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11. Outline

This Supplement includes three Supplemental Appendices (denoted C, D, and E) to
the paper “Maximum Likelihood Estimation and Uniform Inference with Sporadic Iden-
tification Failure.” Supplemental Appendix C provides additional numerical results to
those provided in the main paper for both the smooth transition autoregressive (STAR)
model and the nonlinear binary choice model. Supplemental Appendix D verifies As-
sumptions S1-S4, B1, B2, C6, V1, and V2 for the nonlinear binary choice model. Sup-
plemental Appendix E does likewise for the STAR model.

We let AC1 abbreviate the paper Andrews and Cheng (2007) “Estimation and In-

ference with Weak, Semi-strong, and Strong Identification.”

12. Supplemental Appendix C: Numerical Results

Table S-1 compares the finite-sample (n = 500) coverage probabilities of the null-
imposed robust CI’s for § in the STAR model with true and estimated values of (.
(See the end of the STAR-model numerical-results section in the main paper for further
discussion. )

Figures S-1 and S-2 report asymptotic and finite-sample (n = 500) densities of the
estimators for § and 7 in the STAR model when 7y = —3.0. Figures S-3 to S-6 report
asymptotic and finite-sample (n=500) densities of the ¢ and QLR statistics for 5 and 7
in the STAR model when 79 = —1.5. Figures S-7 and S-8 report CP’s of nominal 0.95
standard and robust |t| and QLR CI’s for 5 and 7 in the STAR model when w9 = —3.0.

Figures S-9 to S-16 are analogous to Figures S-1 to S-8 but for the binary choice

model. The true values of 7 considered are my = 1.5 and mg = 2.0.

Table S-1. Finite-Sample Coverage Probabilities of Null-Imposed Robust CI’s for
in the STAR Model with True and Estimated Values of (, n = 500, 7y = —1.5|§|

b 0 1 2 3 4 3 6 7 8 9 10 11 12

t (o 0.939 0.950 0.946 0.947 0.948 0.947 0.944 0.946 0.949 0.949 0.950 0.947 0.956
t_z 0.936 0.951 0.946 0.947 0.947 0.947 0.949 0.944 0.947 0.947 0.947 0.947 0.957
QLR _(,|0.923 0.932 0.930 0.925 0.923 0.924 0.916 0.921 0.923 0.926 0.929 0.932 0.933
QLR_Z 0.920 0.935 0.927 0.924 0.926 0.919 0.915 0.908 0.915 0.922 0.925 0.924 0.929

38 The simulation is conducted with the null value of b and the true value of = imposed so that the
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Figure S-1. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of 3 in
the STAR Model when 79 = —3.0.
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Figure S-2. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of 7 in
the STAR Model when 79 = —3.0.
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Figure S-3. Asymptotic and Finite-Sample (n = 500) Densities of the ¢ Statistic for 3
in the STAR Model when my = —1.5 and the Standard Normal Density (Black Line).
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Figure S-4. Asymptotic and Finite-Sample (n=500) Densities of the QLR Statistic for
in the STAR Model when 7y = —1.5 and the x? Density (Black Line).
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Figure S-5. Asymptotic and Finite-Sample (n = 500) Densities of the ¢ Statistic for 7
in the STAR Model when my = —1.5 and the Standard Normal Density (Black Line).
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Figure S-6. Asymptotlc and F|n|te Sample (n=500) Den5|t|es of the QLR Statistic for «
in the STAR Model when 79 = —1.5 and the x? Den5|ty (Black Line).
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Figure S-7. Coverage Probabilities of Standard |t| and QLR Cl's for 8 and 7 in the
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Figure S-8. Coverage Probabilities of Robust |¢| and QLR Cl's for § and 7 in the STAR
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Model when m9p = —3.0, kK = 2.5, D = 1, and s(x) = exp(—2z).
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Figure S-9. Asymptotic and Finite-Sample (n=500) Densities of the Estimator of 3 in
the Binary Choice Model when 7y = 2.0.
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Figure S-10. Asymptotic and Finite-Sample (n=500) Densities of the Estimator of 7 in
the Binary Choice Model when 7y = 2.0.
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Figure S-11. Asymptotic and Finite-Sample (n=500) Densities of the ¢ Statistic for 7 in
the Binary Choice Model when 7y = 1.5 and the Standard Normal Density (Black Line).
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Figure S-12. Asymptotic and Finite-Sample (n=500) Densities of the QLR Statistic for
7 in the Binary Choice Model when 7o = 1.5 and the x3 Density (Black Line).
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Figure S-13. Asymptotic and Finite-Sample (n=500) Densities of the ¢ Statistic for 3 in
the Binary Choice Model when 7y = 1.5 and the Standard Normal Density (Black Line).

Figure S-14. Asymptotic and Finite-Sample (n=500) Densities of the QLR Statistic for
/3 in the Binary Choice Model when 7o = 1.5 and the x% Density (Black Line).
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Figure S-15. Coverage Probabilities of Standard |t| and QLR Cl's for 8 and 7 in the
Binary Choice Model when 7y = 2.0.
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Figure S-16. Coverage Probabilities of Robust |t| and QLR Cl's for 8 and 7 in the
Binary Choice Model when g = 2.0, k = 1.5, D = 1, and s(x) = exp(—z/2).



13. Supplemental Appendix D: Nonlinear Binary

Choice Model, Verification of Assumptions

We start by deriving the formulae for the key quantities specified in (3.33)). Next, we
verify Assumptions S1-S4. Then, we verify Assumptions B1 and B2. Finally, we verify
the remaining Assumptions C6, V1, and V2. (Note that Assumption C7 is verified in

Section [3.5])

13.1. Derivation of Key Quantities

Here we calculate the key quantities Q(my1,ma;7,), H(m;7,), J(70), and V(7,) that
are specified in (3.33)).

By (2.4,

E“/o(}/i - Lz(e())’X“ Zz) =0 a.s. and
E, (Y — Li(00))*|Xs, Z;) = Li(60)(1 — Li(6p)) a.s. (13.1)

For Yo with 50 = 07 we have gi<w07 7T) = gl<00)7 Li<1/}07 7T> = Lz(eo)ﬂ L;(wm 7T) = L;(Go)a
and w;;(Yg, ) = w;;(6p) for j = 1,2, Vr € II. In consequence,
Q(ﬂ-h 723 70) = SwVT((wm 7T1)7 (w07 7T2); VO)S'{/;

_ L2(00) |
= B L;(60)(1 — Li(eo))dw’i(ﬂl)dw’i(m) ’ (13.2)

where Sy, = [I4, : 04, x4,], the first equality holds by Lemma , and the second equality
holds by independence across i of {W; : i < n} and (13.1)).

