
doubtless true if we mean that there
exists in some Platonic realm of being
a mathematical expression of every
given proposition, but it is not true if
we mean that the mathematical expres-
sion in question can be given within
the realms of mathematical theory now
existing. Every mathematician realizes
what a small part of all the potentially
available mathematical knowledge is
actually grasped at the present time.?
The usual reaction of the “literary” so-
cial scientist when confronted with a
mathematical system designed as a
model of reality is to assert that it is
“oversimplified,” that it “does not rep-
resent all the complexities of reality.”
In effect, he is saying that the symbolic
language in which the mathematical
model is expressed is too poor to con-
vey all the nuances of meaning which he
can carry in his mind. What happens is
that the very ambiguity and confusion
of ordinary speech give rise to a rich-
ness of meaning which surpasses for
the social scientist the limited resources
of mathematics, in which each symbol
has only one meaning. It is not surpris-
ing that there should be a difference
between the social and the natural sci-
ences in this regard. Language is itself
a social phenomenon, and the multiple
meanings of its symbols are very likely
to be much better adapted to the con-

3 Consider the following apparently simple state-
ment: Every even number is the sum of two odd
prime numbers (a prime number is a number di-
visible only by itself and by 1). There is no known
exception to the statement, yet it has never been

proved in general. This 1s known as Goldbach’s
problem and dates from the 18th century.
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veying of social concepts than to those
of the inanimate world. Furthermore,
the empirical experience on which one’s
understanding of the social world is
based consists to a large extent of sym-
bolic expressions of other individuals;
one can apprehend these expressions
directly because one is himself part of
the social world he observes.* Such ap-
prehension must inevitably take place
on a largely unconscious level unamen-
able to mathematical expression (which
is surely the acme of consciousness).
It is precisely in the field of economics,
where the individuals studied are en-
gaged in relatively highly conscious cal-
culating operations, that mathematical
methods have been most successful.®

It is true, then, that there are certain
limitations of mathematical methods in
the social sciences. Nevertheless, it
must be insisted that the advantages
are equally apparent and may frequently
be worth a certain loss of realism. In
the first place, clarity of thought is still
a pearl of great price. In particular,
the multiplicity of values of verbal sym-
bols may be a great disadvantage when
it comes to drawing the logical conse-
quences of a proposition. Consider, for
example, the following verbal argu-
ments: (a) If prices are high, people
will tend to buy less; when people buy

4 This point has been stressed by Frank H.
Knight in “The Limitations of Scientific Method in
Economics,” in The Ethics of Competition and
Other Essays (1935), pp. 105-47.

5 Credit for the first significant use of mathe-
matics in economics is due the great French
economist Augustin Cournot, who published in
1838 his Recherches sur les principes mathéma-
tiques de la théorie des richesses. His work was
largely neglected. It was the contribution of
W. Stanley Jevons in The Theory of Political
Economy (1871) and especially the contribution of

- Walras 1 Eléments d’économie politique pure
t ~.."), which brought tbe power of the mathe-
matical methods to the attention of economists
The present status of mathematical economics 1s
best summarized in Paul A. Samuelson, Founda-
tions of Economic Analysis (1947) ; see also J R.
Hicks, La théorie mathématique de la valeur en
régime de libre concurrence (1937), and Value
and Capital (1939), particularly the Mathematical
Appendix, for a more intensive survey of more
limited areas than Samuelson’s work These works
do not cover, however, a good deal of significant

work published in tbe various economic journals,
and particularly Econometrica.

less, manufacturers produce less, since
they tend to produce only what they can
sell; therefore, high prices are asso-
ciated with low production. (b) If
prices are high, manufacturers will pro-
duce more, since it is more profitable
for them to do so; therefore, high prices
are associated with high production.
At a verbal level, both arguments are
convincing; yet obviously they cannot
both be valid. Let us try to isolate the
postulates of the two arguments and ex-
press them symbolically. Let x; denote
the amount which people will buy, x.,
the amount manufacturers will produce,
and p the price. The first argument says
that x, is a decreasing function of price,
i.e., that x; = f(p) ; and that x, = x,.
The second argument says that x, is an
increasing function of price, x, = g(p).
Then we have three equations in three
unknowns; thus, in general there is no
inconsistency, all three relations simul-
taneously determining x,, %, and p.
These relations express the behavior of
consumers, the market, and producers
respectively. So long as no change oc-
curs in anyone’s behavior pattern, the
values of %y, %,, and p will remain con-
stant. There will be no question whether
supply varies directly or inversely with
price, since neither moves at all. Sup-
pose, however, that there were a shift
in the tastes of consumers, so that f(p)
changed to another function, say f, (p).
To obtain the values of x;, x,, and p,
we would solve the new system of simul-
taneous equations, x; = f,(p), %1 = %o,
%; = g(p). Note now that the solutions
%1’, %2, p’ to this equation system sat-
isfy the conditions that x,” = g(p’).
Hence, if p’ is greater than p, x,’ will
be greater than x,. If therefore we have
a sequence of observations in which con-
sumers’ tastes are varying but produc-
tion conditions, as expressed by g(p),
remain constant, prices and production
will move together. On the other hand,
if consumers’ tastes are constant but
production conditions are variable, high
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prices will be associated with low pro-
duction. Thus, mathematical symbol-
ism resolves the apparent contradiction
between the two arguments and shows
when each is valid.

In addition to the problem of clarity
in logical deductions, there is another
methodological question related to the
formulation of theoretical models: the
problem of inductive inference. It is by
now a platitude of the scientific method
that if theory without empirical evi-
dence is unreliable, empirical inquiry
without theoretical background is un-
fruitful. The theory of statistical infer-
ence, as it has been developed in recent
years by Jerzy Neyman, Egon S. Pear-
son, and Abraham Wald on the basis of
the earlier work of R. A. Fisher and
Karl Pearson, is precisely the mathe-
matical expression of the logic of induc-
tion. It has shown clearly how the op-
timum statistical methods depend criti-
cally on the theoretical model assumed.®
Now the derivation of the statistical
methods appropriate for making infer-
ences within a given theoretical model
is usually a matter of considerable
mathematical difficulty.” To proceed
with the derivation at all, the underly-
ing theoretical presumptions must be
set forth in explicit symbolic form.
Hence, a second argument, besides that
of greater clarity of thought, for the
explicit formulation of theories in
mathematical terms is the resultant op-
portunity to tap the great resources of
modern theoretical statistics as an aid
in empirical verification.

¢ The concept of “optimum’ is, of course, al-
ways relative to a value system. As will be seen
below, the statement in the text is not meant to
imply that all the philosophical difficulties in the
theory of induction have been completely resolved.
We can, however, be reasonably sure that the opti-
mum methods, however defined, for making a
choice among alternative theories on the basis of
given empirical evidence will depend critically
upon the theoretical background of the inquiry,
1.€., upon the range of theories which are believed
to be sufficiently plausible that they are admitted
to the set among which the choice is to be made.

7The level of mathematics needed in modern
statistical theory can be seen in such a work as
Harald Cramér, Mathematical Methods of Statis-
tics (1946).

The observations made above as to
the limitations of our present knowledge
of mathematics are applicable here also.
It is unfortunately true that it is very
easy to formulate theoretical models in
which the determination of the opti-
mum statistical methods leads to mathe-
matical problems which have not been
solved; in other cases, the resultant
problems can be solved in principle, but
the computations needed to find the
solution in any given case take an im-
practical amount of time.® Here again
we must resort to simplification. The
customary procedure is to substitute a
mathematically practicable theory, as
similar as possible to the desired one,
and use that as the basis for deriving
statistical methods. For example, the
assumption is frequently made in theo-
retical models in biology and economics
that there exists some linear combina-
tion of the variables that is normally
distributed. The assumptions of nor-
mality and linearity are introduced pri-
marily because of the relative mathe-
matical simplicity of deriving optimum
methods of estimation and tests of sig-
nificance.®

In Section II, some alternative pos-
sibilities in the types of mathematical
models which are being proposed are
discussed in a classificatory way. In
Section III, extended examination is
given to one proposed model, the
“game” theory of social behavior de-
veloped by John von Neumann and
Oskar Morgenstern. Section IV will
take up more briefly some other pro-

% An attempt, for example, to estimate statis-
tically the economic laws governing a large modern
country on the basis of a relatively simple model
(say, a few hundred equations to be fitted) could
easily occupy the best computing machines now

available for the next five hundred to a thousand
years.

® Of course there are other justifications for the
widespread use of the normal distribution, in par-
ticular the Central Limit Theorem, which asseris
that under certain general conditions the sum of a
large number of independent variates, each con-
tributing a small part to the whole, will be nor-
mally distributed. See, for instance, Hai (' |
Cramér, R v Variables and Probability Dis-
tributions ('™ 1,
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posed mathematical theories of the so-
cial sciences. Finally, certain very im-
portant recent advances in the metho-
dology of empirical work as guided by
theoretical models will be taken up in
Section V. While the literature of cur-
rent economic thought is frequently re-
ferred to, the emphasis is on those parts
which have wide applicability in the

social sciences.

I1. SoME CLASSIFICATIONS
or MobELS

1. Individualistic versus collective basis

In most mathematical and, generally,
in most deductive studies in the social
sciences, the starting point is the be-
havior of the individual. Each indi-
vidual is conceived of as acting in a
way determined partly by his psychol-
ogy and his physical surroundings and
partly by the actions of others. If there
are n individuals, we may denote the
actions of individual i by 4,, and the
nonsocial determinants of his behavior
by P;. Then the actions of the first in-
dividual may be described by a sym-
bolic equation,

4, =f(Py, 4o,..., 45). (1)

There is one such equation for each
individual. Together, they constitute n
equations in the n variables 4,,. .., 4,.
In general, these may then be solved to
express the actions of all individuals in
terms of the data P,, ..., P,.*® There-
fore, given the reaction of each indi-
vidual to his total (social and other)
environment, as expressed in relations
of type (1), and given the nonsocial en-
vironmental factors, which we may term
exogenous, we can determine the be-
havior of society in the sense that we
can determine the behavior of any in-
dividual in society.

