ESTIMATION AND INFERENCE WITH WEAK, SEMI-STRONG,
AND STRONG IDENTIFICATION

By

Donald W. K. Andrews and Xu Cheng

October 2010

COWLESFOUNDATION DISCUSSION PAPER NO. 1773

COWLESFOUNDATION FOR RESEARCH IN ECONOMICS
YALE UNIVERSITY
Box 208281
New Haven, Connecticut 06520-8281

http://cowles.econ.yale.edu/




Estimation and Inference
with Weak, Semi-strong,
and Strong Identification

Donald W. K. Andrews”
Cowles Foundation

Yale University

Xu Cheng
Department of Economics

University of Pennsylvania

First Draft: August, 2007
Revised: October 6, 2010

*Andrews gratefully acknowledges the research support of the National
Science Foundation via grant number SES-0751517. The authors thank
Xiaohong Chen, Sukjin Han, Yuichi Kitamura, Peter Phillips, Eric
Renault, Frank Schorfheide, and Ed Vytlacil for helpful comments.



Abstract

This paper analyzes the properties of standard estimators, tests, and confidence sets
(CS’s) in a class of models in which the parameters are unidentified or weakly identified
in some parts of the parameter space. The paper also introduces methods to make the
tests and CS’s robust to such identification problems. The results apply to a class of
extremum estimators and corresponding tests and CS’s, including maximum likelihood
(ML), least squares (LS), quantile, generalized method of moments (GMM), generalized
empirical likelihood (GEL), minimum distance (MD), and semi-parametric estimators.
The consistency /lack-of-consistency and asymptotic distributions of the estimators are
established under a full range of drifting sequences of true distributions. The asymptotic
size (in a uniform sense) of standard tests and CS’s is established. The results are applied
to the ML estimator of an ARMA(1, 1) model and to the LS estimator of a nonlinear
regression model. In companion papers the results are applied to a number of other

models.
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1. Introduction

The literature in econometrics has shown considerable interest in issues related to
identification over the last two decades (and, of course, prior to that as well). For ex-
ample, research has been carried out on models with weak instruments, models with
partial identification, models with and without nonparametric identification, tests with
nuisance parameters that are unidentified under the null hypothesis, and the finite sam-
ple properties of statistics under lack of identification. The present paper is in this line
of research, but focuses on a class of models that has not been investigated fully in the
literature. It includes models with weak instruments but the focus of the paper is on
other models in this class.

We consider a class of models in which lack of identification occurs in part of the
parameter space. Specifically, we consider models in which the parameter 6 of interest
is of the form 6 = (3, (, ), where 7 is identified if and only if 5 # 0, { is not related
to the identification of 7, and ¢ = (3, () is always identified. The parameters (3, (, and
m may be scalars or vectors. This a canonical parametrization which may or may not
hold in the natural parameterization of the model, but is assumed to hold after suitable
reparametrization. For example, the nonlinear regression model, Y; = Sh(X;, 7)+ Z/¢ +
Ui, where (Y;, X;, Z;) is observed and h(-,-) is known, is of the form just described. So
are other models that depend on a nonlinear index of the form Sh(X;, 7) + Z/(.!

Suppose 6 is estimated by minimizing a criterion function @, () over a parameter
space O. Lack of identification of 7 when 5 = 0 leads to @,,(¢) being (relatively) flat
with respect to (wrt) m when [ is close to 0. For example, the LS criterion function in
the nonlinear regression example, n=* Y " (Vi — Sh(X;, 7) — Z/()?, has first derivative
wrt 7 equal to —28n" > (Y — Bh(X;,m) — Z()(9/07)h(X;, ), which is close to
0 for 5 close to 0. Flatness of @,(#) is well-known to cause numerical difficulties in
practice. It also causes difficulties with standard asymptotic approximations because the
second derivative matrix of @, () is singular or near singular and standard asymptotic

approximations involve the inverse of this matrix.

!Throughout the paper we use the term identification/lack of identification in the sense of identifi-
cation by a criterion function @, (6). Lack of identification by @, (f) means that Q, () is flat in some
directions in part of the parameter space. See Assumption A below for a precise definition. Lack of
identification by the criterion function @, (6) is not the same as lack of identification in the usual or
strict sense of the term, although there is a close relationship. For example, with a likelihood criterion
function, the former implies the latter. See Sargan (1983) for a related distinction between lack of
identification in the strict sense and lack of first order identification.



This paper applies the general results to an ARMA(1, 1) model. The nonlinear re-
gression model is treated in the Supplemental Material to this paper, Andrews and Cheng
(2007) (AC1-SM).? Two companion papers—Andrews and Cheng (2008a,b) (hereafter
AC2 and AC3, respectively) apply the results of this paper to a smooth transition thresh-
old autoregressive (STAR) model, a smooth transition switching regression model, a
nonlinear binary choice model, and a nonlinear regression model with endogenous re-
gressors. In addition, work is underway on applications to limited dependent variable
models, including probit and censored regression, with endogeneity and a linear reduced-
form equation for the endogenous variable(s), see Nelson and Olson (1978), Lee (1981),
Smith and Blundell (1986), Newey (1987), and Rivers and Vuong (1988), and an endoge-
nous probit model with no exclusion restriction but a nonlinear parametric reduced-form
equation for the endogenous regressor, see Dong (2009) for a related model. Han (2009)
shows that, via reparametrization, a simple bivariate probit model with endogeneity
falls into the class of models considered here.

Other examples covered by the results of this paper include MIDAS regressions in
empirical finance, which combine data with different sampling frequencies, see Ghy-
sels, Sinko, and Valkanov (2007), models with autoregressive distributed lags, continu-
ous transition structural change models, continuous transition threshold autoregressive
models (e.g., see Chan and Tsay (1998)), seasonal ARMA(1, 1) models (e.g., see An-
drews, Liu, and Ploberger (1998)), models with correlated random coefficients (e.g., see
Andrews (2001)), GARCH(p, q) models, and time series models with nonlinear deter-
ministic time trends of the form ¢™ or (t* —1)/7.?

Not all models with lack of identification at some points in the parameter space fall
into the class of models considered here. The models considered here must satisfy a set
of criterion function (stochastic) quadratic approximation conditions, as described in
more detail below, that do not apply to some models of interest. For example, abrupt
transition structural change models, (unobserved) regime switching models, and abrupt
transition threshold autoregressive models are not covered by the results of the present
paper, e.g., see Picard (1985), Chan (1993), Bai (1997), Hansen (2000), Liu and Shao

2Cheng (2008) also considers the nonlinear regression model. The treatment of this model in AC1-
SM is more general than in Cheng (2008) in that it allows for a whole class of error distributions, but
is less general in that it only considers a single source of potential lack of identification, i.e., a single
nonlinear regressor.

3Nonlinear time trends can be analyzed asymptotically in the framework considered in this paper via
sample size rescaling, i.e., by considering (¢/n)™ or ((t/n)™ — 1)/, e.g., see Andrews and McDermott
(1995).



(2003), Elliott and Miiller (2007, 2008), and Drton (2009) for analyses of these models.

The approach of the paper is to consider a general class of extremum estimators that
includes ML, LS, quantile, GMM, GEL, and MD estimators. The criterion functions
considered may be smooth or non-smooth functions of §. We place high-level conditions
on the behavior of the criterion function @, (6), provide a variety of more primitive
sufficient conditions, and verify the latter in several examples. For example, in AC2,
we provide more primitive sufficient conditions for the case where the criterion function
takes the form of a sample average that is a smooth function of ¢ and is based on
i.i.d. or stationary time series observations, which covers ML and LS estimators. These
conditions are of a similar nature to standard ML regularity conditions, and indeed cover
ML estimators, but allow for non-regularity in terms of a certain type of identification
failure. We also provide sufficient conditions for GMM criterion functions in AC3. The
high-level conditions given here have the attractive features of (i) clarifying precisely
which features of the criterion function are essential for the analysis and (ii) covering a
wide variety of cases simultaneously.

Given the high-level conditions, we establish the large sample properties of extremum
estimators, t tests, and t CS’s under lack of identification, weak identification, semi-
strong identification, and strong identification, as discussed below. These large sample
properties provide good approximations to the statistics’ finite-sample properties under
all strengths of identification, whereas standard asymptotic theory only provides good
approximations under strong identification. We investigate the large sample biases of
extremum estimators under weak identification. We determine the asymptotic size of
standard t tests and CS’s, which often deviates from their nominal size in the presence
of lack of identification at some points in the parameter space. In AC2, we provide
corresponding results for quasi-likelihood ratio (QLR) tests and CS’s. In AC3, we do
likewise for Wald tests and CS’s.

We introduce methods of making standard tests and CS’s robust to lack of identifi-
cation, i.e., to have correct asymptotic size (in a uniform sense). These methods include
least-favorable (LF), type 1 robust, and type 2 robust critical values. The LF critical
value is a constant that is large enough for all identification categories. The type 1

critical value is data dependent and is closely related to a method suggested in Andrews

4 Asymptotic size is defined to be the limit of exact (i.e., finite-sample) size. For a test, exact size
is the maximum rejection probability over distributions in the null hypothesis. For a CI, exact size is
the minimum coverage probability over all distributions. Because exact size has uniformity built into
its definition, so does asymptotic size as defined here.



(1999, Sec. 6.4; 2000, Sec. 4) for boundary problems and to the generalized moment se-
lection critical value method used in Andrews and Soares (2010) and some other papers
for inference in partially-identified models based on moment inequalities. The type 2
critical value is data dependent and is similar to that used in Andrews and Jia (2008) for
inference based on moment inequalities. With type 1 and type 2 robust critical values,
the idea is to use a identification-category selection procedure to determine whether
is close to the non-identification value 0 and, if so, to adjust the critical value to take
account of the effect of non-identification or weak identification on the behavior of the
test statistic.

We also introduce null-imposed (NI) and plug-in versions of these robust critical
values. The NI version exploits the knowledge of the null hypothesis value to make
the critical value smaller. The plug-in version replaces consistently estimable nuisance
parameters by consistent estimators in order to make the critical value smaller. The NI
and plug-in versions improve the statistic properties of the robust critical values, but
often at a price in terms of computation.

The resulting identification-robust tests and CS’s are ad hoc in nature and do not
have any optimality properties. However, they are generally applicable and often have
the advantage of computational ease. In some models with potential identification fail-
ure, procedures with explicit asymptotic optimality/admissibility properties are avail-
able. For example, see Elliott and Miiller (2007, 2008) for some change-point problems.

In the models considered here, weak identification occurs when 5 # 0 but /3 is close
to 0. As is well-known from the literature on weak instruments, the effect of 5 of a given
magnitude on the behavior of estimators and tests depends on the sample size n. In
consequence, to capture asymptotically the finite-sample behavior of estimators, tests,
and CS’s under near non-identification, one has to consider drifting sequences of true
distributions. In the present context, one needs to consider drifting sequences in which
B,, drifts to 0 at various rates and [, drifts to non-zero values.