Now, we have

Py (Wi g, m) = [wi,;(00)(Y; — Li(00))? 4 w2,3(00) (Y — Li(0o))]dy,i(w)dyi(m)" and

H(m570) = Ery pyp(Wis oo, ) = Li(eo)L(;i (_‘)ozi(eo))d¢,i(w)d¢,i(ﬁ)f, (13.3)

where the first equality uses (3.22), the second equality holds by Lemma and the

asymptotic CP is 0.95 for all b values, which serves as a good benchmark. The finite-sample CP’s in
Table S-1 sometimes differ noticeably from 0.95 due to the small scale of the simulation, i.e., only 1000
simulations repetitions are employed to compute the CP’s, as described in footnote



third equality uses (13.1)).

In addition, we have

V(7o) = V1 (00,605 70) = Vars, (p(Ws, b0))
= By wi;(00) (Y — Li(09))*d;(mo)di(mo)’

_ =z L (0o)

T Li(00)(1 — Li(60)) di(mo)di(mo)’, (134)

where the first equality holds by (3.20)) and the second equality holds by independence
across i of {W; :i <n} and (13.1)).

Next, we have

J(v0) = E%PQQ(WZ»QO)
= By [wi (00)(Yi — Li(00))? + wa,i(00) (Y; — Li(00))]d;i(m)d; ()’

B LZ(6o)
= P00 Li(6)

d;(m)d; (), (13.5)

where the first equality holds by Lemma , the second equality holds using (3.23)), and

the third equality holds by ((13.1)).
The matrix K (m;7,) is derived in Section below.

13.2. Verification of Assumptions S1 and S2

Given that {W; : ¢ > 1} are i.i.d. under 7, Vv, € T', Assumption S1 holds with
qg=2+46ford > 0.
Assumption S2(i) holds with

p(Wi,0) = —[Y;log Li(0) + (1 — Y;) log(1 — Li(9))]. (13.6)

When 5 = 0, L;(#) = L(Bh(X;,7) + Z/() does not depend on 7 and, hence, p(W;, )
does not depend on 7. This verifies Assumption S2(ii).

To verify Assumptions S2(iii) and S2(iv), we have
By (p(Wi, 0)| X3, Zi) = —[Li(6o) log Li(0) + (1 — Li(6o)) log(1 — Li(0))] (13.7)

because E, (Y;|X;, Z;) = Li(0) by (2.4). Now we view E, (p(W;,0)|X;, Z;) as a function



of L;i(#). The first- and second-order derivatives of E, (p(W;,0)|X;, Z;) wrt L;(0) are

5 i g L0 L)
gL oW O1Xe Z) = A gy
S EuloW0)|x;. z) = PO IO 2 2LOG) g5

dL2(6) L3(0)(1 — Li(9))

see below. The second-order derivative is positive for all # € © because its
numerator is greater than (L;(0y) — L;(0))* > 0. When L;(0) = L;(6,), the first-order
derivative is 0. Hence, E, (p(W;,0)|X;, Z;), viewed as a function of L;(¢), has a unique
global minima at L;(f). Because L'(u) > 0, £, p(W;,0) is minimized at 6 if and only if
Py, (9i(0) = gi(0o)) = 1

When §, = 0, g;(0) — 9i(0o) = Bh(X;,7) + (¢ — (o) Zi. Because P, (a'(h(X;, ), Z;) =
0) < 1foralla € R%*! with a # 0 (by the definition of ®* in (3.32)), P,,(9:(8) —g:(6o)
0) = 1 if and only if 5 = 0 and ¢ = (. This implies Assumption S2(iii).

When S, # 0, gi(0) — ¢g:(6o) = Bh(Xi,7) — Boh(Xi,mo) + (¢ — ()’ Z;. Because
P, (a'(h(Xi,m), h(X;,m0), Z;) = 0) < 1 for all @ € R%*? with a # 0 and © # o,
P, (gi(0) — gi(0) = 0) < 1 when m # m. When 7 = mo, gi(0) — g:(fo) = (8 —
Bo)W(X;, mv) + (¢ — (o)'Z;. Because Py (d/(h(X;,7),Z;) = 0) < 1 for all a € R¥**!
with a # 0, Py (9:(0) — gi(6p) = 0) = 1 if and only if { = (, 8 = By, and ® = 7. This

verifies Assumption S2(iv).

Assumption S2(v) holds because ¥(7) does not depend on 7 and W, I, and O are
all compact. Assumption S2(vi) holds automatically because ¥(7) does not depend on

.

13.3. Verification of Assumption S3(ii)

Assumption S3(i) is verified in the text of the paper. Here we verify Assumption
S3(ii). We use the following generic results in the calculations below. Let A = ad/,
where a = (a}, ...,al) € R% and ay, ..., a, are vectors (possibly of different dimensions).

Then,

Y P

p p 1/2 p

R D9 ST T I 139)

j=1 k=1 j=1

where the first equality holds by the definition of ||A|| and the second equality holds
* %/

because ||at'|| = [|a|| - |[b]| for vectors a and b. Similarly, let A* = a*a™, where aj, ..., ay

10



are sub-vectors of a* that are conformable with ay, ..., a,. Then,

1A = A%[| = |lad” — a”a™|| < la(a — a™)'[[ + [|(a — a")a™|]
P P
= (lall + la[Dlla = a*[| < Y (lagll + a311) D llax = aill, (13.10)
j=1 k=1

where the first inequality holds by triangle inequality, the second equality holds because

1/2

|a/|| = ||a]| - ||0]|, and the last inequality holds because (2% + y?)¥/? < x + y for non-

negative scalars x and y.

Define vy ;(0) = w1 4(0)(Y;i— Li(0)), vo(0) = wy:(0)(Y; — Li(#)), and 5 = max{by, by }.
Below, let 01,05 € © with ||0; — 02| < § for 6 > 0.

By the triangle inequality, we have

s (Wiy 01) — py (Wi, 02)]|
< (|[03:(01) — 07 (02)]] + [|v2,4(61) — v2,4(02)|]) - ||dy,i (1) dys i (1) ||
+ ([[07:(02)]] + o2, (02)]) - || i(m1)dys i (1) — dypi(w2)dy i(m2)' || (13.11)

Note that

[[07:(61) — 07, (02)]] = [Jo1,4(61) = v (B2)]] - [[v1,4(61) + v1,:(B2)]], where

[[v1,i(61) — v1,4(02)]] < [|wii(01) — w1 (02)|]-[[Ys — Li(01) ]|+ |[w1,:(02)]] - [|Li(01) — Li(62)]|
< (Ml(VVz) + ELZI;(E,- +[|1Z]| + B - E,,J-)) J, and

[[v1,i(61) + v1,4(02)[] < 21, (13.12)

where the first inequality follows from the triangle inequality, the second inequality holds
by (i) [[wi,:(01) —w1i(02)|| < M1(W;)d, (ii) [|Yi—Li(0)|] < 1, and (iii) || Li(61) — Li(02)]] <
Li(hi + || Z|| + B - hr)d by a mean-value expansion of L;(f) = L(g;(6)) wrt 6, and the
third inequality follows from the triangle inequality and ||Y; — L;(6)|| < 1. Similarly,

o2:(62) = vas(0a)]| < (Mo (W) + o i + 1|21 + 5+ ) ) 0,
03,8211 < 2, and [[o(62)]| < (13.13)