This individualistic viewpoint, as we

1¢ The fact that the actions A; may not be repre-
sentable by single numbers does not alter the

validity of the principle that n equations suffice, 1n
general, to determine n unknowns.

may term it, is explicit in the main tra-
dition of economic thought and is com-
pletely accepted in the von Neumann—
Morgenstern game theory. It seems
also to be accepted by the other theorists
whose work is discussed below, though
George Zipf seems at times to be re-
ferring to the laws of behavior of so-
ciety in some total sense. The indi-
vidualistic viewpoint has been chal-
lenged recently by Rutledge Vining in
the course of a methodological contro-
versy with Tjalling C. Koopmans.!*
Vining has stated, “I think that in a
positive sense the aggregate has an ex-
istence over and above the existence of
Koopmans’ individual units and be-
havior characteristics that may not be
deducible from the behavior of these
component parts.”*> Taken literally,
this position seeme indefensible. As
Koopmans points out, a full character-
ization of each individual’s behavior
logically implies a knowledge of group
behavior; there is nothing left out.*®
The rejection of the organism approach
to social problems has been a fairly
complete, and to my mind salutary, re-
jection of mysticism. But as usual in
these problems, there is something to be
said for at least the possibility of a col-
lective basis for social theorizing, if
not taken too literally. Much of our
casual observation and much of our
better statistical information relate to
groups rather than individuals. We
may therefore be led to generalize and
form a theory whose subject is the total

1 Rutledge Vining, “Koopmans on the Choice
of Variables to Be Studied and of Methods of
Measurement,” Review of Economics and Statistics,
XXXI (1949), 77-86. See also Tjalling C. Koop-
mans, “A Reply,” Review of Economics and Sta-
tistics, XXXI (1949), 86-91; Rutledge Vining, “A
Rejoinder,” Review of Economics and Statistics,
XXXI (1949), 91-94. Vining’s first paper was a
criticism of an earlier paper of Koopmans entitled
“Measurement Without Theory,” Review of Eco-
nomics and Statistics, XXIX (1947), 161-72. The
Koopmans paper, i turn, was a review article of
a book by Arthur F. Burns and Wesley C. Mitchell,
Measuring Business Cycles (1946).

12 Vining, *“Koopmans on the Choice of Vari-
ables to Be Studied and of Methods of Measure-
ment,” p. 8.

12 Koopmans, “A Reply,” pp. 86-87.
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behavior of a group. So long as it is
understood that such a theory is really
a resultant of certain as yet unanalyzed
laws of individual behavior, no harm
will be done, and the greater conveni-
ence of empirical analysis on groups
may be highly beneficial.

In fact, even in economics, the unit
of the theory of production is not really
the individual but the firm, which is an
operating organization of individuals.
Similarly, the unit of the theory of con-
sumption is really the household, not
the individual consumer. In empirical
economics, the investigator is usually
forced to use a collectively based model
by the nature of the data. The Keynes-
ian theory postulates that the consump-
tion of a community is an increasing
function of its total income. As an em-
pirical equation, this is a statement
about group behavior, not individual
behavior.* Similar remarks apply to
all macroeconomic models designed as
a basis for empirical fitting, in which
the variables that enter are obtained by
aggregating the behavior of many in-
dividuals.'®* They apply even to many

14 John Maynard Keynes, The General Theory of
Employment, Interest, and Money (1936}, pp. 89-
131. There are a large number of variant em-
pirically derived consumption functions; see, for
example, Arthur Smithies, “Forecasting Postwar
Dcemand: 1,” Econometrica, X111, No. 1. (1945).
1-14; Jacob L. Mosak, “Forecasting Postwar De-
mand: TT1."" Econometrica, XIII, No. 1 (1945),
25-53; aud Trygve Haavelmo, “Methods of Meas-
uring the Margmmal Propensity to Consume,” Jour-
nal of the American Statistical Association, XLII
(1947), 105-22.

8 Jan Tinbergen, Statistical Testing of Business-
Cycle Theories (1939); Lawrence R. Klein, “The
Use of Econometric Models as a Guide to Policy,”
Econometrica, XV (1947), 111-51, and ¢ - omic
Fluctuations in the United States, - ' 1941
(Cowles Commission for Research in Econumics,
Monograph No. 11 [19501); Mordecai Ezekiel,
“Savings, Consumption, and Investment,” Ameri-
w1+ Economic Review, XXXII (1942), 22-49, 272-
!+.: and Colin Clark, “A System of Equations
Lxplaining the United States Trade Cycle, 1921 to
1941,” Econometrica, XVII (1949), 93-124. These
are all attempts to find a comprehensive system of
equations which will explain cyclical fluctuations
in business. Mention should also be made of the
empirical studies on production made by Paul H.
Douglas and his associates, summarized in Doug-
lag’s, “Are There Laws of Production?”’ American
Economic Review, XXXVIII (1948), 1-41. AR
these studies employ magnitudes such as total
consumption, total output, and aggregate invest-

models constructed for the purposes of
theoretical analysis. The various repre-
sentations of the Keynesian theory in
mathematical form all involve func-
tional relations among magnitudes
which cannot be identified with the
behavior of any individual.®

The usual feeling among economists
is that these macroeconomic models
could be justified on the basis of an
individualistic theory if suitable defi-
nitions of the aggregate magnitudes in
terms of those pertaining to individuals
were given. The problem of finding
such definitions, generally known as the
aggregation problem, has received a cer-
tain amount of attention in recent years.
Because of the nature of the discussion,
al once technical and unresolved, it is
not summarized here. But one metho-
dological principle emerges clearly: in
order to have a useful theory of rela-
tions among aggregates, it is necessary
that they be defined in a manner de-
rived from the theory of individual be-
havior. In other words, even the defi-
nition of such magnitudes as national
income cannot be undertaken without a
previous theoretical understanding of
the underlying individual phenomena.
It also seems evident that the aggre-
gated model must include among its
variables some which characterize the
distribution of various magnitudes
among the individuals of the society;
e.g., in the consumption function some
measure of income inequality should be
introduced as an additional variable.
Doubtless, the same remarks apply to
aggregation in other social realms.'’
ment; the laws relating them are laws of behavior
of the society as a whole and only by implication
are they laws of individual behavior.

18 Oscar Lange, “The Rate of Interest and the
Optimum Propensity to Consume,” FEconomica,
n.s., V (1938), 12-32; John R. Hicks, “Mr
Keynes and the ‘Classics’> A Suggested Interpreta-
tion,” Econometrica, V (1937), 147-59. The anti-
Keynesian work of A. C. Pigou, Employment and
Equilibrium (1941) follows the same methodo-
logical pattern on this point.

17 See Francis W. Dresch, “Index Numbers and

the General Equilibrium,” Bulletin of the Amer:-
can Mathematical Society, XLIV (1938), 139-41,
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2: The principle of rationality

A postulate frequently encountered in
theoretical economics and elsewhere in
social theory is that the behavior of the
individual or group can be described by
saying that the individual or group is
seeking to maximize some quantity.
Thus, in the theory of the firm, the
economist postulates that the individual
seeks to choose that mode and scale of
operation which will yield more profit
than any other possible choice. In the
theory of consumption, it is assumed
that among all the combinations of com-
modities an individual can afford, he
chooses that combination which maxi-
mizes his utility or satisfaction. Be-
havior of this type is frequently re-
ferred to as rational.

The basis for the assumption of ra-
tionality is the following seemingly quite
general formulation of individual be-
havior in a social situation: Each indi-
vidual at a given moment of time is
free to choose among several possible
courses of action; he decides among
them on the basis of their consequences.
The range of actions open to him and
the consequences of these actions are
determined by the contemporary ac-
tions of others, by the past actions of
himself and of others, and by the exoge-

and ‘““Continuous Index Numbers and Quantitative
Study of the General Economy,” in Jerzy Neyman
(ed.), Proceedings of the Berkeley Symposivm on
Ma- - 1tical Statistics and Probability (1949),
pp. = ..': Lawrence R. Klein, “Macroeconomics
and the ineory of Rational Behavior,” Econo-
metrica, XIV (1946), 93-108, and “Remarks on
the Theory of Aggregation,” Econometrica, XIV
(1946), pp. 303-12; Kenneth May, “The Aggrega-
tion Problem for a One.Industry Model,” Econo-
metrica, XIV (1946), 285-98, and ‘“Technological
Change and Aggregation,” Econometrica, XV
(1947), 51-63; Shou Shan Pu, “A Note on Macro-
economics,” Econometrica, XIV (1946), 299-302;
Kenneth J. Arrow, “Summarizing a Population of
Behavior Patterns,” Econometrica, XVI (1948),
203; and André Nataf, “Sur la possibilité de con-
struction de ¢t:' - s macromodéles,” Econometrica,
XVI (1948), : - 44. The works of Dresch and
May, in particuiar, make great use of the index
numbers introduced by Frangois Divisia in his
Economique rationnelle (1928), pp. 260-73. For
the aggregation problems in the consumption funec-
tion, see also Jacob Marschak, “Personal and Col-
lective Budget Functions,” ii w of Economics
and Statistics, XXI, No. 4 (2" M1, 16170,

nous factors. To put it briefly, we may
say that the individual can choose at
any instant among a limited range of
consequences according to his tastes.
It is natural to suppose that as the range
varies, his choices from different ranges
bear some sort of consistent relation to
each other. In particular, we will sup-
pose that he makes the same choice each
time he is confronted with the same set
of alternatives; further, if, when con-
fronted with the two alternatives 4 and
B, he chooses 4, and when confronted
with the two alternatives B and C, he
chooses B, then it is reasonable to sup-
pose that when confronted with a choice
between 4 and C, he chooses 4. Under
these circumstances, the process of de-
cision may be described as follows: we
can imagine the individual as listing,
once and for all, all conceivable conse-
quences of his actions in order of his
preference for them; then, on being in-
formed of the choices actually available
to him, he selects that one which stands
highest on his list. The list represents
his tastes, while the alternatives actually
available to him are restricted by ob-
stacles.’® So far there has been no
quantitative element at all in the formu-
lation. In certain problems, of course,
the desirability of the various courses of
action is associated naturally with a
quantitative variable; e.g., profits in
the case of a firm deciding upon its
productive operations, probability of
winning in the case of a country decid-
ing whether or not to go to war. Even
if there is no natural quantitative vari-
able associated with the problem, it is
sometimes useful for analysis to intro-
duce one artificially, by assigning num-
bers to each consequence of an indi-
vidual’s actions in such a way that, of
two consequences, the higher number
will be assigned to the preferred one.
Such an assignment of numbers is

18 This formulation is essentially due to Vil-
fredo Pareto, Manuel d’économie politique (2d
ed., 1927), pp. 150-79,



136 THE POLICY SCIENCES

known as a utility index. Let x stand
for the consequences of some action,
and let U, (x) be the utility assigned to
x under one assignment of the type de-
scribed. Then U,(x,) > U,(x,) if
and only if the individual prefers x;
to x;. There is, clearly, nothing unique
about the assignment of a utility index,
at least within the conditions laid down
thus far. Let F(z) be any strictly in-
creasing function of a real variable u,
ie., if uy > u,, then F(uy) > F(u.).
Then, if we define U,(x) as F [U,(x)],
it is clear that U,(x) will also serve as
a utility index.®

Under the hypothesis of rationality,
then, the individual’s behavior depends
on his tastes—as expressed, say, by a
utility index—and upon the obstacles,
which ‘are determined by exogenous
factors, by the actions of others, and
possibly by past actions of the individ-
ual and of others. We may say that the
individual maximizes his utility, sub-
ject to the obstacles. We are thus led
to an expression of form (1) above.
If we postulate nothing more than that
there exists some utility function in
terms of which the individual’s be-
havior can be described in the above
way, we have imposed some restrictions
on the possible forms of (1), since the
principle of rationality is not a pure
tautology; ie., it is logically possible
that an individual may choose 4 over
B, B over C, and yet choose C over 4.2°
However, the degree of resirictiveness
thus obtained is not great. It is custo-
mary to supplement the general prin-
ciple of rationality in any particular in-

19 Tt should be clearly understood that the vari-
able x need not be numerical. The consequences
of an action may be a power or prestige situation
or a state of religious ecstasy, as well as a bundle
of commodities for consumption or a sum of money.
All that is required is that given two well-defined
situations resultant from his actions, an ndividual
should be able to say that he prefers one to the
other.

