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TasLE 2 (Continued)

Type
Referl- Place of Date ay a: a;+a, wt
ence Studyz
[14] ] U.S.A. c 1914 0.612 | 0.359 | 0.971 | 0.586
+0.027 | £0.025
[15]1 U.S.A. C | 1904 0.647 | 0.311 | 0.958 | 0.635
+0.023 | £0.022
8 ¢ | 1904 0.654 | 0.312 | 0.966 | 0.635
+0.022 | £0.021
)
[16] | Canada * C | 1923 0.48 0.48 1 0.96 | 0.50
+0.038 | £0.035
’ ¢ | 1927 0.46 0.52 {0.98 | 0.48
+0.039 |+0.036
’ ¢ | 193 0.50 0.52 | 1.02 | 0.40
+0.044 | +0.040
4 c | 1987 0.43 0.58 | 1.01 | 0.52
+0.041 |+0.036
average 0.468 | 0.525 | 0.992 | 0.475
[4] | New Zealand | T 1915-1935 | 0.483 10

! With the exception of [4] (Clark) the references are to papers by Douglas
and his collaborators [5] and [8]-[16] listed at the end of the present article
and arranged according to the date of the publication.

? T =intertemporal study (based on time serics of national totals); C =inter-
industrial (*cross-scetion’’) study.

3 a,=0.67 fits better for 1899-1916,

4 Cf. also Table 3.

5 Qutput includes depreciation, hence low @:.

6 Averages per plant (but moments of logarithms unweighted).

7 Tudustry aggregates (not divided by number of firms).

& Includes proprictors and firm members under “labor.”

® Depreciation apparently not deducted.

10 g, 4+a, bound at 1.

to permit the application of cither method; and though the technologi-
cal differences between the 80 or so industries can be regarded as ran-
dom, yet the ensuing, presumably multimodal, distribution (strong
clustering of the values of @, around certain magnitudes characteristic
of cach industry) may produce great inaccuracies®*—though perhaps
not much greater than those due to the imperfection of our knowledge
of the boundary constants, such as coo, ca1, coe. If & firm’s belonging to
a given industry is regarded as a “systematic’ rather than a “random”’
cause, and is, accordingly, studied by properly isolating it—i.e., by
studying each industry separately, perhaps after a preliminary analysis
of variance as a guide to such separation—more accurate results are

23 We have no proof for this assertion, however.
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obtained. For the analogous reason, the “intertemporal” studies can-
not render reliable estimates unless one isolates the factor time by intro-
ducing a proper trend. This is an alternative to isolating each year (as
is done in the “cross-section studies’’); but in either case the systematic
variations from industry to industry will spoil the accuracy even if the
systematic variations from year to year have been removed.

The computations and diagrams of Chapter IT were based on figures
of the U.S.A. Census of Manufactures for 1909 [45] using the assump-
tion that all firms belonging to one industry were identical. Because
this assumption is dubious and because of systematic variations as be-
tween industries, the results are probably very inaccurate. They mainly
serve the purpose of showing the kind of uncertainty that would pre-
vail in these studies even if the data by individual firms were available,
and the assumption of “identical firms” unnecessary. In addition, Fig-
ures 1 and 2 help to illustrate the relationship between the least-squares
“single-equation’ estimates and the true values of output elasticities.

§28

Some of the “single-equation’” least-squares estimates of output clas-
ticitics, computed by Douglas and others from census data, are listed
below.?* One has to keep in mind that:

(1) in some earlier studies—e.g., [5], [8], [9]—the systematic effect
of a time trend was not eliminated;

(2) in some earlier studies, the coeflicients a; and @, were bound by
the a priori condition of “constant returns to scale,” ay+a;=1; this
does not scem justified (see Appendix 1, §43);

(3) the dividing of aggregate output, labor, and capital of a year or an
industry by the number of firms was not performed except in later
studies;

(4) when such dividing was done, the computed moments were not
weighted though they should be (see §25).

Table 3 takes up in somewhat more detail one of the results listed
in Table 2, viz., U.S.A. 1909 [10]. The effect is shown (1) of dividing
or not dividing cach industrial aggregate by the number of firms in
the industry; (2) of computing weighted or unweighted moments of
the logarithms. (As explained in §25, the correct procedure is to divide
theindustrial aggregates and to weight the moments of logarithms.) We
have applied one further adjustment. Some of the industrial groupings
used by Bronfenbrenner and Douglas {10] were rather heterogeneous

2t In our notation, a; and a; are the least-squares estimates of elasticities of
net output with respect to labor and eapital, respectively. In Douglas’ notation,
a; =k, a;=J. Further, our @, equals, in Douglas’ notation, W/P, where W =na-
tional pay roll and P =national net output of manufactures.
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TasLe 3

ErrFECT OF WEIGHTING AND OF OTHER PROCEDURES ON SoME SINGLE-EquaTION
EstiMaTes oF Oureur ELAsSTICITIES (@), az) AND THEIR SuMs
(Estimates are followed by their standard errors)

U. S. 1909t (cf. Table 2, Ref. [10]) @ az ay+as
Bronfenbrenner-Douglas: 90 industries
Total-eapital figures
Industry aggregates
Moments unweighted 0.742 0.319 1.061
+0.045 +0.043 +0.027
Fixed-capital figures
Industry aggregates
Moments unweighted 0.857 0.083 0.940
+0.045 +0.035 +0.031
Andrews: 85 industrics reclassified
Total-capital figures
Industry aggregates
Moments unweighted 0.707 0.261 0.968
+0.039 +0.034 +0.023
Industry averages per firm
Moments unweighted 0.677 0.281 0.958
+0.043 +0.034 +0.020
Moments weighted 0.656 0.266 0.922
+0.042 +0.037 +0.021

! Weighting of moments (of logarithms) discussed in §25; “industrial totals”
(vs. “industrial averages”) in §28, sub. (3). For the reclassification of industries
and the use of capital figures, see footnote 25 below,

composites of Census items. To make the assumption of “identical
firms in each industry’ more plausible, the list had to be revised.® It

% Of the 90 “industries’” used by Douglas and Bronfenbrenner, 22 had to be
regarded as mere composites. We have listed, instead, 86 industries cach repre-
senting a single Census item, [45] p. 186, and each employing 10,000 or more
wage-earners. One industry (locomotives not made by railroad companies) was
omitted since it did not appear in one of the Census tables from which data were
uged. Of the remaining 85 industries, 63 duplicate exactly thosc of Bronfenbren-
ner-Douglas, while 22 form part of their “composite’’ items. Those items included
in addition 50 other (small) industries.

To compute net output, Bronfenbrenner and Douglas used the Census figure
of “value added”” after adjusting for various items the most important of which
was depreciation. These adjustments were taken over for convenience and com-
parability. Where one of the 85 industries was part of the Bronfenbrenner-
Douglas “composites,”’ the same adjustment was applied as had been applied
by them to the whole group.

Bronfenbrenner and Douglas used two alternative series for capital: the total-
capital series, taken directly from the Census for 1909, [45], pp. 507 ff; and a
series for fixed capital only. The latter was obtained by multiplving total capital
by the ratio, fixed capital +total capital, from the 1904 Census (since breakdown
of capital was not given in 1909). We used the total-capital series.
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is from these revised data that the weighted moments (§21, Table 1)
were computed by formula (3.3), and used for the construction of Fig-
ures 1 and 2.

§29

In this and the following sections, the two main findings of Douglas
and his collaborators will be analyzed. It is elaimed by those authors
that: (1) the sum a;+as—the sum of the least-squares estimates—tends
to be elose to 1; (2) e; tends to be elose to the national ratio of pay rolls
to net output, @i.