11



Applying the inequality in (13.9) with a = dy;(m1) = (h(X;, m1), Z])', we have
—2
ldy,i(m)dyi(m1)'|| < B +[1Zl]%. (13.14)

Applying the inequality in (13.10) with a = dy,;(71), a* = dyi(72), [|a1 —al|| < hpil|m1—

mo||, and ||ag — a}|| = 0, we have
|dy,i(m1)dy.i(m1)" — dyi(ma)dyi(ma)'|| < 2(Rs 4[| Zl[) ol |11 — o . (13.15)
Equations - combine to yield
1 (Wi 01) = i (Wi, 02) ]| < Moy (W), (13.16)
where
My (W) = |21 (My(W:) + @1 TR + 1 Zi + B Frg) ) + Ma(Wi) - (13.07)
+02,,Ly(hi + 1 Zil | + B Em’)} (hy + 1| ZilP) + 2 (@3, + Wa) (i + || Zil | P

To show ||phy(01) — phe(82)]] < Mag(W;)d for some function Mgs(W;), the calculation
is the same as that above with dy ;(7) replaced by d;(7). The inequalities in (13.14)) and

(13.15) become

\di(m1)di(m1)']| < By + || Z||> + ey and (13.18)
||di(m1)d;(m1)" — di(m2)d;(ma)'|]| < 2(51' + || Zi]] +E7r,i)(ﬁ7r,i +E7r7r,i) Nl — |

By the same arguments as those used in (13.11))-(13.17)), we have
Moo(W;) = [2@1,1‘ (Ml(VVz) +E1,¢EQ(E +[1Zi|| + 3 - Ew,i))

+Ma(W3) + W Ly + || Zall + B - o) | x (B + 11241 + 7)

+2 (W3, 4+ W) (hi + |1 Zi|| + i) (B + Prr)- (13.19)

Next, we show ||p}(61) — p}(62)]| < My(W;)é for some function My(W;). To this end,

12



note that

1ph(01) — p(02)]]
< o1 (01) = v1(02)]] - (hi + [| Zi|| + hrs) + [vri(02)]] - (hi + Prmi)d, (13.20)

where ||v1;(61) —v1,(62)]|| satisfies the inequality in (13.12)) and ||vy ;(62)|| < w;,;. Hence,

My(W;) = (Ml(m) + 1wy, Ly(hs + || Zi|| + B - EM)> (hi + | Zi]| + hori) + 015 (R i + D).

(13.21)

Next, we show ||e(W;, 01) —e(W;, 02)|| < M.(W;)d for some function M, (W;). To this
end, note that

|le(Wi, 01) — e(Wi, 02)|] < 2|[1,:(01) hr (X, 1) — v1,3(02) e (X5, o) ||
+([01,:(01) hrre (X, 1) — v1,3(02) B (X, T2) |
< 2||v14(01) — v1.4(02) || hrs + 2||v1i(02)|[hrmid  (13.22)
H[01,4(01) = v1,0(02) [ enr s + ||v1,:(02) || My, (W5)8,

where ||v1;(61) — v1,:(02)|| satisfies the inequality in (13.12), ||vy;(02)|| < Wi, the first
inequality follows from a mean-value expansion of h,(X;, 7) wrt = and the second in-
equality follows from ||l (X;, m1) — her (X, m2)|| < Mp(X;) - ||m1 — m2||. By (13.22)), we
have

MoW;) = (My(W3) + @1 L (i + 122l 4+ B o) ) (i) 4o+ My (W),
(13.23)
Hence, Assumption S3(ii) holds with

My (W) = My(Wi) + Mag(Wi) and My(W;) = Mp(Wi) + M (W5). (13.24)

13.4. Verification of Assumption S3(iii)

The condition £, My(W;)? < C) for some C; < oo holds if £, My(W;)? < Cy
and E, M.(W;)? < C, for some Cy < oco. Because f; < Wy, £y, My(W;)? < Cy and
E, M.(W;)? < Cy hold provided, for some C' < oo, (i) E%Mlq(Wi)(Ef + || Zi]|7 + Ei,i +

hari) < O, (i) By wih(hi + || Zill” + o) (B + 1 Zil|* + Ry + P ) < O and (i)
Evow‘ii(ﬁiﬂ- + Eim + M, (W;)?) < C. Condition (i) holds by conditions in (3.32) using
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Holder’s inequality to give E, M{(W;)h; < (E%qu/g)‘q’/‘l(E%E?q)l/“ < C and likewise
with ||Zi||, hri, and hgr; in place of h;. Condition (ii) holds by Evowf?ﬁ?HZin <
BB, || Zi||40)/4 < C and likewise with ||Zi]|7 and A’

(B, @,%)"?(E,,h i in place of
hy and h;, hL ,, and h._. in place of || Z;||9. Condition (iii) holds by B, wi My (W;)? <

K volbi
(B, ) YVA(E,, J\4,l(vv,-);1q/3)3/4 < (' and likewise with %, ; and h. ; in place of M, (W;)9.

The condition E, M;(W;) < Cy for some C; < oo holds if E, M,(W;) < C,
and E, Mgy(W;) < Csp for some Cy < oo. Because f; < Wi, By My(W;) < C; and
E, Mgg(W;) < Cs hold provided, for some C' < oo, (i) EA,OMl(WZ-)@M(E? + |Zi|)? +
Tes) < O, (i) B3 (hi + 1 Zill + Py + 1 Zi12 + oy ) < C (i) oy Ma(W3) (B +
1Zi1? + 7)) < O () By @nias(hi + [1Z] + hes) (B + 1 Zi|1° + Biny) < C. (v)
E,, (Wi, +Ws;) (hi + ||Zi|| + hri) (R i 4 heri) < C. Condition (i) holds by conditions
in (3.32)) using the Cauchy-Schwarz inequality and ¢ > 2 to give E%Ml(VVi)ELﬁf <
(E,YOM1(Wi)2)1/2(E70@‘11’i)1/4(E%E§)1/4 < C and likewise with ||Z;||* and Eiﬂ- in place
of k. Condition (i) holds by Ey w3 B, < (B, 2(Ey k) /A(E, R )Y < C
and likewise with ||Z;|| and h,; in place of h; and with E? and || Z;||* in place of Efm
Condition (iii) holds by B, My(Wi)h, < (Ey My(W;)¥3)3/4(E, hi)Y/* < C and like-
wise with ||Z;||* and E;i in place of Ei. Condition (iv) holds by EVO@L,@ZZ-E-E;Z- <
(EL,OE‘?’Z-)VB(E«m@%’i)lﬁ(E%EZ;)l/ég(E’v(ﬁiﬂ-)l/‘L < C and likewise with ||Z;|| and h,; in
place of h; and with E? and ||Z;||? in place of Eil Condition (v) holds by E, W ihihy; <
(E,,w3,)"*(E 54)1/4(E%Ei7i)1/4 < C and likewise with w7, in place of W, ||Z;|| and

Yo'
Em in place of h;, and Ewm in place of EM.

By ([30).

