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THE AGGREGATION PROBLEM FOR
A ONE-INDUSTRY MODEL*}

By KenNETH MAY

1. INTRODUCTION

Tur aggregation problem arosc from the introduction of simplified
models as explicit mathematical formulations of economic theories.
These models have justified themselves on pragmatie grounds, but their
meaning and theoretical validity remains to be clarified. What economic
entities correspond to the variables of these models? What is the sig-
nificance of the functions and operations involved? Is it legitimate to
operate with such models as if micro- and macroeconomic behavior
were similar?

Some illuminating partial answers to these questions have been
obtained. Dresch! has shown that Divisia-type indices of the variables
of a general economiec cquilibrium satisfy relations analogous to the
marginal relations holding between the variables of the two-industry
simplified economic system introduced by G. C. Evans. This result
was obtained independently of the existence of funetional relations
among the variables of the simplified system. Recently, Klein? has
suggested more rigorous criteria for the solution of the problem: first,
that the aggregates representing factors and outputs be functionally
related, and sceond, that there should hold between the aggregates
marginal relations similar to those of the general equilibrium. Klein
derives conditions for the satisfaction of these eriteria and gives a solu-
tion for the two-industry model based on special assumptions con-
cerning the production functions.

In this paper we give a solution of the aggregation problem for a
one-industry model of the type that underlies the theories of J. M.
Keynes and others. Our solution requires no special eonditions on the
functions and satisfies the following criteria which include those of
Klein:

* This article, together with the following ones by Messrs. Pu and Klein, and
another one by Mr. May to be published in a later issue of EcoNonerrIca, will
he reprinted as Cowles Commission Papers, New Series, No. 19,

t The author desires to express his indebtedness to the discussions held in Pro-
fessor Griffith C. Evansg’ seminar on Mathematical Economics at the University
of California at Berkeley.

1 Francis W. Dresch, “Index Numbers and the General Equilibrium,” Bulletin
of the American Mathematical Soctety, Vol. 44, February, 1938, pp. 134-141, and
Griffith C. Evans, “Maximum Production Studied in a Simplified Economic
System,” EcoxomeTrIica, Vol 2, January, 1934, pp. 37--50.

z Lawrcnee R. Klein, “Macroeconomics and the Theory of Rational Behavior,™
FconoMETRICA, Vol. 14, April, 1946, pp. 93-108.
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1. The variables of the simplified model are defined as aggregates of those
of the general model.

2. The functions of the stmplified model are derived as functionals of the
functions of the general model.

3. Thenumber of degrees of freedom of the two models is the same, i.e.,
the simplified model gives all the information about the aggregates
that can be obtained from the general model. The significance of this
criterion will become clear as the discussion proceeds.

4. The marginal relations in the simplified model follow from those in
the general model and are similar in form and economic significance. In
this paper we limit ourselves to the marginal relations of free-competi-
tion equilibrium.

2. THE ONE-INDUSTRY MODEL

We consider the following model involving total employment X, net
output U, the money wage per unit employment w, the price of net
output p, and money profits II. We have the accounting relation

1) II = PU — wN
and the technical relation
(2 U = y(N)

which gives net output as a function of employment with “given re-
sources.”’

If we now treat equations (1) and (2) in a manner analogous to the
corresponding cquations for a single enterprise and maximize profits on
the assumption of free competition, we get the equilibrium condition

w
(3) Y'(N) = 5 ="
where
(3.1) YI'(N) <0

is a sufficient condition for the maximum.

As it stands the modcl (1)-(3) hastwo degrees of freedom, or one if
we are interested only in the real wage p. To determine all the variables
we may add a supply function for labor ¥ =S(p), an equation of de-
mand?® U =x(N), or some other relation. A model is usually considered
faulty if the number of equations is not equal to the number of un-
knowns.* However, for the solution of the aggregation problem it is

3J. M. Keynes, The General Theory of Unemployment, Interest and Money,
New York, 1936, Chapter 3.
4 See for example Jan Tinbergen, ‘“‘Econometric Business Cycle Research,”
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convenient to consider systems with one or more degrees of freedom.
We therefore leave undetermined the choice of an additional rclation
to complete the model (1)-(3) and consider it simply asa system of one
degree of freedom in N, p, U, and II/P.