From these findings, conclusions were drawn regarding the preva-
lence of perfect competition in the industry. This may mean (1) absenee
of monopoly in the markets of products (§6); (2) rapid free entry into
or exit out of industry, of firms having nonzero profits (Appendix 1,
§§41 seq.); (3) absence of monopsony in the labor market (§6); (4) ab-
sense of monopsony in the capital market (§6); (5) absence of mono-
polistic arrangements among customers, among workers, or among
lenders (§7).

We shall first analyze whether, or under what conditions, any of these
cconomice implications do follow from the above two findings, granted
the statistical reliability of those findings. We shall then (§34) come
back to the statistical question.

It should be kept in mind that whether the conclusions as to the prev-
alence of perfect competition be justified or not, the estimation of
output elasticities (oq, az) and of the other parameters involved
[85; o (4, k=0, 1, 2)] has theoretical interest and particular impor-
tance as a tool of policy of firms and of governments, Hence the im-
portance of the statistical question implied.

§30

To begin with (sce §17), a1 and a, are cstimates not of the output
elasticities oy and @, but of the “output elasticities corrected for monop-
oly,” viz., of a;’ = a3 and ap’ = aefs. This follows from equations (1.31)
which must be applied when the data used are: output (or net output)
in dollars, labor in men, capital in dollars.®® To obtain, instead, the
estimates of & and a; one would have to use equations (1.29) : but this
would imply that output is measured in physical, not in money units
(hence independent of prices, i.e., of degree of monopoly)—a kind of
data possible for interfirm studies in certain one-commodity industries,
but not for a study embracing different industries. Since 8, is equal to
or smaller than one, the presence of imperfeet eompetition in the mar-

% Reder seems to have in mind the same criticism: [38], p. 261 under 1.
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ket of the produets of at least some of the industries studied makes o’
and ay’ lower than the true output clasticities.

§31

The first of the two findings listed in §29 must, therefore (granted
the statistical reliability of the estimates) be written in the form

(3.4) (ar + a)fBo = 1.

If it were known that 8,=1, cquation (3.4) would indeed mean that the
production funection assumed common to all firms is homogencous of
first degree: “constant returns to seale’” at any combination of re-
sources. This would not in itself imply the absenee of monopoly in the
markets of produets; nor the absence of monopsony in the markets of
resources; nor the rapidity of “free entry and exit.” But if those mo-
nopolies and monopsonies were absent, the homogeneity, of first degree,
of the production function of each firm would indeed imply necessarily,
though it is not implied by (see Appendix 1, §§42-43), the abscnce of
profits and losses; and this absence, in turn, is implied by (though does
not necessarily imply) instantaneous “free entry and exit.”” The ques-
tion thus arises whether the data yield, in addition to (3.4), also
Bo=pFi=F=1,ie., the absence of firms’ monopolies and monopsonies in
the three markets.

§32

The absence of monopsony in at least one of the markets eoneerned,
viz., the absence of monopsony for labor, has, in fact, been inferred
from the seeond finding, viz., from a, being close to the national ratio
of pay rolls to net output. Still granting that a, is a reliable approxima-
tion of ey’ =B, let us formulate the finding more precisely:

Z Yir Z WisYos
f=1 f=1 -
(3.5) afy = = =@ (say),

n n

Z Yor Z Yor
f=1

Fe1

a weighted average of the ratios (wy,) of each firm’s pay roll to each
firm’s net output value. On the other hand, for each such individual
ratio we know, rewriting (1.13) for the firm f, that, if it has its profit
at a maximum,

(3.6) aify = fwyy.

The finding (3.5) together with the assumption of maximized profits
would lead thus to
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Wy
(37) ,31 =
Wy

Thus, if all profits were maximized, and if all the individual pay-roll
shares wi, were equal (and hence equal to their weighted average @),
it would have been proved that

131=1,

i.e., absence of monopsony for labor. Unfortunately, to assume that all
wyy are equal is not realistic. A look at the Census figures shows great
fluctuations even betwecn industrial averages of wy. Even after all
industries are grouped into large complexes, there remain strong flue-
tuations of the average labor shares (w;), as seen, for example, from the
following caleulations of Bronfenbrenner and Douglas for U.S.A., 1909
[10]: Clothing and textiles, w; =0.69; Foods and beverages, un=0.56;
Metals and machinery, wy=0.73. I'luctuations among single firms are,
of course, larger: it is likely (§19) that, within an industry, the more
efficient firms have lower values of wis then the technically less efficient
ones. Thus (3.7) would imply that 8, too, fluctuates from firm to firm,
stronger monopsony being accompanied by lower labor share and cor-
related with higher techniecal efficiency. Alternatively, one may doubt
the exact validily of (3.7)—even while still granting statistical reliabil-
ity to the finding (3.5)-—because (3.7) is based on the assumption of
exactly maximized profits, which cannot be granted and need not be
made in realistic studies (§§12, 13).

§33

Tosumup: granted the statistical reliability of the claimed two find-
ings, i.e., granted that

(3.4) (ar + a2)Bo = 1 (approximately),
and
(3.5) aife = w1 (approximately),

the following inferences can be made, provided there is no monopoly in
product markets (8o=1): (1) all production functions are homogeneous
of first degree; (2) if there is no monopsony in the resources markets
(Bo=p1=PB2=1), there is “free entry and exit”’; (3) either the degree of
labor monopsony varies strongly from industry to industry (and firm
to firm), fluctuating around unity; or the profits are not maximized.
Thesc inferences have, however, to compete with another one, viz., the
statistical reliability of the findings may be doubted.
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§34

First of all, the degree of approximation in (3.4) and (3.5) is not very
satisfactory. This is seen from Tables 2 and 3. The sum a;+a; docs
deviate from 1, and a; does deviate from w@; considerably if account is
taken of the standard error.

These deviations might become either larger or smaller if the neces-
sary revisions (enumerated in §28) were made in the caleulations.

§35

Moreover, we should remember that the assumption that a;, e,
(though not Ay) arc the same for all firms is due only to the limitation
of our statistical tools (§15). What is actually computed are certain
“average’” values of these paramecters. Therefore, even if it should be
true that estimates of o; and a; added up to 1, this would imply “‘con-
stant returns to scale” only in the sense that if some firms have increas-
ing returns, these are, on the whole, offset by others having decreasing
returns. The proportion of firms to have “almost’” eonstant returns to
scale will be the smaller, the more strongly the values of a; and e
fluetuate from firm to firm—thus making hypotheses such as (1.23)
[the onc used in the least-squares estimates and also used as part of
our own hypothesis (1.31)] with 4, as the only random parameter,
more and more erroneous.

On the other hand, another limitation, not of statistical tools, but
(a more accidental one) of available published data, has made it neces-
sary, in the studies of Douglas as well as in our own illustration, to
assume that all firms within an industry are identieal (§25).

§36

The two partieular assumptions mentioned in §35 are needed for our
estimates not less than for those of Douglas and his collaborators. But
we have removed ecertain further assumptions that are tacitly made
when the “single-equation’ method is applied, and that need not he
made. This is seen in our Figures 1 and 2. For example, the “single-
equation’’ least-squares estimate beecomes worse and worse the stronger
the variation of technical efficiency from firm to firm (or from industry
to industry), as measured by the sample variance sqo which ean be used
a8 an approximation (being a consistent estimate) of the population
variance ogo (§§21-22).

