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SUMMARY

CLassicaL economic theory postulates two parallel dichotomies: the
real and monetary sectors of the economy on the one hand, and relative
and absolute prices on the other. In the real sector all economic behavior
depends solely on relative prices; conversely, once the behavior of the
real sector is specified (in the form of demand and supply functions),
relative prices are uniquely determined. Similarly, absolute prices play
a role in and are determined by the monetary sector alone.

Something is wrong with this neat picture. It lies in the fact that in a
monetary economy a bridge is inevitably created between the real and
monetary sectors: individuals cannot make decisions in the real sector
independently of their decisions in the monetary sector. In particular,
the only way people can obtain money is by selling goods; hence the
demand for money is identical with the supply of all goods. That is, when
people determine how much to supply of every good, they simultaneously
determine how much money to demand. Classical economists recognized
this dependence, and in fact made use of it. But they overlooked one of
its simple implications: If the supply of all goods depends only on relative
prices, then, of necessity, the demand for money can depend only on
relative prices. Thus absolute prices appear nowhere in the system, and
hence obviously cannot be “determined” by it.

In brief, the only way to have behavior in the monetary sector depend
on absolute prices is to have these prices appear in the real sector. Con-
versely, if the real sector depends only on relative prices, then so must
the monetary sector. The classical dichotomy is self-contradictory
(section 10).

* This article will be reprinted in Cowles Commission Papers, New Series, No.
28. It represents the results of studies undertaken during the tenure of a Social
Science Research Council Fellowship.

I am indebted to Trygve Haavelmo (formerly of the Cowles Commission; now
of the Oslo Institute of Economies) who first stimulated and encouraged my in-
terest in the problems discussed in this paper. I am also grateful to my colleagues
of the University of Chicago Department of Economics and of the Cowles Commis--
sion for Research in Economics for many valuable suggestions and criticisms.
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2 DON PATINKIN

Once this point is recognized it is immediately scen that the only way
to have the system determine absolute prices is to have them appear in
the real sector of the economy too. Nor will any patchwork attempt to
retain the “main sense” of the dichotomy by introducing just “a few”
absolute prices work. For it will be shown that the only way in which
all absolute prices can be determined is to have each and every one play
a role in the real sector of the economy. The purge of relative prices
from the real sector must be complete. 4 money economy without a “money
illusion’ is an impossibility (sections 11 and 14),

The classical school frequently introduced the assumption of Say’s
law. This law served to remove other contradictions from the classical
system; but it did so at the expense of making it impossible to determine
all prices. The reason for this can be seen intuitively in the following
way: The meaning of Say’s law is that people spend all they receive,
regardless of prices. Another way of saying the same thing is that people
maintain their money stocks constant regardless of prices. Thus prices
play no role in the monetary sector; consequently the monetary sector
can have no influence on the determination of prices. This throws the
whole burden of determining prices on the real sector alone. But the real
sector does not provide enough information to complete this task; at
most it can determine all but one of the prices as functions of the re-
maining one, Hence the assumption of Say’s law renders the system in-
complete. This difficulty remains even if the real sector depends also on
absolute prices (section 13).

From the above it is clear that if absolute prices are to be determinate,
the classical system must be modified. Ilowever, modifications that do
not completely break away from the classical dichotomy are doomed to
failure. In particular, it will be shown that Lange’s system runs into
exactly the same type of difficulties as the classical one and hence is
inconsistent (section 12). The only way out of this difficulty is to discard
completely the classical dichotomy between the real and monetary sec-
tors, and to recognize that prices arc determined in a truly general-
equilibrium fashion, by both sectors simultaneously (section 14).
Nevertheless, it is possible to reconstitute the classical theory in such a
way that the following familiar proposition still holds: An increase in
the amount of money will merely cause a proportionate increase in the
prices of all commodities, without in any way affecting the demand and
supply for these commodities or the rate of interest. (Section 14.)

* ¥ %

I. INTRODUCTION

1. When Walras and Parcto began the task of formalizing economic
theory in a rigorous, mathematical structure, they were concerned with
assuring an equality between the numbers of variables and equations.
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They sought this equality in order to he sure that their systems should be
both complete (in the sense of determining a specific value for each of the
variables) and consisien! (in the sense that there should exist a set of
values for the variables which would satisfy simultaneously all the
stipulated equations). To insure the completeness, they specified at
least as many equations as unknowns (i.c., the system should not be
underdetermined); to insure the consistency, they were carciul not to
impose more restrictions (in the form of equations) than could be satis-
fied by the variables (i.e., the system should not be overdetermined). A
simple example will help clarify these concepts.

P
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Consider the market for sugar, and assume that our theory states that
the amount of sugar demanded (z) is a function of its price (p), i.e.,
(1.1) x = D(p).

If this were the extent of our theory, we should have an underdetermined
system. That is, the price and quantity could correspond to any one of
the infinite number of points lying on the curve D(p) in Figure 1. If we
went on to postulate a supply function

(1.2) T = S(p)y

then the price and quantity would definitely be established at (po, 20),
since this 1s the only point satisfying both (1.1) and (1.2). If in addition
we should state that the government fixes the price at

(13) P =",
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we should have an inconsistent (overdetermined) system. For by pos-
tulating (1.1)—(1.3), we are in effect sayving that there exists at least one
set of values for p and x that will simultancously satisfy (1.1)-(1.3);
but from Figure 1, it is clear that such a set cannot cxist; hence the
inconsistency.

2. Unfortunately, Walras and Pareto failed to realize that, within the
domain of real numbers, cquality in number of variables and equations
is neither a necessary nor a sufficient condition for a complete and con-
sistent system. The nonnecessity is proved by the following example of a
single equation in two variables:

(2.1) < 4y =0.

TFor the domain of real numbers, equation (2.1) uniquely determines
x = 0and y = 0. Similarly, even if there arc more equations than un-
knowns, the system may still possess a consistent solution. Consider,
for example, the following system:

ad— 6+ 9=0,

3 ¢
z — 3x — 18 = 0.

(2.2)

Fven though the system consists of two equations in only one variable,
it nevertheless possesses the consistent solution & = 3. Similarly, the
insufficicncy is proved by the following system

Oyt =,

(2.3)
z +y = 20,

which cannot be satisfied for any pair of real values (z, ¥).

3. There are no simple eriteria for determining when a system of equa-
tions is consistent. (Suffice it to say that except in the linear case such
criteria are not provided by the Jacobians of the system.) In this paper we
shall not deal with this general problem. Instead we shall assume
throughout that for the systems under study equality in numbers of
equations and variables 1s a necessary, but not sufficient, condition for
the existence of a unique solution. In particular, we shall assume that
any system considered here with more independent equations than un-
knowns is inconsistent; and that any system with fewer equations than
unknowns cannot yvield a unique solition for all its variables.

4. The primary purpose of this essay is to examine critically the
“classical system.” As in the examination of any school of thought, the
problem of textual interpretation immediately arises. To minimize this
problem, T shall confine myself to the mathematical economists of this
school. These can be classified as follows: (a) those who start from the
theory of individual behavior and build up to market relations on this
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basis (e.g., Walras, ’arcto); (b) those who start from the market relations
themselves (e.g., Cassel).