Interest in asymptotics with drifting sequences of parameters goes back to Neyman-
Pitman drifts, which are used to approximate the power functions of tests, and contiguity
results, which are used for asymptotic efficiency calculations among other things. More
recently, drifting sequences of parameters have been shown to play a crucial role in the
literature on weak instruments, e.g., see Staiger and Stock (1997), and the literature
on the (uniform) asymptotic size properties of tests and CS’s when the statistics of

interest display discontinuities in their pointwise asymptotic distributions, see Andrews



Table I. Identification Categories

Category {6,} Sequence Identification Property of 7
I(a) B,=0Vn>1 Unidentified
I(b) B, # 0 and n*/28, — b€ R%  Weakly identified
(and, hence, ||3,|| = O(n=1/?))
I B, — 0 and n'/?||3,|| — oo Semi-strongly identified
11 B, — By #0 Strongly identified

and Guggenberger (2009, 2010) and Andrews, Cheng, and Guggenberger (2009). The
situation considered here is an example of the latter phenomenon. The latter papers
show that to determine asymptotic size, it is both necessary and sufficient to determine
the behavior of the relevant statistics under certain drifting sequences of parameters.
In this paper, we use the results in those papers and consider a collection of drifting
sequences of parameters/distributions that are sufficient to determine the asymptotic
size of the tests and CS’s considered.

Suppose the true value of the parameter is 6, = (f,,,(,, ™) for n > 1, where n
indexes the sample size. The behavior of extremum estimators and tests in the present
context depends on the magnitude of ||5,||. The asymptotic behavior of these statistics
varies across the three categories of sequences {3, : n > 1} defined in Table L.

The asymptotic results of the paper for the extremum estimator En = (En, En, Tn) are
summarized as follows: The estimator zzn = (Bn, Zn) is n'/2-consistent for all categories of
sequences {3, }. The estimator 7,, is inconsistent for Category I sequences and consistent
for Categories IT and ITI. The asymptotic distribution of n!/2(sh, —1, ) (= n'/2((B,,¢,)—
(B,,,¢,))) is a functional of a Gaussian process with a mean that is (typically) non-zero
for Category I sequences (due to the inconsistency of 7,) and is normal with mean
zero for Categories II and III. The asymptotic distribution of 7, is a functional of the
same Gaussian process for Category I sequences. These estimation results permit the
calculation of the asymptotic biases of (Bn, Zn, 7, ) for Category I sequences as a function
of the strength of identification. The asymptotic distribution of n'/?||3,||(F, — )
is normal with mean zero for Category II sequences. The asymptotic distribution of

n'/(%, — m,) is normal with mean zero for Category III sequences.

®Hahn and Kuersteiner (2002) and Antoine and Renault (2009, 2010) refer to sequences in our semi-
strong category as nearly weak. For this paper at least, we prefer our terminology because estimators
are consistent and asymptotically normal under semi-strong sequences, just as under sequences in the
strong category. The only difference is that their rate of convergence is slower.



Similarly, the asymptotic results for tests and CS’s vary over the three categories.
For Category I sequences, standard tests and CS’s have asymptotic rejection/coverage
probabilities that may differ, sometimes substantially, from their nominal level. In con-
sequence, the asymptotic size of standard tests and CS’s often is substantially different
from the desired nominal size. For Category II and I1I sequences, standard tests and CS’s
have the desired asymptotic rejection/coverage probability properties. For hypotheses
or CS’s that involve 7, their power/non-coverage properties are standard for Category
IT and IIT sequences.

The results of the paper are applied to the ARMA(1, 1) model, which is a workhorse
model in applied time series analysis. It is been known for many years that common
moving average (MA) and autoregressive (AR) roots leads to identification failure in
the ARMA(1, 1) model in the important scenario where the series is white noise, see
Ansley and Newbold (1980). Results for testing the null hypothesis of white noise in an
ARMA(1, 1) model have been provided by Hannan (1982) and Andrews and Ploberger
(1996). However, no papers provide an asymptotic analysis of standard estimators,
CI’s, or tests for any other null hypothesis (such as tests concerning the AR or MA
parameter) that deal with the identification issue. We do so in this paper. We also
introduce identification robust CI’s and provide extensive numerical results concerning
the asymptotic and finite-sample properties of a variety of estimators and CI’s.

The results for the ARMA(1, 1) model are summarized as follows. The distributions
of the maximum likelihood (ML) estimators of the MA and AR parameters are greatly
effected by lack of identification and weak identification, both asymptotically and in
finite samples. Their distributions are bi-modal, biased for non-zero true values, and
far from the standard normal distribution. The asymptotic distributions for the MA
and AR parameter estimators are the same under weak identification. The asymptotic
approximations to the finite-sample distributions are remarkably good.

Standard ¢ CI’s are found to have asymptotic and finite-sample sizes that are very
poor—Iless than 0.60 for nominal 95% CI’s concerning the MA and AR parameters.
Standard CI’s based on the QLR statistic and a y? critical value, on the other hand,
have asymptotic and finite-sample sizes that are not correct, but are far superior to
those of standard |¢| CI’s. Their asymptotic size is 0.933 for nominal 95% CI’s and their
finite-sample sizes are close to this. The asymptotic approximations for the standard ¢
and QLR CI’s work very well.

The nominal 95% robust CI’s have asymptotic and finite-sample size that are equal



to, and close to, 0.95, respectively. This is true even for the robust CI’s based on the
t statistic. The best robust CI in terms of false coverage probabilities is a type 2 NI
robust CI based on the QLR statistic. The asymptotic approximations for the robust
CI’s are found to work very well.

Next, we discuss the literature that is related to this paper. Cheng (2008) considers
a nonlinear regression model with multiple nonlinear regressors and, hence, multiple
sources of lack of identification. In contrast, the present paper only considers a single
source of lack of identification (based on the magnitude of the true value of ||3||), which
translates into a single nonlinear regressor in the nonlinear regression example. On the
other hand, the present paper covers a much wider variety of models than does Cheng
(2008).

In the models considered in this paper, a test of Hy : § =0 versus H; : § # 0, is a
test for which 7 is a nuisance parameter that is unidentified under the null hypothesis.
Testing problems of this type have been considered in the literature, see Davies (1977,
1987), Andrews and Ploberger (1994), and Hansen (1996).

In contrast, the hypotheses considered in this paper are of a more general type. To
obtain asymptotic size results for CS’s for [, as is done here, one needs to consider
drifting sequences of null hypotheses of the form Hy : § = ;. for n > 1. Such testing
problems are not considered in the literature referenced above. Furthermore, here we
consider a full range of nonlinear hypotheses concerning (3, ¢, m)—only special cases are
of the type Hy : f = 0. For example, when the null hypothesis concerns (, then 7 is
a nuisance parameter that is identified in part of the null hypothesis and unidentified
in another part. If the null hypothesis involves all three parameters (3, (, ), then the
identification scenario is substantially more complicated than when Hy is 5 = 0.

The weak instrumental variable (IV) literature, e.g., see Nelson and Startz (1990),
Dufour (1997), Staiger and Stock (1997) (SS), Stock and Wright (2000) (SW), Kleibergen
(2002, 2005), Moreira (2003), and other papers referenced in Andrews and Stock (2007),
is related to the present paper because it considers weak identification. The SS and SW
papers are similar to the present paper because they analyze the behavior of estimators
as well as tests and CS’s. The SW and Kleibergen (2005) papers are similar because
they consider nonlinear models, as does the present paper.

In the weak IV literature, the criterion functions considered are not indexed by the
parameters that are the source of weak identification. Thus, in linear IV models, the

reduced form parameters do not appear in the criterion function. Similarly, in SW,



which applies to nonlinear models, high-level conditions are placed on the population
moment functions under which the IV’s are weak for some parameters. On the other
hand, in the present paper, the potential source of weak identification is an explicit
part of the model.® In consequence, the present paper and the weak IV literature are
complementary—they focus on different criterion functions/models.

However, there is some overlap. For example, in the standard linear IV regression
model, the criterion function for the limited information maximum likelihood (LIML)
estimator can be written either as (i) a function of the parameters in the structural
equation plus the parameters in the accompanying reduced-form equations, which fits the
framework of the present paper, or (ii) a function of the structural equation parameters
only via concentrating out the reduced-form parameters, as in the analysis in Anderson
and Rubin (1949) and Staiger and Stock (1997).7

The focus of the present paper and many papers in the weak IV literature is somewhat
different. We are concerned with cases in which the model is strongly identified in part
of the parameter space, unidentified or weakly identified or semi-strongly identified in
another part of the parameter space and the researcher does not know which case obtains.
In contrast, the weak IV literature is focussed more on the weakly-identified case.

In consequence, we analyze the full range of strength-of-identification scenarios and
provide methods that are suitable for sub-vectors and low dimensional functions, r(6), of
the full parameter vector # under semi-strong and strong identification and are robust to
weak identification. These methods allow for asymptotically efficient procedures when
the identification is semi-strong or strong.

In contrast, most papers in the weak IV literature employ Anderson-Rubin-type
procedures which yield inference concerning the whole parameter vector 6. To obtain
inference for sub-vectors or functions r(#) of 6, one uses some auxiliary method, such as
projection or Bonferroni’s inequality. This approach leads to asymptotically conserva-
tive procedures for sub-vectors or functions r(#) in both weakly- and strongly-identified
scenarios. Kleibergen and Mavroeidis (2009) analyze sub-vector methods in moment

condition models with weak IV’s and show that these methods have correct asymptotic

6To help clarify the differences, we show in Appendix E of AC1-SM that SW’s Assumption C fails
in the nonlinear regression model when a nonlinear regression parameter is weakly identified because
its corresponding multiplicative coefficient is close to zero.

"The same is true of the two-stage least squares (2SLS) estimator. The 2SLS estimator fits the
framework of the present paper by writing the criterion function for the structural and reduced-form
parameters as a single GMM criterion function with no over-identifying restrictions.



null rejection probabilities under weak IV’s, i.e., probabilities less than or equal to the
nominal level o, but typically are asymptotically conservative.

The finite-sample results of Dufour (1997) and Gleser and Hwang (1987) for CS’s
and tests are applicable to the models considered in this paper. This paper considers
the case where the potentially unidentified parameter 7 lies in a bounded set II. In this
case, Cor. 3.4 of Dufour (1997) implies that if the diameter of a CS for 7 is as large as
the diameter of IT with probability less than 1 — 2« then the CS has (exact) size less
than 1 — a (under certain assumptions).

Antoine and Renault (2009, 2010) consider GMM estimation with instruments that
lie in what we call the semi-strong category. Their emphasis is on asymptotic efficiency
with semi-strong instruments, rather than the behavior of statistics across the full range
of strengths of identification as is considered here.

Nelson and Startz (2007) introduces the zero-information-limit condition, which ap-
plies to the models considered in this paper, and discuss its implications. Ma and Nelson
(2006) considers tests based on linearization for models of the type considered in this
paper. Neither of these papers establishes the large sample properties of estimators,
tests, and CS’s along the lines given in this paper.

Sargan (1983) provides asymptotic results for linear-in-variables and nonlinear-in-
parameters simultaneous equations models in which some parameters are unidentified.
Phillips (1989) and Choi and Phillips (1992) provide finite-sample and asymptotic re-
sults for linear simultaneous equations and linear spurious regression models in which
some parameters are unidentified. Their results do not overlap very much with those
in this paper because the present paper is focussed on nonlinear models. Their as-
ymptotic results are pointwise in the parameters, which covers the unidentified- and
strongly-identified categories, but not the weakly-identified and semi-strongly-identified
categories described above.

The results of the present paper apply to the nonlinear regression model estimated
by LS. We use this as an example to illustrate the general results of the paper, see
AC1-SM. In the example, the regressors are i.i.d. or stationary and ergodic. One also
can apply the approach of this paper to the case where the regressors are integrated. In
this case, the general results given below do not apply directly. However, by using the
asymptotics for nonlinear and nonstationary processes developed by Park and Phillips
(1999, 2001), the approach goes through, as shown recently by Shi and Phillips (2009).