2 For a discussion of the refutable, and there-
fore empirically meaningful, consequences of the
principle of rationality in the field of consumers’

demand, see Paul A. Samuelson, Foundarions of
Economic Analysis (1947), chap. v.

stance by further assumptions as to the
nature of the preferences involved. For
example, in consumer’s demand theory,
it is ordinarily understood that more of
a commodity is preferred to less, all
other things being equal.

A number of objections have been
raised to the usefulness of the principle
of rationality: (a) If the complicated
nature of the range of choices possible
in an actual social situation is even ap-
proximately taken into account in the
theoretical model, the mathematical
problems to be solved in the maximiza-
tion of utility will become extremely
complex, and it will be hard to derive
results which have any simple meaning.
This objection has been frequently
raised, for example, against the Wal-
rasian scheme of general equilibrium
in economics. (b) There is no real rea-
son to suppose that individual behavior
does conform to the principle of ration-
ality. This argument is partly related
to the previous one; it is argued that if
the rational choice is too difficult for the
trained mathematician to find, it is cer-
tainly unreasonable to suppose that the
untrained, unreflecting, average indi-
vidual will be able to locate it.?* (c) The
utility function itself, even if it plays
the role assigned to it, is highly un-
stable over time; hence, for an under-
standing of social processes, more in-
terest attaches to the determinants of
the variation of tastes than to the line
of causation from the utility index to
the actual decision made.?? (d) There
is a fundamental ambiguity in the con-
cept of rationality in a social situation.
An individual will soon realize that his

21 Objections of this type and others were raised
by Richard A. Lester in his “Shortcomings of Mar-
ginal Analysis for Wage-Employment Problems,”
American Economic Review, XXXVI (1946), 63—
82. For a reply see Fritz Machlup, “Marginal
Analysis and Empirical Research,” American Eco-
nomic Review, XXXVI (1946), 519-54.

22 Vining attributes this view to Thorstein
Veblen. See his article, “Koopmans on the Choice
of Variables to Be Studied and Methods of Meas-
urement,” Review of Economics and Siaustics,

XXXI (1949), 77-86, esp. 82-83.
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actions, in addition to their other con-
sequences, will alter the obstacles faced
by others, thereby affecting their ac-
tions and in turn altering the obstacles
controlling his choices. Hence, his ac-
tions will be partly controlled by his
realization of their repercussions on the
actions of others. But the same state-
ment is true of each other individual;
thus, each will be concerned with the
effect of his action on the others, and
no determinate solution will be pos-
sible.?

There is no single sweeping principle
which has been erected as a rival to that
of rationality. To the extent that for-
mal theoretical structures in the social
sciences have not been based on the hy-
pothesis of rational behavior, their pos-
tulates have been developed in a manner
which we may term ad hoc. Such
propositions are usually drawn from
introspection or casual observation;
sometimes they are of the nature of em-
pirical regularities. They depend, of
course, on the investigator’s intuition
and common sense.

An example of this approach is Lewis
F. Richardson’s approach to interna-
tional relations.?* What will make a
government increase its armaments?
Clearly, it will increase them more if the
armaments of a potential enemy are
greater; but it will be deterred from
increasing them by the expense. Let x
represent the armaments of this coun-
try, y those of a potential enemy, and
time; and let £ and a be fixed coef-
ficients. Then, the above theory may be
expressed in the equation

dx/dt = ky — ax . (2)
A similar equation holds for the other

2 This fourth objection to the principle of ra-
tionality has been recognized in a general way in
economics in the theories of oligopoly and bilateral
monopoly. It was given a definitive statement by
(1.' - Morgenstern in his Wirtschaftsprognose
(2., p. 98.

= lLewts F. Richardson, Generalized Foreign
Politics (British Journal of Psychology, Mono-
graph Supplement No. 23 [1939]).

country. Taken together, they form a
complete system of differential equa-
tions which, with the initial conditions
and the values of the coefficients, define
the course of x and y over time.. Rich-
ardson then deals with the implications
of these results and those of more gen-
eral models.

Because of the first and fourth dif-
ficulties mentioned above, theoretical
economics has generally had an admix-
ture of ad hoc assumptions which limit
the scope of the principle of rationality.
The hypothesis of a perfect competition
removes the fourth difficulty because
each individual supposes his effect on
other individuals is so small that their
actions are not influenced by him.
Under conditions of monopoly it is as-
sumed that while one individual can
affect other individuals, none of them is
strong enough to affect him. The mo-
nopolist’s behavior incorporates his
realization of this situation, thereby
again avoiding indeterminacy. In those
cases where neither hypothesis can be
maintained (e.g., bargaining between
a labor union and a monopolistic em-
ployer, or the behavior of an industry
in which there are a few large firms)
still more complicated ad hoc assump-
tions have been made about the way
individual firms took into account the
anticipated reactions to their actions in
order eventually to reduce the problem
to a simple maximization.?®

One somewhat digressive remark on
the principle of rationality may be in
order: a rational theory always has a
dual interpretation. On the one hand it
may be taken as a description of reality
to the extent that individuals really are
consistent in the sense assumed. On the
other hand it may be taken rather as a
normative theory, which prescribes
what individuals ought to do. Thus,

% The most extended treatment of various pos.
sible assumptions of this type is found in Ragnar
Frisch, “Monopole, polypole: La Notion de la force
dans I'équi - 1+ économique,” Nationalpkonomisk
Tidsskrife ("2 s,
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theoretical economics has been used to
analyze what the optimum state of eco-
nomic welfare would be and how to
attain it.2® This subject of “welfare
economics” is not new, being indeed as
old as theoretical economics itself, but
clarification of its basic principles has
been a slow process. Even today there
are a number of profound unresolved
difficulties, principally revolving abhout
the problem of comparing the welfares
of different individuals in arriving at a
concept of a social optimum.*” Since
we are here concerned with the prob-
lems of a descriptive social science, we
shall not pursue this matter any further.

Statistical inference may be viewed
broadly as the behavior of an individual
under a certain set of conditions;
namely, he does not know completely
the consequences of his actions. We
may therefore speak of a rational theory
of statistical inference. More precisely,
statistical inference may be described as
follows: The true state of the universe
under investigation is known, a priori,
to belong to one of a class of states. A
sample of elements of the universe is
drawn; the probability distribution of
the sample depends on the true state
of the universe. The statistician must
then take some action (e.g., estimate
some state to be the true one, assert that
the state lies in some subclass of the one
given a priori; or, in industrial appli-
cations, accept or reject a lot of goods),
the consequences of which are a func-
tion of the action and of the true state,
being favorable if the action is really
appropriate to the true state and unfa-
vorable otherwise. For simplicity, let us
consider the case where the true state is
known to be one of a finite number, the
possible samples to be drawn are finite

28 Recent systematic expositions of this subject
will be found in Paul A. Samuelson, Foundazions
of Economic Analysis (1947), chap. vin, and
Melvin W. Reder, Studies in the Theory of Wel-
fare Economics (1947), Parts I and III.

2" Kenneth J. Arrow, Social Choice and Indi-
vidual Values (1951).

in number (e.g., suppose we draw a
sample of three observations, each of
which is either “yes” or “no,” as in a
questionnaire or in a quality inspection;
then one possible sample is “yes, yes,
no,” another is “no, yes, no,” and so on;
there are altogether eight possible sam-
ples), and the number of actions the
statistician can take is finite. Let i stand
for an action, j for a true state, £ a
sample, px; for the probability of ob-
serving sample k& when the true state is
J» and ry; the loss to the statistician if he
takes action 7 when the true state is j
(737 is small or negative if i is appropri-
ate to j, large otherwise). The statis-
tician’s problem is to choose a decision
function (%), which tells him what ac-
tion to take for each possible sample £.
The function 7(k) is to be so chosen as
to minimize in some sense the probable
loss.

This formulation includes all the clas-
sical problems of statistics and more.
For example, in the above illustration
the problem of estimation is the case
where an action consists of naming a
true state. The range of possible actions
is then the same as the range of possible
states of nature. Another case would be
that of two possible actions, one affirm-
ing and one denying that j = j,, where
Jo is a fixed possible true state. This is
the classical problem of testing a hy-
pothesis.?®

We have here clearly a problem of

2 This general formulation of the problem of
statistical decision is due to A. Wald, “Founda-
tions of a General Theory of Sequential Decision
Functions,” Econometrica, XV (1947), pp. 279-
313, especially pp. 279-83; and his ““Statistical De-
cision Functions,” Annals of Mathematical Statis-
tics, XX (1949), 165-205, esp. 172-73. For a more
elementary presentation of the problem in a some-
what less general form, see Wald’s “Contributions
to the Theory of Statistical Estimation and Testing
Hypc-'v 8,” Annals of Mathemaiical Statistics,
X (¥, 299-326, and his “Statistical Decision
Functions Which Minimize the Maximum Risk,”
Annals of Mathematics, XLVI (1945), 265-80. For
the currently standard methods of estimation and
testing hypotheses, see Harald Cramér, Mathemat-
ical Methods of Statistics (1946), chaps. xxXX-XxxVvii.
An excellent introduction is to be found in Wald,
On the Principles of Statistical Inference (Notre
Dame Mathematical Lectures, No. 1 [1942]).
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behavior; the statistician must choose
among the various possible functions
i(k), and the consequences are given,
though not with certainty, by the con-
ditions of the problem, the pis’s and
ri;’s. The foundations of statistical in-
ference, from the normative point of
view of proper scientific method, are
then nothing but the application of a
suitable principle of rationality to the
problem just described. Indeed, it will
be seen that Wald’s important contribu-
tions to this field are closely related to
an important development in social
theory, the von Neumann-Morgenstern
theory of games.