This essay will deal primarily with the classtcal system as formulated
by Cassel:’ this is the form in which it is most familiar to us now. In
addition some criticisms will also be made of modifications that have
been proposed for this system.

II. SOME PRELIMINARY THEOREMS

5. In this chapter I shall construet a general model with respect to
which models considered in the following chapter can be considered as
special eases. The purpose of construeting this model here s to develop
several preliminary theorems that are fundamental to the subsequent
argument. Specifically, I shall first discuss the relationship between the
static models discussed in this cssay, and dynamic economic models.
This will be followed hy an analysis of the relationship between two al-
ternative ways of looking at the demand for money: the demand for
money considered as a flow, and the demand for money considered as a
stock. It is shown that these two alternatives are really equivalent and
consequently can be substituted for one another without affecting the
theory. Finally the class of functions known as homogencous functions
is studied, and several fundamental theorems deduced.

6. Consider an isolated cconmomy with n commoditics, the nth com-
modity being paper money. Let p; = the number of units of money
neeessary to purchase one unit of the ¢th commodity, i.c., the price of the
ith commodity. Then p, = 1. Asscts are assumed to be nonmarketable,
with only their services saleable. (I follow I{eynes in ignoring the effect
of the produetion of new assels—net investment—on current supply
functions.) Let D; (S:) represent the demand for (supply of) the ith
commodity or service per unit of time. Express D; and S; as functions
of the prices p..

(6.1) Di= fdpr,p2, "+, Pro1) (@E=1,,n),
(6.2) Se = gilpr, p2y - 0, Prma) (@=1,--,n),
(63) D,‘ = S; (Z = 1, ey, n).

These are the demand functions, supply functions, and equilibrium
conditions, respectively. (6.1), (6.2), (6.3) each consist of n equations.

1 "T’he examination of the Walras-Pareto system is presented in an earlier article.
“Relative Prices, Say’s Law, and the Demand for Money,”* EcoxoMETRICA, Vol.,
16, April; 1948, pp. 135~154. This will be referred to henceforth as “The Demand
for Money.”” The present paper is referred to in the earlier one by the title “The
Indeterminacy of Absolute Prices in the Casselian System.” This original title
has since been changed to the one now appearing at the head of this article.



6 DON PATINKIN

Thus there is a total of 3n equations in the 3n — | variables: p;(¢ =.
1, - ,n=10,D=1,---,n),8:Z =1, -, n). However, not all
the equations are independent. Following Lange’ we note that within this
system the only way people can acquirc money is by supplying commod-
ities; and the only way to disposc of money s by demanding commod-
ities. Thus the demand for money per unit of time is identically equal to
the aggregate money value of all goods supplied during the period: when
people determine how much to supply of every good at different prices
and incomes, they simultancously determme how much money to ac-
quire at different prices. A corresponding statement holds for the supply
of money. Thus we have for the demand and supply of money, respec-
tively,
n—1

(6~4) ])n = fn(pl y P2y pn~l) = 2 pigi(pl y P2y pﬂ-—l)

identically in the p;, and

n—1

(65) Sn = gn(pl y P2y 0y pn~l) = ; Pifi(pl y P2y an)

identically in the p, . Subtracting (6.5) from (6.4) we have what Lange
has called “Walras’ law?’:

n—1

(6.6) D, — 8, = Zl pS; — D).

Thus m (6.3), if D; = S;is satisfied fori = 1,2, --- , n — 1, then it
follows from (6.6) that the equation D, = S, is simultaneously satisfied
and is not an additional restriction. Assume that the remaining equations
are independent, so that there are (n — 1) independent equations in
(6.3). For the moment I shall assume that as a result of this dependence
any one equation of (6.3) can be dropped. (I shall return to this assump-
tion below in section 12.) We have then 3n — 1 independent equations
in 3n — 1 variables. The system (6.1)-(6.3) thus enables us to solve for
the quantities [); and S;, and the absolute prices p; . Insofar as the
“counting’ criterion applies, our general model is thus exactly deter-
minate. ’

7. Before continuing with the analysis of (6.1)-(6.4), it will be
necessary to cleal (in this and the two following sections) with several
preliminary points.

TFirst I must make clear in what sense the system (6.1)-(6.3) [and

2 Oscar Lange, “Say’s Law: A Restatement and Criticism,”’ Studies in Mathe-
matical Economics and Econometrics, ed. by O. Lange, F. McIntyre, and T. O.
Yntema, Chicago, University of Chicago Press, 1942, pp. 49-69.
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especially (6.3)] is supposed to hold. The system (6.1)-(6.3) is a static
model; but it is directly related to a dynamic one. Assume that indi-
viduals’ plans (decisions) are made not continuously, but at discrete
points of time, with the intention of carrying out the plan during an
ensuing finite time mterval. Call this time interval a *‘period.” Then at
the begimning of the period, individuals plan their demand and supply
flows (D; and S;) for the entire period. The system (6.1)-(6.3) can then
be considered as the limiting position of that dynamic model which has
become familiar through the work of Samuelson and Lange.® This dyna-
mic model is identical with (6.1)-(6.3) except that it replaces the n — 1
independent equations of (6.3) by the dynamic market-adjusting equa-
tions

dp;
(7.1) —dl)t— = H{D: - 8y,
where
(7.2) sign % = sign (D; — S)),

1.c., priee rises with excess demand and falls with excess supply. As long
as (6.3) is not satisfied for all commodities, we see from (7.2) that the
system will not be in stationary equilibrium but will continue to fluc-
tuate. Thus the existence of a solution to the static system (6.1)-(6.3)
is a necessary condition for the existence of 4 stationary solution for the
dynamic system (6.1)-(6.2), (7.1). Throughout this paper, all models
in which the equality of demand and supply for different commodities
is postulated must be understood in this saume scnse: viz, that the exist-
ence of a solution to the postulated static model is a necessary condition
for the existence of a stationary solution for the dynamic system under-
lying the static model.

8. As can be seen from the beginning of the previous section, the de-
mand and supply for money, 1, and S, , arc considered in the sense of
flows per planning period. D, is the planned flow of money in exchange for
commodities supplied (i.e., planned receipts), and S, the planned flow
in exchange for commodities demanded (i.e., planned expenditures).
1t is more usual in economic theory to discuss the demand for and supply
of money as a stock. From this viewpoint, instead of assuming the in-
dividual to plan, at the beginning of the period, the flows of money

3P, A. Samuelson, “The Stability of Equilibrium: Comparative Statics and
Dynamics,” EcoNoMETRICA, Vol. 9, April, 1941, pp. 97-120. Oscar Lange, Price
Flezibility and Employment, Bloomington, Indiana, Principia Press, 1944, pp.
91 ff.
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during the ensuing period, assume that he plans at the beginning of the
period the stock of money (cash balances) he will hold at the end of the
period. Denote this by M p . Similarly, those economic units (e.g., gov-
ernment and banks) which control the stock of money in existence are
also assumed to plan at the beginning of the period the stock they witl
supply (M) at the end—i.c., the amount of money they will permit in
circulation. Assume 3 5 and M to be functions of prices. We have then

(81) ZMD = Fn(pl y P2, p’1~1):
(82) JVIS = Gn(pl sy P2y T, p"—l)‘

Divide the cconomy into two sectors: the private P sector; and the
bank-government B sector. Denote the planned demand of the P sector
for cash balances by 35, the demand flow planned by the B sector by
D%, ete. Assume that the B sector has no demand for cash balances;
therefore

(8.3) My = ML+ ME = M5

Let M§ be the supply of cash balances at the beginning of the period
and M s the supply planned for theend of the period. Then we have the
following relationships:

(8.4) My = Mg+ D, — 8} identically in the p;,
(8.5) My— Mi=Sh— D identically in the p. .