With integrated regressors, the nonlinear regression model is a nonlinear cointegration



model. Shi and Phillips (2009) employs the same method of computing asymptotic size
and of constructing identification-robust CS’s as was introduced in an early version of
this paper and Cheng (2008).

The remainder of the paper is organized as follows. Section 2 describes the method
used in the paper to obtain the asymptotic results. Section 3 introduces the extremum
estimators, criterion functions, tests, confidence sets, and drifting sequences of distrib-
utions considered in the paper. Section 4 states the high-level assumptions employed.
Section 5 provides the asymptotic results for the extremum estimators. Section 6 es-
tablishes the asymptotic distribution of ¢ statistics and determines the asymptotic size
of standard ¢t CS’s. Section 7 introduces methods of constructing robust tests and CS’s
whose asymptotic size equals to their nominal size and applies them to ¢ tests and CI’s.
Section 8 introduces quasi-likelihood ratio (QLR) tests and CS’s, which are considered
in the numerical results for the ARMA(1, 1) example. For brevity, theoretical results for
the QLR procedures are given in AC2. Section 9 provides asymptotic and finite-sample
numerical results for the ARMA(1, 1) model. Appendix A of AC1-SM gives sufficient
conditions for some of the high-level conditions stated in Section 4. Appendix B of AC1-
SM provides proofs of the results given in Sections 5 and 6. Appendix C of AC1-SM
verifies the assumptions of the paper for the ARMA example. Appendix D of AC1-SM
provides additional Monte Carlo simulation results for the ARMA example. Appendix
E of AC1-SM verifies the assumptions of the paper for the nonlinear regression example.

AC2 provides primitive sufficient conditions for the high-level assumptions of this
paper for the class of estimators based on sample averages that are smooth functions
of the parameter 6, which includes ML and LS estimators. It also provides general
results for QLR tests and CS’s for multi-dimensional hypotheses. AC3 provides sufficient
conditions for the high-level assumptions for the class of GMM estimators and provides
general results for Wald tests.

All limits below are taken “as n — 00.” Let 0,-(1), Opr(1), and o0.(1) denote terms
that are 0,(1), O,(1), and o(1), respectively, uniformly over a parameter 7 € II. Thus,
X, (m) = 0pr(1) means that sup,cp || Xn(7)|| = 0,(1), where ||-|| denotes the Euclidean
norm. Let “for all §,, — 0” abbreviate “for all sequences of positive scalar constants
{6, : n > 1} for which 0,, — 0.” Let Apin(A) and Apax(A) denote the smallest and
largest eigenvalues, respectively, of a matrix A. All vectors are column vectors. For
notational simplicity, we often write (a,b) instead of (a’,’) for vectors a and b. Also,
for a function f(c) with ¢ = (a,b) (= (d/,V')"), we often write f(a,b) instead of f(c). Let

10



04 denote a d-vector of zeros. Because it arises frequently, we let 0 denote a dg-vector
of zeros, where dg is the dimension of a parameter (5. Let Rjio) = R U {£o0}. Let
Rﬁm] = Rjtog) X ... X Rj4og With p copies.

Let = denote weak convergence of a sequence of stochastic processes indexed by
m € II for some space II. The definition of weak convergence of R’-valued functions on
IT requires the specification of a metric d on the space &, of R"-valued functions on II.
We take d to be the uniform metric. The literature contains several definitions of weak
convergence. We use any of the definitions that is compatible with the use of the uniform
metric and for which the continuous mapping theorem (CMT) holds. These include the
definitions employed by Pollard (1984, p. 65), Pollard (1990, p. 44), and van der Vaart
and Wellner (1996, p. 17). The CMT’s that correspond to these definitions are given
by Pollard (1984, p. 70), Pollard (1990, p. 46), and van der Vaart and Wellner (1996,
Thm. 1.3.6, p. 20). In the event of measurability issues, outer probabilities are used

below implicitly in place of probabilities.

2. Description of Approach

The criterion functions/models considered in this paper possess the following char-
acteristics:
(i) the criterion function does not depend on 7 when 5 = 0,
(ii) the criterion function viewed as a function of i) with 7 fixed has a (stochastic)
quadratic approximation wrt ¢ (for ¢ close to the true value of ¢) for each 7w € II when
the true ( is close to the non-identification value 0 (see Assumption C1 in Section 4.4
below),
(iii) the (generalized) first derivative of this quadratic expansion converges weakly as a
process indexed by 7 € II to a Gaussian process after suitable normalization,
(iv) the (generalized) Hessian of this quadratic expansion is nonsingular asymptotically
for all © € II after suitable normalization,
(v) the criterion function viewed as a function of 6 has a (stochastic) quadratic approx-
imation wrt 6 (for 6 close to the true value) whether or not the true 3 is close to the
non-identification value 0 (see Assumption D1 in Section 4.5 below),
(vi) the (generalized) first derivative of this quadratic expansion has an asymptotic
normal distribution, where a matrix rescaling is employed when [ is local to the non-

identification value 0, and

11



(vii) the (generalized) Hessian of this quadratic expansion is nonsingular asymptotically,

where a matrix rescaling is used when £ is local to the non-identification value 0.

Now, we describe the approach used to establish the asymptotic results discussed
in the Introduction. The estimator 0, = (BmZm Tn) is defined to minimize a criterion
function Q,(0) over 6 € ©. Let 0,, = (3,,, (,,, T») denote the true parameter.

Several steps are employed. The first three steps apply to sequences of true parame-

ters in Categories I and II.

Step 1. We consider the concentrated estimator ¥, () that minimizes Q,(f) =
Qn(1p, ) over ¢ for fixed 7 € II and the concentrated criterion function Q¢(mw) =
Qn(@n(w),w). We show that @n(ﬂ) is consistent for 1, uniformly over 7 € II. The
method of proof is a variation of a standard consistency proof for extremum estimators
adjusted to yield uniformity over m. The proof is analogous to that used in Andrews
(1993) for estimators of structural change models in the situation where no structural

change occurs.

Step 2. We employ a stochastic quadratic expansion of @, (¢, 7) in ¢ for given 7
about the non-identification point 1 = 9, = (0,¢,), rather than the true value v,
which is key. By expanding about 1/ ,,, the leading term of the expansion, Q, (¢, ),
does not depend on 7 because @Q,(3,(,7) does not depend on m when § = 0. For
each 7 € II, we obtain a linear approximation to @n(ﬂ) after centering around v ,, and
rescaling. At the same time, we obtain a quadratic approximation of Q¢ (7). Both results
hold uniformly in 7. The method employed has two steps.

The first step of the two-step method involves establishing a rate of convergence
result for LA/Jn(ﬂ) — g .- The second step uses this rate of convergence result to obtain the
linear approximation of ¥, () — Yo, (after rescaling) and the quadratic approximation
of Qn(¥,T) — Qn(tg,, ) (after rescaling) as a function of ¥. Because @, (1, 7) does
not depend on 7, it does not effect the behavior of @n(ﬂ) or T,. The two-step method
used here is like that used by Chernoff (1954), Pakes and Pollard (1989), and Andrews
(1999) among others, except that it is carried out for a family of values 7, as in Andrews

(2001), rather than a single value, and the results hold uniformly over 7.

Step 3. We determine the asymptotic behavior of the (generalized) first derivative
of Q@ (¢, m) wrt 1) evaluated at v ,,. Due to the expansion about 1) ,,, rather than about
the true value v,,, a bias is introduced in the first derivative—its mean is not zero. The

results here differ between Category I and II sequences. With Category I sequences,
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one obtains a stochastic term (a mean zero Gaussian process indexed by 7) plus a non-
stochastic term due to the bias (K (m;7,)b in the notation used below) and the two are
of the same order of magnitude. With Category II sequences, the true [, is farther
from the point of expansion 0 than with Category I sequences and, in consequence, the
non-stochastic bias term is of a larger order of magnitude than the stochastic term. In
this case, the limit is non-stochastic.

We also determine the asymptotic behavior of the (generalized) Hessian matrix of
Qn(¥, ) wrt 1 evaluated at v, It has a non-stochastic limit. There is no problem
here with singularity of the Hessian because it is the Hessian for ¢ only, not 6 = (¢, ),
and 1 is identified.

For Category I sequences, the results of this step combined with those of Step 2
and the condition n'/?(¢,, — ,,) — (b,0) gives the asymptotic distribution of (i)
the concentrated estimator z/ﬁn() viewed as a stochastic process indexed by m € II:
nlﬂ@n(-) —,) = 7(-), where 7(-) is a Gaussian process indexed by m € II whose
mean is non-zero unless b = 0, and (ii) the concentrated criterion function Q%(-):
n(Q5(-) — Qn(¥g,,, 7)) = £(+), where £(-) is a quadratic form in 7(-).

For Category II sequences, putting the results above together yields: (i) a rate
of convergence result for ¥, (r): SUDery |, (7) — Youll = Op(l|8,]]) that is just fast
enough to obtain a rate of convergence result for zAﬁn — 1), in Step 6 below and (ii) the
(non-stochastic) probability limit n(7) of Q¢ (7) (after normalization): ||3,|~*(Q¢ (7) —
Qn(¥gp, ™)) —p n(7) uniformly over 7 € II.

Step 4. For Category I sequences, we use 7, = argmingcn QS (7), n(Q%() —
Qn(Ygp, ™)) = &(-) from Step 3 (where @, (1) ,, ™) does not depend on ), and the con-
tinuous mapping theorem (CMT) to obtain 7,, —4 7* = arg min,¢p £(7). In this case, 7,
is not consistent. Given the asymptotic distribution of 7,, the result n*/2(¢, () —1,,) =
7(+) from Step 3, and the CMT, we obtain the asymptotic distribution of @n = @n (Tn):
nt/ Q(z/ﬁn —1),,) —4 7(7*). This completes the asymptotic results for (@n, 7, ) for Category

I sequences of true parameters.

Step 5. For Category II sequences, we obtain the consistency of 7,, by using the
uniform convergence in probability of Q¢ (7) (after normalization) to the non-stochastic
quadratic form, n(m), established in Step 3, combined with the property that n(7) is
uniquely minimized at the limit 7wy of the true values 7,,. The vector that appears in the
quadratic form 7() is the vector of biases of the (generalized) first derivative obtained

in Step 3, which appears due to the expansion around ), ,, rather than around 1),,. The
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weight matrix of n(7) is the inverse of the Hessian discussed in Step 3.

Step 6. For Category II sequences, we use the rate of convergence result sup,
H@n(ﬂ) — Yonll = Op(||B8,]]) from Step 3 and a relationship between the bias of the
(generalized) first-derivative and the (generalized) Hessian (wrt ¢) to obtain a rate of

convergence result for 1, = 1 (7,) centered at the true value v, : 1 —, = op([18nl1])-

Step 7. For Category II and III sequences, we carry out stochastic quadratic ex-
pansions of (),,() about the true value 6,,. The argument proceeds as in Step 2 (but the
expansion here is in 6, not in ¢ with 7 fixed, and the expansion is about the true value).
First, we obtain a rate of convergence result for 571 —0,, and then with this rate we obtain
the asymptotic distribution of ?9\,1 — 0,, (after rescaling) using the quadratic approxima-
tion of Q,,(#) in a particular neighborhood of #,,. The result obtained is consistency and
asymptotic normality (with mean zero) for /9\n with rate n'/? for @n for Category II and
I1I sequences, rate n'/? for 7, for Category III sequences, and rate n'/?||3,|| (<< n'/?)
for 7,, for Category II sequences. The last rate result is due to the convergence of (3, to
0 albeit slowly. With Category II sequences, T, is consistent and asymptotically normal
but with a slower rate of convergence than is standard.

