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1. INTRODUCTION

THE elasticities of expenditure (for a group of consumer goods or
for all consumer goods) with respect to income, as obtained from family-
budget data, frequently differ quite considerably from those obtained
from time series of per capita income and per eapita expenditures (elim-
inating effects of changes in prices). Scveral explanations have heen
offered. They seem to run along two different lines, one leading to the
conclusion that the problem is “merely a problem of aggregation,”
another to the somewhat negative result that cross-section studies
“have no meaning.”

Those who hold that the problem is one of aggregation argue as
follows: The results of cross-section studies of family expenditures indi-
cate that the expenditure curves (family expenditure as a function of
family income) are not linear. The total (or average) expenditure of the
community will, therefore, depend not only upon total (or average)
income but also upon the higher moments of the income distribution.
Fwven if these higher moments should remain constant under variations
in the average income the resulting functional relationship between
average expenditure and average income would not, in general, be of
the same form as the corresponding family-expenditure function. The
argument then seems to imply that the “true”’ elasticitics of expendi-
ture with respect to income could be obtained from family-budget data
when the sample is sufficiently large, while the observable “macro-"
relation between average income and average expenditure might yicld
only biased results if used for this purpose.

The reasoning of those who question the meaning of relationships
derived from cross-section studies is perhaps somewhat more vague.
Their general argument is that “peaple are different,” and that, there-
fore, a comparison of incomes and expenditures as befween different
individuals or families 1s not the same thing as comparing successive
changes in income and expenditure for the same individual or family.
These ideas would seem to lead to the conclusion that if there is some
observable degree of stability in the relation between average expendi-
ture and average income of the community this result derives from the
persistence of a certain “constellation of types of people” in the com-
munity.

* This will be reprinted in Cowles Commission Papers, New Series, No. 26.
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I do not think there nced be any real disagreement hetween these
two lines of thinking. I believe, in fact, that hoth of them contain useful
ideas that can be rationalized and integrated into a more general explan-
ation of the conneetion between relationships obtained from cross-sec-
tion studies and the relationships obtainced from the corresponding
averages for the community as a whole. The purpose of the present
note 1s to offer some suggestions in this repect. I shall discuss the proh-
lems involved only with reference to the particular example of family
expenditures, but the results might perhaps be of some intercst in
conneetion with other types of eross-section studies,

2. GENERALIZATION OF THE FAMILY-EXPENDITURE FUNCTIONS

Tt seems fairly obvious that the consumer expenditures of @ house-
hold or a family depend on many other factors besides income and
prices. Such expenditures depend no doubt upon the size of the family,
the age of the various members of the family, geographie location {(e.g.,
whether city or rural), ete. The expenditures probably also depend
on the amount of wealth or liquid assets of the family, the family n-
come in the past, ete. Suppose there are n such variable characteristies,
Zi, Ta, * - ¢, T, g4y, that affeet the consumer expenditures of a family
besides its (real) income and the prices paid. (One of these 2’s may be
interpreted as a random residual, a “catch-all” for numerous other
factors that it is not possible to speeifly explicitly.) These ideas are of
course not new hy any means. In practically all the budget studies
that have been published considerable effort is made to “climinate the
effect of other factors,” by transforming the income and expenditure
data to an “equivalent-adults” basis, by subdividing the families into
“yural” and “urban,” or according to occupational groups, ete.

Let ¢ denote the total (real) consumer expenditure of a family. Let,
further, y denote the (real) income of the family, and py, s, - - -, D,
the existing (real) prices of the various consumer goods. Our general-
ized expenditure funetion for the individual family could then be
written as

(2]) c =f(y) Py, Pzyc oy Pay Ty Xy 0, I")'

The prices paid may depend, to some extent, upon the income level
and the other characteristics of the family. For the sake of simplicity we
shall here assume that this is not the case, i.c., we shall assume that
the expenditure function for the 7th family can be written

(21’> i = f(y(i)) Py D2yt Psy xl(i); -T‘l(i)) ) l“n(i))'

Assuming a consumer-expenditure function of this general type means
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accepting the point of view that “people are different” but that the
differences can be described explicitly by the value of a set of observable
characteristics, a, @, - - -, T

If we were to register the values of ¥ and the 2’s for the various
families we could construet a joint, multidimensional frequency table
for these n41 characteristics. We may think of this frequency table as
representing a sample from an infinite population, deseribed by a joint
probability distribution of y and the #’s. If the sample is sufficiently
large we may proceed as if we are dealing with an infinite population.
To fix the ideas, let the joint probability density function of ¥ and the
z’s be

(22) (I)(]/) Ty Xy, * vy Ty 5')

where § is a variable parameter, viz., the average family income in the
community. In what follows we shall assume that the form & remains
invariant, and thal it contains no other variable parameters besides 3.