E,, sup |p(W;, 0)['"° < E, (sup |log L;(0)| + sup | log(1 — L;(9))|)'*° < C,  (13.25)
0cO® 0O 0cO

for some C' < oo, where the first inequality holds because Y; is 0 or 1 and the second

inequality holds by conditions in (3.32)).

By (83.22),
By 5D [0 (Wi, O)[0 < By (@2, + 2,0 sup [l s(m)d (Y 170 < C (13.26)
0cO mell
for some C' < oo, where the first inequality holds by |Y; — L;(6)] < 1 and the triangle

inequality and the second inequality holds ((13.14) and conditions in (3.32). Similarly,
we can show E, supgce b (W3, 0)]|110 < C with dy () in (13.26) replaced by d;()
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and (|13.14) replaced by (13.18)).
By (3.23),

Eyysup [|ph(W;, 0)||* < By (w15 sup ||d(w)]])?
0cO mell

< By o ;(hi + || Zi]] + i) < C (13.27)

for some C' < 0o, where the first inequality holds because |Y; — L;(#)| < 1, the second
inequality holds because ||d;(7)|| < [|h(X;, m)|| + ||Zi|| + ||hx(X;, 7)||, and the third
inequality holds by conditions in ([3.32)).

By (3.23),
B, sup|[e(W;,0)[|7 < By w?;(2hni + har)! < C (13.28)
fcO

for some C' < oo, where the the first inequality follows from |Y; — L;(#)| < 1 and the
second inequality holds by conditions in (3.32)).

This completes the verification of Assumption S3(iii).

13.5. Verification of Assumptions S3(iv) and S3(v)

To verify Assumption S3(iv), we apply the LIE and obtain

E'Yopwi/’(m’ 9) = E’Yo [wil(ﬁ)el,l(ﬁ) + w27i(9)6272~(9)]d¢7,~ (W)dw7i (7T)I, where (1329)
e1i(0) = B, ((Yi — Li(0))%1X;, Z;) and eq,;(0) = E, (Y — L;(0)| Xi, Z;).

When 8y = 0, g;(to,m) = Z{(o and Li(¢g, ) = L(gi(¢g, 7)) = L(Z](o), Vm € IL. By

249,

e1,i(to, ™) = L(ZiCo)(1 — L(Z;(y)) and ez;(1hg, 7) = 0. (13.30)
Hence, when 3, = 0,
L™(Zi)
ZiGo)(1 — L(ZiCy))

The quantity £, p., (Wi, ¥, 7) is continuous in m on II by the DCT using (13.16)),
(13.17), and the discussion following (13.24)). Hence, Amin(Ey,pypy(Wi, 1o, 7)) also is

continuous on the compact set Il and attains its minimum at some point m;, € II.

B ppy Wiy g, m) = B i dyi(m)dy (7). (13.31)

Its minimum is zero only if the positive semi-definite matrix £, py.,,(Wi, ¥, Tmin) is n0t
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positive definite. The latter is ruled out by the fact that L'*(Z!(,)/(L(Z!(,)(1—L(Z!(,)))
is positive a.s. and the condition in that P, (a'(h(X;,7), Z;) = 0) < 1, Vr € 11,
Va € R%™ with a # 0. Thus, infren Amin(Eqy py (Wi, 1o, 7)) > 0 when 8, = 0 and the
first part of Assumption S3(iv) holds.

As in ([13.29)-(13.31)), we can show

L%(6y)
E o (W 0. = E -
voPoo (Wi, o) T Li(60)(1 — L;(00))

d;i(mo)d;(mo)’ (13.32)

by replacing (v, 7) with 6y and dy;(7) with d;(mp) in the arguments above. Be-
cause L(fp) > 0 and 0 < L;(6y) < 1, E%pg@(l/vi,ﬁg) is positive definite because
E, d;(mo)d;(mo)" is positive definite as specified in (3.32)). Hence, the second part of
Assumption S3(iv) holds.

By 1) and ((13.32), V1(0o, 00; 7o) = E%pge(Wi, 0o). Hence, VT(0y, 0o; ;) is positive
definite.

13.6. Verification of Assumption S4
Because m(W;, 0) = p,(W;, 0) by Lemma ,

E,m(Wi,0) = E, p,(W;,0) = E, w1:(0)(Y; — Li(0))dy,i ()
= B, wi1,;(0)(Li(00) — Li(0))dy.i(7), (13.33)

where v, = (5, (o, Mo, ¢y), the second equality holds by (3.22), and the third equality

holds by iterated expectations and (2.4). In (13.33)), £, m(W;, ) depends on 3, only
through L;(6,). Hence,

K(0;70) = (0/080) Eyyw1,i(0)(Li(0o) — Li(0))dy,:i(m)
— B, wns(0) L (00)h(X, 7o) s (), (13.34)

where the first equality holds because the observations are identically distributed and the
second equality holds by an exchange of £/ and 0 because E., supycg g,co, ||w1,i(¢)L;i(00)
h(Xi,mo)dyi(m)|| < oo by conditions in and (0/08y)gi(00) = h(X;, ™). Hence,
Assumption S4(i) holds.
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Now we show that Assumptions S4(ii) holds with
K(m;7v0) = K (g, m;70) = Eyywi,i (Yo, m)Li(00) h(X;, mo)dy i (). (13.35)

Define a;(0,00) = w1 ,:(0)L;(00)h(X;, mo)dy,i (7). It suffices to show that £, a;(0,0") —
E, a;(0,0") uniformly over (0,0") € © x ©* as y,, — v, and E, a;(6,0") is continuous
in (0,0"). The continuity holds by the continuity of a;(6,0%) in (0,0"), £, sup y-)coxo
||ai(6,6%)]] < oo by conditions in (3.32), and the dominated convergence theorem.
By Lemma [9.3] the uniform convergence follows from the pointwise convergence and
the equicontinuity of E, a;(0,0%) in (0,0%) over v, € I'. The pointwise convergence
E, a;(0,0") — E, a;(0,0") holds because (i) the expectations E, a;(0,0%) and E, a;(6,0")
depend on ¢, and ¢, respectively, but not on 6, and 6y, (ii) ¢,, — ¢, implies conver-
gence in distribution by the metric on ®*, and (iii) the L'** boundedness of a;(6,0%),
ie., B, ||a:(6,6")]|' < C < o for any v, € I'. Equicontinuity holds because for any
(61,07) and (6, 03) with [|(6:,03) — (65, 03)]| <6,

By llai(01,67) — ai(02,63)]]
< By [|lwii(01) — wii(02)|] - || Li(07) (X, 77)dy,i (1) ]
By [[wii(02)|] - || L5 (01) A (X5, w1 dy,i(m1) — Li(05) (X, 73)dy i () |
< B, My(Wi)Lih Sup ||y i()]]0 (13.36)

+E, T [(ZQ’E» + Lihns) sup||dys(m)l| + Lihul | sup(0/ )y ()| || & < €5

for some C' < oo for all v, € I', where the first inequality holds by the triangle inequality,
the second inequality follows from ||wy;(61) — wi,(62)|| < Mi(W;)d and a mean-value
expansion of L. (67)h(X;, 77)dy,i(m1) wrt (61, 67) around (62, 03), and the third inequality
holds by the Cauchy-Schwarz inequality and conditions in (3.32)). This completes the

verification of Assumption S4.