3. COMPARISON WITH A TWO-INDUSTRY MODEL

Although we are primarily interested in justifying the model (1)-(3)
in terms of a general equilibrium, we begin by comparing it with Evans’
two-industry model in order to illustrate methods and results in a
simple context. The two-industry model is given by the following
equations:

(4.1) U0 + U,® = (U DN,
(4.2) Us = 6(U,¥Ny),
(4.3) ¢ =1,

(4.4) ¢2 = p2/py,

(4.5) 61 = p,

(4.6) 62 = P,

4.7) Ni+ Ny =N,

where U is the output of consumption goods, U™ and U@ the
amounts of capital goods used in the production of capital and con-
sumption goods, N; and N; the amounts of labor employed in the two
industries, and p; and p, real prices defined by pi=Py/P; and py=w/Ps,
where P, Ps, and w are the money prices of capital goods, consumption
goods, and labor. Equations (4.3)—(4.6) express conditions of maximum
profits on the assumption of free competition, and of maximum output
of consumption goods for a given N5 provided the following sufficient
conditions are satisfied:

bupe — ¢ > 0, on <0, ¢ <0,

(4.8)
011022 — 012 > 0, 0 < 0, f <O

The seven equations involve eight variables and hence define a sys-
tem of one degree of freedom. Since we wish to compare it with the
one-industry model, we consider N as the independent variable. The

Review of Economic Studies, Vol. 7, Fehruary, 1940, pp. 73-90: ¢ ., . the Lau-
sanne school has sometimes—and rightly, I think—becn ridiculed for stopping
after having found that there are as many cquations as unknowns. Nevertheless,
there is one thing that is worse, viz. finding that there are not the same number!”
(p. 80).

§ Griffith C. Evans, loc. ctt. Evans’ notation has been modified slightly. Sub-
scripts indicate partial derivatives with respect to the first or second arguments,
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system then determines each variable as a function of N. In economic
terms, this means that to each level of employment there correspond
equilibrium values of the other variables. We assume that the functions
involved are such that these variables are continuous and differentiable
functions of N. In particular we have

(5) Us = 0[U,®(N), Na(V)]
and
1) P2 = B [U1O(N), Na() .

In comparing the two models, it seems reasonable to identify U,
with U, since all capital goods produced are used up in the same period
in Evans’ model and hence U; is the net output. It follows that P; is
identified with P, Iiquations (5) and (5.1) thercfore correspond with
(2) and (3). If the onc-industry model is to give the same relationships
between 1., N, and U as the two-industry model, we must have

(5.2) Y(N) = 0[ULON), Ns(V)]
and
(5.3) V' (N) = 6,[U,®WV), N3(W) ].

The second equation is required in order that p. shall be given as the
same function of N in both models. But
(5.31) e de . dU® + 0 dN3
J. A = — = .
N~ aN "N
It follows that with Y(N) defined by (5.2) the necessary and sufficient
condition that the models “agree” is the following identity in V:
dU® dN;

5.4 6 =60 0 .
(54 T T

At first sight, this appears a highly restrictive condition. However,
from (4.1) we have after differentiating both sides by N:
5.5) dU,Ww n dUu,® 5 du,® o dN,
. = .

N dN Yan YN
Also from (4.7) dN,/dN=1—dN;/dN. When account is taken of this
and of the relation (4.3), (5.5) reduces to
dU’l(a) ng

= by — P2

dN N

(56.51)
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When this value of dU'®/dN is substituted in the right-hand side of
(5.4) it reduces to

leg
dN

.

012 + (82 — Oiha)

But from (4.3)-(4.6) it follows that
(5.52) 62 = O1¢pe,

and hence the right-hand side of (5.4) is identically equal to 6.