The first equation states that the planned excess of mflow over outflow
of the private sector (D% — SL) is identically cqual to the planned in
crease in cash balances of the P sector (Mp — Mg). The second states
that the B sector plans to increase (decrease) the amount of money in
eirculation (cash balances) by planning a greater injection (withdrawal)
of money into the economy than a withdrawal (injection). Subtracting
(8.5) from (8.4) we have

(8.6) Mp — Ms =D, — 8, identically i the p,,
where

(8.7) D, =D, + Di

and

(8.8) S. = Su + Sh.

Denote the left-hand member of (8.6) by M, and the right-hand by X, .
Then we can write

(8.9) M, =X, identically in the p; .



INDETERMINACY OF ABSOLUTE PRICES 9

The equation (8.9) relates the demand for and supply of money con-
sidered as a stock and the demand for and supply of money considered
as a flow. By virtue of (8.9) we can replace, in (6.3), the equation

(8.10) X.=0
by the equivalent restriction
(8.11) M, = 0.

In the subsequent exposition we shall make frequent use of this sub-
stitution.

9. In economic theory frequent use is made of a class of functions
known as “homogeneous functions.” In this section I shull develop cer-
tain properties of these functions which will subsequently prove useful.*

A function

(91) w=f(~1‘1;$2:"',l"'m,yl;"',yn)

is homogeneous of degree { in a1, 22, -+, 2 i

f()\l'l, )\1';5,"', >\xm; Yy, "0y y")
(9.2)

E'\lf(IlJ”':xm;yly""yn)

identically in the 2y, y; , and A, where A may be any number. Putting in
particular A = 1/2.. and substituting in (9.2) we get

Ty Tm—1
f 'f)"';’x';l;yly"';yn

T m

9.3)

1
= 7f(x[’ Ctry Tmy, Yy "'?y")'
T

Consider now the system of n + m independent equations in n + m
arables

f{(i'1,"',.’l?m, yl;"';yﬂ) =0
(9.4)
G=1:---,mm+1,--,m+n),

+ The development in this section follows more or less that of an unpublished
note on homogeneous functsions, prepared by Leonid Hurwiez and circulated among
members of the Cowles Commission in June, 1945. [The speeialization consists in
assuming ! constant. If ¢ is cousidered as any function of the variables involved,
no speeial “class’ of functions is segregated. EprTor.}
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where f; is homogeneous of degree ¢; in the variables z,, -+ - , z,. . By
(9.3) we can then write

xr Ton—
fi<i)"'v lslsyll'“;yﬂ)

(9.5) T m

=gz, 2w,y ) =00 @ =1, ,m+ n),
where
(9.6) Z; = T G=1---,m—1).

Lon

Thus the system of equations g; = 0 consists of m 4+ n equations in
m + n — 1 variables and is therefore inconsistent (ef. above, section
2). We have proved the following

TuroreM: If every equation of a system of K independent equations in K
variables is homogeneous of some degree t in the same set of variables, then
the system possesses no solution (3.e., it s inconsistent), with the possible
exception of the one which sets cach of the variables equal to zero*

The theorem obviously holds when every equation is homogeneous in
all the variables. However, if every equation i1s homogencous, but not
in the same set of variables, the theorem does not hold. Thus, for ex-
ample, the system of independent equations

9.7) hi(z, y, 2) = 0 (=123

(where hy and he are homogencous of degree ¢, and & (respectively) in
x and y, and A; ix homogeneous of degree f; in x, y, and 2) is not over-
determined. For by (9.3) the system (9.7) can be rewritten as

(11<;§;2> = 0,

T
(9'8) qa <y, Z> = 0,
T 2
@ <J ;z;> =0

The first two equations determine z/y and z; the last determines z/y.
From these we can then derive the values for z and y separately.

4s The zero solution will definitely hold in the case ¢ > 0, and might possibly hold
in the case £ = 0. Since the zero solution is economically unimportant, we shall dis-
regard it in the future discussion,

I am indebted to Professor Ragnar Frisch for pointing out the nceessity of
adding the qualifying phrase at the end of this theorem.
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As a corollary of this theorem note that if we haven + m — 1 inde-
pendent equations

i1, o, Tm, Y1, 00, Ya) = 0

9.9)

(J= 17"':7n;m+ l,---,m-i—n— 1)’
where ¢; is homogencous In z;, - -+, 2, of degree ;, then (9.9) can be
solved for z, = 2,/2m (r = 1,---, m — Dand they; =1, ---,n).

Finally, we should note that a linear combination of any finite number
of functions, each homogeneous of the tth degree in the same variables,
1s homogeneous of the tth degree in the same variables. That s, if

(910) wi=wf(xl)"'7l:mry11"':yﬂ) (.]=1);Z”)
13

is homogeneous of degree tin xy, -+« , 2, then W = > aa; (where
i=1

the a; are some designated constants) is also homogeneous of degree {
in the same vartables; for

I‘V(AII; Ty >\Tm) Y, = )yﬂ)

1]

k
(9 11) 2 aiwi(}‘gjl’ ))‘:L'm;yly Ty yN)'
), =

k
'\t Z a; ’lU_{(.l') y T my Yy, e, yn) = )\L W,

i=1

i

III. ANALYSIS QY THE CLASSICAL SYSTEM

10. This chapter begins with an examination of the classical systom as
presented by Cassel and demonstrates its inconsistency. This inconsist-
ency is shown to be due to the traditional assumption that the demand
for goods depends only on relative prices. The demonstration s then
generalized to prove that even when some absolute prices enter the de-
mand functions, the system may still be inconsistent. A modified classical
system proposed by Lange is then considered and its inconsistency
shown. Finally, the role of Say’s law is examined, and its effect on the
consistency of the system deseribed.

In contrast with Walras and Pareto, Cussel does not concern himself
with mieroeconomic analysis. Instead his system consists of equations
of the form (6.1)-(6.3). (For simplicity, I consider only his analysis of
an exchange economy.) The “classical” clement is introduced into this
system by his particular assumptions about the properties of the fune-
tions (6.1)—(6.2). These stipulated properties (supposedly holding for a
paper-money economy) are that the actual values of D; and S;(@ =
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1, -+, n — 1) depend only on relative prices, and are independent of
the absolute price level.” Whether the latter is 100 or 200 should not af-
fect the working of the economy. In other words, the functions (6.1)-

(6.2) (fori = 1,---, n — 1) are homogeneous of degree 0: instead of
depending on the absolute values of the (n — 1) variables p,, p2, -+ -,

pn_1 , they depend only on the (n — 2) ratios py/Pu-1, *** , Pae/Pu_1 -
Thus when eachof then — 1 variables 13 changed in the same proportion g,
so that the general price level is also changed in the proportion g, the
relative prices (and therefore D; and S; for¢ =1, ---, n — 1) remain
the same. This follows directly from (9.2) by setting { = 0.