This relation between the theoretical
analysis of behavior and the founda-
tions of statistical inference can, of
course, be applied in reverse. To the
extent that actual behavior under con-
ditions of uncertainty as to the conse-
quences of any action is governed by
the principle of rationality, the theory
of statistical inference may also be in-
terpreted as a descriptive theory. This
point of view has especially been
stressed in economics by Jacob Mar-

schak.2?

III. THE THEORY OoF GAMES®®

The von Neumann-Morgenstern
theory of games is an attempt to provide
a theory of social (primarily economic)
interaction by analogy with ordinary
games of sirategy (such as chess or card
games) as they would be played by
thoroughly rational individuals. It goes
well beyond any other systematic social

# For a specific application, see Jacob Mar-
scbak, “Role of Liquidity Under Complete and
Incomplete Information,” Am.- . n Economic Re-
view, XXXIX, No. 3 (1949), ". * 95, esp. 192-95;
see also Franco Modigliani, “Liquidity and Un-
certainty: Discussion,” American Economic Re-
view, XXXIX, No. 3 (1949), 201-8, esp 203-8. For
earlier work, see Marschak’s “Money and the
Theory of Assets,” Econometrica, VI (1938), 311-
25, and Leonid Hurwicz, “Theory of the Firm and
Investment,” Econometrica, XIV (1946), 109-36,
esp. 133-36. The relation between the problems of
statistical inference and of behavior under cer-
tainty is clearly indicated in Frank H. Knight,
Risk, Uncertainty, and Profir (1921), Part ITI, esp.
chap. vii.

theorizing in the complexity of its strue-
ture and the rigorous nature of its for-
mal logic. Yet it is interesting to note
that virtually no mathematics more diffi-
cult than algebra is employed although
the chains of reasoning are frequently
long and complicated.

1. Rational behavior in situations
involving risk

As a preliminary to the theory of
games, though not strictly part of it,
von Neumann and Morgenstern formu-
late the principle of rationality applied
to a situation in which the consequences
of the different actions open to an indi-
vidual are expressed as probability dis-
distributions rather than as certainties.
A simple example is that of an individ-
ual choosing between two lottery tick-
ets, one of which pays $1,000 with prob-
ability 0.01 and nothing otherwise,
while the other pays $100 with probabil-
ity 0.10 and nothing otherwise. More
generally, the choice is among a number
of “lottery tickets,” each of which is a
promise to pay amounis my, ms, . . .
with probabilities p;, ps, . . . , the
quantitiesm;, m, . . . and py, P2, .« - .
varying from ticket to ticket. Also, of
course, in general the “payments” need
not be sums of money but consequences
of any sort which matter to the individ-
ual. A “lottery ticket” is a paradigm
for any choice made by a human being
in which the outcome of his action is not
known with certainty but in which, on
the basis of experience or intuition, he
believes he knows the probabilities of
the different possible outcomes.

In accordance with the principle of
rationality, the individual may order all

% John von Neumann and Oskar Morgenstern,
Theory of Games and Economic Behavior (2d ed.,
1947). Some of the review articles give excellent
expositions of the theory; see especially Leonid
Hurwicz, “The Theory of Economic Behavior,”
American Economic Review, XXXV (1945), 901~
25: and Jacob Marschak, “Neumann’s and Mor-
genstern’s New Approach to Static Economics,”
Journal of Political Economy, LIV (1946), 97-115
For a more critical appraisal of the theory in its
. i1 ication to econmomics, see Carl Kaysen, “A
ii -lution in Economic Theory?” Review of Eco-
nomic Studies, XIV (1946~47), 1-15.
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possible probability distributions of out-
comes; he may then choose a utility
index having the properties described in
the second part of Section II of this
chapter and act so as to maximize utility.
The concept of rationality as applied to
this situation has been formalized by
von Neumann and Morgenstern in a
series of axioms.®* The principal con-
dition laid down, in addition to the gen-
eneral requirement that the probability
distributions be ordered in accordance
with the individual’s preferences, may
be expressed loosely as follows: If the
individual prefers the outcome x, to the
outcome %, then he will prefer the cer-
tainty of x; to an even chance of geiting
either %, or x,. With the aid of this
highly reasonable condition, and some
other more technical ones, it is shown
that among the many utility indexes
which can be assigned to the possible
probability distributions, there is one
with the property that the utility at-
tached to a probability distribution is
the mathematical expectation of the
utilities of the possible outcomes. I.e.,
if a given choice has possible outcomes
%3 . . - %, with probabilities p; . . . pa,
respectively, and if U(x) is the util-
ity (in the index just described) of the
outcome x, then the utility attached to

the given choice is 3 pU(%.). (Note
i=1

that this utility index is not unique; if
U(x) is one such index and « is a posi-
tive number, then el (x) -+ b is another
such index.) Rational behavior in the
choice of risky alternatives can thus be
simplified to the statement that the in-
dividual seeks to maximize the expected
value of his utility.** Milton Friedman

8 John von Neumann and Oskar Morgenstern,
op. cit., chap. 1, sec 3; Appendix.

22 The explanation of choice among risky alter-
natives 1 terms of maximizing the expected
value of utility dates back to Daniel Bernoulli,
“Specimen theoriae novae de mensura sortis”
(1738); German translation, Die Grundlage der
modernen Wertlehre (1896). Bernoulli was in-
terested in showing, in connection with the famous
St. Petersburg paradox, that an individual might
not take a gamble even if the expected money

and L. J. Savage have developed an in-
teresting hypothesis about the shape of
the von Neumann-Morgenstern utility
curve for money which will explain
some phenomena observed in the be-
havior of individuals in connection with
gambling and insurance.®?

Since probability distributions are
basic in the theory of games, the above
consiruction enables the authors to
speak of a numerical utility, having the
convenient property that the utility at-
tached to a chance event is precisely the
mathematical expectation of the utilities
of the various possible outcomes. How-
ever, they need further the idea of a
transferable utility, i.e., some sort of
measure the units of which mean the
same, in some sense, to both players. In
effect, they then restrict the realm of
their theory greatly by assuming that
the outcome of each game is expressible
in some common units, which we may
take to be money, and that the utility
of a given sum of money, for each
player, is simply a linear function of the
sum, so that each player is seeking to
maximize the expected amount of
money he will receive. This assumption
is to be understood as an intentional
simplification to make the problem
mathematically manageable. (Compare
the remarks in the first section above.)

2. The general concept of a game®*

In general, a game will have a certain
number of players, say n. The game is
composed of moves, which are of two

reward were infinite; his argument was that the
individual was seeking to maximize the expected
utility of money. which was given, he suggested. by
the logarithm of the amount of money received.
With the introduction of the marginal utility
theory of value, it was natural to discuss choices
among risky alternatives in these terms; see Alfred
Ma: - '. Principles of Economics (8th ed , 1920),
pp. 1, 843 However, Von Neumann and Mor-
genstern have been the first to show the assump-
tions about behavior which are implied in this
theory.

& Milton Friedman and L. J. Savage, “The
Utility Analysis of Choices Involving Risk,” Jour-
nal of Political Economy, XVI (1948), 279-304.

8 See von Neumann and Morgenstern, op. cit.,
chap. ii.
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types; personal, made by one of the
players, and chance, in which one of
several possible outcomes is selected by
a chance device acting in accordance
with certain probability laws. Thus, in
a game of cards the distribution of the
hands is made by a random device,
while the players still have certain
choices as to how to play their hands.
The rules of the game prescribe the fol-
lowing: (a) whether the first move shall
be personal or chance; if personal, who
shall make it, and what range of choice
he shall have; if chance, what the pos-
sible outcomes are and what the prob-
ability is of each; (b) after & moves
have been made, whether the (% 4-1)st
move shall be personal or chance ; if per-
sonal, who shall make it, what range of
choices he shall have, and what infor-
mation he shall have about the outcomes
of the previous moves; if chance, what
the range of possible outcomes is and
what probability is attached to each
(note well that the rules may make each
of these prescriptions dependent on the
outcome of the preceding moves, it
being required only that at each stage
of the game the prescriptions in question
must be unambiguously defined); (¢)
when the game shall stop and what
amount shall be paid to each of the par-
ticipants depending on the outcomes of
the various moves. Thus, in chess, the
rules specify that all moves are per-
sonal, with the two players taking alter-
nate moves; that at each move each
player knows the outcome of every pre-
vious move; and that in any given move,
the range of permissible actions de-
pends upon the present configuration of
the pieces, which in turn depends upon
the outcomes of all past moves. In card
games, on the other hand, the dealing
of the hands is a chance move, the out-
come of which is not revealed to the
other players.

It is easy to see that many economic
and social situations can be described
in these terms. For example, the opera-

tions of a market may be described as
a game, with the buyers and sellers as
players, and bids, offers, and agreements
to conclude transactions as moves. The
initial distribution of goods and money
may be taken as part of the rules of the
game; the final distribution of goods
and money describes the pay-off to the
various players attendant upon the par-
ticular set of moves which they made.
Similarly, conflicts between nations or
between social and economic groups can
be brought within the same rubric.
Now suppose, for the purpose of
simplified description, that each individ-
ual does not play the game by waiting
each time until his move comes and then
deciding among the various alternatives
presented to him, but rather that he pre-
pares beforehand a strategy which speci-
fies for each possible situation with
which he may be confronted in the
course of the play what choice he shall
make. Indeed, something of the sort
must be done by skillful players, since
they realize that the effects of their
choices at various moves are interre-
lated; a good move at one point may im-
prove the range of choices available at
another. A good choice of any one move
may therefore involve consideration of
the alternative possible developments of
the game following each possible action.
Suppose each individual were to write
down his strategy and hand it to an um-
pire. It would then be unnecessary ac-
tually to play the game; the umpire
would need only to follow the insirue-
tions of the appropriate individuals
strategy at each personal move and
make the indicated chance moves.
Therefore, every game can be reduced
to the following type: each player makes
a single move, namely the choice of a
strategy; then the pay-off to each player
is a random variable whose probability
distribution is determined by the strate-
gies of the various players. Since, ac-
cording to the assumption made at the
end of Section I, the individual is in-
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terested only in the mathematical ex-
pectation of the pay-off, we can consider
the pay-off to be a single number, in-
stead of a probability distribution.
Thus every game, no matter how com-
plicated, can be reduced to the following
normal form: each player makes one
move, knowing nothing about the
moves of the others, from a range of
choices fixed in advance; the pay-off to
each player is then a function of the
moves of all the players. This reduction
permits a consideration of the basic
nature of games undisturbed by the
complications of particular rules. ¥From
now on, we will consider all games to
be in normal form.3s

To simplify the analysis further,
von Neumann and Morgenstern assume
that the game will be terminated in a
finite number of moves and that at each
move there are only a finite number of
possible choices. Then it can be seen
that the number of possible strategies is
finite. In the normal form, therefore,
each individual has the choice among a
finite number of alternatives for his
move. It should be noted, though, that
the finite number of strategies may be
enormous; merely to enumerate all pos-
sible situations in chess is a tremendous
task, and the number of possible ways
of specifying responses to these situa-
tions staggers the imagination. If the
restriction to a finite number of choices
at each move is not made, then some ex-
tremely subtle mathematical difficulties
arise. Some work has been done on this
problem; it will be cited in footnotes
where appropriate.

