CrartEr XXIV

ITERATIVE SOLUTION OF GAMES BY FICTITIOUS PLAY

By Georcge W. Browy

It 1s the purpose of this chapter to deseribe and to discuss briefly a
simple iterative method for approximating to solutions of discrete zero-
sum games. This method is related to some particular systems of dii-
ferential equations, which have been considered, along with some other
systems of differential equations whose steady state solutions ecorrespond
to solutions of a game. Some of these and similar dynamical systems
have been considered independently by von Neumann and will be treated
in a joint paper [1950].

The iterative method in question can be loosely characterized by the
fact that it rests on the traditional statistician’s philosophy of basing
future decisions on the relevant past history. Visualize two statisticians,
perhaps ignorant of min-max theory, playing many plays of the same
discrete zero-sum game. One might naturally expect a statistician to
keep track of the opponent’s past plays and, in the absence of a more
sophisticated calculafion, perhaps to choose at each play the optimum
pure strategy against the mixture represented by all the opponent’s
past plays.

For caleulation purposes the rule used here is that strategies will be
named in turn for each side, choosing at each turn a pure strategy which
is optimal against the cumulated history of the opponent’s plays to date.
Stated algebraically, let A;; represent the matrix of payments from player
2 to player 1, let 7, and j, be the nth choices of pure strategies for the
two sides, let £™ and »{™ be the relative frequencies of strategies ¢ and
Jin (41, dg, -+, %x) and (1, jz, -+ , jn), respectively; then the rule
adopted is that j, should minimize Y ;™ A;; and n+1 should maximize
SiAgm™. If 4y is specified arbitrarily, this defines the sequence 7,
J1s %2y Ja, + - - recursively, except for possible muitiple extrema, which can
be handled by any convenient rule, for example, by ordering the strategies
for each player. Letting ¥, = min; 3¢ A4,; and V,, = max; 34,7,
it is readily seen that ¥V, < V < V,, where V is the value of the game.
If the method is to be successful it is to be hoped that ¥, and ¥, con-
verge to V or, at least, that their limits superior and inferior, respectively,

374



CHAP. XXIV] ITERATIVE SOLUTION OF GAMES 375

are equal. The mixtures {£™} and {5} represent mixed strategics,
and the corresponding V, and V, are the most favorable payoff that
either player could insure by the use of the particular mixture indicated.

It should be elearly pointed out that practically no nontrivial prop-
erties of this iterative scheme have been mathematically established.!
All that is rigorously proved so far is that if the V, and ¥V, converge at
all they must converge to V. This is comforting, of course, but far
from sufficient to justify the method. Some support can be gained from
the relation the method bears, as a difference equation, to a set of dif-
ferential equations whose convergence can be shown to be like 1/f, where
¢ corresponds to n in the discrete version. In the system of differential
equations the convergence rests on the fact that tV(¢) and {V(f) main-
tain a constant difference between them. Further empirical support
can be drawn from the experience gained in using the method on a num-
ber of different examples, of dimensions up fo the now-famous diet prob-
lema {which reduces, in one form, to a 9 by 26 game). In the exarples
worked, the accuracy of the approximation, measured by the approach
of ¥V, and ¥, to V related to the range of the matrix elements, seems to
go essentially like 1/n. If this is indeed so, it is extremely important
for the solution of large matrices, by virtue of the fact that each iterative
step takes a number of operations proportional to the linear dimension
of the matrix, rather than to a higher power of the dimension, as in
other computation schemes which have been suggested. Granting that
for very high accuracies convergence like 1/n becomes painful, it may be
possible to use this method to get near, and some other method to finish,
the caleulation. It should also be pomted out that extreme precision
is ordinarily not required in practical applications.

The calculations required by this method are extremely simple.
Calculation of optimum strategies at each step does not require nor-
malization of the mixed strategy and payoff to make the sum of the
probabilities unity. Instead, we may simply cumulate the vector payoff
againgt 7, into the last cumulative vector sum, and similarly for the
payoffs against j,. Division of the maxima and minima by n to get
V, and V,, need not always be performed, but in any case this operation
would be negligible in time compared with the vector addition if the
dimensions of the game matrix were large.