The classical analysis assumed that the equation dropped in (6.3)
[by virtue of the interdependence shown by (6.6)] was one of those
referring to commodities (as distinet from money), say the equation for
7 = 1. This left 3n — 4 commodity equations determining the 3n — 4
variables D; , S; =1, -+ ,n — 1), and p;/pas G =1, -+, n — 2).°

5 Gustav Cassel, The Theory of Social Economy, translated by S. L. Barron,
new revised edition, New York, Harcourt, Brace and Co., 1932, pp. 154-55; “It is

clear that the functions [D; and 8] . . . will remain unchanged if all the [pi] ex-
pressed in the money unit are multiplied by any multiplier whatever. . . . The

demand can only be determined by the relative prices.”

Other mathematical economists make similar statements. Thus F. Divisia,
Economique rationelle, Paris, Gaston Doin et Cie, 1928, pp. 413-416, makes this
assumption most explicitly. Walras is less clear. He concludes that the D; and S;
are functlions of the ahsolute price level. But he maintains that this dependence is
very weak (“Ils n’en dépendent que trés indirectement et trés faiblement’’) and
may be disregarded, so that the general price level is determined apart from the
demand and supply equations for commodities. (‘‘En ce sens il s’en faut de peu que
I’équation de la circulation monétaire [which determines the general price level],
dans le cas d’une monnaie non marchandise, ne goit en réalité extérieurc au sys-
téme des équations de I’équilibre économique.”) [1.. Walras, Elements d’économie
politique pure, definitive edition, Paris, Pichon et Durand-Auzias, 1926, p. 311.}
(Walras’s logic is really incorrect, as was pointed out in “The Demand for
Money,” (Section 3).)

Cf. also K. Wicksell, Lectures on Political Economy, translated by E. Classen
and edited with an introduction by L. Robbins, London, George Rutledge and
Sons, Ltd., 1934, I, pp. 65-68: ¢, .. all the quanrtities involved can .. .be ex-
pressed in terms of the n-1 relative prices of the commoditics.” By thesc prices
are meant ‘“‘the n — 1 ratios between the moncy prices of the n commodities.”
{Wicksell is dealing with a case where there are a total of 2 4+ 1 commodities. The
(n + 1)th being money.]

I must emphasize that what these classical economists mean by relative price
are the n — 2 ratios p;/pu—r (G = 1, ... , n — 2), and not the n — 1 “ratios” p:/pn
(¢=1,..,n — 1). Since p. is by definition equal to unity, these latter are abso-
lute prices. The last quotation from Wicksell (recalling that he is concerned with
a system of n 4+ 1 commodities) should make this clear.

6 Cf., for example, F. Modigliani, “Liquidity Preference and the Theory of
Interest and Money,”” FcoNoMETRICA, Vol. 12, January, 1944, pp. 45-88, esp. p. 60.
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Thus the quantities of goods bought and sold were determined in the
“real” part of the model, independently of what happened in the money
market. The equations referring to the money market were used only to
determine the absolute level of prices. In reality, the theory discussed
the demand and supply for money in terms of stocks, and assumed (using
the notation of section 8)

(10.1) My = M = const,
n—1 n—1 p‘,
(10.2) Mp =K 2, piSi = par K 2. T
1==1 i=] n—1
(10.3) Z‘Is = 111/) .
Therefore
n—1 X
(10.4) M= paKY p’" Si = 0.
i=] n—1

This is essentially the famihar “Cambridge equation” for the demand for
cash balances, where K is an mstitutionally determined constant. The
pi/Pa and S; being given by the “real” part of the system, (10.4)
determined pn_y and thereby all the absolute prices.”

Despite its apparent elegance, the preeeding theory involves logical
contradictions on several scores. We will discuss two of these here. In
the following section we will discuss a third.

(a) In (6.4) and (6.5) make the classical assumption that the f; and
gi @ =1, -, n—1)are homogeneous of degree 0 in all the variables.
Then

n—1

an\Pl s T, )‘pn~l) = X:l Angz(xpl r T )‘pn-l)

n—t
(10.5) = >\Z1 pigipr, ) Puc1)

= )\fn(pl; Y pn—l)

identically in A and the p;. A similar statement holds for g, . We have
thus proved the following

7 Cassel, op. cit., pp. 4564-459. Cf. also F. Divisia, op. cit., ch. 19; Walras, op. cit.,
pp. 302-312. The interpretation of Walras as supporting a cash-balance equation
follows A. W. Marget, “Leon Walras and the ‘Cash Balance Approach’ to the
Problem of the Value of Money,” Journal of Political Economy, Vol. 39, 1931,
569-600. Note again that in order to fit Walras’ analysis into the mold of the classi-
cal analysis as presented here, we must apply rigorously his assumption that the
dependence of the S; on absolute prices can be ignored. Cf. above footnote 5.
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Lnovac If the g (f)@ = 1, - -+, n — 1) are homogeneous of degree 0
in all the variables, then f. (g.) ts homogenecous of degree 1 in the same
vartables. More generally, if the g; (f)(z = 1, -+ , n — 1) are homogeneous
of degree t in all the variables, then fa (ga) is homogeneous of degree t + 1
in the same variables.

Note, however, that if each of the functions s homogeneous of the ith
degree in the same subset of variables, then £, (g.) is not necessarily homo-
geneous of any degree in any of the variables. For example assume the
gii = 1,---,n — 1) to be homogencous of degree 0 in py, -++ , Pra .
Then, if N # 1,

n—2

f"o‘pl s T )‘pn~2 ’ pﬂ~1) = 21: '\77:'91'0\131; ) Apﬂ—‘l; pn—l)
=

n—2

(106) + Pna f]n~l(>\pl y T )‘pﬂ—‘B y pn~1) = 21: )‘pifIi(pl s T p"-—l)
i=

+ Do gna(P1, <+ 5 Do) # )\fn(l’l, C Prct)e

A similar statement holds for g.(pi, -, Pa).
For convenience form the excess-demand functions

(10.7) Xi(pr, -+, Puct) = filprs v Pr1) — Gipr, * 7+ 5 D)
and rewrite (6.1)-(6.3) as
(108) 4\71'(1’1; Ty Pn—l) =0 (7' = 13 ) n’)-

Employing the classical homogeneity assumption, the preceding lemma,
and the lust paragraph of section 9, the first n — 1 of these equations are
homogeneous of degree 0 in all the variables, and the last equation
homogeneous of degree 1 in all the variables. Thus no matter what equa-
tion of (10.8) we drop (by virtue of their interdependence) we are left
with (n — 1) independent cquations in (n — 1) variables, where each of
the equations is homogeneous in all the variables. By virtue of the the-
orem proved in section 9 and the preceding lemma we can then state
the following

THEOREM: If the fi and g; G =1, -+, n — 1) in (6.1) and (6.2) are
independent and homogencous of degree U in all the variables, then the sys-
tem (6.1)-(6.3) is overdctermined. In particular, the Casselian system
(6.1)—(6.3) s inconsistent.

