XIV. CONSISTENCY OF MAXIMUM-LIKELIHOOD
ESTIMATES IN THE EXPLOSIVE CASE
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1. Introduction

It was shown by Mann and Wald [1943] that if a temporal stochas-
tic process described by linear difference equations is damped with-
out disturbances, it is stable {(the expectations of the squares of
all variables are uniformly bounded) with disturbances and the “max-
imum-likelihood” estimates of the parameters involved are consistent.
However, a system which is stable or explosive (the expectations of
the squares of some variables being unbounded) without disturbamces

is explosive with them. Here we prove consistency in a simple exam-
ple of the explosive case.
Let us consider the equation

(1) x, = px,; +tu,, el 21 (t=1,2, ...),

where p is a real number, the u, are real stochastic variables inde-
pendently distributed with mean 0 and variance o2, and X, is a given
real number. (The results derived here hold equally well if p, u,,
and x, are complex numbers, quaternions, or Cayley numbers,) The

-~

maximum-likelihood estimate g of the parameter p is defined as

Extxt—l
(2) p= —m4m,

E"i—l

r

where
(3) :E: =

356

t=1
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[In the case of complex numbers, quaternions, or Cayley numbers,
replace (2) by
_ PIER I

2z Xy %y

where % denotes the conjugate of x.] We shall show that

(2" 5

(4) plimp = p .

To®

2. Transformation of the Problem

We can write (2) in the form

. X loxyy +udx, P _Pxi-l N POV
p - =
) xi-—l > %ot 2 %1

(53 2 u, %,y
+ ———

- P
Ex:,l

By the Cauchy-Schwarz inequality,

) e

Hence

< (Tt (Xt

\ 2k
PILTE I 3 (3 u)
2 x:-; (2 x:_l)%

But. the u; are real variables independently distributed with
identical distribution functions and means o?. Hence [Cramér, The-

orem 15]
(8) plimlT Eu: = o .

()
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Let us consider the quantities Xy By (1), we have
(9) S 1 + -1 -
X, = pUx, p’ Tu + topupy toug.

Dividing (9) by pt, we obtain

t
(10) p'txt = x, + E ™t
T=1

3. System Stable Without Disturbances
In this section let us assume | p| = 1. Then
(11) Lo urd = lu.l.

We cbserve that for any 8 > 0 there exists a number 4(8) such
that if B > A(8) then

- 2 — 2
(12) fl%mlp wlPapw) = luPara) < o,

T

since 8(|u_ci2) = E(u?c) = g% < @, Therefore, if t > 4%(8) / €2,

we have

1
13 — _ <— 5§ = 6.
(13) - flul>m/]puldﬁ'(u) 2

Hence, for every e > 0,

2 -
(14) = 1f1u > ‘/...lp u. |” dF(u.) = 0,

t-Hnt T=

By the central limit theorem [Cramér, Theorem 2la],
Ly
= ~T
xX = ——= P u,r
vi T=1
2

is asymptotically normally distributed with mean 0 and variance o®.
Therefore, its cumulative distribution function Gt(x) converges
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uniformly! to the normal distribution ¥(x, 0, ¢?). Let us now
prove the following lemma:

LEMMA 3. There exists a number M\ such that for every e > 0
there is a t, such that if t > %, then for every b, }%( |x—~bd] < g)
< AE.

Since Gt(x) converges uniformly to ¥{x, 0, o?), we see that for
8¢ > 0 there 1s a ¢ty such that if ¢ > t, then

(15) th(x) - N(x, 0, o?)| < 8s.
Then
(16) Glbte) - Glo—e) < W(ote, 0, c?)—N(b—¢, 0, &%) + 28e .

But N{b+e, 0, 02) — N(b-e, 0, ¢?) < 26 /V2m0, siﬁce 1/'/:‘2_7;0*
is the maximum of d¥ /dx. Therefore

(17)  P(lx=b] <) = Glote) ~ Glo-e) < ¢ +28)

( 2
Vong
for t > t,. Take b in the foregoing lemma to be ~ x, //t_ Then we
obtain from {10)

/o=t
P X
{18) P(I ‘/E_l<e)<7ks,
or, since lp] =1,
(19) P(lx,| < evt) < 2e.

From (1) we see that

20 [l | - Irgl| = eyl = Toxgd] < by, = ol = Jugy, .
In the Tchebycheff inequality,

(21) P(ul > 80) < —l? .
=]

et Fn be a sequence of distribution functions converging to a continuous
distribution function F. Then K, converges uniformly to F.
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let us take

evi
(22} 6 = .

