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EXTIMATING RELATTIONS FROM NONEXPERIMENTAL
OBSERVATIONS

Abstraets of paners presented by members of the staff of the Cowles
Commission for Research in Feonomies at joint sessions of the Ameri-
can Statistical Association, The Iiconometric Society, and the Insti-
tute of Mathematieal Statisties, at Cleveland, Ohio, Friday, January
25, 1916,

The sessions on Friday, January 25, were held jointly with the
American Statistical Association and the Institute of Mathematical
Statistics, and were devoted to Iistimating Relations {from Nonexperi-
mental Observations. The chairman of the morning session was Mor-
pEcal EzekiEn, Department of Agriculture, and the following papers
were presented:

JacoB Marscuak, Cowles Commission for Research in Economies,
The Economist’s Problem of Staiistical Inference.*—In its team work,
the Cowles Commission tries to adapt statistical tools to two pecu-
liarities of economic observations: (1) the observations often have the
form of time series y1(¢), y2(t), - - -, (=1, - - -, T, the variables being
“autoregressive’’; (2) the observations are (as shown by Haavelmo)
solutions of a system of stochastic simultancous equations:

g==l,“‘,G,
t=1,---,7T;

where the ¥ and z are observable variables and the « are unobservable
random disturbances having an unknown joint distribution H(u; €)
The speaker treated the second problem only and confined himself to

(1) (f)ﬂ[yl(t)y Ty yG(t), Zl(t)r Ty ZK(t)] = ua(t)r

* This abstract and the two following ones, by Leonid Hurwicz and by Tjalling
Koopmans and Roy Bergh Leipnik, will be reprinted as Cowles Commission Pa-
pers, New Serics, No. 17.
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its population aspects by assuming the sample to be sufliciently large
so that the joint distribution of any set of observable variables is de-
terminable from the observations. We want to estimate the set of
“structural parameters” 8= (e, €), where « stands for the parameters
of the functions ¢,, and ¢ for the parameters of the joint distribution
function H(u) of the vector of “random disturbances in equations,” u.
The variables y, z are assumed to be observable without errors. If
errovs—or any other “random disturbances in variables”—are intro-
duced, y,(t) is replaced by {y,(f) —w,(f)], say; this complication has
not vet been studied.

It is assumed that no equations independent of (1) exist that would
mvolve the (@ “jointly dependent variables” y({). The K variables z(¢),
on the contrary, are, in Koopmans’ terminology, “predetermined”’ in
additional equations, outside of (1). The random disturbances (if any)
in those equations are distributed independently of H(u; ¢). Prede-
termined variables include both exogenous variables and lagged endo-
genous ones,! so that z:(f) may be=y,(t—1), say.

For a given ¢, an experimenter would replace all but one equation in
(1) by

Yo(l) = co(t) + v,(0), g=2--,G

where ¢,(t) is a controlled constant and ¢,(t) random; this makes all
variables except #:1(f) predetermined. In economics experiments are
not feasible and the system will in general involve two or more jointly
dependent variables.

As an example—admittedly oversimplified—consider the jointly de-
pendent variables x (national product, identical with income, or supply)
and y (demand for all goods) in the system

Ye — ary — B = u; (behavior of buyers),

Y. — x, = ¢, (bchavior of producers);

here time is indicated by subseripts; w, and v, (“random shift of de-
mand,” “failure to adjust production’) are like drawings from urns;
each pair of values drawn determines z.=(u,—~v,+8)/(1—a), 3.

= (ui—av,+6)/(1 —«a). If the jomnt distribution H(x, v) is normal and
has moments

E‘th = Et‘t = 0, Eltﬂlu = U'uu5tt’, EU,I’L' = 0’1:1:5tt';
Euwy = Euw, = 0,
then the joint distribution ¥(z, ¥) is normal and has moments

1 See T. Koopmans, “When is an Equation System Complete for Statistical
Purposes?”’ in Statistical Inference in Dynamic Economic Systems, to be published
as Cowles Commission Monograph No. 10,
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Ex = Ey = 0, Tre = (O'uu +- O"vv)/(]- - a)21

(2) .
Oyy = (Ouu + @®0n)/(1 — @), 0z = (6un + ac.)/(1 — @)

In this case, the full set of structural parameters 6= (a, 8, Tuu, Fov)
can be determined from the distribution F(z, y). If, however, the as-
sumption Euw,=0 were not justified on a priori grounds, and no other
a priori knowledge of 8 were available (e.g., the knowledge of 8 or of
ouu/0s;), the system would be “nonidentifiable’” : more than one value
0 would correspond to the given distribution #(z, y) of the variables.