Furthermore, the sample correlations 7o, and re; are both nonnega-
tive at the point A whose co-ordinates are the least-squares estimates
a1, az. This fact 1s not due to the particular data on which Figure 1



180 JACOB MARSCHAK AND WILLIAM H. ANDREWS, JR.

is based; it ean be derived from (2.3), substituting for ei’, e’ their
“single-equation” least-squares estimates ai, @,.2" As the sample co-
variances can be used as approximations (being consistent estimates)
of the population covariances, the population correlation coefficients
po1, pez are likely to be nonnegative if the least-squares estimates a1, @
happen to coincide with the true values of i/, a’. Economic consid-
erations (§19) make it probable, however, that py is positive but pg
negative. This would throw doubt on any estimate of on’, &’ represented
by a point lying far above the line pp2=0. To be sure, the hypothesis
po2 <0 is only approximate: it is the less exact, the stronger the differ-
ences between the firms’ supply curves (which are all horizontal under
perfect competition).

§37

Consider now Figure 1. It is based on the assumption that labor and
capital markets are perfeet (81=0:=1). Using first the considerations
of §18:if the “best” firm as there defined is technically at the most
4 times more efficient than the worst, and if a Gibrat distribution of
technieal efficiency is assumed, then ¢4 =0.010, and the consistent esti-
mate of a;/, a0’ will lie on or within the corresponding ellipse. As our
“firms” are actually industrial averages (§§25-26), the ratio 4:1 is per-
haps a reasonable upper limit. The next larger ellipse on Figure 1,
o00=0.020, would correspond to a ratio 10%vew:1=7:1 which some
estimators may prefer as a more cautious upper limit,

Using now the eonsiderations of §19: if py>0 and pg <0, the con-
sistent estimates of a1/, @’ must lie within the triangle formed by the
lines po1=0, pea=0, and the horizontal axis (since o1’>0). Together
with the elliptic boundary (o0 =0.010) just discussed, this will reduce
the region to the southeastern part of the ellipse. The other boundary
derived in §19, viz., equation (1.41), does not prove effective as it prac-
tically coinecides, in the relevant part of the figure, with one of the larger
ellipse. (@;=0.68, assumed profit %=0.10, so that #;=0.22.)

Finally, the condition of §20 is, under perfeet competition, that of
noninereasing returns (and maximized profits). A straight line (denoted

27 Write |m| =determinant | mogmiimaa| ; || m| =”m;;”“. Then a; = —m%/meo
(£=1, 2). Inserting into the second equation in (2.3), we have

2 2
sum® = 3 mom% — g1 3, mym¥ = 1;
j=0 70

hence so =802 =1/m® which is nonnegative, as |m| is a moment determinant.
Therefore both 7o; and r¢, are nonnegative.
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by |7r| =0), sloping at —45° to both axes, chops another bit off the
ellipse. The resulting region is shaded.

On Figure 2, four alternative assumptions (the same as on Figure 3)
have been made as to the size of 8 and 8,; and, in addition to the as-
sumptions of the preceding paragraphs, it was assumed pe20.7. The
resulting regions are:

If Bi=8 = 1, CDEFGC,
it B =1, B =15 CDEHIGC,
If Bi=15  f=1 JKLMJ,
If B =P =15 JNPMJ.

It appears that the region of values of &', ar’ compatible with the
data and with certain economic considerations shrinks as 8; inercases.
One might thus be able to form a judgment as to the upper limits of 8;;
in the case of a single industry these would be indicative of the degrees
of monopsony in the labor market. However, the economie considera-
tions would need further treatment before such judgment is made. I'or
example (as follows from the reasoning of §19), the bounding lines
po1=0, pea =0 must themselves be modified as the markets become more
imperfect and the supply curves to single firms less similar.

Naturally, the region of consistent estimates of the set of parameters
', ap’, B1, B, compatible with the data as well as with other informa-
tion we have is the narrower, the more precise that information: that
is, the narrower the inequalities such as thus suggested in §§18-20.28
With information vague, the region is wide, and the conclusions, on
the whole, of a negative type. For actual applications a still wider
region would have to be used: a confidenee interval would have to be
constructed around every estimation point. This could not be done
here, because, when using industrial averages instead of single firms,
wo were ignorant about what to consider the size of the sample (§26).

If data on the output and used resources of individual firms of a
single industry become available, the method outlined in Chapter IX
and resulting so far in Figures 1 and 2 will beeome more promising for
three reasons: (1) the assumption “all firms in an industry are identi-
cal’” will be dropped; (2) it will become possible, at least in the case of
one-commodity industries, to apply hypothesis (1.29) and estimate

28 The use of such boundary conditions has exactly the same logical meaning
as the use, very common in recent economics, of series of plausible alternative
assumptions or combinations of assumptions. See, for example, Pigou [37],
Machlup [30], Slichter [41].
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ay, oz instead of ayBs, azfa; (3) for a given single industry, the knowledge
of the variability of technical efficiency, and of its correlation with
labor, capital, and profit share can be more precise than for all indus-
tries, so that the region of consistent estimates can be narrowed down;
(4) confidence intervals can be construeted, the size of sample being
cqual to the number of firms.

With the type of data used here (and also used by Douglas and his
collaborators) the diseussion was nccessarily eritical and illustrative.
Douglas’ estimates listed in Tahle 2 do exhibit a stability from one year
to another which presumably would not be much affected by applying
correclions as in Table 3. Since the least-squares estimates are functions
of the parameters of the joint distribution of output, labor, and eapi-
tal-—i.c., functions of the o's, as well as of the varianees and covariances
of the random components (such as technical and economie efficieney)
—the stability of Douglas’ results suggest that those parameters change
only slowly. This promises significant results as soon as better data are
available for the estimation of those parameters.

1V. APPENDIX 1. DECREASING, INCREASING, AND
CONSTANT RETURNS TO SCALE

§38

It is often believed that, for “a priori reasons,” the production func-
tion must belong to a certain class. Such restrictions are derived from
the assumption of maximized profits and perfect competition in the
markets of products as well as resources; to these assumptions some-
times is added the assumption of instantaneous wiping out of profits
and losses by free entry of firms into profit-making, free exit of firms
out of loss-making industries. In the empirical work, outlined in the
preceding chapters, no such assumptions need be made though some
of them may be tested. However, the questions have played a role in
the theory and statistical study of production. They deserve clarifica-
tion if only to establish how these various assumptions are related.

In Chapter I, only the first-order conditions for a maximum profit

of a firm were stated :
T or

1.11), (1.12 — =0, — =0.
(111, (1.12) o 022

These conditions are necessary for the profit to be at a maximum, i.e.,
to oxceed the profits in all points of the neighborhood. However, these
conditions are also compatible with profits being at a minimum, or be-
ing at an “improper maximum,”? and with still other situations. In

29 See footnote 35 for a geometrical example.



THE THEORY OF PRODUCTION 183

other words, the vanishing of the first-order derivatives of the profit is
necessary but not sufficient for a proper maximum.

Denoting now the second derivatives 0%r/dzndz: by ma: (=1, 2),
there exist, for a proper maximum of «, the following necessary condi-
tions

(41); (42)v (43) ™= 0: o2 é O, |7I'l g 0
where | x| is the determinant myme—mp? There exist the following
suffictent conditions (to be taken together):

(4.4), (4.5) m <0, |x| >0

(from the latter two follows also w2 <0).

(4.1)-(4.5) will be seen in the next scetions to imply, in the case of
a firm, that, if the output of and the quantities of resources used by
the firm are determined by its making profits a maximum, and if there
is perfect competition in the markets of its product as well as of its
resources, the firm’s production function must not show ¢ncreasing re-
turns to scale; if it shows decreasing returns to scale, while all the neces-
sary first-order conditions are satisfied, the proper maximum of profit
is sccured. This leaves open (until §42) the case of constant returns to
seale. The three cases were defined in §5.