It follows that if we define the production function of the one-indus-
try model by equation (5.2), we may proceed without reference to the
two-industry model and arrive at the same results with respect to the
two variables involved. In this sense, the one-industry model is a
uniquely determined and cxact model of the two-industry system.
No index problem is involved in this case, and the meaning of the func-
tion Y(N) and the legitimaey of the differentiation is established in
terms of the more complete model.

4. DIFFERENTIATION OF CAPITAL GOODS

The general equilibriwn involves any number of different factors
and products. However, the aggregation problem is not symmetric
with respect to thesc additional variables. Hence we introduce them
one at a time in the general equilibrium. We first consider the following
system involving n types of capital goods:*

n+i

(6.1) Z UsD = qo(.-)[Ux("), cee, Ul 1V,~], i=1--+,n,
j=1
(6.2) Q = [T+, ..o U, 00 N L],
_ b r=1,+.,n, _ 9o,
(6.3) Py = P ! =1, ,n, Qi = _—6(,7,~(‘),
(64) Pynt1 = ;)Zl’ =1 y 1
b a6
(65) 9,‘ =p 1= 1, L (5 Gj = -——U’.(n-;'l_);
(6.6) Ont1 = P,
a+1
(6.7) Z N; =N,
el

¢ Dresch, loc. cit. This is Dresch’s general equilibrium for the special case of
one type of labor and one type of consumption good. His notation is modified
somewhat to facilitate distinction between the different factors.
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where U ;¥ is the amount of U; going into the production of U, Q 1s
net output corresponding to UV in the onc-industry model, p=w/P,
and the p; are real prices given by P;/P. A count of the equations and
unknowns indicates one degree of freedom.

Again we consider the above system of equations as defining each
variable as a function of N. As in (5.2), we take

(6.8)  Y() = o[UL™DN), - - -, Un™D(N), Nona(N)],

and wish to prove that p as given by (6.6) will be the same as that given
by (3) and (6.8), i.e.,

de
(6.9) Ony1 = (~i—]\7 .
But the right-hand side of this equation is equal to
n AU ;D dN
Z §; ——— a1 = 7
=1 dN dN

and hence the result we wish to prove may be written in the differential
form,

(6.91) 041dN = > 64U, D 4 0, 1dN 1.
fom]
Now the relations (6.1)-(6.7) become identities in N when the
variables arc replaced by their expressions in N. Hence from (6.1), by
taking the total differential, we get

n+1 n

(M) 2 AU = X pwdUs® = ¢oandNs =0, i=1--+,n.

e el

Multiplying by 8; and summing over < from 1 to n, we get

1 n+l n n n

(701) Z Z G,dU,-“’ - Z Z 9,‘(0(.'),'(1(],'(") - Z 9;(0(.')”+1ng = 0.
=1l ja=] =1 j=1 fem]

But from (6.3)-(6.6) it follows that

(7.02) 0; = Oipiyi

for all 7 and 5. Rewriting (7.01) in the following form

n

22 20 (6; = 6ipoy)dU + 3 0,40+
=1 g==1 1

(7.03) '
— 2 BipiymsdN; = 0,
1
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we see that the first summation is zero and hence

(7.04) Z B;dU,""“) = Z B;qo(;),.HdN,-.

fml 3=]
But 8:0ini15=0np1 from (7.02) and Y %dN;=dN —dN, from (6.7).
Hence (7.04) reduces as follows:

(7.05) > 64U = 0,412 AN = 6,,.1(dN — dN,y1),
tom] =1
which is evidently equivalent to (6.91).

This result establishes the validity of the one-industry system as a
simplified model of a system involving any number of capital goods.
No index problems are involved since the simplified system is obtained
merely by eliminating the capital goods that are used up in production
and that are themselves functions of employment.