Iistimation of 8 is necessary because poliecy and environment may be
subject not only to known “nonstructural changes,” i.e., those in the
observable noneconomic variables—some of the 2's in (1)—but also
to “structural changes,” i.e., those in the parameters 6. Lot 0=6° {or
i=1, - -+, T (period of observation) and §=9" for ¢>7". It was sug-
gested by Hurwicz to use an operator I, to denote a given change in
policy or environment so that 0'=P(0°). In the example above, P may
mean a certain percentage change in a through introduction of income
tax, or a certain absolute echange in 8 through embarking upon govern-
ment spending. Denote the old and the new distribution of z, y by
Fo=F(z, y]()"), and F1=F(z, y} o) respectively; consider also the cor-
responding regressions of y on z:

E(y[ z, 0% = y% 4 69, E(yl x, 8Y) = v + 6.

We have y'=0%,/0%,.=(c%u+a..)/(c%.+ %), and a similar ex-
pression for v%. It is seen that (1) ¥°—a® or—1 as ¢uu/0.,—0 or—w
respectively, and that (2) 4! cannot be obtained from +°; but 4! can
be obtained from the knowledge of 6° and of the operator . Only if
no change in the structure needs to be presumed (i.c., if I’ is an identieal
transformation) can the ordinary regression coefficient v9, or any other
parameters of F°, computed from the observations on the past, be
used to predict the future. If, on the other hand, the strueture is sup-
posed to undergo a given change P (as is the case when the effeets of a
proposed policy are discussed), the observations, and the old distribu-
tion F° based on them must be used to determine the structure 0°, if
identifiable. From the latter and the known operator P the new dis-
tribution F'! and any of its parameters (ineluding ! if so desired) can
be derived. If the structure 69 is not identifiable, there 1s no way to
predict effects of known structural changes.

Leonip Hurwicz, Cowles Commission, Guggenheim Foundation
Fellow, Sampling Aspects of Structural Estimntion ond Prediction —
I. Model and definitions. The model is given by
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¢a[771(t); oty YIG(t), m(l - 1); R

(1.1) ,

(1(6)1 M) .(K([)] = ua(t)) g = l) 2) D "js
(L.21) y,(8) = n,() + v,9() k=1,2"---,K,
(1.22) zu(t) = &) + (D) t=1,2---,T

The 2’s and the y’s are the observed values, the ¢’s and the »’s the
“true”’ (nonobservable) values of the exogenous and endogenous variables
respectively. The «’s and the ¢’s are respectively the disturbances “in
relationships’ and “in variables” (e.g., observation errors); they are
nonobservable stochastic variables. If, given the cumulative distribu-
tion F of the ¥’s and #’s, it is possible to determine uniquely the rela-
tionship vector ®={¢, - - -+, ¢¢} and the cumulative distribution #
of the disturbances, the model is said to be identified. The estimation
of ® and H is called structural estimation. The author has shown! that
there exist identifiable systems where both w's and ¢’s are present and
the «’s may be autocorrelated. Most of the recent contributions, how-
ever, assume either (A) nonautocorrelated v's and absence of u’s, or
(B) nonautoeorrelated u’s and absence of ¢’s; the rest of this note ap-
plies to (B).

Prediction (under unchanged structural conditions) is defined? as
estimation of the regression coefficients of the predictand [say y.(0) ]
on (some or all of) the predictors ya(8), - -~ , 1 (t—=1), - - -, 2:(0), - - +.
Thus in the linear case prediction consists in finding the estimates ¢ of
the x's in

E[?/l(t)l ya(l), - -+ ]
= 2o Py() F  F xnPp = 1)+ -+ 0 ©Onl) +

II. Structural estimation. Foundations for large-sample theory of
structural estimation have been laid by Mann and Wald,? and the
eonsistency proof extended by Koopmans* and Rubin.? The efficiency
of estimates has not yet been examined. Only the rudiments of small-
sample theory exist. General multivariate theorems cannot be applied
to autoregressive (i.e., difference equations) systems (where lagged
values of the endogenous variables appear, and possibly also exogenous

(2)

! Leonid Hurwicz, “Variable Parameters in Stochastic Processes,” in Statistical
Inference in Dynamic Economic Systems, to be published as Cowles Commission
Monograph No. 10.

? Leonid Hurwiez, “Prediction and Least Squares,”” in bid.