For Category II sequences, the results in this step are complicated by two issues.
First, the (generalized) Hessian matrix for # with the standard normalization is singu-
lar asymptotically because 3, — 0 and the random criterion function @, (#) becomes
more flat wrt 7 for 5 in a neighborhood of 3, the closer is 3, to 0. This requires a
matrix rescaling of the Hessian based on the magnitude of ||3,,||. Second, the quadratic
approximation of the criterion function wrt 6 around the true value 6, only holds for
6 close enough to 6,; specifically, only for 6 € ©,,(0,) = {0 € © : ||y — ¥, || < I.|5,]|
& ||m — mpl|| < d,} for constants 0, — 0. Thus, 1) needs to be very close to the true
value 1, for the quadratic approximation to hold. It is for this reason that the rate of
convergence result 1, — 1, = 0p(]|8,1]) in Step 6 is a key result. The quadratic approxi-
mation requires ¢ € 6,,(9,,) because for such 0 = (3, ¢, m) we have ||5||/||5,.]| = 1+ o(1)
and, hence, the rescaling that enters the Hessian is asymptotically equivalent whether
it is based on 3 or the true value 3,,. (For example, see the verification of Assumption
Q1(iv) for the LS example in (15.17) to see that the restriction 6 € ©,,(d,,) is required

for the quadratic approximation to hold in this example.)

Step 8. We obtain the asymptotic null distributions of ¢ test statistics for linear and

nonlinear restrictions using the asymptotic distributions of the estimators described in
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Steps 1-7 plus asymptotic results for the variance matrix and standard error estimators
upon which the test statistics depend. The latter exhibit non-standard behavior for
Category I sequences because 7, is random even in the limit. These results yield the
asymptotic null rejection probabilities and coverage probabilities of standard t test for
Category I-III sequences.

For Category I sequences, the asymptotic distribution of the ¢ statistic for a linear
or nonlinear restriction that involves both m and % is found to depend only on the
randomness in 7, and not on the randomness in @/Z;n This occurs because the former is
of a larger order of magnitude than the latter. When a restriction does not involve 7, then
the asymptotic null distribution of the t statistic for Category I sequences usually still
depends on the (asymptotically non-standard) randomness of 7,, through the standard
deviation estimator and implicitly through the effect of the randomness of 7, on the

asymptotic distribution of ¢, = 1, (7).

Step 9. Using the asymptotic results from Step 8 for Category I-11I sequences of
true parameters, combined with the argument from Andrews and Guggenberger (2010),
as formulated in Andrews, Cheng, and Guggenberger (2009), we obtain a formula for the
asymptotic size of standard t tests and CS’s. Their behavior under Category I sequences
determines whether a test over-rejects asymptotically and whether a CS under-covers
asymptotically. Under Category II and III sequences, they perform asymptotically as

desired.

Step 10. We introduce LF and data-dependent robust critical values that yield
tests and CI’s that have correct asymptotic size even in the presence of identification
failure and weak identification in part of the parameter space. The adjusted critical

values employ the asymptotic formulae derived in Steps 8 and 9.

3. Estimator and Criterion Function

3.1. Extremum Estimators

We consider an estimator 5,1, such as an ML, LS, quantile, GMM, GEL, or MD esti-

mator, that is defined by minimizing a sample criterion function. The sample criterion

8Steps 1-9 correspond to the following results: Step 1, Lemma 5.1; Step 2, Lemma 12.2; Step 3,
Lemmas 12.1 and 12.2; Step 4, Theorem 5.1; Step 5, Lemma 5.3; Step 6, Lemmas 12.3 and 12.4; Step
7, Theorem 5.2; Step 8, Theorem 6.1; Step 9, Theorem 6.2; and Step 10, Theorem 7.1.
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function, @,,(0), depends on the observations {W; : i < n}, which may be i.i.d., i.n.i.d.,
or temporally dependent.’

The paper focuses on inference when 6 is not identified (by the criterion function
@.(0)) at some points in the parameter space. Lack of identification occurs when the
Q. (0) is flat wrt some sub-vector of . To model this identification problem, 6 is parti-

tioned into three sub-vectors:

0= (B¢ m) = (¢,m), where ¢ = (6, (). (3.1)

The parameter 7 € R is unidentified when 3 = 0 (€ R%). The parameter 1) = (3,() €
R% is always identified. The parameter ( € R% does not effect the identification of 7.
These conditions are stated more precisely in Assumptions A and B3 below. They allow
for a wide range of cases, including cases in which reparametrization is used to convert

a model into the framework considered here.

Example 1. We consider an ARMA(1, 1) model. We use it as a running example to
illustrate the more general results. In this model, the AR and MA parameters are not
identified when their values are equal. This occurs when the ARMA(1, 1) time series
is serially uncorrelated—a case of considerable interest in many practical applications.
Simulation results in Ansley and Newbold (1980) and Nelson and Startz (2007) demon-
strate that this causes substantial bias, variance, and size problems when the AR and
MA parameters are close in value. We provide a comprehensive asymptotic analysis of
the problem.
The observed ARMA(1, 1) time series {Y; : 0 < t < n} is generated by the following
equation:
Y; = (mo + Bo) Y1 + & — mogs_y for t = ...,0,1, ..., (3.2)

where the innovations {e; : ¢ = ...;0,1,..} are i.i.d. with mean zero and variance (,
and the distribution of (, Y %, is ¢o- The true MA parameter is 7y and the true AR
parameter is my + [3,. For notational simplicity, we sometimes write p, = 7 + [, and
p=m+ . When 3, = 0, the model is Y; = moY;_1 + &4 — mpe—1, which is equivalent to
Y, = ;. In this case, p, and 7 are not identified.

We consider the Gaussian quasi-log likelihood function for § = (5, {, 7) conditional

9The indices ¢ and t are inter-changeable in this paper. For the general results and cross-section
examples, the observations are indexed by i (= 1,...,n). To conform with standard notation, the obser-
vations are indexed by t (= 1,...,n or = —r,...,n for some r > 0) in time series examples, such as the
ARMA(1, 1) example.
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on Yy and £y. The conditioning value gy is asymptotically negligible, so for simplicity (and
wlog for the asymptotic results) we set €y = Yj in the log likelihood. The (conditional)
QML criterion function for § = (3, (, )" (multiplied by —n~! and ignoring a constant)

1S
n

1

Qn(0) = 3 log ¢ + %n_l

t—1 2
(Yz -8 Wt_j_l) . (3.3)
j=0

(See Appendix C of AC1-SM for details regarding its calculation.) The criterion function
@, (0) does not depend on 7™ when 3 = 0.

The results for this example can be extended to the case where the mean of the

t=1

strictly stationary time series Y; is f1,. In this case, (3.2) holds with Y; and Y;_; replaced
by Y;—u and Y;_1—p, respectively. The mean 1, can be estimated by ML, in which case
Y; is replaced by Y; — i in the criterion function and the criterion function is minimized
wrt 41 as well as the other parameters, or y, can be estimated by Y, = n~! S Y,
in which case Y; is replaced by Y; — Y, in the criterion function. In either case, the
asymptotic results concerning (3, (, 7) are the same whether or not p, is estimated, due

to the block diagonality of the information matrix between p and (3, ¢, 7). O

The true distribution of the observations {W; : i < n} is denoted F, for some
parameter v € I'. We let P, and £, denote probability and expectation under F,. The
parameter space I' for the true parameter, referred to as the “true parameter space,” is

compact and is of the form:

T ={y=(0,0):0€c0" ¢c ), (3.4)

where the true parameter space for 6, ©* is a compact subset of R% and ®*(f) C ®*
V6 € ©* for some compact metric space ®* with a metric that induces weak convergence
of the bivariate distributions (W;, W;,,,) for all i,m > 1.1%1! In unconditional likelihood
scenarios, no parameter ¢ appears. In conditional likelihood scenarios, with conditioning
variables {X; : i > 1}, ¢ indexes the distribution of {X; : ¢ > 1}. In moment condition

models, 0 is a finite-dimensional parameter that appears in the moment functions and

10That is, the metric satisfies: if v — 7, then (W;, W;1,,) under v converges in distribution to
(Wi, Witm) under 7,. Note that I' is a metric space with metric dr(vy,7v5) = ||01 — 02|| + do~(P1, P2),
where v; = (0;,¢;) € I' for j = 1,2 and dg-~ is the metric on ®*.

"' The asymptotic results below give uniformity results over the parameter space I'. If one is interested
in a non-compact parameter space ®7 for the parameter ¢, instead of ®*, then one can apply the results
established here to show that the uniformity results hold for all compact subsets ®* of ®7 that satisfy
the given conditions.
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¢ indexes those aspects of the distribution of the observations that are not determined
by 6. In nonlinear regression models estimated by least squares, 6 indexes the regression
functions and possibly a finite-dimensional feature of the distribution of the errors, such
as its variance, and ¢ indexes the remaining characteristics of the distribution of the
errors, which may be infinite dimensional.

By definition, the extremum estimator 6,, (approximately) minimizes Q,(6) over an

“optimization parameter space” O:'2
6, € © and Q,(6,) = inf Qu(0) +o(n™"). (3.5)

We assume that the interior of the optimization parameter space © includes the true
parameter space ©* (see Assumption Bl below). This ensures that the asymptotic distri-
bution of @n is not affected by boundary constraints for any sequence of true parameters

in ©*. The focus of this paper is not on the effects of boundary constraints.

3.2. Confidence Sets and Tests

We are interested in the effect of lack of identification or weak identification on
the behavior of the extremum estimator gn In addition, we are interested in its effects
on CS’s for various functions r(f) of # and on tests of null hypotheses of the form
Hy:r(0) =v.

A CS is obtained by inverting a test. For example, a nominal 1 — o CS for r(#) is
CS, ={v:T,(v) <chi_a(v)}, (3.6)

where 7, (v) is a test statistic, such as a t, Wald, or QLR statistic, and ¢, 14 (v) is a
critical value for testing Hy : r(f) = v. Critical values considered in this paper may de-

pend on the null value v of r(0) as well as on the sample size n. The coverage probability

2The o(n~1) term in (3.5), and in (5.1) and (5.2) below, is a fixed sequence of constants that does
not depend on the true parameter v € I' and does not depend on 7 in (5.1). The o(n~!) term makes it
clear that the infima in these equations need not be achieved exactly. This allows for some numerical
inaccuracy in practice and also circumvents the issue of the existence of parameter values that achieve
the infima. In contrast to many results in the extremum estimator literature, the o(n~!) term is not a
random o, (n~!) term here because a quantity is 0,(n ') only for a specific sequence of true distributions
and the uniform results given below require properties of the extremum estimators to hold for arbitrary
sequences of true distributions.
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of a CS for r(0) is
Py(r(0) € CSn) = P(Tu(r(0)) < cnn-a(r(0))), (3.7)

where P, (-) denotes probability when + is the true value.
The paper focuses on the smallest finite-sample coverage probability of a CS over
the parameter space, i.e., the finite-sample size of the CS. It is approximated by the

asymptotic size, which is defined to be

AsySz = liminf ing P.(r(f) € CS,) = liminf in£ P(T,(r(0)) < cni—a(r(d))). (3.8)
n—oo e n—oo Y€

For a test, we are interested in its null rejection probabilities and in particular its

maximum null rejection probability, which is the size of the test. A test’s asymptotic

size is an approximation to the latter. The null rejection probabilities and asymptotic

size of a test are given by

P (T,(v) > cpi-a(v)) for v = (6, ¢) € I with r(d) = v and
AsySz =limsup sup Py (7,(v) > cpi-a(v)). (3.9)

n—oo ~elir(f)=v

3.3. Drifting Sequences of Distributions

In (3.8) and (3.9), the uniformity over v € I" for any given sample size n is crucial
for the asymptotic size to be a good approximation to the finite-sample size. The value
of 7 at which the finite-sample size of a CS or test is attained may vary with the sample
size. Therefore, to determine the asymptotic size we need to derive the asymptotic
distribution of the test statistic 7, (v,) under sequences of true parameters v, = (6,, ¢,,)
and v, = r(#,) that may depend on n.