13.7. Verification of Assumptions B1 and B2

Given the definitions in Section [3.2] Assumptions B1(i) and B1(iii) follow immedi-
ately. Assumption B1(ii) holds by taking § < min{b},b3} and Z° = int(Z2).

Given the definitions in Sections the true parameter space I is of the form in
(2.6). Thus, Assumption B2(i) holds immediately. Assumption B2(ii) follows from the
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form of B* given in (2.9). Assumption B2(iii) follows from the form of B* and the fact
that ©* is a product space and ®*(6,) does not depend on [3,. Hence, the true parameter

space I satisfies Assumption B2.

13.8. Verification of Assumption C6

Assumption C6 holds by Lemma under Assumptions S1-S3 and C6'. We now
verify Assumption C6. Assumption C6'(i) holds because /3 is a scalar. To verify As-

sumption C6'(ii), we have
When 5, =0,

Py (Wi thg, w1, m2) = wii(v) (Vs — Li(g))hz,i(m1, m2), where

. _ L,(Z;CO) ) _ ! n
w17l(¢0) - L(ZZ/CO)(l . L(Z,L/CO)>’ LZ(wO) L(ZZC0)7 a d
hyi(m1,me) = (R(X;,m1), h(X;,m2), Z7)'. (13.38)

The covariance matrix in Assumption C67(ii) is

QG(ﬂla T2, ’70) = COU’YO (PZ,(VVZ, 1/}07 1, 7T2)7 p:[;(WzJ ¢0; T, 7T2))

= Evowii<1/}0)(Y; - Li(¢o))2hZ,i(le 7T2)hZ,z‘(7T1, 7T2),

L/2 Z/ /
- EVOL(ZZ{CO)(f —ZCLOEZ{CO))hZ’i(Wl’WQ)hZ:i(WlﬂTz) o (13.39)

where the first equality holds because the observations are independent and identically
distributed, the second equality follows from Epj,(W;, ¥, 71, 72) = 0, which in turn holds

by the LIE and (2.4), and the third equality holds by (13.1]). Because L'(Z!(,) > 0 and
0 < L(Z{¢y) < 1, Qa(m1, m2;7,) is positive definite because P(a'hz (71, m) = 0) < 1 for
all a € R%*? with a # 0 by the conditions in (3.32)).

13.9. Verification of Assumptions V1 and V2

Here we verify Assumptions V1 (scalar §) and V2, which are stated in Appendix B

of the main paper.
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For the binary choice model, the matrices J(7,) (= V(7,)) and J,(6) (= V,,(6)) are
defined in (3.35)) and (5.18), respectively. Define

L L(0)
T0:70) = B 0 — e

d;(m)d; (7). (13.40)

Under {v,} € I'(7y), supgeo [ 7,(8) — J(6;7,)]] —, 0 and J(0;7,) is continuous in
6 on © by the uniform law of large numbers in Lemma [9.3] where the smoothness and
moment conditions hold by conditions in (3.32). In addition, J(6p;v,) = J(7,). This
verifies Assumption V1(i) and V1(ii) (for scalar /).

To verify Assumption V1(iii), note that

B(0;70) = J (03 70) and X(m;70) = J (g, T 7). (13.41)

Hence, it suffices to show that (i) Amin(J (¢, 7570)) > 0 and (ii) Amax(J (29, 7570)) < 00
for all 7 € II. Property (i) holds by essentially the same argument as in the para-
graph following with d;(m) in place of dy ;(7) using the condition in that
E, d;(m)d;(m)" is positive definite Vr € II. Positive definiteness of £, d;(7)d;(7)" implies
the same for £, [L"*(Z[¢,)/(L(Z/Co)(1 — L(Z!(,)))]di(m)d; ()" because the latter is well-
defined and L"*(Z!(,)/(L(Z!¢,)(1 — L(Z!(,))) is positive a.s. Property (ii) holds by the
moment conditions in (3.32). This completes the verification of Assumption V1(iii).

Assumptions V1(i) and V1(ii) hold not only under {~,} € I'(7,,0, b), but also under
{~,} € T(7,,00,wp) in this example. This and 6, —, 0 under {v,} € (v, 00,wo),
which holds by Lemma 5.3 of AC1, imply that Assumption V2 holds. Among the
assumptions employed in Lemma 5.3 of AC1, Assumptions B1, B2, and C7 are verified
directly, Assumptions A, B3, and C1-C5 hold by Lemma [9.1] under Assumptions B1,
B2, and S1-S4, and Assumption C6 holds by Lemma [3.2] under Assumptions S1-S3 and
C6'.
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13.10. Calculation of Partial Derivatives

Here we calculate the partial derivatives of p(W;, 0) wrt 6. Let L abbreviate L(g;(0)).

The first-order derivative wrt 6 is

Y;‘ 1_Y; /a
po(Wi,0) = — [f T 1_ L] %91’(0)
Y=L 0
L1—1)" 967
-
L1—-L)

(0) = wy,(0)(Y; — L)B(5)d;(m), where
wy i (0) = (13.42)

Now we calculate the second-order derivatives. To this end, we have

[ [ v
RUCETETES ol P
T
s P )
0 0 02

_ I: /I_ . [EE—'c — .

Hence,

(Y; - L)?
21— 1)?
YL , &
“a=n " aear ¥
= [wi, (Vi = L)* + wy,(Y; — L) B(B)di(m)di(m) B(B)
+wi,;(Y; — L)Di(6), where
_— .y
pi-o " S Ty

Poo(Wi, 0) = (L/)Z B R

wy;(0) = (13.44)

Lastly, we calculate the derivatives in (13.8). Let L = L;(0) and Ly = L;(6p). We
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have

LO 1—L0 L—LO
FOC = -2 -
OoC + )

LI "1-1L L and

1
L(1— L) — (L — Lo)(1 — 2L)
I2(1— L)
L— L2~ (L~ Ly— 2L% + 2LLy)
[2(1— L)
Lo+ L?—2LLy (Lo — L)?

SOC =

= > > 0.

I2(1-L2 ~ L*(1- Ly
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14. Supplemental Appendix E: STAR Example,

Verification of Assumptions

14.1. Verification of Assumptions S1 and S2

Assumption S1 holds by Assumption STARI(ii).
Assumption S2(i) holds with

p(W,0) = UZ(0)/2, where U;(0) =Y, — X;¢ — X3 -m(Z;, 7). (14.46)

The residual U(#) is twice continuously differentiable in 6 for both the logistic function
and the exponential function. When g = 0, U;(0) = Y; — X](, which does not depend
on 7. This verifies Assumption S2(ii).