3 H. B. Mann and A. Wald, “On the Statistical Treatment of Linear Stochastic
Difference Equations,” EcoNnoMETRICA, Vol. 11, October, 1943, pp. 173-220.

¢ Ir an unpublished manuseript.

® Herman Rubin, “Consistency of Maximum-Likelihood Estimatcs in the
Explosive Case,” in Statistical Inference above cited.



REPORT 169

variables are present). Work done on small-sample propertics of the
autoregressive systems has been mostly confined to the first-order differ-
ence cquation

(3) y(0) = ay(t — 1) + u(B), t=23,.--,1,

where the u’s arc independently normally distributed with a common
variance and a common mean, and || <I. As to the initial value
y(1) we may assuine

(4.1) y(1) = fixed variate, or

(+.2) y(1) = nowmally distributed aceording to the marginal distri-
bution of the other y's, or

(1.3) y(1) = ay(T) 4+ u(1) where u(1) has the smme pronertics as the
other w’s (the etreular case).
Al the small-sample literature known to the author is either based
on (4.3) (which is seldom realistic and is justified mainly as a convenient
approximation) or only applies to the case «=0. In the author’s opinion
(4.2) is most realistic, although unlike (4.1) it does not imply the
equivalence of the least-squares and the maximum-likelihood estimates.
It is possible to evaluate, assuming (4.2) and zero mean for the dis-
turbances, the bias of the least-squares estimate a of «.® This hias is
not negligible. Ior instance,

E( T - 27 4+ 3
(5) Ry = lim .—&Q) = - +_
a-0 T?' -]

where a=Z,T,.gy(l)y(t—1)/Zf'=2y2(t- 1) and T is the size of the sample.
Thus for T'=20, £ =0.910, i.e., there is a bias of O per cent. This bias
tends to disappear as Ial —1, but not too rapidly.

II1. Prediction. Prediction, as defined in I, is possible regardless of
the identification of the model.” The author has studied some of the
optimal properties of the least-squares estiinates § of the x's in (2).
The following are some of the results:

(A) In the general autoregressive case the §'s are biased. This is im-
plied by (5) above, since I [y(t) Iy(t—l)]=ay(t—1) so that a=yx,¥;
hence there is a case where § (viz., @) is biased.

(B) In the nonantoregressive case (no lagged y’s among predictors)
the 7’s are the best (i.e., least variance) linear absolutely unbiased
estimates of the x’s. (An absolulely unbiased estimate is unbiased for

¢ Leonid Hurwicz, “Least-Squares Bias in Time Series,” in ibid.
! Provided no structural change occurs. Cf. Jacob Marschak, in preceding pa-
per, p. 167.
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all, a conditionally unbiased estimate only for some, marginal dis-
tributions of the predictors. The §’s need not be the best conditionally
unbiased linear estimates.) The above extends the well-known Markoff
Theorem to stochastie predictors. If the x’s are functionally related
to other parameters of the universe, exceptions will arise.3

(C) In the general multivariate auloregressive case, provided assump-
tions of type (4.1) are made and the disturbances are normally dis-
tributed, the least-squares estimates § and the maximum-likelihood
estimates ¢ are equivalent.® This is also a generalization of a well-
known theorem, previously extended by Mann and Wald'® to the case
of a univariate autoregressive series. A proof alternative to the author’s
has been given by Koopmans.

The chairman of the Friday afternoon session was R. L. ANDERsON,
North Carolina State College, Abstracts of the papers follow:

Tiavuing Koopmans and Roy Brrair Lerenik, Cowles Commission
for Research in Economics, Iterative Computation Methods tn Estimat-
ing Simultaneous Relations,—Let economic behavior in a number of
markets be deseribed by a system of linear structural equations

ani(t) + -+ -+ argye() + argpzalt) + - - -
+ a1, errzr(l) = w(l),

acyi(t) + - + aceye(t) + ac.ema(l) + -
+ ag.orrzx(t) = ug(t),
in which the variables y:(t), - - -, ye(f), 2:1(8), - - -, zx() are observ-
able, while w(t), - - -, ug(f) represent not dircctly observable dis-

turbances in the respective relationships, subject to a normal distribu-
tion with

(2) Fu ) =0, Eu,(Dup(l’) = agnbee.
The system can be written in matrix form

Ax'() = Agaxd' () + Adpxp/(t) = u'(t),
A= Ad = [|AaaAgy, owl = Zag,

(3)

where u’ Is the transpose of a row veetor Hu, ce ugH and

8 Leonid Hurwiez, “Prediction and Least Squares,” in Statistical Inference,
above cited.

¥ Ibid.