Now, for any given value of y, the n z’s will have a joint probability
distribution that in general will depend on y. E.g., there is obviously
somie correlation between family income and the age of the head of the
family, Let

(2.3) w(y; #)
he the margial probability density function of y (i.e., the distribution
of income). Then the conditional distribution, ¢, of the 2's for a given
value of y is defined by
‘I’(y’ L1, Xy = 0 0, Xy 5')
w(y; §)

(24) Yy iz, T YY) =

If the 2’s and y are not stochastically independent this funetion will
depend on y.

3. TWO PROBLEMS OF AGGREGATION

On the basis of the definitions and assumptions listed ahove one
is led to consider the following two problems of aggregation: (1) To find
the total, or average, level of consumer expenditure for all families
having a given income y, regardless of the values of the characteristics
z. (2) To find the total, or average, level of consumer expenditures of
all families in the community. The first type of aggregation gives the
ordinary income-expenditure funetion, or Iingel curve. This function
is obtained from family-budget data. It will, in general, depend also
on the prices prevailing during the period when the hudget inquiry is
made. The second type of aggregation defines the “inacro-"’ relation
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between average consumer expenditure and average income as shown
by the time series of these two variables. Also this function will, in
general, depend on the prices py, ps, - -+, p.. We shall consider two
cases: (a) a linear generalized expenditure function, and (b) a non-
linear expenditure function.
(a) Linear expenditure function

Let us assume that the expenditure function (2.1) is a linear function
of the following type
3.1) ¢=ay + B+ Btz + - - -+ Butu + 7,
where a and the 8’s are constants, and where
(32) Y= 7(\]71’ Doy j] ]73)

depends only upon the existing prices pi, ps, -+ +, Pe
From family-budget data we may caleulate the average or expected
level of expenditure at a given level of family income, ¥ (and given levels

of the average income, §, and the prices, py, 2, - - -, p,). This function,
which we denote by E(cly; 4; py, py, - - -, pa), is determined by
ECly; §;m,p0 -, D)

(3.3) =ff"'f(ay+61ar1+6~zxz+~--+ann+7)

Py, @, - -0, 2 ¥ Hdndzs - - - dT,.

(Here, and in similar forinulae below the integrals are taken over the
whole range of the distribution or, conventionally, from — « to + «,
for each of the variables of integration.)

From (3.3) it is seen that the expected value of ¢, given y, will be a
function of y and py, pe, - - -, p,, and this funetion will depend on the
parameter §. Obviously this function is not, in general, linear in y or,
if 1t 13, the coeflictent of y will not in general be equal lo a, for the means
E(xlly; Byt e, E(r,,|y; #), will in general be funetions of y and 4,
depending on the manner in which y and # enter into the distribution
¥. The ordinary family-expenditure function as given by (3.3) can,
therefore, be written as

(34) E(c|y; 350,00 -, 1s) = 9y; ) + v(py, pay -, Do),

where g is some—perhaps complicated—function of the family income,
¥, and the average income, .

Thus, even when the generalized family-expenditure function is linear
in y, the apparent marginal propensity to consume, as obtained from budget
data, i.e., 9g/dy, is in general not equal to o. In fact, dg/dy will in general
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depend also on the average level of income, ¥, prevailing at the time when
the budget inquiry was made.

The ordinary family-expenditure function, or Engel curve, given by
(3.4) when (as in a budget study) the values of # and py, 22, - -+, P
are held constant, would not show the effect upon expenditure of in-
creasing the income of a given family. It would show the combined
effect of the family getting more income and, at the same time, moving
into a “milieu” where the z’s are, on the average, different.

Suppose that during the year, & say, when the budget inquiry was
made, the average income per family in the community was §,, and
that v was equal to v, =v(Diey Dot * * * 5 Petg). We would then obtain
the family-expenditure function g(y; #:)+7v¢ Regarded as a function
of 3y only, this is an Kngel curve. Suppose now that in a later year, t1say,
the average income is F,7# %, and that the prices then are pi,
Pay, + * ¢, Psti. And suppose that we should attempt to calculate the
average expenditure in the community during & by aggregating the
family-cxpenditure function ¢(y; 4) 47 over all incomes during ¢,.
The result would be given by the expression

(3.5) f{](?/; Fe) (Y5 F)dY + v

But the average or expected expenditure, ¢, in the whole community
during # is obviously given directly by the formulae

5n=ff "'f(a?/+51-’61+52172+"' +ann+’)’n)

<Dy, 1y, T, - 0 v, Ty Fo)dmds - - - daady

(3.6) =f[ ff "'f(“y+”1ffl+ﬂﬂ'e o Baza o 70)