5. DIFFERENTIATION OF CONSUMPTION GOODS

We now proceed to a system involving m consumption goods Q,
and 7 capital goods U;. In order to connect this with the one-industry
model it will be necessary to introduce an index of consumption goods
and prices. We have the following general-equilibrium model with
homogeneous labor:?

ntm
(7-1) Z Ui(i) = ¢(i)[U1(i); AR U"(i)) N']) r = 1) ) 1y
jel
(7.2) Qi = 0, (U, - -+ UL, Noyi] i =1, m,
Pi T = 1) N,
(7.3) Pwi = ‘I—):’ i=1, S,
w
(7-4) Pyntl = 'P_’ t= 1? y Iy
P; i=1---,m,
(7.5) Oiiri = Pt j=1- n
w
(76) 0(.'),,.“ = P ] 1 = 1, , m,
ni4t

7.7) ff N; = N.

=1

" Dresch, loc. cit. This is Dresch’s general equilibrium for the special case of
one type of labor.
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As it stands, the system has m~+1 degrees of freedom. We need addi-
tional relations to “complete” the system, which in our case means to
reduce it to one degree of freedom, We could take, for example, budget
functions that relate the amount spent on each type of consumption
good and the total income. An additional degree of freedom could be
eliminated by considering only the ratios of prices to one particular
price. An equation of exchange may be added, but this will reduce the
degrees of freedom only on the dubious assumption that the quantities
of money and velocities of circulation are fixed. Many choices of addi-
tional equations are possible, but it turns out that the results are inde-
pendent of how this question is decided. That is, we can always con-
struct a one-industry model, although the form of ¢ will of course de-
pend on all functions in the general model including those not explicit
in this discussion.

We suppose only that the system is reduced to one degree of {reedom,
so that all variables are functions of N. We will define net output by
Divisia-type indices, where the parameter of integration is N. That is:

- —

v 2 ParidQ;

1

L No Z’:Pn+fQ;

(7.8) U = exp

{‘ N i Qid[)n»H .1
exp !

'_ "’N" ZT_: P

(7.9) P

¥

where the U and P are identified with the {7 and P of the one-industry
model.8 With the addition of these definitions, the system (7.1)-(7.9)
still has one degree of freedom, and U and P, like the other variables,
are functions of N. We now define the function ¥ to be equal to the
right-hand side of equation (7.8), With this definition we wish to derive
(3) from the general system, or what amounts to the same thing, to
prove that

(8) PdU = wdN.
Now from (7.8)

8 F. Divisia, Economique Rationelle, Paris, 1928, p. 268. The Divisia indices,
which were defined only with respeet to time variations, were extended by
Dresch (loc. cit.) to include virtual changes,
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2 PryidQ:
(7.81) =i
Z Pn+iQ|'

1
But for a convenient choice of units we have?
(7.91) PU = 3 P..Q.

Hence the left-hand side of (8) equals D _7Pn1dQ;. If account is

taken of the fact that dN =2 X"dN; from (7.7), our desired result
may be rewritten

m n+m
(8.01) > PoidQi — w >, dN; = 0,
=] te]l

and, on substitution of the value of dQ; from (7.2), takes the form

(8.02) 20 2 PuyibiidU, 00 + 37 Py 86y niidN s

§l el =1

ntm
- w ZdN,EO,

1=l

which may be rearranged as

m n n
D 2 Pryibiay;dU D — a0 > AN,
f=1 jem} mal

(8.03) )
+ Z (Prtibiiynsr — W)AN nys = 0.

1=

By the use of (7.5) and (7.6), this may be written

(8.04) 2 2 PAU; ) —w 37 AN, = 0,
i=1 j=1 je=l

an equation that is equivalent to (8). But from (7.1) we have

n+m n .
(8.05) 209 = 3 06dUs? + ogmindN;, =1, n,
i=l i=1

® Griffith C. Evans, Mathematical Introduction to Economics, New York, 1930,
pp. 101-103. The relation (7.91) follows directly from the general definition of
the Divisia indices with

P(Ny) =1and U({N,) =1.
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or

(8.06) X AU = 3 045idUsD + @ijpaprdN; — 25 dU .

fexl i=1 1=l

If this expression is substituted in (8.04), its left-hand member becomes

2 2 PioinidUs? 4+ 3 PioiyandN; — 2 3 PidU — w Y dN;,

Fuml ge=l Jml i=l j=1 Tl

which is the same as

22 2 (Pipwyi = PAU® = 3. (Papiynis — w)dN,

i=l  j=l i=l
an expression that is evidently identically equal to zero because of
(7.3) and (7.4).