To verify Assumptions S2(iii) and S2(iv), we have

E’Yop<Wt’ 0) = E“fo th - X;C - X;ﬁ ’ m<Zt7 71_)}2
= B, (U — X[(¢ = ) — X, [Bm(Zy,7) — Bym(Zy, m0)])°
= B, U + B\ [X[(C = o) + X{(Bm(Zy, m) — Bom(Zy, mo))]?. (14.47)

To verify Assumption S2(iii), we need that when [, = 0,
By (Wi th,7) = Bgp(Wey g, ) = B [XU(C — Co) + XiBm(Zo,m)P >0 (14.48)
Vi # ¢y and V7 € II. The inequality in holds unless
P, (X7 + Xim(Zy,m))a=0) =1, (14.49)

where a = ((¢ — (,)’,3'). By Assumption STAR2(i), does not hold for any
a # 0. Hence, the inequality in holds V4 # 1. This completes the verification
of Assumption S2(iii).

To verify Assumption S2(iv), we need that when S, # 0,

EWOP(VVM 0) - E%p(Wt, 00)
= B, [X{(¢ = Co) + X{Bm(Zy, m) — X{Bgm(Zi,m0)]? > 0 (14.50)
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V6 # 0y. The inequality in (14.50]) holds unless
Py, (X{(C = o) + Xim(Zy, m) — X, Bgm(Zy, mo) = 0) = 1 (14.51)

for some 0 # 0,. Because 3, # 0, Assumption STAR2(i) implies that (14.51) does not
hold for any m # my. When m = 7, (14.51)) becomes

Py (X{(C = Co) + Xi(B = Bo)m(Zy, mo) = 0) = 1. (14.52)

Because ((14.49) does not hold for any a # 0 for any 7 € II, (14.52)) cannot hold for
(8,¢) # (By,(p)- This completes the verification of Assumption S2(iv).
Assumption S2(v) holds by Assumption STAR5(ii). Assumption S2(vi) holds because

¥ does not depend on 7.

14.2. Verification of Assumption S3(i)

Now we verify Assumption S3 (vector ). In the STAR model, Z; is an element of
X; and the function p(w, 6) takes the form in (3.19) with

a<Xt75) = X;B S R7 h(Xt77T) = m(Zt77T) S Ra and
p'(Wi,a(X,, B)R(Xy, 7),¢) = [V = Xi¢ = a(X, (X, m)]*/2. (14.53)

By Lemma we verify Assumption S3(i) by showing that Assumption S3* holds.

To verify Assumption S3*(i), we have
p' (Wi, a( Xy, Bo) (Xt o), Co) = —[Vi — X{Co — a(Xy, Bo)n(Xy, mo)] = — U (14.54)

Note that p'(-) and p”(-) in Assumption S3* are partial derivatives of p*(-) wrt a(Xy, 5)
h(X}, 7). Assumption S3*(i) holds immediately by Assumption STARI1().
To verify Assumption S3*(ii), we first derive the terms that appear in it. By (14.53),

p”(Wt,a(Xt,B)h(Xt,w), O =1,
WXy, m) =m(Zy, m), ha( Xy, ) = M (Zy, )y M (X, ) = M (Zy, ),
ag(Xy, B) = Xy, ags(Xy, B) = 0. (14.55)

Assumption S3*(ii) holds because E, sup, cy(|m(Z;, 7)| 4 ||m(Z, 7)|]) - (|m(Z;, 7)| +
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[lmx(Zt,
| + [|mar(Zi, 7)|]) - || Xe]]> < C for some C < oo by Assumption STAR2(iii) and
the Cauchy-Schwarz inequality.

This completes the verification of Assumption S3(i).

14.3. Verification of Assumption S3(ii)

Next, we verify Assumption S3(ii). We first show some generic results that are used

in the calculation below. Let A = ada’, where a = [a},...,a],]’ € R% and ay, ..., a,, are

coy Uy

sub-vectors of a. Similarly, A* = a*a* and aj, ..., a}, are sub-vectors of a*. Then,

m m
A= A"|| = [Jad' —a”a”|| < Y Y llaia} — afaf|

i=1 j=1
m m
<30 (et = oua | + e — ai|)
i=1 j=1
m m
< 3 el + i Dl — .
i=1 o

where the first inequality holds by the inequality (2% + y?)'/2 < z + y for non-negative
scalars x and y, the second inequality holds by the triangle inequality, and the third
inequality holds by the inequality ||AB|| < [|A]| - ||B|| for matrices A and B.

By (7.12),

05 (Wi, 01) = (Wi, 02) || < |dy o (1) (1) — o () iy o (702)|]
< 4||Xt|| : ||Xt,m(Zt77T1) - Xém(Zt;ﬂ-Q)H
< 41X SugHmw(ZtﬂT)H ||y — o], (14.57)
e

where the first inequality holds by applying the inequality in (14.56|) to a = dy (1) =
(Xim(Zy, m1), X]) and a* = dy(m2) = (X;m(Z;, ), X])" and the second inequality
holds by a mean-value expansion of m(Z;, 7) wrt .

Applying the arguments in to ph,(Wy,01) with a = (X/m(Zy, m1), X}, ' Xemy(Z,
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m)") and a* = (Xjm(Z;, ma), X{, whXem,(Z;, m3)") yields
1050 (W, 05) — pbe (W, 03)1] < 201X4[[*(2 + sup |l (Ze, T)]) % (14.58)
(Sup(Hmw(ZtﬂT)H + M (Ze, m)|]) - [0 = 72| + sup |[mr (Ze, 7] - |Jwr1 — w2|\) :
mell mell
Therefore, the function M;(W;) in Assumption S3(ii) takes the form
My(W;) = 4| X - sup | (Ze, 7|
e
2/ X 22 + sup ||mr(Zy, 7)) - sup (2[lma(Ze, T)|| + [|mrr(Ze, m)]]) - (14.59)
s e

The form of M;(W;) is used in the verification of Assumption S3(iii) below.
Next, we show the form of My(W;) in Assumption S3(ii) (vector §). By (7.12),

1Py (Wi, 01) = py (Wi, 02)]] = [[Ue(01)dup i (1) — Un(02)dpo (2|
< |U(01) = Ur(02)] - [[dy ()| + [Un(01)] - [[dy1(m1) = dya ()], (14.60)

where the inequality holds by the triangle inequality and ||aB|| = |a| - || B|| when a is a

scalar.

Let B = SUPyco 18| and Z = SUPgco <]
Note that in (14.60)), the terms concerning U, () satisfy

Ui (01) — U(0)]

IN

)
U016, — 0
223”@9' H(O)]] - 161 — 62|

< QIX] + []X] -3-Sggllmw(2t,ﬂ)ll) |16y = 2]l

U (00)] < {1Vl + [ X]IC + 1] X[ (14.61)
The terms concerning dy, () satisfy

l|dy+(m2)|] < 2[|X¢|| and
Iselm) — dualmll < 1K1 sup lme(Ze -l — ol (1462)
S
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The inequalities in (14.60))-(|14.62)) imply that

105 (We,02) = py (Wi, 05)| < My(W) - 61 = o], where
My(Wy) = 2|| X2+ B - sup [[m(Z;, 7))
e

(Yol + [1XIC + [1X01B) - (1] sup |l (Ze, ). (14.63)

Similarly, (7.14]) gives

105 (W, 07) = ph(We 031 = 1067 )da(m1, 1) — Up(63 )y (2, wo)l| - (14.64)
< U(07) = Ui(03)] - [1di(ma, )| 4+ [U(07)] - [1di (1, wi) = di(ma, wo)l.