3. The zero-sum two-person game®®

Consider now the special case of a
game with two players in which the sum
of the pay-offs to the two players is zero
for all choices of sirategies; e.g., if the
outcome of a play of the game yields 5
to player a, then it necessarily consti-
tutes a loss of 5 to player b. This is the
model of a situation of pure conflict,

since the gain of one player is precisely:
the loss of the other. Since there are
only two players, there is nothing what-
ever to be gained by agreement between
them. Assume that the game is in nor-
mal form; let player 4 have the choice
of strategies 1, . . . , m, player B the
choice of strategies 1, . . ., n. If 4
chooses sirategy  and B strategy j, let
the pay-off to player 4 be a;;; then the
pay-off to player B is —a,;. Clearly, 4
wishes to maximize a,, while B seeks to
minimize the same magnitude. Suppose
A is contemplating the use of a particu-
lar strategy i. It is natural for him to
think of the worst that B could do to
him; the latier will try to choose that j
which will make a;; as small as pos-
sible for the given strategy i. Hence, if
player 4 chooses i, all he can be sure of
is min ai; (read, “minimum with re-

spect to j of a,;””). He can evaluate this
magnitude for each value of i and
choose that value of i which maximizes
it; by this choice, he insures that his
return is at least max min a;;. Simi-

K i
larly, by suitable choice of j, player B
can guarantee that player 4 will not re-
ceive more than min max a;;. Suppose

i i
the pay-off matrix ay; is such that,

max min a;; == min max a;;. (3)
i 7 j i

If the common value of the two sides of
(3) is v, then 4 can, by choosing a
suitable strategy ', guarantee himself at
least v, while B, by choosing a suitable
strategy j’, can guarantee that A will not
get more than v. It is clear that in this
case, 4 will choose 7, B will choose j,
and the outcome of the game (termed its

3 The concept of the economic agent as choosing
a strategy—a plan for meeting contingencies—
rather than merely making specific decisions from
time to time, was clearly expressed, in a some-
what different context, by Albert G. Hart m his
“Risk, Uncertainty, and the Unprofitability of
Compounding Probabilities,” in Studies in Mathe-
matical Economics and Econometrics, edited by
Oscar Lange, Francis Melntyre, and T. O. Yntema
(1942), pp. 110-18.

3 See von Neumann and Morgenstern, op. cit.,
chaps. iii-iv.
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value) will be that B pays an amount v
to 4. (The quantity v could be negative,
in which case the payment would be
from A4 to B.) Equation (3) can be
valid, as shown in the pay-off matrix
given in Table I in which each player
has the choice of two strategies.

TABLE I
Strategies Strategies
of Player 4 of Player B
..... 1 2
1 2 1
2 3 0

If player A4 chose strategy 1 and player
B chose strategy 2, 4 would receive 1
unit from B. If A chose strategy 2, he
would run the risk of receiving nothing;
if B chose strategy 1, he might have to
pay 3. Hence,? =1,/ =2,andv =1
represent a stable solution; even if one
player knew in advance the other one’s
strategy, he would have no incentive to
change his own.

Unfortunately, equation (3) need not
hold. Consider the pay-off matrix in
Table II.

TABLE II
Strategies Strategies
of Player 4 of Player B
..... 1 2
1 1 —2
2 0 2

In this case, max min a,; = 0, min max
P i 4

a,; = 1. If player B played so as to

minimize max a;;, he would choose

i

strategy 1; but if player 4 knew this,

he would choose strategy 1, rather than

strategy 2, which he would choose if he

were maximizing min ai;. If, then, B
J

realized that 4 would reason in this
way, he would choose strategy 2, and so
forth, leading to a seemingly endless re-
gress. Indeed, this is precisely a chief

objection to the principle of rationality,
as noted in the second part of Section
I1, above.

To arrive at a determinate stable solu-
tion, the following procedure is sug-
gested: let player 4 have a random de-
vice which will choose strategy 1 with
probability 0.4 and strategy 2 with
probability 0.6. Then, if player B se-
lects strategy 1, player 4 will have an ex-
pected return of 0.4(1) 4+ 0.6(0) =
0.4; if B chooses strategy 2, the ex-
pected return is 0.4(—2) 4+ 0.6(2) =
0.4. Hence, 4 can guarantee himself an
expected return of 0.4. Similarly, B,
by playing strategy 1 with probability
0.8 and strategy 2 with probability
0.2, can hold the expected pay-off to
A down to 0.4. This solution, in terms
of randomized or mixed strategies, has
the stability found in the first case; even
if one player found out the probabilities
used by the other, he could not gain
from this information.

In general, the players can be con-
sidered not as choosing a sirategy but as
choosing a probability for each strategy
(possibly zero). Let player 4 play
strategies 1, . . . , m with probabili-
ties %3, . . . , %m, respectively, while
player B plays his strategies with prob-
abilities ¥4, . . . , ¥u. Let max mean

@

the maximum with respect to permis-
sible variations in %, . . . , %» and let
min have a corresponding meaning.

v
The expected pay-off to 4 if he chooses
X1y » + « » %m and B chooses 1, . . ., ¥

m n
is X X ai; x; y;. Then the analogue
i1 j=1

to (3) is

. m
max min »
4 v
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min max
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=
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If (4) holds, then we have a stable solu-
tion in terms of mixed strategies. It
turns out, rather remarkably, that (4)
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always holds.*” The theory of rational
behavior in zero-sum two-person games
can therefore be regarded as definitely
solved, at least within the limitations of
a transferable utility. However, the ob-
jection that the principle of rationality
cannot be realistic because it imposes
too great burdens on the ability of the
individual is not refuted; the solution
of even relatively simple social games
is frequently very difficult.®®

Before leaving the discussion of zero-
sum two-person games, consider the
special case of a game in which, before
reduction to normal form, the rules pro-
vide that at every stage of the game each
individual knows the ouicome of all pre-
vious moves, i.e., a game of perfect in-
formation. Chess and backgammon are
familiar examples. The more enduring
features of many social conflicts are of
this type; there is no possibility of con-
cealing the existence of a major strike
from the management, though certain
preliminary tactical plans may be con-
cealed for a while. It is shown that for
such games, relation (3) always holds.
Mixed strategies become unnecessary

87 See von .-+ 1ann and Morgenstern, op cit.,
pp. 134-43, 1 55. The theorem was: first
proved, with we aid of very deep mathematical
developments, by von Neumann in his “Zur Theorie
der ' su |l le,” Mathematische Annalen,
C (e :  The first elementary proof
was given by jean Ville, “Sur la théorie générale
des jeux od intervient ’habilité des joueurs,” in
Emile Borel et al., Traité du calcul des probabilités
et de ses applications (1938), Vol. IV, pp. 105-13.
The simplest proof of (4) has been given in a
shightly more general form by Lynn H. Loomis,
“On a Theorem of von Neumann,” Proc ° gs of
the National Academy of Sciences, XXAil, No. 8
(1946), 213-15.

The case where the number of strategies may be
infinite is considerably more difficult mathemat-
ically, and the ¢ r.:ilization of (4) does not
always hold. See * -, op. at.; Wald, “General-
ization of a Theorem py von Neumann Concerning
Zero-Sum Two-Person Games,” Annals of Mathe-
matics, XLVI (1945), 281-86; Wald, “Founda-
tions of a General Theory of Sequential Decision
Functions,” Econometrica, XV (1947), 279-313,
esp. 285-96; and Wald, **Statistical Decision Func-
tions,” Annals of Mathematical Statistics, XX
(1949), 165-205, esp. 166-71. A recent volume,
edited by H W. Kuhn and A. W. Tucker, Contri-
butions to the Theory of Games (Annals of Mathe-
- matics, Study No. 24 [19501), contains some papers
on this and other developments in the theory of
ZE€ro-sum two-person games

 See the detailed discussion needed for even a
highly simplified form of poker in von Neumann
and Morgenstern, op. cit., chap. iv, sec. 19.

for a determinate solution. This sug-
gests that mixed strategies may be re-
garded essentially as a device for with-
holding information from the opponent,

for bluffing,

4. The zero-sum n-person game®®

Consider first the following simple
game: There are three players; each is
to write down the name of one of the
others. If two players write down each
other’s name, they each get 1%, and the
third player pays 1. If no two players
write down each other’s name, then no
one gets anything. The rational method
of playing seems fairly obvious; two of
the players will agree in advance to
write down each other’s name and then
collect. In what sense is this really a
determinate solution? In particular, it
is to be noted that the solution is not
unique; there are three possible pairs
of players who can form coalitions.
Von Neumann and Morgenstern argue
as follows: Consider all possible distri-
butions of payments to the players.
These will include transfers not pro-
vided for by the rules of the game, since
we permit one player to bribe another
into following an acceptable course of
action. Since the game is zero-sum, the
sum, of the payments must be zero; since
each player can get —1 without any
coalition, no distribution can be en-
forced which gives any player less than
—1. Let (a4, a;, a;) denote a distribu-
tion which gives g, to the first player, a,
to the second player, and as to the third
player. Then, in symbols,

@ +a: 4 a; =0, (5)
a; = —1 for each i. (6)

Any set of numbers satisfying (5) and
(6) will be termed imputation. The
particular imputations which seem in-
tuitively to be the rational ones are,
then: (]/23 ]/2: _1)7 (]/2: _13 ]/2)’ and
(=1, 35, 1%). Let ¥V be the set con-

 Ibid., chaps. v and vi.
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-sisting of these imputations. Then the
essential properties of V' are (1) for
every imputation not in ¥, there are two
players who would both prefer a par-
ticular imputation in ¥ to the one not
in 7y (2) for any two imputations in
V, there are not two players who would
prefer one to the other. These are sta-
bility properties; no imputation not in
V can be maintained, while there is no
drive to change from one imputation in
V to another, since in our simple game
the behavior of pairs of players is de-
cisive.

