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T. C. Koopmans and H. Rubin have discussed the problem of iden-
tification of economic relations in [II - 2], and have obtained a
number of very interesting results. In this note the problem
treated by Koopmens and Rubin is somewhat generalized and a differ-
ent approach to its solution is briefly discussed.

1. Definitions and Formulation of the Problem

Let x,, ..., ¥y be a set of ¥ variables' and let 4 = [o'gk]
g=1, ..., 6, k= l'i“' K) be a given matrix of rank G. De-

note the linear form ’e@l LT by I’g (g=1, ..., G) and let
=1 O ] (g, k=1, ..., G) be a given symmetric and positive
definite matrix. Furthermore, let

(1.1) ‘Pr(“.ll’ Gygr +=vs gy Opps Olgs ves O'GG) =0

(f'= 1! LR R)

be a given system of equations, called a priori restrictions, that
are satisfied by the quentities g and Ogh For any nonsingular

matrix Y= [ Vg, ] (. Ah=1, ..., G} we shall denote the matrix
YA by A(Y) and the elements of A(I‘G) by otgk(l') =1, ..., G;

E=1, ..., £). Thus, or.gk(l') = hgl Vgh %k Furthermore, we shall

he integer I corresponds to what was denoted £ in [II] .
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I11-1 NOTE ON IDENTIFICATION 239

denote the matrix T 2 Y’ (Y’ is the transpose of Y) by Z(Y) and
the elements of Z(Y) by crgh(l') (¢, k=1, ..., G). Finally,

G
the linear form hgl Ughlh will be dencted by LE(T )5

DEFINITION 1.1. A nonsingular matriz Y = [ Veh 1 (g k=1,

.v., G) is said to be an admissible transformatior if and only if
the equations

g lay (X)), a,(T), ..., e (Y},

(1.2)
0'11(1‘): 0-12(T)' reey O-GG{T)} =0

are fulfilled,

DEFINITION 1.2. An element g of the matrix A is said to be
identifiable' if o LX) takes only a finite number of different
values over the domain of all edmissible transformations Y. Sim-
tlarly, an element G,y 0f B is said to be identifiable if Ggh(l')

takes only a finite number of different velues over the domain of
all admissible transformations Y,

DEFINITION 1.3. The linear form I’g is said to be identifiable

if the coefficients o rrer gy are identifiable.

gL’
The matrix A has GK elements and the matrix @ has (G* +G)/2
elements. Thus, the total number of elements in the two matrices
Aand ¥ is equal to GK + (G} 4+ G)/2 = P (say). Consider the
elements of 4 and I arranged in an ordered sequence and denote
them by ., ..., BLD, respectively. The set @ = (81, DN GP)
can be represented by a point in the P-dimensional space, called

parameter space. For any nonsingular transformation Y we shall
denote the point (91(1'), . OP(T)) by e(Y).

DEFINITION 1.4, A coordinate 8, of a point 0 will be said to be
locally identifiable if there exists an open set & containing 6
such that for any admissible transformation Y either ef,(r) = 9y
or 8(Y) lies outside w.

Iihis concept corresponds to what was called multiple identifiability in
[11-2.4.4].
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The problem considered in this note is to formulate conditions
under which a coordinate % of a point © of the parameter space is
identifiable or is locally identifiable.

2, Two Lemmas

In this section we shall prove two lemmas which will then be
used for deriving necessary and sufficient conditions for the iden-
tification of Gﬁ‘

Consider the quadratic form

G ¢
— gh
(2.1) r=3 Xof iy,
k=1 pg=1
vhere [cgh] is the inverse of {Ugh]. Let £,, (k, L =1,..., 0

denote the coefficient of x,x; in X, For any nonsingular trans-
formation T we shall put

¢ G
(2.2) Xx) = 20 2ZofM(r)ilr)elr),
A=Y g=1 4

where [ PR L0 1 denotes the inverse of [ Ugh(T) ]. We shall denote
by £,,(Y) the coefficient of x,x; in X(Y).

LEMMA 2.1. For any nonsingular transformation Y we have Ej (Y)
=g, G L=1 ..., K.

Proof: Denote by I the row vector [ll - lG]. Using matrix
notation we can write

(2.3) =131y
and
(2.4) XY = 1(0) 37N (Y,

where L/ is the transpose of ! and £ is the inverse of Z. We
have

(2.5) r(xy = x 17,



I11-2 NOTE ON IDENTIFICATION 241

(2.6) | Yy = 1y,
and
(2.7) 2 Hy) = vyl g7l oyl

Hence, from (2.4} — (2.7) we obtain
(2.8) Yy =1y yltytylyp =13l =1,

and Lemma 2.1 is proved.

let @% = I(GI, . 6;) be a parameter point different from 8
and denote by l;, X*, and g;l the expressions we obtain from lg-' X,
and &,,, respectively, by substituting 6 for 6. Now we shall
prove the following lemma.

Lemma 2.2. If 0" is o point such that £}, = &,; (k, L =1,
k), then there exists a nonsingular transformation Y such that

sy

(2.9) gr; = E,(0) (, 1=1, ..., ).

Proof: From E:,l, = E,; it follows that X" = X identically in %y,

Xy Thus we have

2100 17 = XM =3 FoL 1, =X,

Since L,, ..., L are independent linear forms and since [Ugh]
is nonsingular, the rank of the quadratic form X is equal to G.
Hence, the rank of X* is also equal to G and, therefore, LI, cens lz

are independent linear forms. From this and (2.10) it follows that
ecach linear form l; is a linear combination of the forms I,, ..., I,

Hence there exists exactly one nonsingular transformation T such
that

(2.11) Lg(r) = L; (e=1, ..., G).