Hence in this case too the more general system defines a one-industry
model such that macro- and microeconomic relations are analogous.
Evans has shown!® that the Divisia-Dresch indices may be approxi-
mated by the familiar

immmwM)
8.07) P(N) = — )
] le P i(No)Qi(No)
imamwm
(8.08) U(N) = —
2 PasiM)QU(N0)

Jlence the aggregation involves no special practical difficulties, The
result is similar to that of Dresch for the two-industry model, except
that we have established ¥ as a functional of the more general model
and shown an exact rather than analogous relation between the two
models. No conditions have to be placed on the functions involved
other than those imposed by the general equilibrium itself.

6. INHOMOGENEOUS LABOR

So far we have assumed labor to be homogeneous. The removal of this
simplification requires a definition of total employment and wages as
indiees. However, for our purposes it is not convenient to define them
as Divisia-Dresch indices. We desire to maintain N as the independent

1o Bvans, Mathematical Introduction to Economics, loc. cit.
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variable and the paramecter of integration in the indices P and U. At the
same time it is convenient to have definitions of w and N that coincide
with ordinary usage. For these reasons, and for formal reasons that will
appear below, we take

8.7) N = 3N,
kel
1 8

(8.71) w=— Z WiN &.
N

These definitions are lacking in symmetry, but they correspond to the
usual meanings of “employment” and ‘‘wages,” the former being
simply the unweighted sum of different types of employment and the
latter, the weighted average of different wage rates.

We have a system of m-s degrees of frecdom determined by the
following general equilibrium:

n-t-m
(8.1) Z U.-(” = o [bvl({)’ cee, l]n(i)’ Nl(i)’ cee Ns(i));
i=1 =1 ... ,n,
(8.2) Qt’ = e(i)[Ul(n+i)y Tty Lrn(”*‘i); Nl(".H): Tty NU("+i)]7
t=1,.-,m,
P, =1 ...
(8.3) ﬁo(m’:i’ . 1, :Z:
W =1, -
(8.4) Piyn+k — Fi’ ;C = 1’) : ’) 7‘::
P,' 1= 11 ’ m
(8.5) bin; = P,‘+." k=1,..., s:
Wi =1, - ) ’
(86) 0(i)n+k = Pn_,\.i’ ];L = 1; : )Zl
A n-tm
(8.7) N = Z Ny, where Ny = Z N9,
kel il
(8.71) w=— Z wilV,
[ Z Pu+de
(8.72) U = exp f ,

7 Py
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m

[ N 2o QdPays
(8.73) P = exp f -
No Z Pn+iQi
1

We suppose that additional relations have been cstablished so that
the system has one degree of {reedom. We wish to show that the aggre-
gates defined by the last four cquations satisfy equation (3) written in
the form

©) p aUv
— = w
dN
or from (8.71) in the equivalent form
dUu 12
9.01 P—=— ) wN,
(.00 iN N ‘l\j e

From (8.72) and (8.73) it follows, as we showed above in eguations
(7.81) and (7.91), that the left-hand side of this equation equals

m dQ,'
Popi——-
,%:I FaN
Substituting for d@Q./dN as we did {or d@; in the previous case, and
similarly making use of the relations (8.3)-(8.6) and the results of
differentiating the equations (8.01), we find that

W e N
(9.02) Pl = Suw k.

The right-hand side of this cquality is not the same as that of (9.01),
but it has a similar form which is emphasized il we write the desired
relation in the form

dU : Ny

9.01 = St

(.0 dN AT" N
Evidently in the case s=1 the two expressions are identical, since

Ni/N=dNy/dN=1 and wi=w. In fact this is the case of homo-
geneous labor. We could make (9) hold exactly by defining w as
> iwi(dNw/dN), but it would be difficult to interpret this w or the
corresponding index for N.

