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11. Outline

This Supplement includes two Supplemental Appendices (denoted C and D) to the
paper “GMM Estimation and Uniform Subvector Inference with Possible Identification
Failure.” Supplemental Appendix C gives some results that are used in the verification of
the assumptions for the two examples in this paper. Supplemental Appendix D provides
additional numerical results to those provided in the paper for the nonlinear regression

model with endogeneity.

12. Supplemental Appendix C: Verification of

Assumptions

In this Supplemental Appendix, we provide some results that are used in the main

paper when verifying the assumptions in the two examples considered.

12.1. Law of Large Numbers and Central Limit Theorem

Here we state some results that are useful in the verification of Assumptions GMM1-
GMM5.  Specifically, Lemma is a uniform convergence result for non-stochastic
functions, Lemma is a uniform LLN, and Lemma is a CLT. The latter two
results are for strong mixing triangular arrays. These are standard sorts of results. The

proofs of these Lemmas are given in Appendix A of AC2.

Lemma 12.1. Let {q,(0) : n > 1} be non-stochastic functions on ©. Suppose (i)
qn(9> — 0Vl e @7 (11) ||Qn(01) - Qn(QZ)H < o v917(92 € O with Hel - 92” < 57 vn > 17
for some C' < 0o and all 6 > 0, and (iii) © is compact. Then, supgeg ||¢,(0)|] — 0.

Assumption S1. Under any v, € T, {W; : ¢ > 1} is a strictly stationary and strong
mixing sequence with mixing coefficients «,,, < Cm~4 for some A > dyq/(q — dy) and
some q > dy > 2, or {W; :i > 1} is an i.i.d. sequence and the constant ¢ equals 2 + ¢

for some § > 0.

Lemma 12.2. Suppose (i) Assumption S1 holds, (ii) for some function M;(w) : W —
R™ and all § > 0, ||s(w,0;) — s(w,02)|] < My(w)d, V01,0, € © with ||6; — Os]| < 9,
Yw € W, (ill) E,supgee ||s(W;, 0)||'T + E,M(W;) < C Vv €T for some C < oo and



e >0, and (iv) © is compact. Then, supyeg |[n~' >0, s(W;,0) — E, s(W;,0)]] —, 0
under {7, } € I'(vo) and E, s(W;,0) is uniformly continuous on © Vv, € I.

Comment. Note that the centering term in Lemma is E, s(W;,0), rather than
E’Yn S(Wi, 9)

Lemma 12.3. Suppose (i) Assumption S1 holds, (ii) s(w) € R and E,|s(W;)|? < C
Vy € T for some C < oo and q as in Assumption S1. Then, n=*/23 "  (s(W;) —
E, s(W;)) —a N(0,Vi(v,)) under {v,} € I'(yo) Vvo € I, where Vi(vo) = >0__
Coy (5(W:),5(Wis).

12.2. Probit Model with Endogeneity

Here we establish some results that are used when verifying Assumptions GMM1-
GMMS5 for the probit model with endogeneity.

12.2.1. Moment Conditions in ([2.17))

First, we show that E, (£(0)|X;, Z;) is maximized at (a,(;) = (ao,(; ). Note that
EVQ(E(G)’X“ Zz) = Lz(eo) lOg LZ(Q) + (1 — Lz(90)> IOg(l — LZ(H))

because I, (y;|Xi, Z;) = L;i(0y). Now we view E, (¢(0)|X;, Z;) as a function of L;(0).
The first- and second-order derivatives of E, (¢(0)|X;, Z;) wrt L;(0) are

0 L)L)
oz O = T Ly ™
%E%(E(G)!Xi,zi)z <9°)+(L‘)<(91) ? gszin). (12.1)

The second-order derivative is negative for all # € ©. When L;(0) = L;(6), the first-
order derivative is 0. Hence, £, (¢(0)|X;, Z;), viewed as a function of L;(0), has a unique
global maxima at L;(fp). Because the df of the standard normal distribution is strictly
increasing, £, ((0)|X;, Z;) is maximized at 0 if and only if P,(Z(87 — Bymo) + X/ ({; —
C10) = 0) = 1. This implies that £, (¢(0)|X;, Z;) is maximized if and only if 37 = By
and ¢; = (4, because P¢(7;c =0) <1 forc#0.



12.2.2. Weight Matrix

In this section, we derive the elements of W, ;(0;7,) in (8.2) and show that it is
positive definite a.s. V6 € ©. Note that

The upper left element of W, ;(6;7,) is

Wii(0) = By (w1,:(0)*(yi — Li(0))*| Z:) = w1,4(0)*(Li(fo) — 2Li(60) Li(0) + Li(6)?).