In (14.64), the terms concerning U, (6") satisfy that

U(07) =Y, — Xi¢ = [|Bllw' Xy - m(Zy, 7),
(U(0)] < [[¥el] + [1XIC + 118,
0

WU(9+) - _(w,Xtm<Zt’ 7T)7 ||B||X£m(Zt7 ﬂ-)’ Xl{, ||ﬁ| |letm7T(Zt7 77-),)7

0
U07) = Ui07) < sup |l UO)]]- 1167 — 65|

ftco+

< <2+B- <sup||mﬂ<zt,w>u " 1)) 1l — ol (14.65)

mell

In (14.64]), the terms concerning d;(7,w) satisfy
|| (7, )| < ||Xt||(2+Sug||m7r(Zt,7T)||) and
TE

[lde (1, wi) = di(ma,w2) || < || X4 - (Sup [lma(Ze, ™)l + sup [[merr (22, 7T)I|> 1 — |
e

mell

HIXel[ - sup [Jmr (Zp, w] - [l = wall (14.66)
S

By ([L69)-(T450).

105 (W2, 07) = ph (Wi, 03)[| < M, (W;) - (|07 — 05 ]|, where
My(Wy) = [2+ B+ (sup||ma(Ze, m)[| + 1)) - || X [* - (2 + i [l (Ze, m)]])
e

mell

+ (1Yl + XIS+ [1118) - [1Xel] - Sup Cllma(Ze, Wl + [[Mar(Ze, 7)]])(14.67)
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Another term in Assumption S3(ii) is ||e(W, 07) — e(W;, 05)||, which satisfies
||e(Wr, 07) — e(We, 03)|
< |U07) — Ue(03)] - [1Xe] SUD2|m(Ze, ) + [[man (22, )]
H O] - 1 X SUp(||3mer (22, 7) + Man(Z)) - 107 — 031, (14.68)
TE

where M, (Z;) is as in Assumption STAR2. This and the inequalities in (14.65) imply
that

Ie(0W2,65) — (W3, 61| < MW - |05 = 6511, where M.(:) =
(247 (suplimaZ,mll 1) ) 112 - sup(2llne (Ze ) + s (21,
TE TE

+ (1Yl + [IX[C+ 11X 1B) - 11X - (Slelg |31 (Ze, )| + Mrr (Z1)). (14.69)

Equations (14.63)), (14.67)), and (14.69) yield that Assumption S3(ii) holds with

My(Wh) = My(Wy) + My(Wh) + Mc(W3). (14.70)

14.4. Verification of Assumption S3(iii)

In the verification of Assumption S3(iii) below, we use

E, sup |Uy(0)*" = E, sup|Y; — X[¢ — X, 8- m(Z, )
USC) 0€©
< CLE, (Vi + [IXe])* < (14.71)
for some C7, Cy < 0o, where the first inequality holds because the parameter spaces of ¢
and [ are bounded and |m(Z;, 7)| € [0,1] and the second inequality holds by Holder’s

inequality and Assumptions STAR1(ii) and STAR2(iii). Because the value of U;(#) does
not change when 6 is reparameterized as 0", (14.71)) is equivalent to

E,, sup |[U(6)* <C (14.72)

6tco+

for some C < 0.
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By (14.46),

1
E, sup |p(W,0)|'" = —E, sup |U;(9)*') < C (14.73)
’ oco 21010 e
for some C' < oo by ((14.71)).

By (1D,

E,, sup [|ph(W,,0%)||" < E,, sup |Ui(07)E,, Sup ||y (7, w)|[*?
otco+ 9 co+ cot

<G VOSgg<2Hx;H+—H)QH-\wn«<zavowo2qs;cxl4ﬁ4>

for some C', Cy < 0o, where the first inequality holds by the Cauchy-Schwarz inequality,
the second inequality holds by and ||AB|| < ||A||-||B||, and the third inequality
holds by Holder’s inequality and Assumptions STAR1(ii) and STAR2(iii).

In the calculation of B, supyee ||pyy (Wi, 0)|['*? and E, supgee ||ohe (Wi, 0)[|*+? be-
low, we use the following inequality. Let A = ad’, where a = [d},...,a/,] € R% and

ai, ..., a,, are sub-vectors of a. Then,

||A||<ZZI|M’|I< (ZII%H) (14.75)

=1 j=1

by arguments analogous to those in (14.56)).

By (12,

I, Sl (Wi O) [0 = I, s s (w0 < 2, (211,049 < €

(14.76)
for some C' < oo, where the first inequality holds by (14.75)) with a = (X{m/(Z;, 7), X})’
and the second inequality holds by Assumptions STAR1(ii) and STAR2(iii).

Similarly, by (7.14)),
E,, sup ||phe(Wi, 09)||'70 = By, sup ||di(m,w)dy(m, w)'[['*°
pteo+ gteco+
< By sup (ILX |+ 1XG -l (22, m) ) < € (14.77)
S

for some C' < 0o, where the first inequality holds by (14.75)) with a = (X[m/(Z;, ), X},
W' Xym,(Zy, 7)) and the second inequality holds by Assumption STAR2.
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By (7.14),

E,, sup ||le(W;,0")||* < E,, sup [|U,(67)]*

ftce+ ptcot

X By sup(2| Xel| - [lmr (Ze, m)l] + (| Xell - Iman(Ze, m)[)* < C - (14.78)
e

for some C' < oo, where the first inequality holds by the Cauchy-Schwarz inequality and
the inequality [[A[| < >, . [|A4;;]| for any matrix A, where A;; denotes an element of
A, and the second inequality follows from , Holder’s inequality, and Assumptions
STAR1(ii) and STAR2(iii).

Finally, E, (M;(W;) + My(W;)?) < C for some C' < oo by Holder’s inequality,
(14.59), (14.63), (14.67), (14.69), (14.70), and Assumptions STAR(ii) and STAR2(iii).

This completes the verification of Assumption S3(iii) (vector ).

14.5. Verification of Assumptions S3(iv) and S3(v)

To verify Assumption S3(iv), note that

B (Westho, ™) = By o(m)dy ()" and
B,y pbe (Wi, 00) = E. di(m0, wo)di (0, wp)'. (14.79)

For any A = ()\1,)\2) #0, A\, A2 € Rdﬁ, and V7 € II,
Ny dy i (1) dy (7N = By (N Xm(Z, ) + Ay X,)° > 0, (14.80)

where the inequality holds by Assumption STAR2(i). This implies that £, dy,(7)dy ()’
is positive definite V7 € II.