With our definition of w and N, the necessary and sufficient condition
that (9) be satisfied is that the right-hand members of (9.01) and (9.02)
be equal, i.c., that
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' AN« A N:

9.03 = ,
©.09) Loy T 2w
This equality will hold if

AN, N,
(9.04) _— = —

dN N

which is equivalent to
(9.05) Ni = (N, k=1, -,

in which the C; are functions of k and »_{C.=1. In economic terms
this meansthat as total employment changes, the amounts of different
types of labor remain in proportion. Since different types of labor are
distinguished here primarily on the basis of different wage rates, this
is practically equivalent to the assumption that the proportionate
distribution of wage rates remains the same with changes in total em-
ployment.

However, even if the relations (9.04) do not hold cxactly, the equal-
ity (9.03) will be approximately valid. In fact its two members are
weighted averages of the wage rates since Y iNy=N and 2_dNp=dN
and it has been shown! that such averages are not greatly affected by
variations in the weights. 1t is only necessary that the variations from
proportionality be of a more or less random character.

Hence the desired result (9) holds exactly if the proportions of differ-
ent types of labor remain constant and approximately otherwise. In
any case, the significance of the function ¢, the legitimacy of differenti-
ation, and the analogous behavior of the onec-industry model have been
derived from the general equilibrium.? The discussion was entirely
in the context of free competition on the assumption that an equilib-
rium existed for each value of N. On this basis, the results were ob-
taincd independently of what relations were chosen to complete the
models. Different assumptions, such as the introduction of linited com-
petition, would require new treatment, but the above results suggest
methods for treating other cases.

7. SECONDARY CONDITIONS

Throughout the discussion we have assumed that secondary condi-
tions were satisfied so that the marginal relations corresponded to

11 See for example, Arthur L. Bowley, Elements of Statistics, London, 1937,
pp. 86-94.

12 The relation U =¢(N) holds for all values of N, but evidently ¢ depends
on the equilibrium conditions. This suggests that aggregate production functions
cannot have a purely technological character. For society as a whole output is
a resultant of nontechnological as well as technological forces and no purely
technical input-output relation exists.
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maximum-profit positions. Can it be shown that the secondary condi-
tion (3.1) follows from the secondary conditions required for the more
general models? In economic terms, is the position of maximum profit
for each entreprencur under conditions of free competition also a posi-
tion of maximum total profit on the assumption that the entire cconomy
behaves like a single enterprise? For simplicity, we will consider the
question only in terms of a comparison of the one-industry and twe-
industry models.

Utilizing (5.3), we have
dUl(a) + di\r3

aN ? 4N
We may evaluate dU,®/dN and dN;/dN by implicit diffcrentiation
in the equations of the two-industry model. In fact

aUu,® _ bod11(022 — pabia)

(9.1) Y'(N) = 0y

(9.2) N )

(0.3) dNs _ O1(Prper — p12?) + Popri(abyy — 612) ’
aN D

where

D = ¢n(d2?0n — 202012 + 022) + O1(drdrz — dro?),
from which we have by substitution in (9.1)

02201 (dndpar — P122) + dupe?(fuibae — 612%)

(94) J"(N) = D

From the sccondary conditions in the two-industry model (4.8), it
is evident that the numecrator is negative. To make the sign of D
definite we need some further assumption. If we take 6,20, which
is a reasonable assumption since it is the change in marginal produe-
tivity of one factor with an increase in the other factor, the sign of the
denominator will be positive. The secondary condition (8.1) is thus
established.

Evidently, additional assumptions are necessary to establish the
secondary conditions, but they are of an ceconomically unexceptional
character. There is no indication of new difficulties, except complica-
tions, in extending the results of this section to more general equilib-
rium systems.

Carleton College
Minnesota