§39

Let us start with the special case (1.19)-(1.22), used in the present
article as an empirical approximation: the case of constant output
elasticities (a;, o) and constant elasticities of revenue and of outlays
(B, B4, B2). Then the profit

7 = by (@pr1Mx2%2)f — bzt — baxsfu

If the necessary first-order conditions, dr/dz; = dr/dz. =0, are satisfied,
the neeessary second-order conditions (4.1)—(4.3) become?®

(4.6) (Boci — B:) =0 (¢ =1,2),
Bi8: — Bo- (cnfe + afr) 2 0.

From §6 and from these inequalities we have (since ai, o, B, B2 are
all positive)

(47) a1—‘é*+a2-— = 1

3 In differentiating, usc the fact that dxe/9z1 = ai%e/%1, where zo = aoz* 1222,
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If Bo=B1=B=1, e, if there exists perfect competition in all three
markets, the sufficient condition (4.7) becomes

(48) a '+' [0} § 1,

i.c., increasing returns to scale arc excluded.

If, instead of combining the nccessary first-order conditions with the
nceessary second-order conditions (4.1)—(4.3), we combine the necessary
first-order conditions with the sufficient second-order conditions (4.4),
(4.5), we obtain, as sufficient conditions for proper maximum of profits,
the same propositions as (4.6), (4.7), (4.8), but with the equality signs

dropped :

4.7 LIRS

1 2
and, under perfect competition in all three markets,
(4.8") ap + e < 1;

i.c., under perfect competition, the vanishing of the first-order deriva-
tives of profit of a firm with decrecasing returns to scale ensures proper
maximum profits.

Figure 3 illustrates these results. The axes are oy’ = oo and e’ = ayf,.
Those points in the (a1, a.")-plane which lie neither in the arca bounded
by the axes and by the straight line with intercepts 81, 8;, nor on that
straight line itself, arc not compatible with profit maximization. The
cquation of the straight line is

(1.43) —t— =

In the case of perfect competition in all three markets the excluded area
is that bounded by line (a) which has cquation a;+a;=1. That is, the
returns to scale must not be inereasing. In a somewhat more general
case fi=p: (=8, say) =P, we have ar+a:<B/B,, and since B/Bo= 1,
increasing returns to scale are possible (i.e., compatible with maximum
profits). The line (b) illustrates at the same time the case By=1,
B1=B:=% (perfect competition in the sale of the product); or the case
Bo=2%, B1=B=1 (perfect competition in the purchase of the factors);
or a case like Bo=%, B1=8=4% (imperfect competition in all three mar-
kets, with the two outlay elasticities equal). In all these cases the sum
ata, =% Still more general is a case (¢) when all three clastici-
ties are unequal: the sum o;+ap is £61/80, or =B:/Be, whichever is



THE THEORY OF PRODUCTION 185

larger. Other cases, (d) and (e), are also shown on Figure 3 as well as
on Figure 2.

This exclusion of a certain area represents a necessary condition (4.7)
for a proper maximum. We further have the sufficient condition (4.7"):
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Fiaure 3.—Boundary lines for profit maxima, |7r| = O,iunder varying

degrees of labor and capital monopsony.

[+3 / o ‘

‘B‘f F: =1, (' = a1Bo, aa’ = asfo).

(Small rectangle represents field of Figure 2.)

if the point lies neither in the excluded area nor on the boundary line,
and the necessary conditions (vanishing of first derivative) are satisfied,
proper maximum profits are assured. The boundary line represents, un-

der perfect competition, the case of constant relurns: they leave the
sufficient conditions unfulfilled.
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§40

Dropping now our special case (1.19)-(1.22), we can conveniently
treat the gencral case (1.2)-(1.5) by introducing the ‘“elasticities of
elasticities,”

aa},, ZT; N
apy = ——— (hy e =1,2),
ax; ap
and writing further
dBJ' Ty
x_ g o4 Y =0, 1,2).
B; B; dz; B, G y )
From definitions we have
a
(4.9) 2o g (say).
(42 [+4}

If profit is maximized, we obtain by straightforward differentiation the
following restrictions upon the functions involved (necessary condi-
tions; or, if equality signs are dropped, sufficient conditions)

(4.10) Bo- (@iBo® — Bi* + i) £ 0 (t=1,2),
T (@iBo* — Bt 4 an) (Bt — Bo* 4 am) — aaa(Bo* 4+ a)? = 0.

These inequalities have to take the place of (4.7), (4.8) which had
already shown, for the special case then considered, that under imper-
fect competition mereasing returns to scale are compatible with maxi-
mum profits, Those special inequalities can be derived {from the genecral
ones (4.10), by making the o’s and f’s constant, so that api=a=0,
B*=B;(hi=1,2,5=0,1,2).

Another important case (which includes the special case just men-
tioned) is that of a production function homogeneous of degree ar+a
=r=const. [see equation (1.9)], the «'s being, in general, not inde-
pent of the 2’s. Differentiating (1.9) with respect to z; or x2, we have,
by (4.9),

an (23]

_—= = -,

Qs ay

and, by (4.10), if Bo=81=p2=1 (perfect competition),
a; — 1 — asa £0,
a — 1 — aja £0,
(1 -=7r)ar+1) 20

Adding the first two inequalities gives (1—7)= —(ar+1), so that in
the third mequality the factors cannot both be negative; hence
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2

1—r=0,

art =1

Again [asin the special case (4.8) ], this restriction upon the production
function (exclusion of inereasing returns to scale) would not be obtained
if at least one of the three markets was imperfect.

§41

If it is assumed that firms enter or leave the industry instantaneously
in response to positive or negative profits, an additional equation is
provided :

(4.11) m =0 f=1--,n),

making thus for each firm the number of equations® larger by one than
the number of variables. The system thus becomes inconsistent unless
certain further restrictions are imposed upon the functions involved.
As the process of the entry and exit of firms involves interrelationships
among firms, it is necessary to set up the system of equations for the
ceonomy as a whole. No generality is lost, for the purpose at hand, if
all (n) firms are supposed to produce the same commodity (identified
by subseript 0). Belore the condition of zero profits is introduced, we
have the following determinate system (f=1,---, n; j=0, 1, 2;
i1=1, 2), where the last column refers to the single-firm system of equa-
tions in Chapter I:

(4.12)  3n identities Yir =D (1.1,

(4.13) n identities Tr=yor—Yir—y  (1.10),

(4.14)  3n revenue and Yir=vyir(xir) (1.3)~(1.5),
outlay equations

{4.15) n production 2oy =/ (Z1y, Tos) (1.2),
equations

(4.16) 2n equilibrium dmy (1.11)—(1.12).
equations Py =0

if

This system of 10n equations and unknowns reproduces exactly that
given in Chapter I for one firm. If perfeet competition is assumed, in
the sense that firms receive (and pay) the same prices, and no single
firm can affect them, the number of unknown prices is reduced by
3(n—1); and the 3n revenue and outlay equations have to be replaced
by 3 equations of aggregate demand (and supply) : say®?

# These were given in §§4-8 with the firm subscript omitted.

2 To express the fact that demand and supply functions F; depend on the ag-
gregate incomes of workers and of lenders, these quantities can be included in the
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n

(@17 pi= B Z o) (G=0,1,2.
F=1

We can then present the system more compactly, eliminating the ’s
(revenues and outlays) and performing the differentiation in (4.16):

Ty = Polos — D11y — Polay,

zor = ¢p(a1y, T =1 ,n)
(4.18) of a;( Y f )
B (=01,2i=12,
Do 0%;
pi=7r J'( xif)
f=1
§42
If, now, the condition of “free entry” is added,
(411) =0 (f =1---, n);

the system has n equations more than unknowns, It becomes inconsist-
ent unless such restrictions are imposed upon the production functions
and other functions involved, as would make n equations derivable
from the rest of the system.