The decisive character of a pair of
players who choose to agree consists in
the following: any pair of players can,
by agreement, get the amount 1 between
them, while no imputation can, from
(5) and (6), give them more than 1.
Therefore, they are in a position to
choose any imputation whatever, since
no imputation gives them more than
they can get by the rules of the game.
These concepts all lead to natural gen-
eralization. Consider the following
zero-sum n-person game: Let S be any
set of players; let the rules specify a
characteristic function v(S) which
states the total amount any set S will
get if they form a coalition. Because of
the zero-sum character of the game,
v(—S) = —v(S), where —S is the set
of all players not in S. In particular,
let (Z) be the set consisting of the player
i alone, so that v([i]) is the amount
player z will get (presumably negative)
if he does not enter into a coalition with
anyone. Then an imputation is a set of
payments (@, . . . , @) to the respec-
tive players having the properties,

@Gt oo Fa=0, (7
a; = v([{]) for eachi. (8)

A set of players S is said to be effec-
tive for an imputation (@, . .., @) if
Zsaié v(S), where “ieS” means “Z be-
1E.

longs to S,” i.e., if the imputation does
not give the players in S more than they

could get by forming a coalition. The
imputation (ay, . . . , ax) is said to
dominate the imputation (b, . . . , ba)
if there is a set S which is effective for
(as, ..., a,) and such that e, > b; for
every player i in S; under these circum-
stances we would certainly expect the
players in S, by agreement, to change
the imputation from (by, ..., by) to
(@, ..., an). A set of imputations V
is said to be a solution if (1) every
imputation not in ¥ dominates another
imputation in ¥'; (2) no imputation in
V dominates another imputation in V.
A solution thus defines the outcome of
the above game when the players be-
have rationally.

It might seem that the above discus-
sion relates only to a very special type
of game, in which coalitions enter
through the explicit statement of the
rules. It is argued, however, that every
n-person zero-sum game can be ex-
pressed in this manner. Suppose a coa-
lition S forms, which seeks to maximize
the sum of the pay-offs to its members.
The . coalition will naturally suppose
that the players not in S will form a
countercoalition; in view of the zero-
sum character of the game, the coalition
—S will seek to minimize the sum of
the pay-offs to members of S. This situ-
ation is precisely a zero-sum two-person
game, which has a determinate value,
as has been seen. Therefore, we may
define v(S) to be the value to the coa-
lition S of the zero-sum two-person
game just described. This can be done
for each possible set of players S, so
that the game is reduced to the form
discussed in the previous paragraph.

Games are classified as essential or
inessential. An inessential game is one
in which a coalition can get no more
than the sum of the amounts that each
of its members could get by playing
separately, ie., v(S) — Zs v([Z]). In

€,

such a game, there is no incentive to
form coalitions and hence no specifi-
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cally social element. In an essential
game, on the other hand, such as the
three-person game which introduced
this discussion, there is a positive in-
centive to form coalitions. We have al-
ready observed that a solution may con-
tain more than one imputation. This is
a general phenomenon: it can be shown
that in an essential game, a solution
must contain at least two imputations.
There seems to be some sort of funda-
mental indeterminacy in the purely ra-
tional theory of social behavior; the
true significance of this indeterminacy
must be regarded as obscure.

The definitions as framed do not ex-
clude the possibility that there is more
than one solution to a given game, and
indeed this can happen, although there
are also games with only one solution.
In the three-person game just consid-
ered, let ¢ be any number less than 4.
Consider the class of all imputations in
which a; = ¢. It can easily be verified
that this class is in fact a solution,
within the meaning of the previous defi-
nitions. For each value of ¢, there is a
corresponding solution, so that the
number of solutions is infinite. Unlike
the first solution, these solutions do not
have any symmetry. They may be
termed discriminatory solutions; the
ruling coalition (1, 2) agrees to give
the excluded player a fixed amount c,
and then divide up the remainder be-
tween them. It is remarkable that dis-
criminatory practices turn out to have
certain stability properties even when
the basic rules of the game are com-
pletely symmetric as between players.
Even within the first solution found,
there was a certain element of unfair-
ness; each given imputation within the
solution was unfair to one player, but
there was an element of symmetry in
the solution as a whole. So it can be
seen that even a symmetrical game is
not necessarily fair, in that it does not
guarantee that each individual will be
as well off as every other. Much more

than equality of opportunity is needed:
to insure equality of outcome.

There is thus a hierarchy of succes-
sively more restrictive conditions on the
state of society: the rules of the game,
which define the class of possible impu-
tations, the solution, and the imputation
which actually prevails at any given in-
stant of time. It is suggested that the
first corresponds to the basic limitations
of the society—physical, biological, and
possibly psychological; the second to
a socially stable standard of behavior,
which, however, does not uniquely de-
termine the actual distribution of val-
ues among the members of the society.
More than one standard of behavior
may be compatible with the rules, but
only those found by the theory will be
stable enough to survive.

5. The general n-person game*

The games thus far considered have
lacked generality in one important re-
spect. Society as a whole could not
gain because of the zero-sum restric-
tion. In the study of many social con-
flicts, this may not be an important limi-
tation, but it does serve to eliminate all
economic aspects. The crucial feature
of economic behavior is precisely the
possibility that by co-operation all indi-
viduals can be made better off.

The general n-person game is han-
dled by a reduction to a zero-sum
(n + 1)-person game. Introduce a fic-
titious player, n 4 1, who can make no
moves but who receives the negative of
the sum of the amounts paid to the
other players. This enlarged game can
be described in terms of the theory in
the preceding section; v(S) again rep-
resents the amount that each coalition
can guarantee for itself. The concept of
domination goes through as before.
However, not all the solutions of the
extended game can be accepted. We
may take it for granted that the genuine
players will get as much for themselves

% See von Neumann and Morgenstern, op. cit.,
chap. xi.
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-collectively as they can, since this in-
creases the amount of wealih to be di-
vided among them. In effect, the genu-
ine players will discriminate against the
fictitious player. The only solutions
that are therefore admissible are those
in which every imputation gives the fic-
titious player the minimum possible.

In the case of a general two-person
game, it turns out that there is just one
solution, namely, the set of all impu-
tations which maximize the sum of the
returns to the two players. Suppose 4
and B are bargaining over a house
which 4 owns but B values more highly.
Then the house will be transferred to B,
who will pay a price at least equal to
the value 4 places on it but not more
than the value of B. This conclusion
extends readily to all cases of bilateral
monopoly, even when there is not a
unique indivisible object but a con-
tinuously divisible commeodity: the
amount of goods which changes hands
is determinate, being that amount
which maximizes the sum of the profits
of the two bargainers, but the buyer
will pay the seller at least enough so that
he will not be worse off than if he sold
nothing and not so much that the buyer
will be worse off than if he bought
nothing.*

The discussion of the two-person
game yields a purely common-sense an-
swer. Much less obvious results follow
in the general three-person game, e.g.,
one seller and two buyers. In the case
of a single indivisible object, again, it
will be transferred to the individual
who values it most highly, but the pos-
sible accompanying patterns of pay-
ments may be very complicated indeed.
The game theory fully takes into ac-

4. The earlier discussions of this problem in eco-
nomic literature had given smaller ranges of inde-
terminacy: the contribution of game theory is to
show that the earlier answers were artificial from
the viewpoint of rational behavior (though not
necessarily from that of actual behavior). How-
ever, Gerhard Tintner has already given the solu-
tion mdicated above. See his “Note on the Prob-
lem of Bilateral Monopoly,” Journal of Political
Economy, XLVII (1939), 263-70.

count such possibilities as having one
buyer bribe another to stay out of the
market. The determination of the solu-
tions to this game cannot be presented
here in detail.*2

6. Statistical inference as a game

In the discussion of statistical infer-
ence as a problem in rational behavior
(in the second part of Section II,
above), it has been shown that the sta-
tistician must choose a function (k)
which determines the action i he will
take for any possible sample k. Sup-
pose he chooses such a function, while
the true state of nature is j. If the
sample k should come up, he will take
action i(k) and therefore lose riay, ;.
But sample & will come up with proba-
bility px;. Therefore, if the statistician
chooses a function i(%), his expected
loss when the true state is j is given by

% Tio, i Pris 9)

which depends on the statistician’s
choice of i(%) and nature’s “choice,” j.
Wald has suggested interpreting statis-
tical inference as a zero-sum two-person
game, in which nature chooses a state j,
the statistician chooses a decision func-
tion i(k), and the pay-off to nature is
given by (9). The optimal behavior
of the statistician is to choose that deci-
sion function (possibly mixed) which
minimizes the maximum expected loss.

IV. SoME OTHER MATHEMATICAL
MobELs oF SociaAL BEHAVIOR

1. Rashevsky’s theory of human rela-
tions*®

Nicholas Rashevsky of the Univer-
sity of Chicago, who is known prima-
rily for his work in the application of
mathematical methods to biology, has

4 Gee von Neumann and Morgenstern, op. cit.,
chap. xi, sec. 62; an exc ! t elementary discus-
sion is contained in Jacob Marschak, “Neumann’s
and Morgenstern’s New Approach to Static Eco-
nomics,” Journal of Poutical Economy, LIV
(1946), 97-115.

48 Nicholas Rashevsky, Mathematical Theory of
Human Relations (1947).
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suggested that analogous methods
could be applied to the study of human
relations. His approach is of a gener-
ally ad hoc character, partly collective,
partly individualistic. The bulk of his
work is devoted to the interaction of
social classes. A great variety of differ-
ent hypotheses as to the nature of this
interaction are proposed and formu-
lated mathematically, and some conse-
quences drawn. An example of his
analysis will suffice to give the general
flavor. It is assumed that there are two
classes, the active and the passive. Ac-
tive individuals do not imitate anyone,
while passive individuals are influenced
by active individuals in proportion to
the number with whom they come into
contact and also, to a lesser extent, by
other passive individuals. Suppose that
there are two possible activities, 4 and
B, that x, and ¥, of the active individ-
uals engage in 4 and B respectively,
and that at any instant of time x and y
passive individuals engage in 4 and B
respectively. The number of passive in-
dividuals engaged in 4 will tend to be
increased by the number of active indi-
viduals engaged in 4 and, to a lesser
extent, by the number of passive indi-
viduals engaged in 4, and to be de-
creased by the number of active and
passive individuals engaged in B. Sym-
bolically,

dx/dt = a,xo + ax — coy0 — ay, (10)

with a similar equation for dy/dt.
These equations can be solved to reveal
the variation in x and y over time as
functions of the coefficients and to find
the points of stable equilibrium to
which the system will tend.*

It is to be noted that the situation in
question might be interpreted as a con-
flict between the active individuals en-
gaged in 4 and those engaged in B for
control over the passive individuals. It

could easily therefore be brought within,

the general framework of game theory.

