COWLES FOUNDATION
FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY

MONOGRAPH 23






Efficient Estimation

with A Priori Information

Thomas J. Rothenberg

New Haven and London, Yale University Press, 1973



Published with assistance from the foundation
established in memory of Philip Hamilton McMillan
‘of the Class of 1894, Yale Coliege.

Copyright ® 1973 by Cowles Foundation for Research in Economics

at Yale University. All rights reserved. This book may not be reproduced, in
whole or in part, in any form (except by reviewers for the public press),
without written permission from the publishers.

Library of Congress catalog card number; 73-77164

International standard book number: 0-300-01607-7

Set in Tirnes Roman type
and printed in the United States of America by
The Murray Printing Co., Forge Village, Massachusetts,

Published tn Great Britain, Europe, and Africa by

Yale University Press, Ltd., London.

Distributed in Canada by McGill-Queen’s University Press. Montreal :
in Latin America by Kaiman & Polon, Inc., New York City;

in Australasia and Southeast Asia by John Wiley & Sons

Australasia Pty. Ltd., Sydney; in India by UBS Publishers’ Distributors
Pvt, Ltd., Delhi; in Japan by John Weatherhill, Inc., Tokyo



Contents

iyeface

('HAPTER 1. ESTIMATION AND INFORMATION

1. A Priori Information, 1 2. Alternative Approaches, 3
1. Ctassical Estimation Theory, 6 4. Some Mathematical
Results, 13

CHAPTER 2. ExacT PRIOR INFORMATION

1. Introduction, 17 2. Constraint Equations, 18 3. The
Asymptotic Bound, 23 4. An Example, 25 5. Constraint
Parameters, 29 6. Identification, 35 7. A Generalization, 38
¥. Some Qualifications, 41

C'HAPTER 3. INEXACT PRIOR INFORMATION

I. Introduction.43 2. Information from Previous Samples, 43
3. Some Extensions, 47 4. Inequality Constraints, 49 5. The
Linear Model with Inequality Restrictions, 53 6. Summary, 58

CHAPTER 4. EFFICIENT ESTIMATION OF SIMULTANEOUS EQUATION
SYSTEMS

1. Introduction, 59 2. The Model, 60 3. Efficient Estimation:
Structural Restrictions Ignored, 63 4. Efficient Estimation:
Structural Restrictions Utilized, 65 5. The Derivation of
H,,, 68 The Variance Bound, 72 7. Covariance Restric-
tions, 73 8. Z-Restrictions and Identification, 78 9. Efficient
Estimators, 79 10. A Generalization, 83 11. Summary, 86
Appendix A, 87 Appendix B, 91

CHAPTER 5. THE VALUE OF RESTRICTIONS

1. Introduction, 94 2. A General Result,96 3.Examplel: An
Artificial Model, 98 4. Example I1: A Macroeconomic Model,
103 5. Example II: Numerical Results, 108 6. Summary, 115
Appendix, 116

vii

17

43

59

94



Conten

CHAPTER 6. THE BAYESIAN APPROACH TO ECONOMETRICS

1. Introduction, 132 2. Bayesian Decision Theory, 133 3. The
Bayesian Analysis, 135 4. Specification of the Prior Density,
139 5. A Simple Econometric Model, 144 6. The Bayesian
Solution, 147

CHAPTER 7. THE VALUE OF BAYESIAN STRUCTURAL INFORMA-
TION

1. Introduction, 154 2. The General Problem, 154 3. Identi-
fication and Precision from the Bayesian Point of View, 156
4. A Bayesian Information Inequality, 159 5. A Limit Result,
162 6. Some Quantitative Results, 164 Appendix, 169

References

Index

1

15

173

177



Preface

Over the years econometricians have developed special statistical methods
lor handling the problems that arise in analyzing economic data. These
special problems and methods are the topic of numerous textbooks and
are studied by nearly every economics graduate student. Although econo-
metric techniques do have features which distinguish them from the
techniques used in other fields of application, there is a danger that these
special features are being overemphasized. By concentrating on the
uniqueness of econometric methods one tends to lose sight of the fact
that these methods are based on a general theory of inference. Often it is
possible to gain a better understanding of econometric problems, not by
¢mphasizing their peculiar characteristics, but rather by seeing how they
fit into the broader structure of statistical theory.

This book presents an attempt at unifying certain aspects of econometric
theory by embedding them in a more general statistical framework.
T'he unifying feature is the use of a priori information and the basic tool
is the traditional Cramér-Rao inequality. I believe that many confusing
aspects of the simultaneous equations problem can be cleared up by
viewing that problem in a broader context. Certain results on identifica-
tion and efficiency turn out to be quite elementary when viewed at a
general level but are not at all elementary when studied in the particular.
Furthermore, the limitations of our econometric theory are made clearer
when seen in the general framework of traditional statistical theory.

The present monograph can usefully be viewed as an extension of the
research reported in Cowles Foundation Monographs 10 and 14. These
carlier studies, many of them written by leading statisticians, represent a
systematic application of the methods of mathematical statistics to
cconometric problems. The present book uses the same basic approach
and many of the same techniques. By generalizing and extending these
earlier studies it has been possible to develop a unified theory of estima-
tion which contains many of their results as special cases.

The use of considerable mathematics is unavoidable in a book dealing
with econometric theory. The reader should be familiar with the material
contained in an introductory course in mathematical statistics and should
be comfortable with matrix notation. Nevertheless, this is not a treatise in
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viii Preface

mathematical statistics. My purpose has been to help bridge the gap
between the textbook presentation of econometric methods and the
mainstream of modern statistical thcory. Many of the more difficult results
are stated without proof; and most of the tedious algebra has been placed
in appendixes or omitted entirely.

The theory of efficient estimation is only a part of theoretical econo-
metrics; and theoretical econometrics is but a small part of the broad
subject of empirical cconomics. There has been in recent years an unfortun-
ate tendency to overemphasize formal econometric theory at the expense
of the commeonsense application of econometrics to real social problems.
In addition to the gap between econometric theory and traditional
statistical theory, there is an even greater gap between econometric
theory and good econometric practice. The reader will understand that
this book’s concentration on the former problem in no way diminishes its
author’s concern over the latter.

The research for this monograph has extended over an embarrassingly
long period of time. The first five chapters are a major revision of my
doctoral thesis submitted to the Economics Department at M.L.T. in 1966.
Chapter 6 presents the results of research that I began in 1963 while a
staff member of the Econometrics Institute of the Netherlands School of
Economics (Rotterdam). Various other parts of the book were written
while T was associated with the Transportation Center at Northwestern
University, the Cowles Foundation at Yale University, and the Center for
Operations Research and Econometrics at Louvain {Belgium). I am
grateful to these institutions, as well as the University of California,
Berkeley, for providing me with financial support, secretarial and research -
facilities, and, most of all, stimulating colleagues. Additional support from
the Ford Foundation, the National Science Foundation, and a U.S.
Government Fulbright Fellowship is gratefully acknowledged.

It is impossible to acknowledge all the help I have received in the many
years of this research. However, my debt to Ralph Beals, Jacques Dréze,
Frank Fisher, and H. Theil is enormcus. [ am also grateful to Walter
Fisher, Edmond Malinvaud, and Roy Radner, who read earlier versions of
the manuscript and made valuable comments. My thanks also to Donald
Dillaman, Ronald Lanstein, {tzhak Venezia, and Greg Woirol for pro-
gramming and research assistance.

Berkeley, California T.JR.
December 1972