An additional word of explanation is in place with reference to this
last theorem. There is 3 helief that Wald has proved the consisteney of
the Casselan system under certain specified assumptions as to the
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properties of the demand functions.® Undoubtedly Wald does prove the
consistency of the system he considers; but this system s not the Casselian
system. Specifically, in the system considered by Wald, the assumption
18 tacitly made that the demand functions are not homogencous of degree 0
M, -, Pamt . Wald’s system is stated in terms of the inverse func-
tions of f; (L.e., price as a function of quantities); and a necessary condi-
tion for the existence of these inverse functions is that the functions f;
(¢ =1, ---,n — 1) not be homogencous of degree O in p1, -+- , paa .
This can easily be proved as follows:

A necessary condition for the existence of the inverses of
fii = 1, .-+, n — 1) is that the Jacobian

fl,l f1,2 Tt fl,n——l

wy e
fn.l fn,2 e fn,n—l

(where f;,; is the partial derivative of f; with respect to its jth argument)
should not vanish identically. Now assume the f; to be homogeneous of
degrec 0 in pr, -+, Pa . Multiply the ¢th column of (10.9) by p:
(i =1,---,n — 1) and add it to the last column. The determinant
(10.9) then becomes

n—1

furfie oo fra-e ;1 P-fur

n—l }
! o f, " ‘
(10.10 Sax fan 2,n—2 ;Zzl Prfor | .

‘ n—1
fn,lfn,:! ot fn,n—-Z Z prfnrl,r

|
y=1 i

Bul by Kuler’s theorem on homogeneous functions we have

n—1

(10.11) > pefir=0 G=1,-,n—1
r=1

identically in the p,. Consequently the last column of (10.10)becomes
zero, and the Jacobian (10.9) vanishes identically. This proves that a
necessary condition for the existence of the inverse function of f; (i =

8 A. Wald, ““Ueber die eindeutige positive Losbarkeit der neuen Produktions-
gleichungen,” Ergebnisse eines mathematischen Kolloqguiums (edited by Karl
Menger), Vol. 6, 1933-34, pp. 12-20; “Ueber dic Produktionsgleichungen der
okonomischen Wertlehre,’’ ibid., Vol. 7, 1934-35, pp. 1-6; ¢‘Ueher eines Gleichungs-
systeme der mathematischen Ockonomie,’” Zeitschrift fur Nationalékonomie, Vol.
7, 1936, pp. 637-670.
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1, ---,n — 1), is that the f; not be homogeneous of degree Oinpy, -- -,
Pr-1 .

(b) From (a) we have seen that under the classical homogeneity as-
sumptions, the equation

(10.12) Xa@r, ", Pna) =0
is homogeneous of degree 1. But by (8.9)
(10.13) Mz =X,.

Thus the elassical homogeneity assumptions imply that Mx is homoge-
neous of degree I. That is, (10.4) must be homogencous of degree 1.
But this is impossible if K and 3 are constants. Thus we have shown
that the classical homogeneily assumption s logically inconsisient with
the classical monelary equation.

11. The discussion in the last section has shown that the overdeter-
minacy of (10.8) [and consequently of (6.1)-(6.3)] is due to the fact that
the homogeneity of the first n — 1 equations implies the homogeneity
of the nth. Let us now consider a situation in which this will not be true.
Specifically, assume that the X; (¢ = 1, - - - , n — 1) are homogencous of
degree 0 in all the prices but one, say p1 . Then by (10.6) we see that X,
is not homogeneous. Therefore the theorem of section 9 does not apply.
Nevertheless I shall show that even under these assumptions the sys-
tem (10.8) will not in general possess a solution.

For convenience rewrite (10.8) as

(111) Xf(pl;"'7pn—1)=0 (j=1,“',7?.—2),
(11.2) Xoalpr, -+, pu) = 0,
(11.3) Xa(pr, -+, Pu1) =0,

where the X; and X,_; are homogeneous of degree 0 in ps, -+ * , Puot .
The approach of, for example, Modigliani’ is to deal with the system
(11.1)-(11.3) as follows: “The excess demand function to be eliminated,
by virtue of the interdependence, is arbitrary; we may, if we choose,
eliminate one of the n — 1 referring to commodities, say X.., = 0; we
are then left with n — 2 commodity equations (11.1) to determine the
n — 3 price ratios pi/pPa1,t = 2, -+ ,n — 2, and p, . To determine the
absolute prices we use (11.3) as was donc with (10.4).”

¢ Modigliani, op. ¢il., pp. 68-70. In the next sentence of the text Lhave para-
phrased Modigliani’s words to fit in with the models set forth here. Otherwise
there is no change from his original statement. In reality, Modiglianit’s analysis is
incorrect even without the analysis of this scetion; for he assumes that the first
n — 1 equations are homogeneous of degree 0 in all the variables (op. cit., p. 68,
especially footnote 24).
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The procedure scems straightforward. But an obvious hint of an in-
consistency somewhere in the argument follows from the fact that if the
dropping of the extra equation is as symmetrical a process as Modigliani
implies, we should get the same results no matter which equation we
choose. But if we drop (11.3) instead of (11.2) we are left with n — 1
homogencous equations in n — | variables, which (by section 9) are
overdctermined and thus in general do not possess a consistent solution!

Let us analyze in detail what is involved in the process of dropping
(11.2). Consider first (6.6) which we rewrite [using (10.7)] as

n—1
(114) - Xﬂ(pl; tt p"—l) = _lein(p! y Tt pﬂ—l)
identically in the p; . From the system (11.1), (11.3) (which is the system
Modigliani considers) we obtain solutions for thep; i = 1, --- ,n — 1)
which when substituted in (11.4) yield
(11.5) PraXaa(pr, oo, Pam) = 0.

From this Modigliani concludes that (11.2) is satisfied with the same
set of values p; @ = 1, -+, n — 1) obtained by solving (11.1), (11.3).
But (11.5) mmplies (11.2) only if pa—y # 0. It will, of course, be answered
that since this is an economics problem, we can assume that all the
pi # 0. Thus implicit in Modigliani’s procedure is the asumption that
in general the system (11.1), (11.3) has a solution with p,—q = 0. I shall
show that in general this assumption 18 not true.

Consider the systems (11.1), (11.2) and (11.1), (11.3). If the system
(11.1), (11.3) has a solution with p,—, 5 0, then from (11.5) we see that
(11.2) is also satisfied so that the system (11.1), (11.2) has a solution.
Thus we have proved

TurorEM: A necessary condition for (11.1), (11.8) to have a solution

with pa_y = 0, s that (11.1), (11.2) have a solulion.

Now since (11.1), (11.2) is a system of (n — 1) homogencous equa-
tions in (n — 1) variables it will in general (by section 9) beinconsistent
and not possess a solution. Therefore in general (11.1), (11.3) does not
possess a solution with p.y # 0. That is, in general, the solution (if
any) of (11.1), (11.3) will yield p.—y = 0, and therefore [cf. (11.5)] the
solution of (11.1), (11.3) will not in general satisfy (11.2)."

The reader can immediately generalize these results to the following

TrnroreM: If in (11.1)~(11.8), each of the X; ¢ = 1,---,n — 1)
s independeni and homogeneous of degree 1 in the same subset of 2 <
m & n — 1 price variables, then the system (11.1)-(11.3) will in general
be overdetermined.