Similarly, to investigate the finite-sample behavior of the extremum estimator under
weak identification, we need to consider its asymptotic behavior under drifting sequences
of true distributions—as in Staiger and Stock (1997), Stock and Wright (2000), and
numerous other papers that consider weak instruments.

Results in Andrews and Guggenberger (2010) and Andrews, Cheng, and Guggen-
berger (2009) show that the asymptotic size of CS’s and tests are determined by certain
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drifting sequences of distributions. In this paper, the following sequences {~v,,} are key:

(v = elin=>1}iy, =y T}, (3.10)
' (70,0,0) = {7} €T (7) : By = 0 and n'/?3, —>bER[ ]}, and

[ (79,00,wo) = {{7} € T(vg) : 2|8, || = 00 and B,,/[8,]] — wo € R¥},

—

where vy = (B¢, Co, T0, ¢o) and 7,, = (B,,, (s Ty @,,)- Note that the 0 in I'(v,, 0,b) and
the oo in I'(y,, 00, wp) stand for different things. In the former, 5, = 0, and in the latter
n!2]]8,]| — oo.

The sequences in I' (7, 0,b) are in Categories I and I and are sequences for which
{B,} is close to 0: 3, — 0. When ||b|| < oo, {3,} is within O(n"'/2) of 0 and the
sequence is in Category I. The sequences in I' (7, 00, wp) are in Categories II and III
and are more distant from 8 = 0: n'/?||3,|| — oo. The sets I'(v,,0,b) and I'(7,, 00, wp)
are not disjoint. Both contain sequences in Category II.

Throughout the paper we use the terminology: “under {~,,} € I'(y,)” to mean “when
the true parameters are {v,,} € T'(y,) for any v, € T';” “under {7,} € T'(7,,0,b)” to
mean “when the true parameters are {7, } € I'(7,,0,b) for any v, € I' with 5, = 0 and
any b € R?ﬁw];” and “under {v,} € ['(vy,00,wp)” to mean “when the true parameters

are {7, } € I'(7,,00,wy) for any 7, € I' and any wy € R% with ||wo|| = 1.7

4. Assumptions

This section provides the high-level conditions under which the results of the paper
hold. Verification of the high-level conditions is illustrated using the running example of
ML estimation of the ARMA(1, 1) model. Appendix E of AC1-SM verifies the high-level
conditions in a cross-section nonlinear regression model. Furthermore, various sets of
primitive sufficient conditions for the high-level conditions are given for different types
of estimators in Appendix A of AC1-SM, AC2, and AC3. AC2 considers sample average
criterion functions, such as ML and LS, that are smooth functions of §. AC3 considers
GMM and MD criterion functions.
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4.1. Basic Identification Assumption

The first assumption specifies that 6 is not identified (via the criterion function

Q.(0)) at some points in the parameter space.

Assumption A. If 8 =0, Q,(0) does not depend on 7, V0 = (3,(,7) € ©, ¥n > 1, for

any true parameter v* € I'.13

Assumption A specifies that @, (6) is flat in 7 when 8 = 0. This flatness causes iden-
tification failure for 7 when 8 = 0 because (),,(#) cannot distinguish 6 = (0, (, 7*) from
¢' = (0,(, ) for any 7 € II. The non-identification of 7 invalidates the standard con-
sistency argument for an extremum estimator based on @),, (/) and causes non-standard
asymptotic distributions of extremum estimators and corresponding test statistics. The
situation considered in this paper belongs to a broad category of cases where test statis-
tics have discontinuous asymptotic distributions wrt the true parameter value. Here the
discontinuity happens when the true value 5* equals 0. It is worth mentioning that the
flatness specified in Assumption A does not affect identification of 7 when the true value
B* # 0 because the extremum estimator Bn of 5* is consistent and hence the minimum

of the criterion function occurs at values of § where flatness in © does not occur.

Example 1 (cont.). For ),,(#) defined as in (3.3), Assumption A obviously holds. [

4.2. Parameter Space Assumptions

Next, we specify conditions on the parameter spaces © and I'. To obtain asymptotic
size results for tests and CS’s, the parameter space must be specified precisely. Without

loss of generality (wlog), the optimization parameter space © can be written as

©={0=,m):¢e¥Y(r),n e ll}, where
II={r:(¢,7) e O for some ¥} and
U(r) ={¢: (¢,m) € ©} for 7 € 1L (4.1)

We allow ¥(7) to depend on 7 and, hence, © need not be a product space between 1)
and 7. This is needed in the ARMA(1, 1) example among others.!!

13 Assumption A requires the stated condition to hold for all possible realizations of @, (-) for any
true parameter v* € I'. Assumption A can be weakened to an a.s. requirement for each v* € T, but
there seems to be no gain in terms of applications of interest by doing so.

We write © in terms of the sets IT and ¥(r), rather than sets ¥ and I1(1)), because below we carry
out quadratic expansions of @, (¢, ) wrt ¢ for each m € II and this yields stochastic processes that are
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Define O} = {0 € ©* : ||3|| < 0}, where ©* is the true parameter space for 6. The

optimization parameter space © satisfies:

Assumption B1. (i) int(©) D ©*.
(ii) For some § > 0, © D {3 € R% : ||B|| < 6} x Z° x I D O% for some non-empty open
set Z°CR% and II as in (4.1).

(iii) IT is compact.

Because the optimization parameter space is user selected, Assumption Bl can be made
to hold by the choice of ©."> Assumption B1(ii) ensures that © is compatible with (i)
a stochastic quadratic approximation of @, () = @, (¢, 7) wrt ¢ around " = (0,¢")
for each 7 € II, see Assumption C1 below, (ii) the empirical process {G,(7) : 7 € II}
defined in Assumption C3 below, and (iii) the definition of K, (#;~*) in Assumption C5
below.

The true parameter space I' satisfies:

Assumption B2. (i) I' is compact and (3.4) holds.

(i) Vo > 0, 3y = (B,(,m, ¢) € T with 0 < ||5]] < §.

(iii) Vv = (6,(,m¢) € ' with 0 < ||5]|] < § for some 6 > 0, v, = (af,(,7,¢) € T
Va € [0, 1].

Assumption B2(ii) guarantees that I' is not empty and that there are elements v of I'
whose [ values are non-zero but are arbitrarily close to 0, which is the region of the true
parameter space where near lack of identification occurs. Assumption B2(iii) ensures
that I' is compatible with the existence of partial derivatives of certain expectations
wrt the true parameter 8* around 5* = 0. These partial derivatives arise in (4.16) and

Assumption C5 below.

Example 1 (cont.). In the ARMA example, the optimization parameter space © is

©={0=8,(n):B€lp,—mpy—7 CE€(L,C(yl, 7 €U =rp, 7]}, (4.2)

where —1 < p; <7 <7y < py <land 0 < (; < (y < oco. By the definition of ©, the

indexed by the fixed set IT and that converge weakly as processes on II.

15 Assumption B1(iii) is used to show that certain continuous functions on IT introduced in Assump-
tions C6 and C7 below, which have unique minima on II, satisfy “identifiable uniqueness” properties.
Assumption B1(iii) could be avoided by imposing “identifiable uniqueness” properties directly in As-
sumptions C6 and C7.
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autoregressive parameter p = m + f3 lies in [p;, py/].'°

The true parameter space for 0 is

O ={0=(8,¢.m) :B€lpy—mpy—7], CECL,CH) ™€ [rL, 75}
(4.3)

where 7, < 7w} < 7w < my, pp < pi <75 <7 < pf < py, and (; < (G < (G < (-
Let &, denote the normalized innovation ¢ ~1/2¢, which has mean zero and variance

one. The true parameter space for v = (6, ¢) is

F'={y=(0,¢):0 € ©,¢pc ®*}, where
®* is some compact subset of ® wrt the metric de, and

D ={p: By, =0, Bsl =1, By(& —1)2 > 61, Byl&,|"™ < K} (4.4)

for some constants 01,0, > 0 and 0 < K < oo, where dg is some metric on the space of
distributions on R that induces weak convergence.
With these definitions of ©, ©*, and I', Assumptions B1 and B2 hold. [J

4.3. Criterion Function Limit Assumption

Here we specify the limit of the sample criterion function @, (0) along drifting se-

quences of true parameters {v,,} € I'(y,) whose limit is v, € I'.

Assumption B3. (i) For some non-stochastic real-valued function Q(#;v,) on © x I,

sup |Qn(0) — Q(0;70)] —p 0

0cO

under {’Yn} € F<70)7 V% el
(ii) When 3, = 0, for every neighborhood ¥y (C R%) of ¥y = (B, (,),

inf ( inf Q4,5 7) —Q(@Z)M;%)) >0, Vv = (Yo, m0, @) €T

rell \ pew(n) /T

16The conditions p; < 71, and 7y < py imply that B can take values in a neighborhood of zero for
any value of 7 € II.
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(iii) When g, # 0, for every neighborhood O (C ©) of 6y = (84, (o, 7o),

9e1<§/f@oQ (0570) = Q (fo; 7o) > 0, Vyo = (6o, d) €T

Assumption B3(i) defines the (asymptotic) population criterion function @ (0;7,) .
Assumption B3(ii) provides a condition for the identification of 5 and { despite the
non-identification of m when 3, = 0. Uniformity over II is required due to the non-
identification of 7. A condition of this type also is used in Andrews (1993) for the
uniform consistency of a family of estimators. A necessary condition for Assumption
B3(ii) is that for any given 7 € Il and v, € T" with 5, = 0, Q (¢, 7;7,) is uniquely
minimized by 1,. Assumption B3(iii) is a standard identification condition for § when
By # 0. A condition of this sort is verified for various extremum estimators in Newey
and McFadden (1994).

A set of primitive sufficient conditions for Assumptions B3(ii) and B3(iii) is given in
Assumption B3* in Appendix A of AC1-SM.

Example 1 (cont.). In this example, the function Q(¢;~,) in Assumption B3(i) is

Q(0;70) = Ey,p,(0), where

00 2
pi(0) = %bgc + % (Yt - 627”1@]'1) : (4.5)
§=0

The uniform convergence in Assumption B3(i) is established by showing pointwise con-
vergence in probability via mean square convergence, stochastic equicontinuity, and
boundedness of ©.!17 For brevity, the details are given in AC1-SM. Assumptions B3(ii)
and B3(iii) are verified by verifying the sufficient condition Assumption B3* given in
Appendix A of AC1-SM. Again, for brevity, the details are given in Appendix C of
AC1-SM. O

4.4. Close to B8 = 0 Assumptions

The following Assumptions C1-C8 are used to determine the asymptotic distributions

of estimators and test statistics under sequences of true parameters {v,,} € I'(v,,0,b)

1"The sum over j in (4.5) runs to co, whereas that in (3.3) runs to ¢ — 1, because the initiation of the
time series at ¢ = 0 is asymptotically negligible.
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with ||b]| < oo and to establish the consistency of 7,, under sequences {v,,} € I'(~,, 0, b)
with ||b|| = co. The "C" denotes that the sequences of parameters {,,} considered are
close to the point of non-identification.