For any A = (A1, Ao, A3, \a) # 0, A, Ay € R%. A3, \y € R, Vw with ||w|| = 1 and
v e Il

NE,, dy(m,w)dy(m,w)'A (14.81)
= E%()\'lXtm(Zt, ) + Ao Xy + Asw' Xemp 1 (Zy, m) + M’ Xymig 2(Z, 7))? > 0,

where the inequality holds by Assumption STAR2(ii) with a = (A1, Ay, Asw, \qw). Note
that A # 0 implies that a # 0. The inequality in (14.81]) implies that E. pge(Wt, o) is
positive definite Vv, € I'.
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To verify Assumption S3(v), note that Vm # 0,
Covg(ph(Wi, 00), o (Wi, 00)) = E Uil ymdy (10, w0)dym(wo, o) =0 (14.82)
by Assumption STARI1(i). This yields that

V00, 00;79) = Covy, Ui dy(mo, wo)dy (o, wo)’
- EvoUt2dt(7T07wo)dt(%,wo),, (14.83)

where the second equality uses E, Uyd,(mo,wo) = 0 by Assumption STAR1(i). The
matrix E, UZd,(mo,wo)d(mo, wo)’ is positive definite by the argument in (14.81)) with
dy+(m) replaced by Updy(m,w) and using E., (U}|F—1) = 0* > 0.

14.6. Verification of Assumption S4

To verify Assumption S4, we have

By py (W, 0) = =B, Uy (0)dy ()
= —E,, (U + X{(Co — Q) + Xi[Bom(Ze, mo) — B(Zy, )])dy (1) and
K(0;7) = —Ey,dy s (m)X{m(Z, o)
= —E, dy(m)dys(mo) - Sp. (14.84)

where S5 = [Iy, : 0] € R%>(2ds),

Assumption S4(i) holds with K (6;7,) in by the moment conditions in As-
sumption STAR2(iii). To verify Assumption S4(ii), we need to show that E. dy+(7m)dy (7o)’
is continuous in 7, 1y, and ¢. Continuity in © and 7y follows from the the continuity of
m(Zs, ) in m and the moment conditions in Assumption STAR2(iii). Continuity in ¢
holds because ¢,, — ¢, under dg implies weak convergence of (Y}, Y;.,,) for all t,m > 1,
which in turn implies the convergence of E., dy (m)dy, (7o) to E, dy+(m)dy(m0)" by the
moment conditions in Assumption STAR2(iii).

The continuity in 7, 79, and ¢ holds uniformly over = € Il by Lemma using (i)
the pointwise convergence above, (ii) the fact that £, dy.(7)dy(mo) is differentiable
in 7 and the partial derivative is bounded over = € II, and (iii) the compactness of II.

This completes the verification of Assumption S4.
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14.7. Verification of Assumptions B1 and B2

Now we verify Assumptions Bl and B2. Assumptions B1(i) and B1(iii) hold by
Assumptions STAR5(i) and STARS(ii) immediately. Assumption B1(ii) holds with
Z% = int(Zy) by Assumptions STAR4(iv) and STAR5(iii). Assumption B2(i) holds
immediately because the true parameter space I' is of the form in and [ is as-
sumed to be compact. Assumption B2(ii) holds by Assumption STARA(ii). Assumption
B2(iii) holds by Assumption STARA4(iv) and the form of the true parameter space in
(7.10).

14.8. Verification of Assumptions C6 and C7

Assumption C6 is implied by Assumption STAR3(J).
Now we verify Assumption C7 with H(7;~,) and K(m;~,) given in (7.9). By the
matrix Cauchy-Schwarz inequality in Tripathi (1999),

K(m;70) H (5 70) K (11570) < By Xe Xym?(Zy, o). (14.85)

The matrix “<” holds as an equality if and only if X;m(Z;, mo)a+ (X[, X;m(Z;,7))c =0
with probability 1 for some a € R% and ¢ € R?*®* with (d’,¢) # 0. The “<” holds as
an equality uniquely at m = mo by Assumption STAR2(i).

Proof of Lemma We prove Lemma by verifying Assumption C6' and using
Lemma 8.2l Note that

ps (Wi, g, ) = U Xym(Zy, )
Pc(Wta%a m) = Ui Xy,
Py(Wis b, m1,m2) = Updy (1, 72), where
d(m1,m2) = (Xim(Zy,m1), Xim(Zi, 72), X7)' (14.86)

The matrix Qg(my, 72;7,) that appears in Assumption C6' takes the form
Qe (1, m2370) = By UL dy (o, ma)di (1, m2)' (14.87)

by Assumption STARI1(i). Assumption C6'(ii) holds by Assumption STAR2(i) and
E, (U}|Fi—1) = 0 > 0 using arguments analogous to those in (14.81). O
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14.9. Verification of Assumptions V1 (vector 3) and V2

Here we verify Assumptions V1 (vector 5) and V2, which are stated in Appendix B
of the main paper.
In the STAR model, Assumption V1(i) holds with

J(0%;7y) = By dy (7, w) di(m,w)" and
V(0F;57,) = B, Uldy (7, w) dy(m,w)’ (14.88)
+E4 [ X3 (Co = €) + Xi(l|Bollwom(Ze, mo) — [|Bllwm(Zy, m))*dy(m, w)dy(m, w)',

by the uniform law of large numbers in Lemma [9.3

Assumption V1(ii) holds by the continuity of m(z, 7) and m,(z,7) in 7 and Assump-
tion STAR2(iii).

To verify Assumption V1(iii), note that X(m,w;~,) takes the form

X(m,w; ) (14.89)
= (Byydy (m,w) dy(m,w)) ™" By URd, (m,w) dy(m,w)' (Byydy (m,w) dy(m,w)')

Given that E, d; (7, w)di(m,w)" and E, UZd, (7,w) dy(m,w)’ are both positive definite,
Y (m,w;y,) is positive definite Vrr € II and Vw with ||w|| = 1.

Because the determinant of E d; (7, w) di(7,w)" is bounded away from 0 as a function
of (m,w) Vyy € I' and ||E, d; (7, w) di(m,w)'|| < Cy for some C; < 0o Vy, € T' by
Assumption STAR2(iii), we have || (E, d; (7,w) dt(ﬂ,w)’)_l | < Cy for some Cy < 0.
Hence, ||3(m,w;7,)|| < C Vr € IT and Yw with ||w|| = 1. This completes the verification
of Assumption V1(iii).

Assumption V1(iv) holds by Assumption STAR3(ii).

Assumptions V1(i) and V1(ii) hold not only under {~,} € I'(7,,0, b), but also under
{7,} € T'(7g,00,wp) in this example. This and 0, —, 0o under {v,,} € I'(v,, 00, wo),
which holds by Lemma 5.3 of AC1, imply that Assumption V2 holds. Regarding the
assumptions employed in Lemma 5.3 of AC1, Assumptions B1, B2, C6, and C7 are ver-
ified above and Assumptions A, B3, and C1-C4 hold by Lemma [9.1] under Assumptions

B1, B2, and S1-S4. O
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