Economists have looked for such restrictions, discussing in particu-
lar the case of perfect competition, i.e., the case when (4.14) is replaced
by (4.17). It was suggested that the conditions of perfect competition
and maximum profits can be rcconciled with the condition of zero
profits if all production funetions ¢; (f=1, - - - , n) are homogeneous of
first degree, i.e., the returns to scale are constant. However, other re-
strictions on the functions involved might be imposed instead.®

parentheses in (4.17) without changing the number of equations. On the other
hand, the system breaks down if bilaterally imperfect competition is introduced.

33 As an illustration consider production functions in one variable (z;,) only
(say, labor, all firms having the same capital; or labor and capital in fixed pro-
portions, ete.): output zop =¢s(zys) (f=1, - -+, n). Further, under perfect com-
petition, pr =F(Q_2y), po=Fo(>_zy), as in (4.17). Then, if profits are both zero
and maximum, we have 5%

h f Zos

Po Oy s =1 -
Assume each ¢y to pass through the origin and have a point of inflexion in the
positive quadrant: such S-shaped production curves, corresponding to a
U-shaped average-cost curve, are often set up—XKnight [29], Bronfenbrenner [3]—
and can be approximated—Allen [2]—Dby a cubic,

Tos = ar2i® + brmd A+ oy,



THE THEORY OF PRODUCTION 189

§43
If all n production functions ¢, are homogeneous of first degree, and
equations (4.18) are satisfied, profits =y (f=1, - - -, n) vanish identi-

cally by Euler’s theorem (1.8a). In this ease the n equations (4.11) do
not make the system inconsistent. But the production funetions being
homogeneous of first degree make the system indeterminate. This is
seen by rewriting the produetion function for cach firm (dropping the
subseript f for brevity) in the form zo=u» g(z:/2) and defining
u=1x/Ts, v=2o/x2. The first three lines in (4.18) become

(4.19) T, B, P
Doz Do Po
v = g(u),
™ P2
—=g'(u), = glu) — ug'(w).
Do Po

The last two equations in (4.19) impose a restriction on prices: if this
is satisfied, one of these two equations becomes redundant, and (4.19)
determines the ratios 4 and », and the profit (=0), but not the z's
themselves. These remain still indeterminate when the n individual
firms’ systems (4.19) are supplemented by the 3 equations (4.17) of
aggregate demand and supply.

The amount of resources and product being indeterminate, the ques-
tion whether the profit is at its maximum loses much of its meaning.
To be sure, the same formal property of the homogeneous linear func-
tion ¢ that makes the system indelerminate renders also the suffi-
cient conditions for profit maximum unsatisfied. The determinant
|qb| = | 82¢/6xh6:1:;| is the Jacobian of the system of equations pod: —p;
=0, and its vanishing shows the system indeterminate. On the other

This gives xyy the cquilibrium value ~b,/2e; and imposes n conditions upon the
parameters of the functions involved, viz.,
4 d (=2 b/2ay)

4(11 ) 4(1" - Fo(Zb/(I//S{I/Z) !
where dy =bs2 ~4a,e; (f=1, - - -, n). Further if d?x;/dz;,2 <0, then b, >0 is a suffi-
cient condition for maximum profits.

Bronfenbrenner’s Figure 1—[3], p. 36—well illustrates the necessity for some
such restrictions: not every set of S-shaped production curves will have the prop-
erty that all of them will touch the same straight line; and not every price ratio
P1/po represented by the slope of that straight line will clear the market. In
presenting the system of equations, however, Bronfenbrenner, while ecounting
the n profits as unknowns, omits to count the n profit-defining identities—(4.13)
above—as cquations; thus failing to make clear that, in the absence of special
restrictions, the “free entry” postulate makes the system inconsistent.
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hand the determinant | x| =|8%r/dz192:] =po| ¢ | ; and its vanishing in-
dicates that the profit nced not be at the maximum.*

Now consider profit as a funetion of the ratio u =x1/,, denoting by 4
the “equilibrivm” value of #, i.e. the value that satisfies the last two
equations in (4.19). Will this ratio be the most profitable one? We have

iy

PoZa

= g(u) — ug'(%) — g(@) + 49’ (%)

(so that, as would be expected, 7 =0 when u=4). If, now, u varies
while «; remains constant,

1 dn , o
— =g'(u) — ¢'(%)
Poxe du

(so that, as would be expected, dr/du =0 when u=14); and, still varying
u while z, remains constant, we have
1 &

— = g(w);

Doz du?
thus, if » varies while z; remains constant, d*r/du? has (when u=4) the
same sigh as ¢'’(«). The same can be shown, at the point u=1, if u
varics while 2; remains constant in the two successive differentiations;
or when u varies while first z; and then z; (or vice versa) are kept con-
stant. Hence, at the point v =4, »(x) has a maximum (or minimum,
or neither) if g{#) has 2 maximum (or minimum, or necither). For ex-
ample, if in our speeial case (1.19) the production function is made
homogeneous of first degree,

a + Qy = 1,
To = AT ML = AU,
g(u) = aou=,
") = aslar — 1) = — e < 0 (by 1.6);
hence 7 is larger when =14 than at other neighboring values of u.%

3 For the second result sce Mosak [35], Durand [17]. Hicks [26] (“Dans le
cas d’une fonetion de production homogéne et du premier degré, Pensemble de
notre analyse s'effondre’’) points out that the property | ¢| =0 makes it necessary
to change the definition of the clasticity of substitution. However, the “cflfondre-
ment” is even more radical.

It is easily seen that the Jacobian of the market system (4.18) also vanishes if

¢| =0.

3 To illustrate geometrically, think of undersea reefs: let profit be represented
by the altitude above sea level, and let the amounts of the factors used be repre-
sented by longitude and latitude respectively. If the production function is homo-
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With some other production functions, also homogeneous of first de-
gree, ¢’/ (v) might have been positive, making profit 2 minimum at the
“equilibrium” ratio of resources used; or zcro, and requiring further in-
vestigation,

To sum up: making all production functions homogeneous of the
first degree does in general render perfect competition and profit maxi-
mization consistent with zero profits inferred from “free entry,” but
makes the system indcterminate: only the ratios between the amounts
of resources used by each firm and not those amounts themselves can be
determined. And it depends on further properties of the production
functions assumed, whether those ratios are indeed the most (or per-
haps, e.g., the least) profitable ones.

1t was also shown that other restrictions, having nothing to do with
“constant returns,” may be imposed upon the functions involved and
render the system consistent.

I'inally and probably most important: the whole problem of reconeil-
ing perfect competition, profit maximization, and instantaneous wiping
out of profits hardly arises in reality. A workable empirical hypothesis
must not be based on any of these three. It is especially hard to be-
lieve that the functions involved would “adjust themselves” to the
appropriate shapes with such rapidity, or that the profits and losses
would vanish so quickly that the statistician’s survey would record
“long-run” functions and the absence of profits and losses.®

The “constant returns to seale’ 1s a tricky boundary case which, as

gencous of the first degree and g”/(u) <0, then the highest attainable profits
(zero) lic on a horizontal ridge just touching at all its points the sea surface. The
ridge is a straight line which goes through the point where latitude, longitude,
and altitude are all zero. All points of the ridge are equally high, viz., zero above
sea level. Ilence, the fact that the highest altitude (profit) is chosen by the
entrepreneur determines the ratio of longitude to latitude (direction of the ridge
on a map: ratio of labor used to capital used) but not their absolute amounts.
But if ¢”(u) >0 we shall have not a reef hut a boat touching with its keel the
surface of a (quicksilver) sea: zero profits will be lowest, not highest profits.