10T am indebted to D. Zelinsky (Institute for Advanced Studies, Princeton)
for his advice on formulating the preceding theorem rigorously.
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These results are also useful as a guide to general procedure, For
note that any solution of (11.1)-(11.2) will always (regardless of the
values of the p;) satisfy (11.3). This is truc because X, enters (11.4)
without a price coefficient. Thus, as a general rule, in dropping the
equation due to the interdependence shown by (11.4), we should always
first drop the excess-demand equation for money. Then we should ex-
amine the remaining equations. If, in general, they have a solution,
then (and only then) we can reinstate the money equation and drop any
other equation we might desire without affecting the results.

12. I shall now consider another set of assumptions about the system
(10.8) and examinc it for consistency. These assumptions (and the
resulting system) are the ones set forth by Oscar Lange in his recent
book."

In the beginning of section 6 I assumed that no assets could be bought
or sold. Assume now that there does exist one (and only one) asset that is
marketable. Let this asset be bonds that are perpetuities paying one
dollar per period. Represent these bonds by the (n — 1)th commodity.
Thus bonds and money are assumed to be the only nonphysical assets.
Abstracting from uncertainty, and assuming all bonds to be identical
we have
(121) Pr1 = ; (1 + T)t - ; ]
where r is the rate of interest. Thus the price of bonds, ., is the recip-
rocal of the rate of interest. Our commodities ave then divided into three
types: goods, bonds, and money. Assume with Lange'” that the excess
demand functions for goods are homogeneous of degree 0 only in the
first n — 2 prices—i.e., n all prices except the rate of interest. Consider
now the demand for bonds. Assume that a given individual possesses ¢
bonds, each paying $1 per period. The real value of this payment meas-
ured in terms of the ¢th good is $¢/p; . If all prices increase by the pro-
portion e, then the real value of 8¢ in terms of the ith good decreases to
1/(1 + e) of its former value. Since prices of all goods are assumed to
increase in the same proportion e, the real value of Sg in terms of any
good deereases to the same extent. Assume again with Lange™ that the
individual will then increase the number of bonds he holds in the pro-
portion e so that the real value of the bond yield after the price rise will
be the same as it was originally, ie., $¢(1 + €)/p:(1 4+ ¢ = $9/p: .

" Lange, Price Flexibility and Employment.

12 Ibid., ch. 3.

12 Ihid., pp. 15-16, especially footuote 6, p. 16, Lange’s mathematical argument

in this footnotc is really inconsistent with the assumptions of the rest of his book.
Cf. ““The Demand for Money,” footnote 22.
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This implies that the excess demand for bonds is homogeneous of degree
1 in the prices py, -+, Pa2.

Tor convenience, we can again consider the system (11.1)-(11.3)
where now the X; are homogeneous of degree 0 in py, -+ -, Ps2, and
X.._1 1s homogeneous of degree 1 in the same variables. How do these
assumptions affect X,? From (11.4) we have

= Xalpe, -+ 5 Pa)
n~-1

(12.2) =2, piXip, oy Do)

i=1

n—2

Z ;i Xi(p1, ooy Pue1) + Pac1t Xncalpr, -+, Pn-1)

i=1

identically in the p: . Consequently

- X,,(}\Zh PR an——z 3 pn—l)

(12.3) = Zl A XGAPL, 5 5 APz, Pa-i)
=

+ P X1, -0, APuse, Pa-a)-

Since the X; are homogeneous of degree 0 in pr, -+, Pre, and X,y
is homogeneous of degree 1 in these same variables, this reduces to

(12.4) )‘[ ‘ PiXi(p1, -+, Do, Puct) F+ PaaXaa(pr, -+, Pa-2, P“"I)}

o=
= )‘[_ Xn('Pl» oty Pae2y p"—l)

identieally in A and the p;. Therefore X, is homogenecous of degree 1
in the variables py, -+, Pa—e. This is a generalization of the lemma
proved in part (a) of section 10.*

Thus Lange’s assumptions imply that the X; are homogeneous of
degree O in py, - -+, Pa—z, and X,y and X, are homogeneous of degree
1 in the same variables. Then we can immediately apply the overdeter-
minacy theorem of section 9; for no matter which equation in (11.1)-
(11.3) is eliminated by virtue of the interdependence between them, we
are still left with (» — 1) equations homogeneous of some degree in the
same subset of variables. Consequently Lange’s system is overdeter-
mined."”

1 Cf. Lange, pp. 99-100. The difference between this result and that of the
preceding section is due to the fact that there X, was assumed to be homogene-
ous of degree 0.

5 Lange’s system is presented mathematically in his Price Flexibility and
Employment, Appendix, section 4. L. Hurwicz was the first one Lo point out its
overdeterminacy (cf. above, footnote 4).
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Lange, in fact, generalizes the results of (12.3)-(12.4) to the following:'®

If the X, (r = 1, - - - , m) are homogeneous of degrec 0 in py, -+, pr
and the X, (s = m + 1, ---, n — 1) are homogeneous of degrec 1
in the same variables, then X, is homogeneous of degree 1inp,, - -+ , p,.

Using this and the theorem of section 9, we can generalize the theorem of
section 10(a) as follows:

TuroreM: If in (10.8) the X,(r = 1, - -+ , m) are homogeneous of degree
Oinp, - ,prand the Xo(s =m 4+ 1, .-+, n — 1) are homogeneous of
degree 1 in the same variables and if all these equations are independent,
then the system (10.8) is overdelermined.

Similarly, it is readily seen that the ohjections of section 10(b) are
still valid: for with a constant K (10.4) cannot be homogeneous of degree
linpi, -+, Pae. Lange’s system thus involves exactly the same con-
tradictions as were discussed in section 10.

13. In the classieal theory another special assumption (in addition
to the homogeneily assumptions) was sometimes made with reference
to the system (6.1)-(6.3). This was the assumption of Say’s law."
According to this law the only reason people supply commodities is in
order to use the receipts to purchase other commodities. The decision
to supply simultancously involves a decision to spend the receipts.
People do not sell to obtain and hold money; money is only a‘“veil”
concealing the true barter nature of the economy. Thus aggregate de-
demand for all commoditics must always equal aggregate supply—re-
regardless of prices. That is,

n—1

n—l1
(13.1) ; pifipr, ¢ Pamr) = ; PigiPis ** s Pnot)

identically in the p:, or, using the notation of (10.7),

n—1
(13.2) Zl 2 X, (pry oo, Puet) =0

identically in the p;. This is the mathematical formulation of Say’s
law.®

What is the effect of Say’s law on our system? It can beshown that it
reduces the number of independent equations in (10.8) to (n — 2).
For from (11.4) we see that when (18.2) is satisfied, X, = 0 is simul-
taneously satisfied. Therefore this equation is not independent. Consider
now the first (n — 2) equations of (10.8), homogeneous of degree 0 in
the n — 1 variables py, - -+, Pau1 - By the corollary to the theorem of

¥ Lange, tbid., pp. 99-100

W Cf. Divis'a, op. cit., pp. 411-412.

13 Cf. Lange, “Say’s Law,” op. cit., pp. 49-53.
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section 9, these equations can be solved for the price ratios p;/pa_s
G=1,+-+-,n —2). [Orif the functions are homogeneous in only
D1, ***, Pn-z, then they can be solved for p./pue (r = 1, --- ,n — 3)
and pr— .] In either case, by substituting this solution in (13.2) we ob-
tain

(13.3) PraaXoa(pr, -+, Prey) = 0.