44 Rashevsky, op. cit., chap. iii.

It is noteworthy that Professor Rashev-
sky’s model is broadly similar to models
of conflict in other spheres, such as
Richardson’s work on international re-
lations—compare (10} with (2) above
—and Lanchester’s theoretical treat-
ment of military strategy.®® There
seem to be emerging two general analy-
ses of social conflict situations employ-
ing mathematical methods: rationalis-
tic game theory, and ad hoc dynamic
analysis by means of systems of linear
differential equations. There may be
some complementarity in the two ap-
proaches; in particular, note that game
theory, at least in its present state, deals
only with equilibrium situations. If ad-
ditional assumptions could be made as
to how each player learns about the
others from experience, the theory
would be a dynamic one.

Rashevsky presents the above case
as highly oversimplified and suggests
more complicated variations of the
same scheme. Some of these involve
economic considerations in that the in-
teraction of classes may be productive
of wealth® In the economic analy-
ses, the ad hoc laws which relate, e.g., to
certain aspects of the distribution of
income, are not sufficient to define the
situation uniquely; within the frame-
work of these postulates, the individ-
uals are assumed to act rationally in
some appropriate sense, i.e., to maxi-
mize satisfaction or profits. One simple
case is that of two classes of individuals,
one of which is composed of organizers
under whose supervision the members
of the second class produce more than
they would otherwise. It is assumed
that the members of the first class de-
cide on a fixed fraction of the total out-
put to be divided among the members
of the second class in proportion to the
amount of work each does, while each

45 Lewis F. Richardson, Generalized Foreign
Politics (British Journal of Psychology, Mono-
graph Supplement No. 23 [1939]); and F. W.
Lanchester, Aircraft in Warfare (1916), chaps. v
and vi,

48 Rashevsky, op. cit., cbaps. v, vi, xix, xx.
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member of the second class decides how
much work to do on the basis of the
given fraction. The first class then
chooses the fraction in question so as to
maximize their total profits. There are
several ad hoc elements here; the frac-
tion to be given to the second class
need not be independent of the amount
of work they do, it need not be divided
among the members of that class in pro-
portion to the amount of work each
does, and each member of the first class
may try to maximize his own profits,
possibly by special bargains with some
members of the second class, rather
than maximize the total class profit.
Some of these assumptions are similar
to the assumption of perfect competi-
tion in classical economics.

The same techniques of analysis are
used throughout Rashevsky’s work,
though there are many variant sets of
assumptions made. Applications are
made to the urban-rural distribution
of population, the distribution of city
sizes, international relations, historical
change, and war. Rashevsky empha-
sizes the tentative and simplified char-
acter of his approach and suggests that
its chief function is to make available
a number of alternative models which
might be useful in further theoretical
and empirical work.

It might be remarked that the stand-
ards of mathematical rigor are high.
The methods used are drawn from the
calculus and the theory of ordinary lin-
ear differential equations, with a few
tentative steps toward the use of inte-
gral equations.

2. Zipf's principle of least effort and
Stewart’s social physics

The work of George K. Zipf*” is an
extraordinarily comprehensive effort to
subsume the major part of human be-
havior, both individual and collective,
under a single principle of least effort:

4 George K. Zipf, Hu- *. Behavior and the
Principle of Least Effort ( *+ 1).

individuals and societies act so as to
minimize the expected average rate of
work. We shall here be concerned only
with his discussion of social behavior
in Part Two of his book. In terms of
the classification in Section II of this
chapter, the model is certainly rational;
since it seems to be assumed that both
individuals and society seek to mini-
mize effort, the model has both collec-
tive and individualist elemenis.

It must be stated, however, that Dr.
Zipf’s work does not constitute a prop-
erly developed mathematical model.
The fundamental postulates are no-
where stated explicitly; though mathe-
matical symbols and formulas are
sprinkled rather freely through a long
work, the derivations involved are
chiefly figures of speech and analogies,
rather than true mathematical deduc-
tions; in some cases, they are simply
wrong. Thus, as an attempt at a sys-
tematic social theory, Zipf’s work can
only be regarded as a failure.

However, two empirical regularities
do emerge which are highly suggestive
and may prove promising for further
research. It is held, with considerable
empirical support, that if the cities of a
nation are ranked in order of popula-
tion, then the rank of a city is inversely
proportional to its population; e.g., the
largest city, with rank 1, has twice the
population of the next largest, which
has rank 2. This relation, it is sug-
gested, is an equilibrium condition in
that a nation in which it does not hold
will either expand or break up until the
relation does obtain. Some, though in-
conclusive, empirical evidence is ad-
duced for this last conclusion, which is
used to generalize about international
relations. Similar relations hold for
other types of frequency data, such as
the number of stores of each kind.

An attempt is made to analyze a
hierarchy of social classes with the aid
of analogous rank-frequency relations,
it being assumed that each class ex-
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ploits the one beneath it and is exploited
by the one above it. The strength of a
class, and therefore its potential for re-
bellion, is measured by its total income,
while the incentive to remain in statu
quo is proportional to the income of an
individual. To have equilibrium, the
two magnitudes must be brought into
a suitable relation. Dr. Zipf suggests
that, if the classes are ranked upward
from the bottom, the income of each
individual should be proportional to his
class rank while the number of indi-
viduals in any one class should be in-
versely proportional to the square of
its rank. From this analysis, certain
implications are drawn for the distribu-
tion of income. The postulates of this
theory of social classes are again never
clearly stated, beyond some generaliza-
tions that each individual would prefer
exploiting others to working as a source
of income. It would be interesting to
define the problem more precisely
and then compare the game-theoretical
analysis with the suggestions of Dr.
Zipf.

Another empirical regularity found
is that the interaction between two cities
is inversely proportional to the distance
between them. This applies particu-
larly to the flow of traffic or informa-
tion between them. The study of this
relation had been begun earlier by John
Q. Stewart of Princeton University, an
astronomer.*® Stewart has stressed the
formal analogies of this relation to the
law of gravitation. Let P; be the popu-
lation of a place i, and D; be the dis-
tance of place i from a given place 4;
then the demographic potential at 4 is
defined to be X (P./D;), the sum being
taken over all populated places i. Under
the above law, the demographic poten-
tial should represent the total amount
of transactions per unit population at
A4 and therefore should correlate with
other economic magnitudes. Some evi-

48 John Q. Stewart, “Demographic Gravitation:
Evidence and Applications,” Sociometry,
(1948), 81-58, and earlier work cited therein.

dence has been found to support this
assertion, but it can hardly be described
as proved.*®

V. TuE Ust oF THEORETICAL MODELS
IN INDUCTIVE INFERENCE

The familiar proposition in the meth-
odology of science that empirical study
without previous theoretical develop-
ment is fruitless has recently been de-
veloped in detail with particular refer-
ence to the field of economic analysis
by a group of individuals associated
with the Cowles Commission for Re-
search in Economics, at the University
of Chicago. The general viewpoint was
expressed at length by Trygve Haa-
velmo.’® The associated problems in
mathematical statistics have been stud-
ied by Henry B. Mann and A. Wald;*
Tjalling C. Koopmans, Herman Rubin,
and Roy B. Leipnik;*2 and Theodore W.
Anderson and H. Rubin.®® The most
elementary exposition is that of J. Mar-
schak;¢ slightly more technical are

4 There must be mentioned, if only in a foot-
note, certain other recent works relevant to the
mathematical formulation of social theory. Stuart
C. Dodd and Eliot D. Chapple have devoted much
attention to the proper symbolization of social
problems as a basis for the construction of models
and for empirical research. See Dodd’s Dimensions
of Society (. -) and “A Systematics for So-
ciometry ana zor All Science.” Sociomerry, XI
(1948), 113-30; and Chapple’s Measuring Human
Relations: An Introduction to the Study of the
Interaction of Indy ™ -ls (Genetic Psychology
Monographs, Vol. X™Il. No 1 [1940]). Their
work has been principaliy methodological rather
than substantive. For other work of this type, see
the journal Sociometry.

Norbert Wiener, in his Cybernetics (1948), has
initiated the systematic study of communication as
a feature common to physiology, modern servo-
mechanisms, and human society; however, he has
made little specific application to social study and,
indeed, has expressed pessimism over the possibili-
ties of any sort of social science.

50 “The Probability Approach in Econometrics,”
Econometrica, XII (1944), Supylement.

51 “On the Statistical Treatment of Linear Sto-
chastic 1! + rence Equations,” Econometrica, XI
(g 220.

& hieasuring the Equation Systems of Dynamic
Economics,” in Tjalling C. Koopmans (ed.), Sta-
ustical Inference in Dynamic Economic Models
(1950).

%8 “Estirsation of the Parameters of a Single
Equation m a Complete System of Stochastic Equa-
t.:” Annals of Mathemasical Statistics, XX
(7)), 46-63.

»* “Economic Structure, Path, Policy, and I -
diction,” American Economic Review, XX3 ||
No. 2 (1947), 81-84.
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those of Koopmans,®® Marschak,’® and
Gershon Cooper.’” Though the work
done is strongly influenced by the spe-
cial problems of economics, there is un-
questionably a great portion applicable
to the social sciences in general.

1. Exact versus stochastic relations

In economics and in other social sci-
ences, we may certainly expect that no
exact relation will hold between the
variables we measure for at least two
reasons: (1) Not all the variables
which are relevant are included in the
analysis, and we always omit a host of
unimportant factors which are too diffi-
cult to measure. (2) The variables we
do observe are not measured precisely.
In the statement of a relation, then, we
must include not only the explicitly enu-
merated variables but an additional un-
measurable variable, known as a dis-
turbance. Such a relation is said to be
stochastic. Thus, we may say that, for
an individual, consumption (c) is re-
lated to income (y) by a relation of the
type ¢ = f(y) + u, where u is a dis-
turbance which stands for all the omit-
ted variables which influence consump-
tion. Merely to say that a relation holds
with a disturbance in it is a tautology.
For any function f(y), we can make the
above relation true by defining u to be
¢ — f(y). To give a relation empirical
content, we must assert some regulari-
ties in the behavior of the disturbances.