Under imperfcet competition, the condition of constant returns is generalized
into l 7r| =0in (4.3) or into the second equation in (4.10) (dropping the inecquality
sign). If the production function is linear in the logarithms of the 2’s, this condi-
tion becomes (4.7’) and is the same as the condition | 'yl =0, cf. (1.42), See foot-
notes 19 and 38.

% The nonnecessity of assuming constant returns to scale was pointed out by
Wickscll [48], as reported by the historians of the problem, Hicks [24] and
Stigler [42]. These two authors also hint only briefly in their more recent work,
[25], [26], [43] at the awkward implications of that assumption. A definitive
critical history of the subject will require thorough counting and interpretation
of the equations and inequalities involved: even Pareto and Walras do not scem
to have settled that count to mutual satisfaction: cf. Walras [46 ].
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s0 often in eeconomies, is too muech used in classrooms because of its
mistaken theoretical simplicity. The real interest of nondeereasing re-
turns to scale lHes in this: in theory they would preclude maximum
profits under perfect competition; nevertheless, they may oceur or
even prevail in actual fact. Thercfore the deviations of profits from
their maxima and the deviations of prices from eompetitive ones (and
the causes of such deviations) must be studied empirically. In the pres-
ent study, the existence of such deviations was, in fact, not excluded.

V. APPENDIX 2: CRITICAL NOTE
§44

The gist of the recent discussion on “‘interfirm production func-
tions” would have lent itself to easier understanding if the authors had
explicitly formulated the simultaneous random equations constituting
the economist’s hypothesis on firms’ behavior. Mr. Reder’s argument in
[38] seems to indicate correctly that the hypothesis must consist of
equations listed in our Introduction as (1), (2), (3)—preferably in a
generalized form admitting of imperfect competition. He correctly
states (in his last footnote) that the equations involved will vary from
firm to firm. This scems contradicted, however, by his assumption (in
introducing the article) that the production function “is known with
complete accuracy, i.e., the values which its parameters take are not
affected by random fluetuations. This assumption is made in order to
simplify our discussion which is primarily theoretical.” If this means
(in contradiction to his footnote just mentioned) that all firms have
the same production function, then, as illustrated in our Introduction
in the ease of demand and supply functions, the production function
will exactly coincide with the “empirical” (or “interfirm’’) function.
On the other hand, if all functions involved vary from firm to firm, the
quantities of output, labor, and capital will not trace out a single sur-
face (or, at constant capital, a single curve, whose derivative with re-
spect to L is eurve ww’ on Reder’s diagram), unless some additional
constraints on the form of their variation are imposed. Presumably, the
surface (or curve, or its derivative: Reder’s curve, ww’) is obtained by
fitting it to the scatter diagram traced out by those variations, and is a
“mongrel” surface. This lack of clarity scems to be due to the attempt
to make the diseussion “primazily theoretical,” in the sense of omitting
explicit treatment of random fluctuations. However, Reder’s analysis
seems to point in the right direction.

§45

Bronfenbrenner’s [3] interpretation of the “empirical production
function” (i.e., the function fitted to the data on output, labor, and
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capital of & number of firms) seems different. He seems to consider the
empirical equation not as a “mongrel equation’ at all; but rather as
one of the equations of the system. The system he suggests consists,
for each firm, of our equations (1), (2), (3), correctly assumed to change
from firm to firm; and, in addition, of the equations, one for each firm,
expressing the absence of profits,

(5.1) ToPa = L1y + Tope,

and, further, of two aggregate supply equations, one for each produe-
tion factor (cf, §341-42 above), Thus perfect competition is assumed
not only in the sense of the prices being independent of any single
firm’s action; but also in the sense of instantaneous free entry or exit
of firms, destroying instantancously profits and losses. (As shown
above, such a system, to be consistent, implies certain restrictions upon
the functions involved.) Equation (5.1) which expresses this assump-
tion, does not seem to contain, in Bronfenbrenner’s view (if we interpret
him correctly), any terms fluctuating from firm to firm. Hence the em-
pirically fitted function must exactly coineide with (5.1). We do not
think this is realistic. Entry and exit of firms, and the consequent
wiping out of profits and losses (and the adjustment of the funetions
involved, to make the system consistent), can hardly be regarded as
rapid enough to ensure, at any time, actual absence of profits and losses
among the statistically observed firms. If, therefore, the “zcro-profits’
equation can be included at all in the system of equations deseribing
a firm, with a random term to denote a profit (or loss), that random
term is certainly subject to strong fluctuations from firm to firm. There
is, therefore, little likelihood that a function fitted, e.g., by the least
squares, would give even an approximation of the equation (5.1).37

37 Unfortunately, certain statements of Bronfenbrenner make it very difficult
to understand him. It seems to us that to interpret the “interfirm’ function as
coinciding with (5.1) is not compatible with Reder’s interpretation of it as what
we have called a “mongrel” function. Yet, Bronfenbrenner expresses partial
agreement with Reder, and merely points out that monopsony in the labor
market, which Reder (in our opinion, rightly) regards as compatible with
Douglas’ empirical findings, is not thus compatible. Those empirical findings
had stated that the regression coefficient of log zo on log zy happened to come close
to the ratio of the aggregate pay roll of all firms to their aggregate output (cf.
our §32). Supposing that this ratio was nearly the same for all firms, this
finding would indeed imply absence of monopsony, provided the empirical regres-
sion function did really represent the production function. But if the empirical
funection is thought to be (5.1) then Douglas’ finding would follow in any case,
regardless of absence or presence of monopsony, since from (5.1)

d log zo/0 log 2, = (9z0/021)(21/%0) = 121/ Po%o.

Bronfenbrenner’s use of those findings leaves us, therefore, uncertain whether,
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VI. APPENDIX 3: CONSISTENT ESTIMATES OF PARAMETERS OF
SYSTEMS OF LINEAR EQUATIONS WITHOUT TIME LAGS

§46

At the end of §22 it was stated that the sample variances and covari-
ances s;; are consistent estimates of the corresponding true values ;.
This statement will now be elaborated on the lines of [31] with respect
to the gencral case (1.36), which is more symmetrical and therefore
easier to handle than our special case (1.34).

It is required to estimate v;, v, o (4, k=0, 1, - - -, #) in the equa-
tions

(1.36) v; + Z YVirRe = € (G=0,---,1),
0

using n sets of observed values (2o, - - -, 2oy) (f=1, - -+, n). No as-
sumption is made as to the form of the distribution of the ¢;’s, except
that (1) the random sets (eoy, = * -, &), (€07, * -+, &), = + -, affecting
the sets of observations numbered f, f/, - - -, are independently dis-
tributed, each having the same distribution, and E(e;) =0 for all val-
ues of j; (2) that all moments of ¢; are finite; and (3) that | ¢ | #0.

Write |o| = determinant |ol, o™ = [loali™,
|v| = absolute value of the determinant L] 28
1 =
(6.1) ik = — 2 e,
N fel

Form the expression

1 18L&
(6.2) L = log || + - log |a|—1—3220’k¢1ﬂu

7=0 k=0

after all, the empirical equation is, in his opinion, (1), or (5.1), or a “mongrel”
one. Also, though the explanation he gives verbally to his Figure 1 leaves little
doubt that (5.1) must be meant [represented in the (zo, 21)-plane by a straight
line through the origin, with slope pi1/po] his algebraic expressions again create
doubt: ef. [3], p. 40, equation (7) and the accompanying text.

38 Conditions (1) and (3) above are not compatible with | v| =0, ¢.g., the case
of “constant returns” under perfect competition is excluded; of. second para-
graph of footnote 35.