The first assumption, Assumption C1, requires that the criterion function @, (0)
has a stochastic quadratic expansion in ¢ around the non-identification point v, =
(0, ¢,,) uniformly in 7 € II. Assumptions C2, C3, and C8 concern the behavior of the
(generalized) first derivative in the expansion. Assumption C4 concerns the behavior of
the (generalized) second derivative. Assumptions C5 and C7 arise because the quadratic
expansion is about the non-identification point 1, rather than the true value 1,,.
Assumptions C6 and C7 are used when determining the asymptotic behavior of 7,,.

We now define a sequence of scalar constants {a,(v,) : n > 1} that provides the
normalization required so that the (generalized) first derivative in the quadratic expan-
sion in Assumption C1 is non-degenerate asymptotically (see Lemma 12.1 in Appendix
B of AC1-SM). These constants appear in the conditions on the remainder term of the

approximation in Assumption C1. Define

[ i {9,) € T(30,0,5) and 1] < o0
an(Vn) - —1 (46)
18,117 if {7,,} € T'(79,0,0) and [[b]| = o0.
Note that ||3,||”! < n'/? for n large when ||b|| = oo, because n'/?||3,,|| — oo.'® Hence,

an(,) < nt/? for n large.

Assumption C1. Under {v, = (8,,,(,, T, )} € L(7,0,b), for some 6 > 0, V0 =
(¥, 7) € ©5={0 € ©:|8]| <},
(i) the sample criterion function @, (1, 7) has a quadratic expansion in ¢ around v, =

(0,¢,,) for given 7:

Qn(¢7 7T> - Qn(¢0,n7 7T) + D'lZJQn(qu)O,n’ 7T)/(¢ - ¢o,n) +
1
5 = Y0.0) Dy Qn(Wo s T = Po.0) + Bu(t), ),
where DyQy (g, m) € R% is a stochastic generalized first partial-derivative vector

and DyyQy(Yg,, ™) € R%*% is a generalized second partial-derivative matrix that is

symmetric and may be stochastic or non-stochastic,

18The nth term a,(7,,) in the sequence of constants {a,,(7,,)} actually depends on the entire sequence
{7, } because b depends on {+,,}. For notational simplicity, however, this is not reflected in the notation
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(ii) the remainder, R, (1, 7), satisfies

@27 R, 7)
= 0, (1
serr i o T an(r) (@ — G~ %)

for all constants §,, — 0, and

(ili) D@, (0) and D@, (#) do not depend on 7 when 8 = 0, where § = (3,(,7) € O,
D¢Q,(0) denotes the last d. elements of D,Q,(0), and D¢Q,(0) is the lower d; x d¢
block of Dy, Qn(6).

Sufficient conditions for Assumption C1 when @Q,(f) is a sample average that is
smooth in # are given in Lemma 11.5 in AC1-SM. In this case, DyQ,,(6) and D, Q. (6)
are the pointwise partial and second partial derivatives of @), (6). For the non-smooth
sample average case, sufficient conditions are given in Lemma 11.6 in AC1-SM. In this
case, Dy,Q,(0) is a “stochastic derivative” of @, (¢), which typically equals the point-
wise derivative for points where the latter exists, and Dy, @, () is the (non-stochastic)
second partial derivative of the expected value of @Q,(#). For example, this case covers
quantile estimators and ML and LS estimators in continuous, but not smooth, threshold
autoregressive models, as in Chan and Tsay (1998).

Sufficient conditions for Assumption C1 when @, (0) is a GMM or MD criterion
function, smooth or non-smooth in 6, are given in AC3. In the GMM case, DyQ),(0) is
the product of two matrices and a vector: (i) the derivative wrt 1) of the expected value
of the moment conditions, (ii) the limit of the GMM weight matrix, and (iii) the sample
moment vector. The non-stochastic matrix Dy,Q,(0) is the same as D,Q,(#) except
the sample moment vector is replaced by the transpose of the matrix in (i).

If Dy@,(0) and D@, (0) are the pointwise partial and second partial derivatives
of @,(6), then Assumption CI1(iii) is implied by Assumption A. When D, @, (¢) and
Dy Q1 (6) are generalized derivatives, then Assumption C1(iii) is not necessarily implied
by Assumption A (because generalized derivatives are not uniquely defined), but in the
presence of Assumption A the condition is not restrictive.

Note that Assumption C1 is compatible with semi-parametric estimators.

Example 1 (cont.). The (generalized) first and second derivatives of @, (0) wrt 1,

which appear in Assumption C1, are the ordinary first and second partial derivatives of
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the approximation Q2°(0) to Q,(6). Here, Q°(0) is defined by

2
Q' (0) = 5 log ¢ + in_l ; (Yt - p 2 7T‘7Yt—j—1) 7 (4.7)

where the sum over j runs to oo, rather than to ¢t — 1. The difference between Q2°(0) and
Q. (0) is due to the initial conditions employed: Q°(#) starts in the infinite past. These

differences are shown to be asymptotically negligible using Lemma 11.7 in Appendix A
of AC1-SM.
We verify Assumption C1 with

Dy@Q,(0) =n~" Zf%,t(e) = ( ';Btgz; > , where
t=1 Gt

pes(0) = —¢7 (Yt - 5Z7ijt—j—1> Zﬂ'kn—k—l and
=0 k=0
1 - i
pei(0) = —§C_2 (Yt - 5Z7ijl—j—1> —-C (4.8)
=0

using Lemmas 11.5 and 11.7 in AC1-SM. For brevity, the verification is given in Appendix
C of AC1-SM. O

The (generalized) first derivative of @, (#) wrt 1 is assumed to satisfy:

Assumption C2. (i) D,Q, () takes the form
DyQn (0) =n" > m(W;,0)
i=1

for some function m(W;,6) € R% V0 € Oj, for any true parameter v* € T.
(ii) Eym(W;,¢*,m) = 0 Vr € II, Vi > 1 when the true parameter is v* Vy* =
(¥*,7*, ¢*) € T with * = 0.1

In some time series examples D@, (6) is of the form n=' Y"1 m;(0), where m;(#) depends on
{W; : V1 < j <i}. Assumption C2 can be relaxed to cover such cases without any changes to the results
of the paper. In such cases, Assumption C3 below still can hold provided {m;(f) : i < n} satisfies a
suitable “asymptotic weak dependence” condition, such as near-epoch dependence.
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Example 1 (cont.). Assumption C2(i) holds in this example with
m(1Wi.6) = py (). (19)

Assumption C2(ii) holds because, for all v* € I with §* = 0,

Epepg (W, m) = = By ijY;_j_l =0 and

=0

Bypo,7) = ~(1/2)¢" X (Byect — (1) =0 (4.10)

using (4.4) and the definitions of pg,(¢) and p.,(0) in (4.8). OJ

For simplicity, m(W;, 6) is abbreviated as m;(6). Define an empirical process {G,, () :
m € 11} by

n

Gu(m) =072 " (my(dg . ™) = By mi(thg . 7)) - (4.11)

i=1
The recentered and rescaled (generalized) first derivative of @, (6) wrt ¢ is assumed

to satisfy an empirical process CLT:

Assumption C3. Under {7, } € I'(7,,0,b), Gn(-) = G(-;7,), where G(-;7,) is a mean
zero Gaussian process indexed by m € II with bounded continuous sample paths and

some covariance kernel (7, mq;,) for 7y, me € I1.

Numerous empirical process results in the literature can be used to verify this as-
sumption, including results in Pollard (1984, 1990), Andrews (1994), and van der Vaart
and Wellner (1996).

Example 1 (cont.). In this example, the empirical process {G,(7) : ©# € II} in
Assumption C3 is defined by

G(1) = n—1/22n: < pB,t(¢0,n’W) ) _ ( E’anﬁ,t(wo,nvﬁ) ) (4.12)

t=1 p{,t<w0,n’ ﬂ—) E’ang,t(wo,nu 7T>

— L2 zn: Y oy ™Y _ —E, Y > o Y
- —(1/2)¢, (Y2~ ¢,) —E, (1/2),2(Y2=¢) )

t=1

The limit process {G(m;7,) : m € II} in Assumption C3 is the mean zero Gaussian
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process

. . E;o:o Wij
Gm ) = ( (2B, (€2 — Co)P)22 ) | (4.13)

where Z, Zy, Zy, ... are independent standard normal random variables. The covariance

kernel of G(7;7,) is

(4.14)

Q(my, m9;770) = [ (- 7T17T2)_1 0 ] .

0 (1/4)Co B,y (62 = Co)°

The convergence in Assumption C3 is established using the method in Andrews and
Ploberger (1996), see Appendix C of AC1-SM. [J

The (generalized) second derivative of Q),,(f) wrt 1 is assumed to satisfy:

Assumption C4. (i) Under {7,,} € I'(79,0,b), suprer || Dyy@n (Y00, ™) = H(m;70) | =5
0 for some non-stochastic symmetric d, x dy-matrix-valued function H(m;~v,) on II x I’
that is continuous on II Vv, € I'.

(i1) Ain(H (75779)) > 0 and Apax(H(7357,)) < oo Vmr € 11, VYV, € I’ with 5, = 0.

Example 1 (cont.). In this example, the quantities Dy, Qy (1, ™) and H(7;7,) in
Assumption C4 are as follows: for v, € I' with 5, =0,

Dy Qn (g, T) = n! Z Pt (Vo )
=1

n

n-L P54 (Von> ) Paci(Pon, )
Pﬁg,t(wo,m ) pCC,t(d}O,na )

] , Where

t=1

() 2 )
pﬂﬁ,t(wo,n’ 7T) - C;l (Z ﬂ-j}/;—j—1> ) pﬁ(,t(¢0,n7 7T) = C;QE Zﬂ-kn—k—la

7=0 k=0
Pect(Won, ™) = —(1/2)¢,2 + ¢, and

H(m)zE%pW,two,w):[“‘”_ ! ]

0o ear )

Assumption C4(i) holds by a uniform LLN, see Appendix C of AC1-SM.
The matrix H(7;~,) satisfies Assumption C4(ii) because inf er(1 — 72)~! = (1 —
max?{ |7z, |7y}t > 0. 0

Define the d, X dg-matrix of partial derivatives of the average population moment
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function wrt the true S value, 8*, to be
Kn(0;7*) =n"" i iE -m(W;, 0). (4.16)
p 8/6*/ 0

The domain of the function K, (6;~*) is ©5 x Iy, where I'y = {7, = (af8,(,m,¢) € T":
v=(B,(,m ¢) € I with ||5]| < and a € [0,1]} and § > 0 is as in Assumption B2(iii).
The set Iy is not empty by Assumption B2(ii).

Assumption C5. (i) K,(0;~*) exists ¥V(0,7*) € ©5 x I'g, Vn > 1.