Since in general we can assume that none of the prices (or price ratios)
determined by the first (n — 2) equations are 0 or infinity, we can divide
both sides of (13.3) by p.1 to vield

(13.4) Xoalpr, -+, pa) = 0.

Consequently the solution derived from the first n — 2 equations will
also satisfy the (n — 1)th. So this equation is not independent either.
Thus the assumption of Say’s law removes the overdeterminacy
from the system; for it reduces (10.8) to n — 2 independent homo-
gencous equations in the n — 1 variables py, - <+ | Pt . By the corollary
to the theorem of section 9, (10.8) can then be solved for the pi/p._;
(f=1,--,n — 2). But Say’s law removes the overdeterminacy only at
the expense of leaving the system definitely underdetermined. For as a
result of Say’s law we are left with » — 2 independent egunations in
n — L variables py, - -+, pat ; thercfore at the most we can solve only
for the price ratios. The absolute prices must remain undetermined.

IV, CONCLUSIONS

14. From the preceding analysis it is clear that it has not been possible
to construet a system satisfying the elassical dichotomny of determining
relative prices in the real part of the model, and absolute prices through
the money equation. It must be emphasized that there ¢s no monelary
equation that we can use to remove this indeterminacy of the absolute prices.
For any monetary equation will either be (1) homogeneous or (b) not
homogeneous. It is impossible for (b) to be true, since as has repeatedly
been shown, this contradicts the homogeneity assumptions made with
reference to the nonmonetary equations. Therefore (a) must hold. But
if (a) holds, we see from the second paragraph of section 10 [or (9.4)]
that the monetary equation itself is a funetion of relative prices only,
and therefore cannot determine absolute prices. We are caught on the
horns of a dilemma: if the monetary equation is useful (in determining
absolute prices) then it is inconsistent with the rest of the system; on
the other hand, if it is consistent with the rest of the system, it is useless.
Furthermore, although the assumption of Say’s law removes the over-
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determinacy of the system, it simultaneously renders absolute prices
indeterminate.

What are the implications of these conclusions? They are, in brief,
that the classical theory never really dealt with the monetary aspects of
our economy. Classical analysis was restricted to examining those as-
peets of an economy which are similar to a barter economy; or, at most,
to an economy in which transactions take place with goods against
goods, with money acting only as a counting unit. But it did not explain
why people held actual cash balances.”

Tt is equally clear that for a real monetary theory, at least one of the
n — | equations of (11.1)-(11.2) cannot be homogeneous.” From the
viewpoint of the determination of absolute prices, it makes no difference
which one this is. However, in accordance with the results of section 11,
we must be sure that the introduction of the nonhomogeneous equation
effectively eliminates all relative prices from the real sector.

By proper selection of the nonhomogeneous equation it s, in fact, pos-
sible to achieve results very close to those desived by the classical school.

For example, assume again (c¢f. seetion 12) that the (n — L)th com-
modity is bonds. Let X; (j = 1, -+, n — 2) each be homogencous of
degree 0 in Py, -, Pa2, With p._1 again representing the reciprocal

of the interest rate. However, assume that, for some unspecitied reason,
the excess-demand equation for the bond market, X, ;, is not homo-
gencous of degree 1 in py, »-+, psee. Then the development (12.3)-
(12.1) is no longer valid, so that X, is not homogencous of degree 1 in
Py, Paz, and the overdeterminacy theorem of section 9 cannot be
applied.

Owing to the interdependence following from Walras’ law (6.6)
drop (11.3). Then (11.1) consists of n — 2 homogeneous equations in
n — 1 variables. By (9.9) they can in general be solved for the relative
prices. Then the absolute prices can be determined from the nonhomo-
gencous equation (11.2). Since (11.1)-(11.2) is thus in general consistent,
we can, according to the procedure justified in section 11, reinstate the
money equation (11.3) and eliminate the bond equation (11.2). Then the
classical dichotomy would hold—with relative prices determined in the
“peal’’ part (11.1), and absolute prices through the monetary equation
(11.3).

Keynesian theory usually assumes nonhomogeneity for another equa-

¥ The rigorous proof of this last statement requires microcconomic analysis.
Cf. “The Demand for Money,”” section 2.

20 Onee again, the full implications of this nonhomogeneity can be developed
only through mieroceonomic aunalysis. Cf. “The Demand for Money,” Section 3,
especially Theorem XVI.
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tion: the supply of labor, which is assumed to be a function of money,
and not real, wages.” The results are completely analogous to those just
discussed and need not be repeated. But neither of these approaches is
really acceptable: they both resort to tricks. What justification is therc
for singling out one particular equation and assuming it to be nonhomo-
geneous? A satisfying solution to our problem cannot be achicved by
such «d hoc and arbitrary assumptions.

There is, however, a straightforward solution that can be readily
formulated. The key to the problem lies in distinguishing between two
assumptions of classical monetary theory which have hitherto been
Indiscriminately lumped together. The first postulates a twofold
dichotomy between relative and absolute prices on the one hand, and
the real and monetary sectors on the other. The second asserts that the
quantity of money makes no difference for the determination of the
equilibrijum flows of goods and services. This last assumption is as basic
and ntu tively obvious today as it was in “classical” times. Il is equiva-
lent to the proposition that no difference will be made for the functioning
of the economy if the dollar is replaced throughout by the peso. But the
first assumption is neither obvious nor helpful. In fact, the inconsistencies
and inadequacies of the classical system that have been repeatedly
demonstrated in this paper are due entirely to this assumption.

The usual confusion of these two assumptions arises from the fact that
in the classical system the first is made as a means of implying the
second. Ience, the classical theory did not distinguish between them.
But if we are to solve our difficulties we must find a way in which we ean
have the logically necessary results of the second assumption, without
involving the treacherous implications of the first.

Fortunately, this can be done. First, the absolute price Jevel is intro-
duced into every equation of the system; this immediately eliminates
the dichotomies. In particular, we argue that the excess demand for
each commuodity is affected by the value of all assets (monetary as well
as nonmonetary) in the economy.? In other words, every excess-demand
funetion depends on the money value of these assets divided by the
absolute price level. The modified classical system can now bhe written
down with the aid of the following symbols: r = rate of interest, p =

1. J. M. Keynes, The General Theory of Employment, Interest and Money, New
York, Harcourt, Brace, and Co., 1935, pp. 7-14. Cf. also W. Leontief, “I'he Funda-
mental Asswinption of Mr. Keynes” Monetary Theory of Unemployment,”” Quar-
terly Journal of Economics, Vol. 5, (1936-37), pp. 192-197.

22 The rationale of this hypothesis is provided by A. C. Pigou, “The Classical
Stationary State,”’ Economic Journal, Vol. 53, 1943, pp. 343-352. Cf. also D.