-\,0((61, oy » 0, T Y5 _\"u)dibl(libz e d'vn] w(y; S'tx)dy

= f.(/(y; Fu)e(y; Fu)dy + v,

where vu=v(pu, D2y, * ¢ ¢, Par). (3.6) is an aggregation process of
the second type mentioned above. Obviously ¢, as given by (3.6) will
not in general be equal to the expression (3.5), even if the prices pis,
and p;, were exactly the same during the two years, as long as,
y.ll?é).’lo'

Another question is whether the macrorelation between ¢ and .
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that is obtained by an aggregation process of the type (3.6) has the
property that d4¢:/03.,=e. From (3.6), setting t,=¢, we obtain

(37) Et = 0(5’1 + 613-?1(}-'!) + Bl’il(,\-'t) + e + Bni‘n(,\_’l) + Y

where :(§,) denotes the expected value of z; and where v.=v(pi,
D2ty * + +, Pst). The means Z;(9,) will in general be functions of the
average income §,. If the means &:(§,) arc independent of ¥, the partial
dertvative of £, with respect to ¥, in (3.7) will be constant and equal to .

The assumption that the means of the z’s are independent of #,,
at least in the short run, seems reasonable in many cases. I.g., an
increase in the average income cannot immediately affect the marginal
age distribution of the population. The assumption that the means of
the 2’s do not depend much on the average income in the short run is,
I think, in practice a much less dangerous assumption than assuming
that the @’s and y are stochastically independent. But in general it
would probably be nceessary to retain some of the quantities &; as
variables in the “macre-" expenditure function (3.7) in order to obtain
an unbiased estimate of the coefficient &, although the omission of some
of the quantities Z; in this relation may be less serious than omitting
the corresponding variables z;in (3.1) when we are trying to estimate «
from family-budget data.

(b) Nonlinear expenditure function

The results above may be generalized. Let the family-expenditure
function have the general form (2.1). Then the ordinary expenditure
function, the Fngel curve, as obtained from budget data for the period
to is given by

E(Ci Y5 Neos Diryy Paegy * p-“!u>

(3.8) = ff S ff\,b(l'], Xy, 0, By Y Fdodan - - d,

= Gf; 105 Prtos Prtgs =+ * Do)y

where (@ is some function the form of which will depend on f and ¢.

The “consumption function’” as obtained from time series of the
average consumer expenditure, &, the average income, ¥, and the
prices piy, Paiy - ¢ ¢, Do, 18 the function

(3.9) é = ff ce fftf)(y, Xy, Ty o v v, Ty V)duds - - - daady
F(§e; pro, poe, -+ -, pd),

I

where F 15 some function the form of which depends on f and ®.
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The ordinary expenditure function @, regarded as a function only of
family income ¥, does not show the effeet of a change in income only.
It shows the combined effect of a family getting a different income and
at the same time moving into a “‘milieu” where the «’s are, on the aver-
age, different. Furthermore, the value of G for a given value of y would
change as the parameters ¥, and p;, change over time, i.e., the form
of the Engel curve would ordinarily change from year to year, even
when the form f remaing absolutely unchanged.

Suppose that from a budget study during the period # we have ob-
tained the Engel curve (3.8). Then, in order to find the average family
expenditure, é,, during some other period #, it is not sufficient to find
the weighted average of this Engel curve by means of the income dis-
tribution of the period 4. In general

(3.10) fG(y; Fu; Pitgs Dregy =~ s Pargdw(ys $o)dy # &
if either the prices piy, and py, differ, or if §,5 %, or both.

4. GENERAL REMARKS ON THE MEANING OF CROSS-SECTION STUDIES

In the preceding analysis we found that the Engel curves that are
obtained from budget data cannot in general be used to estimate the
effect upon consumer expenditures of a spontaneous change in all
family incomes. For such a change means a change in the income
distribution (e.g., a change in #), and this again means a change in the
joint distribution of income and the characteristics, z;. This will in
general alter the family-expenditure function G, as obtained from (3.8).
The ordinary family-expenditure functions or Fngel curves, as ob-
tained from hudget data, cannot be assumed to remain invariant under
transformations of the income distribution, not even when the changes
are of the simple, one-parameter type that were discussed above.

Similar remarks apply to many other types of cross-section studies,
¢.g., cross-section studies of firms for the purpose of measuring produc-
tion funetions. The coneclusion is, I think, that in such studics one has
to operate with a much larger number of independeni variables than is
commonly used, in order to make the individual units in a cross-section
sample comparable. Otherwise the estimates of “clasticities,” “marginal
productivities,” ete. that are ohtained from cross-section studies might
be useless for the purpose of estimating the effect of spontancous
ehanges in the independent variables considered.
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