(12.3)
To calculate the off-diagonal term of W, ;(#;,), note that
E, (VilZiyi = 1) = B, (Vi|Z;,U; > —(Z! X! o il g
70( ’L’ irYi = 1) - ’Yo(‘/l‘ [ > ( zﬂoWO + i€170)> - va (90) an
— — 0
By (ViZusts = 0) = B (ViZ0~Us > Zfoma + Xi6oo) = ~0up =y ogs- (124

The off-diagonal term of W, ;(6;~,) is

Wiz,i(9)
By (wii(0)(y: — Li(0))(Yi — Zi8 — X[(,)| Z:)

= wl,i(e) (k — Li(0)) [E'yo(vi‘Eia yi = k) + Zz{(ﬁo —fB) + Xz{(CQ,O - C2>} Pwo(yz' = k|71)
k=0,1

= w1,(6) {<1 ~ LB 3 L) + LiO)op 01

w3 (0) [(1 — Li(0))Li(0o) — Li(0)(1 — Ly(60))] [Zz((BO —B) 4+ X{(Cop0 — gz)}
= wy3(0) [oupLi(00) + (Li(00) — Li(0)) (Zi(Bo — B) + X[ (Cap — Ca)) ] - (12.5)

— Li(60)| +

t~

The lower-right element of W, ;(6;~,) is
Waa,i(0) = E,,((Y; = Zip = X[0)*|Z:) = o3 + (Z{(By — B) + X{(Co0 — C2))*. (12.6)
Next we show that W, ;(0;,) is positive definite a.s. when 6 = (1, 7). This holds if

Wll,i(g)wm,i(@) - )/\}12,1‘(‘9)2
= oow1,i(0)* [Li(60) — 2L;(60)Li(0) + Li(0)* — p°Li(60)°] > 0 as.  (12.7)



Note that

Li(60) — 2Li(80) Li(0) + Li(0)? = (L:(6) — La(60))? + Li(8o) — Li(6o)? (12.8)
> Li(00)(1 — Li(6o)) = M—=Z{Bom — X[C 0)MZBom + XC10)Li(00)* > p*Li(00)* aus.,

where A(z) = (1 — L(x))/L'(z) for 2 € R. The last inequality holds because log A(x)
is strictly convex (see Baricz (2008)), which implies that A(—Z]3,m — X[(; o) A(Z; By +
XC0) > A(0) > 1> p® a.s. Moreover, Wiy ;(0), Waz,i(0) > 0 V8 € ©. Hence, We;(6; )

is positive definite a.s. when 6 = (¢, 7).

13. Supplemental Appendix D: Numerical Results

Here we report some additional numerical results for the nonlinear regression model
with endogeneity.

Figures S-1 and S-2 report asymptotic and finite-sample (n = 500) densities of the
estimators for  and m when 7y = 3.0. Figures S-3 to S-6 report asymptotic and finite-
sample (n = 500) densities of the ¢ and QLR statistics for § and © when my = 1.5.
Figures S-7 and S-8 report CP’s of nominal 0.95 standard and robust |¢| and QLR CI’s

for § and m when 7wy = 3.0.
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Figure S-1. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of 3 in
the Nonlinear Regression Model with Endogeneity when 7y = 3.0.
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Figure S-2. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of 7 in
the Nonlinear Regression Model with Endogeneity when 7o = 3.0.
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Figure S-3. Asymptotic and Finite-Sample (n = 500) Densities of the ¢ Statistic for
in the Nonlinear Regression Model with Endogeneity when 7y = 1.5 and the Standard
Normal Density (Black Line).
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Figure S-4. Asymptotic and Finite-Sample (n=500) Densities of the QLR Statistic for (3
in the Nonlinear Regression Model with Endogeneity when 7y = 1.5 and the x? Density
(Black Line).
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Figure S-5. Asymptotic and Finite-Sample (n = 500) Densities of the ¢ Statistic for 7
in the Nonlinear Regression Model with Endogeneity when my = 1.5 and the Standard
Normal Density (Black Line).
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Figure S-6. Asymptotic and Finite-Sample (n=500) Densities of the QLR Statistic for 7
in the Nonlinear Regression Model with Endogeneity when 7y = 1.5 and the x? Density
(Black Line).
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Figure S-7. Coverage Probabilities of Standard |t| and QLR Cl's for 8 and 7 in the
Nonlinear Regression Model with Endogeneity when 7o = 3.0.
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Figure S-8. Coverage Probabilities of Robust |¢| and QLR Cl's for $ and 7 in the
Nonlinear Regression Model with Endogeneity when w9 = 3.0, k = 1.5, D =1, and
s(z) = exp(—2x).
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