Condition (1) follows from §14.

# Thus, while s;z in (2.2) is the mean sum-product of ¢'s in the sample, meas-
ured from the sample means, g;x is the mean sum-product of ¢s in the sample
measured from zero (i.e., from the population means since Fex=0). Finally oj&
is the mean sum-product of ¢'s in the population, measured from zero. Symbols
sA, gA, oM are used when all parameters have such values as would make L in
(6.2) a maximum. Typographical limitations prevented the use of symbols like 2.
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the logarithm (apart from a constant) of the likelihood funetion of a
normal distribution.* Suppose that, from knowledge additional to the
observations, we have w relationships

(63) Fﬂ(’YO; Tty Yoy Y00, Tty Ywwy TG00, C C ¢, va) = {
(u:l,...,w)'

Further use symbol P,(A) for the words “probability that, when the
sample has size n, 4 is true.”

It has been proved that the values v;=v;7, vr =17, o =0 A that
make L the highest maximum, subject to the side conditions (6.3) are con-
sistent estimates of the v's and o’s; i.e., for any positive 7, the proba-
bilities

Pallyi = v S 0), Pallvi — vied| S 0), Pal] a6 — aiph| = ),

all have limit 1 as n— o,

If the joint probability distribution of the ¢,’s is normal, these esti-
mates are maximum-likelihood estimates. For that reason, according
to a well-known theorem (see Wilks [49], pp. 138-139), they are con-
sistent estimates. If the distribution of the e,’s is not normal, the esti-
mates arc not maximum-likelihood estimates, but may be called,
because of the method of their derivation, “quasi-maximum-likelihood
estimates.” In this case, their consistency has been proved by Mann
and Wald [31], Part II, even under conditions more general than those
here assumed (see last sentence of our §16).

We have to differentiate L with respect to w,, v, and % (g, h

4 The density of the normal joint probability distribution of the e;’s
(=0,---,9v,f=1,.- ., n) is—see, for example, Wilks [49]—:

1 v v [
CI o l”'“ exp (— - > > a""e,'/ek/)dem vt devn
2 J=0 k=m0 f=1
n 1 v R
= C|o|™2exp (" =2 2 tf”‘q":)dEol < - den,
2 J=0 ke
where C is a constant. To transform this into the joint distribution density of
the z;’s (j=0,---,9; f=1,- ., n) we have to multiply by the absolute value
of the Jacobian of our equation (1.36) (for f=1, - .-, n), i.e., by the absolute
value of
6(6011 cee émx) - l 7"‘
zor, * + + , Zw) )
Thus the product
n L v A
(6.2a) C: ]*/I [ o | exp (— — > > a”‘q,-k)
2 Jm0 k=m0

gives the likelihood function to be maximized. Its logarithm (apart from a con-
stant) is L in (6.2).
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=0, - - -, v); the latter is more convenient than differentiation with
respect to o, as it gives at once (the sign A indicating the values that
maximize L)

dL \A 1
(64) (aaﬂh> - _2_ (2 - 5071)(‘70’2 A— qﬂhA) =0 (g, h = O: ) 1)),

(6.5) o = qph (G k=0,---, 1));
or in matrix form
(6.52) lloall = llaAll

For the other derivatives, we shall nced the identities—from definitions
(2.2), (6.1)—:

(6.6) qix = Sjx + &éx,
(6.7) St = D0 2 Y oMo Vear
p=0 ¢=0
(6.72) sl = {ll -l -l 11
Hence by (6.6)
aq x 0é; dE
I 2 & = dj& + Suy,
vy vy vy
aL \A 1 L 0k
69 () --,Zn et
v, 25 % vy
1
= — —( Z a%*gA + Z UiaAéjA>
2\ % i
=_ZU”kAékA=O (g=0,"’,1)),
k
a system of (v41) homogencous linear equations in &A (k=0, - - -, v).
Since its determinant ¢~ is not zero,
(6.9) &h =0 (k=20,---,0);
hence by (6.6)
(6.10) llaAll = llsAll,
and by (1.36) and (2.1)
6.11) vt = = D v,
k=0

which is the usual kind of equation for estimating the constant term.
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Finally, to obtain dL/dv,s, calculate, by (6.6), (6.9),
("‘11"») - (asjk >A+ o5 &n + O &
Y ah dYoh Yoh Y on
3855 \ A
( ”‘) by (6.7)
3Yyh

= Z Z (5ni5hpmm7kqA + 5nk5hq7nm7jp/\)

b4 ?

= Z 8 /Mng Y™ + Z ¥ip M pabyr;
q »

]

hence

¢ A
(2 =% o) = 2 2 5 ormma
E o q

Yer 5 &

aL \A
(6.12) ( ) = yhA — D7 D oAy Amg = 0,

Yon kg
(6.12a) AvAlly= = lloAll=flva]l {lml| = o.
If there were no side conditions (6.3), the unknown v’s and ¢’s would
have to be determined from (6.5), (6.11), and (6.12). However, this
would be impossible since equations (6.12) are not independent of the

rest. This is seen from the above matrix equations, We have by (6.5a),

(6.72), (6.10),
lonl] = gl = lfsal] = vl [yl
(6.13
) oAl = vl I} vl = o

Premultiplying this by ”cr/\”‘1 and postmultiplying by (“7/\“ N1 we
obtain (6.12a).** The system contains as many dependent equations
as there are unknown «;;'s.4

§47

If we have as many side conditions (6.3) as there are unknown v ;s
(counting also each known ¢ as one side condition), the necessary
conditions for the maximum of L are of the form

L o AF A
+ )\u ) = O:
(aet E 80,

Fu/\=O(t=1’...,w’;u=]’...lw),

it See, for example, Aitken [1].

# It is impossible to have estimates of all the parameters . . . on the basis of
observations alone. However, if we have some a priori knowledge as to (their)
values, then it may be possible to estimate all the unknown paramecters.” Mann
and Wald [31], p. 201.
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where the #’s denote w’ unknown consistent estimates (all ¢’s and some
v's) and where the N's are Lagrange multipliers. If the number of side
conditions is exactly equal to the number of unknown «;’s, then one
solution is provided by all N's being zero, since we then obtain the
equations

L \A
(6.14) (af)>=0’ Fuo=0@=1--- ,w5u=1---,w),

¢

of which the first group is equivalent to (6.4), (6.8), and implies (6.12),
so that we have the system

2 v
TiEh = D 2 VisMpeYiah,

p=0 q=0
(6.15) A
Yif = = 2 ViphEn
p=0
FPir=0@ k=0, v;u=1---,w).

The problem has thus become that of a nonrestricted maximum of L,
regarded as a function of ¢’s only. For any set of v’s, the equations
(6.15) will provide a set of ¢’s such as will satisfy the necessary condi-
tions for L maximum, or mintmum. We have to see whether such a set
of ¢’s makes L a maximum (and not, for example, & minimum); and
whether this maximum is higher than other maxima, to fulfill the con-
sisteney property of the maximum-likelihood estimates.

§48

To show that the roots of (6.15) make L a maximum we have to
show that the matrix
L

Ao o™

[by (6.4)]

fo- s

is negative definite, as it will be shown later (§49) that L will then be a
maximum for the problem. We may omit a discussion of the constant
terms v; as trivial.

Differentiate with respect to o7 the identity

lofl-lol™ = 2,
LN M S
?J!_‘L”.Ha““ = — ol lIu],

aa.ra
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where any element of ||y|| is one when j =7, k=s, and is zero otherwise :

il
do™ == ”0” H"7[| 'HJH’
o
9L 1
W == —2— (2 - 50h) (2 - 5”)(0'0,-0'1,, -l— o'h,.g'“)

= = Qgh,rs, say,“

If g=h, and 7 =38, s = 64rons;
if g=#h and r =38, Qure = 040k + Ohoge;
if g=~h and 753, Gur = 6pr0n + ooy

if g#h and 58, Qure = 20,04 + 2 orop.