(ii) For some non-stochastic dy, x dg-matrix-valued function K (¥, 7; 7o), Kn (¥, 757,) —
K (1, m;7,) uniformly over 7 € II for all non-stochastic sequences {1, } and {7,}
) € O, and

such that :);n < F> ;y/n — Yo = (07<077TO>¢0) for some Yo < Fa W

Py — o = (0, ()
(iii) K (g, ;) is continuous on II Vv, € I with 5, = 0.

n?

Assumption C5 is not restrictive. A set of primitive sufficient conditions for Assump-
tion C5 is given in Appendix A of AC1-SM.

For simplicity, K (1, ;7,) is abbreviated as K (m;7,). Note that (i,,7,) in As-
sumption C5(ii) is in ©4 x I'y for n large.

Assumptions C2, C3, and C5 are used to show that

02Dy Qu(Yg s ) = Gn(T) + (K (¥, 75 7,) + 0(1))0 23, (4.17)

This leads to the following key result concerning the asymptotic behavior of the normal-
ized (generalized) first derivative DyQ, (1 ,,7) in the quadratic expansion in Assump-
tion C1:

Qn (Vn)DiﬁQn (¢O,n7 7T)
= [Ga(m) + (K (o0, T 7,) + 0(1)n"28, 10" 2an (v,
{ G(m;70) + K(m;7,)b if n'/23, — b € R

s (4.18)
K (m;79)wo if [[n'/25,|| — oo and 53,/||5,|| — wo,

where the convergence results hold under {v,} € I'(v,,0,b) with |[b|| < co and {~,} €
['(7y, 00, wo), respectively, see Lemma 12.1 in Appendix B of AC1-SM. This is the first
part of Step 3 in Section 2.
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Example 1 (cont.). The matrix K,(f;,), which appears in Assumption C5(i), is
complicated and, hence, for brevity, is given in (13.34), (13.36), and (13.38) in Appendix
C of AC1-SM. Its limit, K (m;,), which appears in Assumptions C5(ii) and C5(iii) is

much simpler and is given by

K (7o) = ( S ) . (4.19)

See Appendix C of AC1-SM for the verification of Assumption C5. [J

Next, we introduce the limits of the concentrated criterion function Q¢ ()

~

= Qn(¢,(m),m) (referred to in Step 1 of Section 2 and defined formally in Section 5
below) after suitable normalization. Define a “weighted non-central chi-square” process

{&(m;74,0) : m € I} and a non-stochastic function {n(m;vy,,wo) : 7 € I} by

1 _
£(m570,0) = =5 (G(m370) + K (71370) ) H ™ (7370) (G (5 70) + K (370)b) and
1 _

n(m; Yo, wo) = _QWBK(WS’YO),H L5 90) K (705 7v0)wo- (4.20)
The process &(m;7,, b) is the limit of Q¢ () under {v,,} € T'(v,,0,b) for ||b|]| < oo and
the function 7(7; vy, wo) is the limit of Q¢ (7) under {7, } € I'(v,,0, ) for ||b|| = co. Note
that the components of &(7;7,,b) and n(7;7,,wo) are from (4.18) and Assumption C4.

Under Assumptions C3, C4, and C5(iii), {{(7;7,,b) : m € 11} has bounded continuous

sample paths a.s.

Example 1 (cont.). Combining (4.13), (4.15) and (4.19), the stochastic process
&(m; 79, b) in this example is

§(m570,b) = —% (G(W;Vo) + ( —b/(10—7rg7r) )) [ : _OW 222 ]

X (G(W;%) + ( _b/(lo_ o) >) : (4.21)

To obtain the asymptotic distribution of 7,, when 3,, = O(n~1/2) via the continuous

O

mapping theorem, we use the following assumption.

Assumption C6. Each sample path of the stochastic process {&(m;7,,b) : m € II} in
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some set A(7,,b) with P, (A(7g,b)) = 1 is minimized over II at a unique point (which
typically depends on the sample path), denoted 7*(7,,b), Vv, € T with 5, = 0, Vb with
6] < o0.

In Assumption C6, 7*(7,, b) is random.

We now provide a primitive sufficient condition for Assumption C6 for the case
when 3 is a scalar, i.e., dg = 1, which covers many cases of interest. Assumptions
C1(iii) and C2 and (4.11) imply that G(;~,) can be partitioned as (G(7)’, Go')’, where
Gi(m) € R% Gy € R%, and Gy does not depend on 7. We partition the covariance kernel
Q(m1,m2;7,) in Assumption C3 analogously to G(m;7,) and obtain

O (7717 T2; ’Yo) Q12(7T13 ’Yo)

, , (4.22)
D12(72;70) Q22(70)

Q(Wlﬂh;%) =

where Q9s(7,) € R>d¢ does not depend on m. For any m, 7 € II and m # 7o,

(G1(m1), G1(ms), G2)" is normally distributed with mean zero and covariance matrix

911(7T1,7T1;70) 911(7T1,7T2;%) 912(7T1;%>
QG(Wl,MWo) = Qn(ﬁﬂﬁ;%) 911(7T2,7T2§70) 912(7T2;%> : (4-23>
912(7T1;’Yo>, 912(7@370), Q22(’70)

Typically, the covariance matrix Q¢ (71, 72;7,) takes the form of an outer product, which
facilitates the verification of Assumption C6**, as shown in the examples.
Assumption C6**. (i) dz =1 (i.e., § is a scalar).

(ii) Qg (71, m2;7,) is positive definite, Vi, my € I with w1 # 79, V7, € ' with 8, = 0.

Lemma 4.1. Assumption C6** implies Assumption C6.

Comment. A slightly more general sufficient condition, Assumption C6*, for Assump-
tion C6 is given in Appendix A of AC1-SM.

Example 1 (cont.). We verify Assumption C6 in this example using Assumption C6**
and Lemma 4.1. The covariance kernel Q¢ (m, m2;7,) that appears in Assumption C6**

1S

(1—71’%)_1 (1—7T17T2)_1 0
Qc(m,ma;70) = | (1 —mme)™t (1 —73)7! 0 . (4.24)
0 0 (1/4)¢ By (67 = Co)?
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It is positive definite because the upper left 2 x 2 block has determinant equal to zero
if and only if 7; = 75 by straightforward calculations and (;*E, (2 — (,)? > 0 by the
definitions of ©* and ®* in (4.3) and (4.4). O

The following assumption is used in the proof of consistency of 7,, in the “less close,

local to 8 = 0” case in which 3, — 0 and n'/2||3,,|| — oo.

Assumption C7. The non-stochastic function 7(7;~,,wp) is uniquely minimized over
mell at my Vv, € I with 5, = 0.

In Assumption C7, the minimizing value 7y is non-random. Assumption C7 can
be verified using the Cauchy-Schwarz inequality or a matrix version of it, see Tripathi
(1999), when K (7;7,) and H (7;7,) take proper forms, as in most examples, e.g., see
the verification of Assumption C7 for the nonlinear regression example in Appendix E
of AC1-SM and the verification of Assumption C7 for GMM estimators in AC3.

Lemma 12.3 in Appendix B of AC1-SM shows that when 7 = my, K(m;v,) =
—H(m;7)Sh, where Sg = (I, : 0] € R%*%  whereas this relationship does not hold for

T # Ty in general.
Example 1 (cont.). In this example, the function 7(7; vy, wo) in Assumption C7 is

1— 7?2

STip—rt (4.25)

n(m; Y9, wo) = —

see Appendix C of AC1-SM. It is uniquely minimized at m = g, as required by Assump-

tion C7, because its derivative wrt 7 is

(m — 7o)
(1 —mom)3’

(4.26)

which is zero for m = 7, strictly negative for m < 7, and strictly positive for 7 > m. [

The following technical assumption is used when obtaining a rate of convergence

result for ¢, for sequences {7, } for which 3, — 0 and n'/2||3,|| — co.
Assumption C8. Under {7, } € I'(v,,0, ), %,E%Dw@n(qb,ﬂn)w:wn — H (m0;70) -

By Assumption C4(i), H (m;7,) is the probability limit of DyyQy (¢, 7,) under
{7} € T'(74,0,b). When @, () is a twice differentiable sample average, D@, (f) and
Dy @y, (8) are its first and second-order partial derivatives wrt 1, respectively. One can
switch £ and @ under certain regularity conditions, so that (8/0¢")E, DyQ, (1, 7,) is
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the expectation of Dy, @y, (¢, 7,) in this case. Hence, Assumption C8 can be verified by
a uniform LLN and the continuity of D, Q. (3, 7) in . When @,,(#) is non-smooth, one
can show that E, DyQ,(f) is close to the first-order partial derivative of Q(6;v,) wrt
1, roughly by switching F, and D, under some regularity conditions, and Dy,Qy, (6)
is typically taken to be the second-order partial derivative of Q(6;~,) wrt ¢ in this case.

Example 1 (cont.). For brevity, the quantity (0/0¢")E, DyQn (¥, m)|yp=y, in As-
sumption C8 and the verification of Assumption C8 is given in of Appendix C of ACI-
SM. O

4.5. Distant from 3 = 0 Assumptions

Assumptions D1-D3 below are used to derive asymptotic distributions under se-
quences of true parameters {7, } € I'(7,, 00, wp). The "D" denotes that the sequences of
true parameters considered are more distant from the point of non-identification than
are the sequences in the "C" assumptions.

We define a matrix B() that is used to normalize the (generalized) second-derivative
matrix D2Q,,(0,,) of Q,(0,,) (which is introduced in Assumption D1 below) so that it is

nonsingular asymptotically, as specified in Assumption D2. Let

I 0
B(B) = [ “ y € R¥%*  where

Od,xd, t(B)1a,
{ £ if (B is a scalar

L(B) (4.27)

16| if B is a vector

We use a different definition of B(/3) in the scalar and vector  cases because in the
scalar case the use of [, rather than ||3||, produces noticeably simpler (but equivalent)

formulae, but in the vector case ||3]| is required.

Assumption D1. When the true parameters are {v,,} € I'(~,, 00, wo),

(i) the sample criterion function @, () has a quadratic expansion in # around 6,,:

Qul6) = @u(62) + DQuBY (6~ 6,) + (6~ 6,)D°Qu(6,)(0 — 0,) + Ry (6),

where DQ,,(0,)) € R% is a stochastic generalized first derivative vector and D?Q,,(f,,) €
R?>do ig 3 generalized second derivative matrix that is symmetric and may be stochastic

or non-stochastic, and
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(ii) the remainder, R (0), satisfies

oco.(5,) (1 +[[n'2B(B,)(0 = 0.)[)*

for all constants d,, — 0, where ©,, (§,,) ={0 € © : || — ¥, || < 0, |5, and |7 — 7, || <
Ont-

The set ©,, (9,,) in Assumption D1(ii) is a neighborhood of 6,, whose radius shrinks
as the sample size gets larger. In particular, the distance between v and 1), shrinks
faster than ||3, || when 3, — 0. It is shown below that, under {v, } € I'(v,, o0, wo),
9, €0, (8,,) with probability that goes to one as n — oo for some ¢,, — 0.2

The sufficient conditions for Assumption C1 referenced in the previous sub-section
also are sufficient for Assumption D1. The quantities DQ,,(6,,) and D?Q,,(,,) take simi-
lar forms to Dy @, (g, 7) and Dyy@Qn (g ,, ™) (see the discussion following Assumption

C1), but involve derivatives wrt 0, not ¢, and hence are not functions of .