2uo
Then

vt 442 o2

23) P{lu_| > <
( (lugl 2w ) P
Therefore

evt 4p.362
(24)  P({lugpyl F lugpi + o0 + Iutﬂnl} > = ) < P

’

since if iut-rll +ooe 4 ]qu‘I > el/t-/2, at least one |ut+il is
greater than evf/ 2y, and

evt L eVt
25 Plat least u, . > P >
(25) (at least one t4i 2 ) < 1};1 (!utﬂ'l " )
On the other hand i1t follows that if & < p,
k [
(26) ]xt-l»kl 2z lxtl - 2|Ut+Tl z Ixtl - ElutJrTl .
T=1 T=1
Therefore
@D Plainllx, |, Iyl oo, b, ) < 225) < ne 4 459
min{ix, |, 12,00, oo 12y, 5 £ P
Hence we see that
t4 o 3 2
elpt 1)t 4
(28) (A2 < WDty 440
T=1 4 ezt
But
t+p t+p
(29) %2 > P
T=0 T T=t T

Take w = [44v/e* ], v > 1, where [x] denotes the greatest inte-
ger less than or equal to x. Tthen
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t+ [adv/ e*]

256 2 4° +*
(30) P( EO %, < Avt) < ne + —2TA YV
T=

et

And for any t > ([44v/€?] + 1)/ (v~ 1) we have

44v
(31) t+[ ]<vt—1.
&2

Let vt =71. Since

t+ [a4v/e?]

Fy
(32) 2 A< 2

t=0 t=1 1’

it follows that

256 o 4° v*
(33) P < A1) < e+ -—58?—"—
€

for T > max[to, ({44v /€% + 1)/ (v-1)}, with t, defined as in
the preceding lemma. Therefore

1
(34) plim-2—1' Ex:_l >4

I
for every 4 > 0. Hence

Sup

(35) plim = plim 1
T 2 T - 2
A E"t—1 e T E"t-—1

1 2
?E“t ot
[ S
- A

Therefore

( o)

(36) plim ———— — = 0,
Fre 2"12&—1)%
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and, from (5),

(37) plim § = p.

fom

4. System Explosive Without Disturbances

Let us assume now that | p| > 1. Denote by FxG the convolu-
tion
+

(38) FxG(x) = f Flx—t) d6(¢)

-

of the distrilutions F and G. If the distribution function of Uy

is F(x), then the distribution function of - u, is F(pTx).

Since the mean of p™" #_ is 0 and the variance of pTu_ is ¢*7 o?,

T
it follows [Wintner, Theorem 7.1] that if

ks

(39) Flx) xF(px) x - - xF(g"x) = Gx),

then lim Gn(x) exists and is a distribution function G(x).
R
Let us now prove the following lemma:

LEMMA 4. G(x) is continuous.

We shall consider three cases, for although the proof for the
third case applies also to the other two, it is the most complicated.

Case 1. F(x} is continuous. Then [Cremér, p. 37, equation (40)]
it follows that G is continuous.

For any distribution function ¥(x) denote by the functicnal
J{H{x)} the sum of all jumps of H(x). We observe that JA(Ax)} =
J{H(x)}, and that J{#{x)} = 0 if and only if #(x) is continuous. If
J{A(x)} <1, we shall say H(x) is partly continuous, and if J{H(x))}
=1, we shall say that F(x) is discrete.

Case 2. H(x) is partly continuous. Let J{H(x)} =8 < 1. From
(37) we have

(40) Gn(x) = Flx) % G, (px) .
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But

(41) JEHEXK) = J@#H) J(E).
Therefore
(42) J{G,(x)} = ",

We may derive from (37)

(43) Gx) = Gfx) xG(p™x) .
Using (39) and (40) we obtain

(44) J{6(x)} = 8" J(G(x)) < 8" .

Therefore J{G(x)} = 0, and G(x) is continuous,

Gase 3. H(x) is discrete. Denote by L{F(x)} the maximum jump
of H(x). We see that L{F(Ax)} = {#(x)}. We have L{F(x)} = ¢ < 1.
For if L{F(x}} = 1, then

Ply < x)

i
="
8
A
®

(45)
Prsx)=1 x2zz°,

and the variance of u_ would be 0, which contradicts its being a®

> 0. Using the fact that [Wintner, Theorem 7.6] J{G{x)} > 0 if
and only if

,}1 LiF(eP)) > 0,

we see from
(46) HL{F(pkx)} = kr_Ilcp =0

that G(x) is continuous.
Since the Gﬂ(x) approach G(x), it follows that for any € > 0,

there are a 8 and a f; such that if n > & then

(47) Bllx +x,) <8) < e.
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We observe that p-txt-xo has the distribution G;. Therefore,
for t > t;, we have

(48) Plg7t x,l <8) < &

Ve further observe that for any 6 > 0, and for any X, there is a
t, such that, if ¢ > t,, then

t
8
(49) lel”8 &,
o't
From (46), we have for ¢ > £,
(50) Px, | <lpl®s) <.

Therefore, for t > max(tc. tl), we see that

(51) P(lx, | >Kovt) > 1— .
Then
2 1 2
uy — 3 u 2
(52) plin—— < plim—T——Z——— < lim __‘i_T_..i = _.1_2_
I 2"%-1 I3 ‘;-"‘;-1 Py 2 2 - I ¢
Therefore

(2 T

(53) plim-—~—-———-—l-- ={plim—— | =0
T (Exi-l)é oo Exi-l

and

(54) plim § = p .