Patinkin, ‘“Price Flexibility and ¥ull Employment,” American Feonomic Review,
Vol. 38, 1948, pp. 543--564.
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absolute price level, ¥ = real national income,® M = amount of money,
and 1 = money value of all other assets. We now write our system
(141) Xi(pI/P; B 7)n~2/p: r, ‘]’[/p; A//p) =0 (& = 1; e, — 2\7
(14.2) Xaoa(pr, -+, Paz, v, p, 4, M) = 0,

(143) ‘YH(J)l y Ty Paee, T, P, ‘47 *1]) = 0;

~1
(144) p = Zw,y),-.
=1

Equation (14.4) defines the absolute price level p as a weighted average
of all the prices, where the w; represent the given weights. Following
section 12, we assume the first 2 — 2 equation to be homogencous of
degree O inpy, -+, Pz, and p, A, and M. This assumption has already
been effected by writing the arguments of equations (14.1) in ratio form;
from these forms it is clear that, say, a 10 per cent change in all prices
and the amount of money and the monelary value of all other assels will
leave the excess demands unchanged. Equation (14.2) represents the
excess demands for bonds. Here it is assumed that this is homogeneous
of degree L in py, -+, pu—e, and p, A, M. That is, a 10 per cent change
in all these variables will eause a corresponding 10 per cent change in
the amount of bonds purchased. By a simple extension of the theorems
developed in section 12 it can be shown that under these assumptions
the excess-demand equation for money—(14.3)—must be homogeneous

of degree one in py, -+, Pa_z, and p, A, M. In particular, the excess-
demand equation ‘
(14.5) plL(r,Y) — M =0,

where L{r, Y) is any function of r and Y, meets these conditions; for a
10 per ecnt change in p and M [and, of course, pi, -+, Pas, and A,
which do not appear in (14.5),% and hence ean be ignored] will cause a
corresponding 10 per cent change in the excess demand for money. As a
particular case of (14.5) we can assume L(r, ¥) to have the form

(14.6) L, Y) = KY,

in which case (14.5) reduces to the familiar Cambridge equation (above,
section 10).

The reader might ask whether these assumptions have not again
brought us within the scope of the inconsistency theorems of sections 9
and 10. The answer is no. True that we have a system of n independent
equations, each of which is homogeneous; but the cquations are not

2 In what follows it should be kept in mind that ¥ = Z';Ll piS;/p—where
S;(j =1, .-+, m) are the amounts supplied of the finished goods of the economy.

2t Tixeept indirectly through ¥, as in the preceding footnote. Clearly, a
constant percentage change in all prices will leave Y, as defined in the preceding
footnote, unchanged. Hence, we need not consider it hiere.
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homogeneous in the dependent (or endogenous) variables of the system;
the homogeneity holds only with respect to the independent (exogenous)
and dependent variables taken together. Under these conditions the
reader can establish for himself that there 1s no analogue to the basic
inconsistency theorem of seetion 9.

The distinction can be scen intuitively as follows: A and M are the
independent variables of the system: they are stipulated nwmnbers
determined by factors outside the economie system. Once these numbers
are given, our system of n independent equations, (141.1)—(1.1.4), will
then determine the values of the n dependent variables, p.(v = 1, -+,
n — 1) and p. If the reader will again consult section 9, he will see that
the crucial step in the proof of the mmconsistency there is justified by our
ability to rewrite equations (9.4) in the form (9.5). In other words, the
inconsistency derives from the fact that the homogeneity assumptions
enable us to reduce the number of dependent variables by one: instead
of depending on the individual value of each of these variables, the
functions depend on their ratios. For example, instead of depending on
Y1, <, Ym, the function will depend on the m — 1 ratios y1/¥m, -~ ,
Yme1/Yn . But in the case of the system (14.1)-(1-1.1) it is impossible to
do this. For assume that the values of the indepeudent variables are
specified as M = 100 and 4 = 1,000—or any other numbers, for that
matter. Then the last two ratios of (14.1) become 100/p and 1,000/p.
Clearly, then, it is no longer possible to consider the functions of (14.1)
as depending only on the ratios of p and the p; .

Let us now summarize the properties of the system (14.1)—(14.4).
First of all, the absolute price level appears evervwhere in the system.
It is, in general, impossible to break down the system into two distinet
parts: one to determine relative prices, and one absolute. Both these
sets of prices are determined in a truly general-equilibrium manner—
by the system as a whole. In particular, it is impossible to say, as Cassel
and others did, that a proportionate change in all prices, including the
price of assets, will leave the real part of the system completely un-
affected; for inspection of equations (14.1) shows that there will be a
change in M /p, the real value of cash balances, which in turn will change
the excess demands. In this way we have completely freed ourselves of
the troublesome classical dichotomies.

Nevertheless, the effeets of an inerease in the amount of money are
completely elassical in nature. Assume that this increase (say, a doubling)
results in a proportionate change in all prices, including that of assets.
(Throughout this discussion it is assumed that the real value of non-
monetary assets remains fixed.) We shall show that in this case no other
change (except for a doubling in the number of bonds) will oceur in the
economy. Examine first equations (14.1). Here it is clear that the flows
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of real goods and services are not affected at all: the doubling of money,
value of assets, and all prices cancels out everywhere. Furthermore, this
increase has absolutely no effect on the rate of interest. Equation (14.2)
shows that there will be a doubling in the number of bonds. Equation
(14.5)—which, for simplicity, we take as the form of (14.3)—is com-
pletely consistent with our assumptions: r and ¥ are constant, as was
shown in the discussion of (14.1), and the sole effect of the doubling of M
is to double p. Equation (14.4) is also obviousty satisfied: the doubling
of all prices corresponds to the doubling of the general price level.

One more point must be noted in connection with the rate of interest.
As we have seen, despite the fact that it appears in the excess-demand
equation for money, the rate of interest remains constant after a change
in the money supply. Thus, we can simultancously accept both the
Keynesian proposition, that the rate of interest influences the amount
of money people want to hold, and the classical proposition, that chang-
ing the amount of money will not affect the rate of interest. This seeming
paradox is explained by the assumption of equation (14.5), on the one
hand, that variations in the rate of interest will affect only the amount of
real balances people want to hold; and by the proof, on the other, that
changes in the amount of moncy will cause a proportionate change in all
prices, thus leaving real balances constant. Finally, it should be empha-
sized that, in contrast to both the classical and (radical) Keynesian
position, the rate of interest is not determined by any one particular
cquation, but, just like any other variable, by the system as a whole.

In this way, I believe it is possible to reconstitute the classical theory.
As frequently in such cases, once the reformulation is completed, it is
possible to go back to the texts and show that it is really closer to what
the original propounders had in mind. What we have in essence done is
to solve the problems arising from the classical homogeneity assumptions
by assuming still more homogeneity. That is, we argued that the excess-
demand functions were homogeneous of degree zero in the monctary
value of assets as well as in prices. This is really closer to the classical
position, which, when arguing for the lack of any effect of an increase in
the amount of money, assumed that the prices of all things—inchuding
assels as well as currently produced goods—changed proportionately.
Until assets are explicitly introduced into the demand functions of (14.1),
this classical proviso with regard to the price of assets has no counterpart
in the mathematical analysis.

System (14.1)-(14.4) is closer to the original classical formulation in
yet another way. A re-examination of the utility-maximization theory
developed by Walras and Pareto will make it obvious that the excess-
demand equations derived from this theory must depend also on the
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amounts of assets m the economy.” However, since it was usually
assurned that these assets were held constant, there was no point includ-
ing them in the excess-demand equations. Now that we are interested
in the effects of an increase in these assets (i.c., an increase in the amount
of money), it is neeessary to re-introduce them into our equations.

Unaversity of Illinots

% Cf. ““The Demand for Money,”? section 1, especially the parenthetical remark
at the bottom of p. 137,