We say that the disturbance in a
given relation is a random variable
with a probability distribution which
is the same for each time the vari-
ables are observed. It is usually also
assumed that the disturbances at dif-
ferent times are independent. Thus, in

55 “Statistical Estimation of Simultaneous Eco-

nomic Relations.” Journal of the American Sta-
tistical Association, XL (1945), 448-66.

58 “Statistical Inference in Economics: An In-

troduction,” in Koopmans (ed.), St
ence in Dynamic Economic Models ( + =
% “The Role of Economic Theory in Econo-

metric Models,” Journal of Farm Economics, Vol.
XXX (1948).

al Infer-

our consumption example, if the sub-
script ¢ denotes time, the disturbances
w: == ¢; — f(y:) for different values of
¢ can be regarded as forming a random
sample from a fixed probability distri-
bution. These concepts extend them-
selves naturally to all types of social
laws. In general, then, we may say that
the formulation of a generalization in
social science is equivalent to an asser-
tion about the probability distributions
of certain disturbances.’®

2. Simultaneous relations and the con-
cept of a structure

If we take the individual viewpoint
as developed in the first part of Section
IT of this chapter, we find that the ac-
tions of all individuals are simultane-
ously determined by all the equations of
form (1). There is no unique line of
causality ; the actions of all individuals
enter symmetrically. The situation is
not aliered if we assume that the equa-
tions (1) are stochastic. The variables
P,, on the other hand, play a different
role. If they refer to exogenous factors,
they will in general be determined by
processes which are independent of the
social context in which equations (1)
are stochastic.

With respect to actions 4, . . . , 4a,
the exogenous factors have a strictly
unidirectional causal influence. The
same is true, with some qualifications,
if the variables Py, . . . , P, contain
past actions of individuals as well as
truly exogenous factors, for at any
given instant of time, the past has also
a unidirectional causal influence on the
present choice of actions. The causal
variables P; are referred to as prede-
termined; the mutually interdependent
variables 4; are referred to as endoge-
nous or jointly dependent. At any given
instant of time, therefore, the endoge-
nous variables are simultaneously de-

5 For a more extended discussion of the ideas
of this paragraph, see Haavelmo, “The Probability
Approach in Econometrics,” Econometrica, Vol.
XII (1944). Supplement. chap. iii
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termined by a set of stochastic equa-
tions,

A’l = f, (Als v ey Ai_l, Ai_u, . -l- . Am
P,u,). (11)

Here again, equations (11) are tautolo-
gous unless the distribution of the dis-
turbances u; is specified. The equations
and the distribution together are known
as the structure of the social system.
The predetermined character of the P.’s
is expressed in the assertion that they
are statistically independent of the z.’s.

Suppose the system (11) to be solved
for the endogenous variables:

Ai =g (Pyy...,Poyuy,...,u,). (12)

Equations (12) are known as the re-
duced form of the structure. The re-
duced form is itself a structure, and it
might seem at first that a knowledge of
it conveys as much information about
the endogenous variables as does (11).
This is not so if we realize that one or
more of equations (11) may change;
for example, one of the equations may
refer to a government policy, or it may
refer to an industry whose behavior
will be affected by technological change.
If one of equations (11) changes, then
all of equations (12) change, but there
is no necessity that the other equations
(11) will be altered. The equations
(11) have a higher degree of auton-
omy®® than (12), in the sense that each
equation of (11) is invariant under a
wider class of structural changes than
the equations of (12).

If the laws under study were truly
immutable, autonomy would be an ir-
relevant concept, and the reduced form
of a structure would be as useful a de-
scription of reality as any other form.
The need for an autonomous structure
is especially critical when the results of
social analysis are to be used for policy
purposes. Here, the question is that of
choosing among several possible forms
for the equation expressing government

5 This term is Ragnar Frisch’s.

behavior. What we wish to do is to:
consider the structure for each possible
form of the government equation and
predict the behavior of the endogenous
variables under each; that form is then
chosen which yields the most satisfac-
tory behavior. This procedure can be
carried out, however, only if the equa-
tions other than the government equa-
tion are invariant with respect to
changes in it. For prediction under
changed structure, and in particular for
policy decisions, it is therefore impor-
tant that the structure be expressed in
as autonomous a form as possible. The
stress on models based on individual be-
havior arises from the argument that,
they are more apt to be autonomous
than collective models.

3. Models, statistical inference, and the
problem of identification

Suppose now that we have a sample
of observations on a system of endoge-
nous and predetermined variables and
we are faced with the problem of in-
ferring the structure which generated
them. This is a problem in statistical in-
ference. Here, the states of nature are
the different possible siructures. As in
the general formulation of the problem
given earlier (see the second part of
Sec. I1 and the sixth part of Sec. I,
above), we assume it known that the
possible structures belong to a certain
class. That is, certain statements can be
made about the structure on an a priori
basis, so that we need not consider
structures not compatible with those as-
sertions. The class of admissible struc-
tures is known as the model. The de-
termination of the optimum statistical
methods for selecting one structure out
of the model is then a technical problem
which has been solved, at least in an
approximate sense.®

% The fundamental statistical papers are Koop
mans, Rubin, and Leipnik, “Measuring the
Equation Systems of Dynamic Economics,” in
Koopmans (ed ), Statistical Inference in Dynamic
Economic Models (1950); and Anderson and
Rubin, “Estimation of the Parameters of a Single
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There is a certain difficulty in the
statistical analysis which does not seem
to arise in the natural sciences. Take
first a very simple nonstochastic prob-
lem. Assume that prices are determined
by the equating of supply and demand,
where each is a function of price. If,
during the period of observation, nei-
ther supply nor demand shified, the
price and the quantity exchanged would
not alter, and we would have only one
point from which to infer the supply
and demand curves. This is obviously
impossible, since there are an infinite
number of possible pairs of curves pass-
ing through the observed point. This
same problem arises in stochastic struc-
tures; consider again the supply-and-
demand problem:

g —=a; p+ a; + © (demand), (13)
g =b:ip+ b, 4 v (supply), (14)

where ¢ is quantity exchanged, p is
price, and u and v are disturbances with
a given probability distribution. Equa-
tions (13) and (14) can be solved for
¢ and p in terms of v and v, and we
can then find the distribution of ¢ and p
from that of © and v. For example,
suppose thata; = —1,a, = 2,b, =1,
b, = 1, and u and v are normally and
independently distributed with means
zero and variances 1. Then it can be
shown that p and ¢ are normally and
independently distributed with means
1% and 3/2 respectively, and variances
1%. Now suppose that o = —15,
a,=7/4,b, =2, b, = V%5, and « and
v are normally and independently dis-
tributed with means zero and variances
Equation in a Concrete System of Stochastic Equa-
tions,” Annals of Mathemazical Sraristics, XX
(1949), 46-63. In practice, chiefly the methods of
the latter paper have been used. For more ele.
mentary expositions, see Koopmans, “Statistical
Estimation of Simultaneous Economic Relations,”
Journal of the American Statistical Association,
XL (1945), 448-66: and M A. Girshick and
T. Haavelmo, **Statistical Analysis of the Demand
for Food: Examples of Simultaneous Estimation of
Structural Equations,” Econometrica, XV (1947),
79-110. It is important to observe that equations

(11) should not be fitted by taking the least squares
regression of A; on the other variables.

% and 5/2, respectively. Then ¢ and
p have the same disiribution as in the
previous case. Since observations on a
sample of p and ¢ values can only yield
information as to the distribution of p
and g, it is clear that no such sample,
no matter how large, could enable a
choice to be made between the two
structures. A model containing both
structures is said to be unidentified; in
general, a model in which no two struc-
tures generate the same probability dis-
tribution of the endogenous variables is
said to be identified. In order to make
useful statistical inferences, the range
of possible structures must be suffi-
ciently restricted by a priori considera-
tions so that the model is identified.

The conditions for identification
have been discussed for models in
which the structures are systems of lin-
ear equations. The concept of identi-
fication has also been generalized in
various ways.5!

4. Model-building and scientific tactics

The method of scientific investiga-
tion indicated in the preceding para-
graphs calls then for intensive a priori
thinking to formulate a model, followed
by the selection of a best-fitting struc-
ture from that model by appropriate
statistical techniques. It is the virtue
of the Cowles Commission approach to
have set forth this process clearly and
to have resolved many of the statistical
difficulties in the way of its fulfillment.
It is clear that the crucial step is the
choice of a model. If we can say very
little on purely a priori grounds about
the nature of the process under inves-
tigation, then the resulting model is
unidentified, and further progress is
stopped.

81 Koopmans, Rubin, and Leipnik, op. cit.;
Leonid Hurwicz, “Generalization of the Concept
of Identification,” in Koopmans (ed.) Statistical
Inference in Dynamic Economic Models (1950).
For an excellent exposition of the identification
concept, see Koopmans, “Identification Problems
in Econometric Model Construction,” Economet-
rica, XVIL (1949), 125-44.
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An alternative procedure employed
by a number of economists® is to start
with a very wide and vaguely stated
model and investigate empirical data
which seem to be relevant. By exami-
nation of these data, more definite mod-
els will be suggested which will, in turn,
provide the basis for further empirical
research, and so forth. It might be
asked how, if the original vague model
is really unidentified, this procedure
can lead to any results. Two related an-
swers seem to be implied in the discus-
sion: (1) The observations will select
out of the original model a collection of
structures compatible with the observa-
tions; among these, the “simplest” in
some sense is selected.®® (2) There is
really an identified model in the minds
of the investigators, which, however,
has not been expressed formally be-
cause of the limitations of mathematics

or of language in general. Perhaps we
may interpret the “simple” structures as
those found in this unconsciously main-
tained model. The choice between the
alternative scientific tactics indicated
depends on the stage of formalization of
the underlying theory. No dogmatism
is possible; a certain amount of over-
simplification is tolerable (and neces-
sary) tb gain the advantages of formal-
ization and the use of optimum statisti-
cal methods, but there are limits; since
the statistical methods are best only on
the assumption that the model is cor-
rect, a serious error in formulating the
model may invalidate all further em-
pirical work based on it.

%2 See, for example, the works named in foot-
note 11

8 See Milton Friedman, “Lange on Price
Flexibility and Employment,” American Economic
Review, XXXVI (1946), 613-31 See pages 616-22
on the use of Occam’s razor.