10 Op. cit. in note 3.

11 Tjalling Koopmans, Appendix in “Prediction and Least Squares,” cited in
note 8.
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€Y Xd = HZ/: T ;1/(;},, Xp = Hzl B2

arc row vectors combining the dependent and predetermined variables
respectively. The latter [x,(t)] are either noneconomic (exogenous)
variables causally and stochastically independent of the disturbances
u(?) and dependent variables x4(f), or economic (endogenous) variables
dependent only on values of u(t—r7), x4({—7) at earlier time points
(r=1,2, ).

The equations (3) are invariant under a linear transformation

(5) Ad* = HyaAux, Saa™ = Mag Zaallad’,

with nonsingular mafrix Hge. In order to identify individual equations
within (3) as structural (i.c., cconoinic behavior) equations, it is neces-
sary to impose linear a priovi restrictions on Agpe specifying which
variables enter into which equations. The system (3) is called com-
pletely identified if when Ag, satisfies these restrictions, the only trans-
formations Igg for which Agp® satisfies the same restrietions are di-
agonal (corresponding to a change of normalization in each equation).

On the basis of the assumptions stated, the logarithm of the distribu-
tion function of the observations xq4(?), t=1, - - -, T, is, after division
by 7 and subtraction of a constant,

6 L(Adp, Edd) = log det Add - 12“ log det Edd

( ) - v’; tr Edd“lz\ddedAdx'.
Maximum-likelihood estimation requires finding those values Agr, Sau
of Adx, Zaa for which this function attains its highest maximum under
the restrictions stated. This problem has been studied in two cases.
In one case, no restrictions are imposed on the covarianee matrix gy
of the disturbances. In the other case, to which the remainder of the
paper is confined, the disturbances in different struetural equations
are assumed to be uncorrelated. In this ease we can normalize each
equation such that Zgg cquals the unit matrix Iyq, and the funection
(6) becomes

(7) L(Agp) = log det Agg — % tr AaM Ay,

Three iterative methods to find a maximum of this function were
discussed. In the first method, from an initial value Ag(® = 4400
satisfying the a priori restrictions, a revised value AP, is derived
in which only the first row of Ag%? is replaced by new values which
maximize I subject to the restrictions. To find these new values is
essentially a linear problem. In the same way A4 is derived from
Ag,\" Y by revising the second row, ete., until the revision of the last
row gives Ag®9 = A4V = A4, ag the result of the first iteration.
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In a variant of this method cach Ag@9 is derived from Ag,0:9
instead of from AP, and the gth row of Ag®¢ is taken as the gth
row of AgY. This procedure is a special ease of the second method
suggested by J. von Ncumann. In this method iterations are de-
termined by

(8) Adx("‘H) = Adx(") + e/;IDdx(n)
where
(9) ‘(;,(DHX(H)MXX) = '*C,i (Add(n)),“lldx - Adx(")Mxx;-

Here Tgo=|'Taq Ogpl|, and the operator L denotes a projection on the
linear subspace defined by the a priori restrictions on Agy, while Dg™
satisfies the same restrictions Dg, ™ =JL(Dax™). It can be shown that
for sufficiently small positive values of e, the substitution (8) always
increases L unless an extremum is already reached in Aq,™. By taking
en=1 the special case Just deseribed is obtained. Alternatively, one
may take a value of e, that maximizes the sum of the linear and
quadratic terms in the Taylor expansion of L(Ag"t1) —L(Ag™) with
respect to e,.

Faster convergence s obtained by the Newton method, in which,
instead of (9), one defines Dg,™ by

L1{(Ada™) "' Daa'™(Aga™) " Iax + Dz’ My}
= C{ (Add(m)l—‘l-[dx - Adx(")Mxx}~

In a few examples this advantage was more than offset by the increased
work per tteration, since the solution of (10) for Dg,™ has to be re-
peated for each iteration, while in (9) one matrix inversion provides
the solution for each value of n. The Newton method is therefore recom-
mended only as the concluding step in the last iteration, since it yields
estimates of the sampling variances and covariances of the maximum-
likelihood estimates as a by-product. Otherwise, (9) with e,=1 has
proved to be the most economic procedure in the cases studied.

Unsolved problems are the best choice of initial values, and the condi-
tions under which the highest maximum of L is obtained.

(10)