Let matrix 4 =||a,a.||. Construct another matrix B =|[bys,|| as fol-
lows: in the (g, A)th row and the (r, s)th column place the clement
oorone. Then A can be obtained from B in the following way: if h>g,
add the (h, g)th row to the (g, A)th row and delete the (R, g)th row;
if s>, add the (s, 7)th row to the (r, s)th row and delete the (s, »)th
row, The resulting matrix is A. Hence 4 is a diagonal minor of a Her-
mitian matrix cogredient with B. Thercfore, if we succeed in proving
that B is positive definite, it will follow that A is also positive definite,*
and therefore ||82L/do7"d07| negative definite.

It remains to prove that the matrix B, whose clements are of the
form o,,05,, is positive definite. This follows from the assumptions of
§46: the random sets {e,-,}, {ek/»} (G, k=0, - - -, v), are independently
distributed, and | ¢ ,-k| #0. Since & moment matrix can be either posi-
tive definite or singular, the latter condition implies that ||| is posi-
tive definite. On the other hand, the independence of the random e-sets
implies that

E(esreny ) eseer) = Eegpers Eenpresys = 041008,

so that B, too, can be considered a moment matrix. Since I o] #0, each
of the sets { ey}, { e} i5 linearly independent. Hence the sets { e;xexs }
are linearly independent and therefore |B| = | ag,ahl #0, and B, too,
is positive definite.

§49
It follows from the results of §46 that, whenever o=s; (4, &
# The proof that follows and that in §49 are duec to Herman Rubin, Cowles

Commission.
# Sec, for example, Wedderburn [47], p. 100, Theorem 17.
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=0, - - -, v) L has the same constant value L”, whatever the values
of the v’s. We have then, in fact, by (6.2)
1 1 r r
LA =log | yA| + —log | or|=t — — 30 27 o7 Agih;
2 2 320 k=0
but since by (6.13),
| oal = an] =fsal =yl [ m| - 4nl =] v2|2| m],
1 1
(6.16) LA = — ?Iogl m| - (i——;——)—

Since, by §48, []02L/aafk6apq|| is negative definite, L is a maximum
with respect to the ¢’s. We shall show it is the highest maximum. De-
note by ¢ the set of o;’s, and by v the set of unknown v;’s. Denote by s
the set of s,+’s; and since each s;; is a funetion of v;’s (6.7) we can write

s = s(y).
Whenever é=s(y), L=L":
L(s, v) = Lls(y), v} = LA,

Change vy to v’; and change é to ¢’. Then either ¢’ =s(y’), in which
case L(¢", v)=L". Or ¢'s(y’), in which case, by §48, L(¢’, ¥') <L".
This can be extended to the boundaries of the é-region, i.e., wherever
llo sl and hence ||6°L/ds7%a579| is definite. In that region L<L” if
é7%s(y), and L=L"if 6=s(y).

§50

In our particular case, (1.34), the unknown parameters are:

Yo, Y1, Y2, corresponding to the ;s of the gencral case;

six covariances o, (7, k=0, 1, 2), corresponding to the o;z’'s of the
general case;

four coefficients e/, a2, B, B2, corresponding to the v ;'s of the gen-
eral case,

We should thus need four side conditions to obtain a system corre-
sponding to (6.15) and have

F.=0 (u=1"":4)’
ol = Z Z Yip MpeYre" (.77 k= 0, l, 2);
p==0 ¢q==0

2
it - Z Yis™\2p.
p=0
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In the second group of equations one will recognize the equations (2.3),
with ¢/’s replacing the s’s, and where v;,"’s become the estimates of the
coefficients of z’s in (1.34), forming the matrix

1 —ay'A —ap'A
6.17) 1 =g 0 || =l
1 0 — B

Of the four side conditions two can be given by

= ¢, (a constant),
(6.18) Br= el )
B2 = ¢2 (a constant);

that is, we can combine trial values to 8, and 8. Four such combina-

tions were tried (see Figure 2; the second combination falls outside of
the relevant area):

ﬁl = ﬁz = 1, ,31 = ,32 = 15, ,31 = 1, ,32 = 1.5, ,31 = 15, ﬁz = 1.

In addition we have several inequalities, derived in §§18, 19, 20 from
economic considerations. We can use any of them in the form of equali-
ties: e.g., from (1.37)%

0‘00/\ = Coo — (lz,

where d is an arbitrary real number. As d changes, the solutions move
within a region bounded by the condition

(6.19) oo = Coo;
i.c., (since oo™ =s00™), by the ellipse

(6.20) Coo = Moo + a1’A'myy + ' Ay
— 20y Amgy — 200’ Mmgs + 201" Ao’ Ame,

corresponding to the first of the equations (2.3). Similarly with the
other inequalities of §§18-20.

Since by §49 the condition ¢jz=s;; makes the likelihood function
the highest maximum regardless of the values of the o’s and 8’s, any
number of additional inequalities can be imposed as further side condi-
tions.# If the four or more side conditions become incompatible with

% See, for example, Hancock [23].

% Jf there exists a point &’ =(x/, 4/, - - -, z+/) where a function f(z)=f(z,
Zs, + + +, x,) under the restrictions
M $afz) =0 (@=1,---,4) wz) 20 (b=1,---,B),

reaches an absolute maximum, and if that point z’ is found to satisfy certain
additional restrictions
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the observations, the boundary will not form a region on the diagram.
This may be just what we want to know: for example, certain values
of 1 (labor monopsony as measured by the elasticity of a firm’s pay
roll with respect to its manpower) may not be compatible with: (1) the
observed values of labor, capital, and output, as resulting in the com-
puted moments m;; and hence in the curves of the Figures 1, 2: (2) other
economie considerations resulting in the boundary lines.

On the other hand, insofar as we do get regions of compatible esti-
mates of our parameters, judgment may be formed about the limits
within which our parameter sets may lie. This is done in §37 but merely
as an illustration: the shorteomings of data, deseribed in Chapter I11,
are too large.

§51

The results of Mann and Wald would, furthermore, permit, for any
chosen significance level, the construction of confidence regions, one
for each set of side equaiions (not inequalities) (6.3). If one or more
nonlinear equations—such as (6.20)—occur in the system, we have, in
general, one or more pairs of sets of roots, each set giving the same
maximum value L to L (§49). Hence, we shall have two or more sets
of consistent estimates (e.g., two points of intersections between el-
lipse and straight line): and confidence regions would have to be built
around each of them. Correspondingly, the boundaries of the regions
based on certain (two or more) inequalities will be widened somewhat.

As explained in §26, published data on manufacturing industries are
such as make it difficult to decide what is the number measuring the
size of the sample to be properly inserted into the confidence-region
formula. In the example used, this number (at least 85) is probably
large enough to make consistent estimates useful, and hence to make
the construction of regions like those in our diagrams useful enough.
But it is not certain enough to make it worth while to compute numeri-
cally the confidence regions around each sct of estimates.

Cowles Commission for Research tn Economics
The University of Chicago

(i) Ye(z) 2 0 (c=1,.-+,0),

then evidently every point z” where an absolute maximum of f(z) under the
combined restrictions

(iii) $a(x) =0,  Yu(x) 20, (2) 20,

is rcached, is a point where f(z) reaches an absolute maximum restricted by (i)
only, and which satisfies (ii), and conversely (H. Rubin).
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