The attached caleulation consists of 25 steps carried out for the 4 by 3
matrix in Table I and illustrates typical behavior of this iteration. The
values of ¥V, and V, were calculated for each step to show the progress
of the calculation in the early stages. The initial choice of 7; = 21is an

t It has since been shown by Julia Robinson thaf iterations of this kind must con-
verge. Her result will appear in The Annals of Mathematics.
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unfavorable choice with respect to minimum payoff to the first player
for a single strategy. In case of ties the lowest index has been chosen.

TasLe I. Game MATRIX

}Q\ 1 2 3
1| 3 1.1 | 1.2
2| 1.3 | 2 0
3| 0 1 3.1
4| 2 1.5 | 1.1

Note particularly that, while V. and ¥V, jog around considerably, the
difference between the maximum element on one side and the minimum
element on the other (nV, — nV,) stays practically constant.

TapLe II. CUMULATIVE PAYOFFS

n| de |j=1|3=2|i=8| Va | Vo [l 4u |[{1=1]i=2|i=8[i=14
1] 24§ 13| 200 |oO 3.1 3| 1.2]{0 3.1 1.1
2| 3| 1.8) 30| 3.1{0.65|2.1 || 1 | 42| 1.3} 3.1| 3.1
3| 1 | 48 41| 43| 1.87|1.77}f 2 | 58| 3.8} 4.1| 4.6
4| 1| 73| 62| 5.5|1.830|1.60| 2 | 6.4 53] 51| 6.1
5| 1 1103| 63| 6.7[(1.2671.521 2 | 7.5| 73| 6.1| 7.6
6| 4 |123| 7.8 7.8}{1.30|1.554 2 | 86| 9.3| 7.1| 9.1
71 2 |186| 98| 7.8fl1.11|1.46| 3 | 9.8| 9.3|10.2]| 10,2
8| 38 [13.6|108[109]1.35{1.46)|] 2 [10.9|11.3 | 11.2 | 11.7
9| 4 |15.6]12.83|12.011.33|1.591 3 |12.1|11.3| 4.8 12.8
10| 3 [15.6|13.83|15.1((1.33|1.58| 2 |13.2{13.3|15.3]|14.3
1| 3 [156|14.3|18.2(]1.30 | 1.48| 2 |14.3|153]116.83|15.8
12( 3 |15.6| 1531213 1.28|1.44( 2 |15.4|17.3{17.3|17.3
13 2 |6.9|17.3[21.811.30|1.48( 1 |18.4|18.617.3| 19.8
14| 4 |189]18.8] 2241 1.34|1.40| 2 [19.5])20.6|18.3| 20.8
15 4 [20.9120.3(23.5(1.35|1.50 2 [20.6]226|19.3!223
16| 2 [22.2|22.3|23.5(/1.89|1.562( 1 |23.6|23.9|19.3] 24.8
17 4 [24.2| 288 (24.6}/1.40|1.52] 2 |24.7|256.9|20.3; 25.8
18| 2 | 25.5|25.8(24.6|1.37(1.49] 38 | 259|259 |23.4|26.9
19| 4 |27.5]27.3 257 1.85]1.47} 8 127.1|25.9]26.5]28.0
20| 4 [29.5|28.8}(26.8(1.34/1.48|| 38 |28.3|25.9|29.6|20.1
21| 3 |29.5{208(20.9(1.40|1.49} 1 | 31.8]27.2|29.6]31.1
22| 1 (8253809 |31.1|1.40]1.48] 2 |32.4|20.2]|30.6]32.¢6
23| 4 |34.5(324{32.2]1.40f1.47( 3 |33.6|29.2]|83.733.7
24| 3 134.5(|338.4(35.31.30|1.47| 2 [84.7}81.234.7|35.2
25| 4 |36.5|34.9(36.4]1.40|1.47 2 |385.8|33.2|357]|36.7