From Lerma 2.1 it follows that

(2.12) 2 = X,
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From (2.10}), (2.11), and (2.12) we obtain

(2.13) PIDILUCORIENETD I I LMy I

Hence

(2.14) oftr) = o*EF @, k=1, ..., 6),

and, therefore,

{2.15) O'gh(Y) = c;h (g, n=1, ..., G). 1

Since (2.11) implies that aglér) = aZh' Lemma 2.2 is proved.

The coefficients &, (e, 1 =1, ..., k) depend, of course, on,
the parameter point 6. To make this evident, we shall occasionally
replace E,; by £,;(8), and E,,(Y} by £,,{6(X)}. Since g,,{6(Y)} =
gkl(e), we shall say that the functions gkl(e)areinvariant under
nonsingular transformations T,

Let F(8) be a function of 6. We shall say that F(8) i1s invara
iant under nonsingular transformations if for any nonsingular
transformation T we have F{8(Y}} = F(8). Clearly, if F(8) is a
function of E,,(8), 512(8), e, EKK(G)’ then F(8) is invariant
under nbnsingular transformations, We shall show that the converse
is also true. Let F{0) be a function such that F{e{Y)} = F(8) for
all nonsingular transformations Y. Suppose that F(8) is not a
function of g,,(8), E12(0)) «ou, gEK(e). Then there exist two
points 8'' and 8’’’ such’ that

(2.16) £y, (671) = £, (0777) (b, 1=1, ..., )
and
(2.17) F(ert) # F(e''").

From Lemma 2,2 and (2.16} it follows that there exists a non-
singular transformation Y such that

(2.18) 8t (r) = o',
But then
(2.19) Fe'") # Fle''(x)},

which contradicts our assumption about F{6). Hence F(8) must be a
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function of gll(e), Eyp (8}, ..., EKK(G). Thus, the functions
£,,(8), E;(8), ..., Ezp(8) form a fundamental set of invariants.

3. Necessary and Sufficient Conditions for the
Identification of a Coordinate A of a Parameter Point 8

Let 0 be a parameter point satisfying the a priori conditions
(1.1). And further, let 8" = (9;, . e;) be an unknown parameter
point and consider the equations in ©*:

(3.1) £,,{8") = E,,(8) k, L=1, ..., 0
and
(3.2) q%(e*) =0 (r=1, ..., ) (a priori conditions).

The following two theorems are immediate consequences of Lemmas

2.1 and 2,2,

THEOREM 3.1. A necessary and sufficient condition that 6, be
identifiable is that the equations (3.1) and (3.2) in the unknowns
68, ..., Op should adnit of only a finite number of solutions for

*
Bp-

THEOREM 3.2. A necessary and sufficient condition that 8, be
locally identiftiable is thet there exists a finite neighborhood w
of 6 such that for any solution 8" in w of the equations (3.1} and
(3.2) we have 9; = 0.

In what follows in this section we shall assume that the R equa-
tions (3.2) have unique solutions in ¥ unknowns, i.e., in K coordi-
nates of 6*. We may assume without loss of generality that these
R coo?dinates are the las? ones, i.e., Op_p4q, --., 0p. Thus,
equations (3.2) can be written as

(3.3) e;; = \pp(e;, ceey Opp) p=P-R+1, ..., P).

We shall assume that the functions y, admit of continuous first-
order partial derivatives. For any parameter point @ = (91, ceey
0p) in the P-dimensional parameter space we shall denote by & the
parameter point in the (P — Kj-dimensional space obtained from 6
by omitting the last K coordinates, 1.e., 6 = (81, ey OPFR)'
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Denote by Ekl(-e-) the function we obtain from gkl(e) by substituting

qu,(é) for 8, () = P=-R+1, ..., P). Then the system of equations
(3.1) and {3.2) is equivalent to the system

(3.4) E,; (8") = E,,(® (b, L=1, ..., K)
and
(3.5) e; = %(é*) (p=P-R+1, ..., P

Denote the (P — R)-dimensional parameter space by §. For any
point 8 of © we shall denote by A(8) the Jacobian of the functions
£,,8), E;4(8), ..., Eg4(B) taken at the point 6. A point 8 of Q
will be called regular if the following condition is satisfied:
Any minor of the Jacobian of the k% + P— £ functions Ell (8),
B1p(®), ..., Byy(®), 48) =0, (p=1, ..., P~ R) is either un-
equal to zero at © or 1is identically zero in some finite neighbor-
hood of 8.

THEOREM 3.3. Let 8° be a regular point and denote by &,(8)
the Jacobian of the % 4+ 1 functions Eu(é), Em(é), cen, EXX@)'
dﬁ(g) = 6, for any value of p satisfying p < P— K. A necessary
and sufficient condition that Gp be locally identifiable for any

point 8 in a finite neighborhood 8% is that the rank of A(8%) be
equal to the rank of Sﬂ(éo).

Proof: Since 8 is a regular point, a necessary and suffi-
cient condition that 515 be a single valued function of E,,(8),
512(6), . EH(E) in a finite neighborhood of 8% is that the
rank of A(8%) be equal to that of Bp(ﬁo). Thecrem 3.3 follows
from this and the fact that the functions £,,(8), £,,(6), ...,
EH(E)') form a fundamental set of invariants.