Example 1 (cont.). The matrix B(f) for the ARMA example is

Iy 0q

, € R¥3, (4.28)
0y 5

B(f) = [

The (generalized) first and second derivatives of @Q,,(6) wrt 6 that appear in Assumption
D1 are the ordinary first and second partial derivatives of Q9°(#), defined in (4.7). The

first derivatives are

n

DQ,(0) =n" Z Pos(0) = n~! Z(pﬁ,t(6)7 Pei(0), prs(0)), where

t=1

prs(0) = —C7 (Yt - 5Z7Tj3/%—j—1> BZ k1Y g, (4.29)
=0 k=0

and pg,(0) and p,(0) are given in (4.8). For brevity, the second derivatives are given
in (13.11)-(13.13) of Appendix C of AC1-SM. Assumption D1 is verified using Lemma
11.5 in AC1-SM, see Appendix C of AC1-SM. [

The next assumption requires good behavior of the (generalized) second derivative

of Q,(0,) after it has been rescaled to eliminate its singularity when (3, converges to

20This holds because 6,, is consistent by Lemma 5.3 below and fpn — 1, =0, (||8,]l) when 5,, — 0
by Lemma 12.4 in Appendix B of AC1-SM.
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zZero.

Assumption D2. Under {v,,} € I'(v,, 00, wo),

Jn = B_l(ﬁn)DQQn(en)B_l(ﬁn) _)P ‘](70) € RdaXdea
21

where J(7,) is nonsingular and symmetric.

Example 1 (cont.). Assumption D2 holds in this example with J(v,) equal to
o) 2 2
J(v) = Diag ¢5' By, (Z wéYt_j_l) ,(2¢8)° (Zm Vi, )
=0

(4.30)

+ ((OlE% (Z Wéyi—jﬂ) Zkﬂg_lﬁ—kq) X
Jj=0 k=0

_ o O
o O O
o O =

The proof is given in Appendix C of AC1-SM. [J

The following assumption requires the rescaled (generalized) first derivative to satisfy
a CLT.

Assumption D3. (i) Under {v,} € I'(v,, 00, wo),

02 B1(8,)DQu(0.) —a G*(30) ~ N(04,. V(7).

for some symmetric dy x dp-matrix V (7,).?>

(ii) V() is positive definite Vv, € T

Example 1 (cont.). To verify Assumption D3(i) in this example, we have

n'2B~1(8,) DQn (0 —n-WZB n)Pg.4(0n)

n Cn €t Zkzo 7Tnthk71
=-n'?y" (1/2)¢2 (€2 = ¢,) —a N(0,V (7)), (4.31)
EUA Gla Y kY

21Tn the vector 3 case, J(7,) may depend on wq as well as v,,.
22In the vector 3 case, V(v,) may depend on wq as well as 7.
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where the equalities hold by the definitions in (4.8), (4.28), and (4.29) and the conver-
gence in distribution holds by a triangular array martingale difference CLT.

The matrix V'(v,) equals
V(7o)

2 2
. _ — (7 — Co)
= Diag ColEm) (E Wf)Yt—j—1> 5 TO, Co Yo E J7To Y;f —j—1
j=0 0

(4.32)

o O O
S O =

o0 o0 0
+ (COIEVO (Z W%Ytjl> Z/WT’SlYtkl) x |0
j=0 k=0 1

Note that J(7y) = V(7,) if (2¢5) 7 = (4¢) 2 E,, (7 — ¢o)’, which holds when &, has a
normal distribution.
The verification of the conditions needed for the CLT, the derivation of the form of

V(7y), and the verification of Assumption D3(ii) are given in Appendix C of AC1-SM.
U

5. Estimation Results

This section provides the asymptotic results of the paper for the extremum estimator

6,,. Define a concentrated extremum estimator ¢, (1) (€ ¥(w)) of ¢ for given 7 € II by

Qn(%(ﬂ)ﬂ):wég{fﬂQn(w, ) +o(n ). (5.1)

Let Q¢ (m) denote the concentrated sample criterion function Q, (1, (), 7). Define

an extremum estimator 7, (€ II) by

@7 (Fn) = inf Q5(m) +o(n™). (5.2)

-~ ~

We assume that the extremum estimator 6, in (3.5) can be written as 60, =
(¢, (Fn), Tn). Note that if (5.1) and (5.2) hold and 6, = (¢, (F,),7,), then (3.5) au-
tomatically holds.

Lemma 5.1. Suppose Assumptions A and B3 hold. Under {v,} € I'(v,), where v, =
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(/BOa €07 T, ¢O)7
(a) when By =0, sup e ||V, (1) — ¥,|| —» 0 and ¢,, — 1, —, 0, and
(b) when B, # 0, 0, — 0, —p 0.

For Yn = (ﬁn?CnaTrqusn) S F7 let QO,n = Qn(,lvb(],n’ﬂ-)v where 77ZJ0,7’L = (O7Cn) as in
Assumption C1. Note that (), does not depend on 7 by Assumption A.

Lemma 5.2. Suppose Assumptions A, B1-B3, and C1-C5 hold. Under{~,,} € I'(v,,0,b),

(a) when |[b]] < oo, n(Q%(-) — Qon) = £(:;70,b), and
(b) when [[b]| = oo and B,,/|B,]| — wo for some wy € R* with [lwol| = 1,

[18,,1172(@Q5(7) = Qon) —p (7570, wo) uniformly over w € 11.

Define the Gaussian process {7(m;7,,b) : 7 € I} by

(570, b) = —H ' (m370) (G (3 70) + K (5 70)b) — (b, 04,), (5.3)

where (b,0q,) € R™. Note that, by (4.20) and (5.3), &(m;7¢,0) = —(1/2)(7(m; 70, b) +
(b, 0a, )" H (75 70) (7 (75 79, b) + (b, 0a, ). Let

(Y0, b) = arg min &(7m370, 0)- (5.4)
Theorem 5.1. Suppose Assumptions A, B1-B3, and C1-C6 hold. Under {v,} €
I'(79,0,b) with ||b]| < oo,
/207, _ * b): b
(a) n (w/q\m ,lvbn) —y 7—(7( (ZO? )a707 ) and
Tn, T (707[))
(b) n (Qn(gn) - QO,n) —d infweﬂ E(ﬂ'; Yo> b)

Comments. 1. Define the Gaussian process {75(m; v, b) : 7 € II} by
75(75 79, b) = ST (370, b) + b, (5.5)

where Sg = [lg, : Ogsxa.] is the dg X dy selector matrix that selects § out of ¢. The
asymptotic distribution of n'/ QBH (without centering at (3,,) under I'(7,, 0, ) with ||b|| <
oo is given by 74(7* (74, b); 7o, b). This quantity appears in the asymptotic distributions
of t statistics below.

2. Assumption C6 is not needed for Theorem 5.1(b).
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Lemma 5.3. Suppose Assumptions A, B1-B3, C1-C5, and C7 hold. Under {~,} €

F(WO) OO,W0)7
(a) %n —Tn —7p 0 and (b) wn - wn —p 0.

Theorem 5.2. Suppose Assumptions A, B1-B3, C1-Ch, C7, C8, and D1-D3 hold.
Under {7, } € T'(7vq, 00, wo),

(a) nl/zB(Aﬁn)(gn —0n) —a =T (70)G* (70) ~ N(04, 7 (70)V (70) I (7)) and

(b) 7(Qn(0n) = @u(6n)) —a —5G*(v0)' T (70)G* (70)-

Example 1 (cont.). In this example, the components of the stochastic processes

&(m; 79, b) and 7(7;,, b), that appear in the asymptotic results in this section, are

H(m;7o) = Diag((1— %)% (2¢)7),
K(m;7) = (—(1 — mom) ™4, 0)',
Oy, m2370) = Diag((1 — mima) ™Y, (1/4) ¢ By, (€2 = Co)?), (5.6)

and G(m;7,) is a mean zero Gaussian process with covariance kernel Q(my, m9;7,). In
addition, J(v,) and V' (v,) are defined in (4.30) and (4.32), respectively. In addition,

75(7;790,b) = —(1 — 72) <Z ™Z;—(1— 7T07T>_1b) O (5.7)

6. t Confidence Intervals and Tests

In this section, we consider a confidence interval (CI) for a real-valued function ()
of 0 by inverting a ¢ test of the hypotheses Hy : r(0) = v for v € r(©). We also consider ¢
tests of Hy. We determine the asymptotic size of standard ¢ CI’'s. We introduce robust ¢
CI’s whose asymptotic size is guaranteed to equal their nominal size. For brevity, results

for Wald CS’s and tests for vector-valued functions r(#) are given in AC3.

6.1. t Statistics

The ¢ statistic is defined as follows. Let

~

2(%) =J! (’70) V(Vo)Jfl(’Yo) and in = Aﬁlvn Ar:la (6-1)
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where J,, and V, are estimators of .J (7o) and V() that do not depend on the nuisance
parameter ¢.

The t statistic takes the form

T,(v) = —— n @) —v) , (6.2)
(ro(00) B=1(8,) 20 BB, )ra(0,))
where r4(0) = (0/00)r(0) = [ry(0) : rz(0)] € R>do ry(0) = (0/0")r(0) € Rir>dv,
and r,(0) = (0/0n")r(0) € R,

Although this definition of the ¢ statistic involves Bil(Bn), it is the same as the stan-
dard definition used in practice. By Theorem 5.2(a), when 3, # 0, B~(3,)X(7,) B~ (3,)
is the asymptotic covariance matrix of /H\n In the t statistic, the asymptotic covariance is
replaced by the estimator B *1(371)2”3 *1(/3”). The same form of the ¢ statistic is used

under all sequences of true parameters ,, € I'(7,).

In the results below, we consider the behavior of the ¢ statistic when the null hypoth-
esis holds. Thus, under a sequence {7, }, we consider the sequence of null hypotheses
Hy : r(0) = v,, where v, equals r(0,) and v, = (0,,¢,). We employ the following

notational simplification:

T, = T,(v,), where v, = r(6,). (6.3)

6.2. Function of Interest

Let d, denote the dimension of (). Here, d, = 1. (In AC3, d, > 1 is considered.)

The function of interest, r(#), satisfies the following assumption.

Assumption R1. (i) 7(#) is continuously differentiable on O.
(ii) 79(0) is full row rank d, V0 € ©.
(iii) rank(r,(6)) = d* for some constant d* < min(d,,d,) V6 € ©5 ={0 € © : ||5]| <}

for some § > 0.

A sufficient condition for Assumption R1 is: 7(0) = R}0, where R, € R% and R; # 0.

6.3. Variance Matrix Estimators

The estimators of the components of the asymptotic variance matrix are assumed to

satisfy the following assumptions. Two forms are given for Assumption V1 that follows.
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The first applies when 3 is a scalar and the second applies when [ is a vector. The
reason for the difference is that the normalizing matrix B() is different in these two
cases.

When S is a scalar, let J(6;~,) and V(6;~,) for § € © be some non-stochastic dy x dy
matrix-valued functions such that J(0g;7,) = J(7,) and V' (0o;7,) = V(7,), where J(v,)
and V' (v,) are as in Assumptions D2 and D3. Let

X(0;70) = J_l(QQ Vo)V (6 VO)J_l(& Yo) and X(m; ) = L(thg, 75 7)- (6.4)

Let ¥35(m;,) denote the upper left (1,1) element of X(7; ).

Assumption V1 below applies when [ is a scalar.

Assumption V1 (scalar 8). (i) J, = J, (@1) and V,, = V,,(6,,) for some (stochastic)
dg % dy matrix-valued functions J,(6) and V,(#) on © that satisfy SUDgeo 11 7,(6) —
J(0;70)l| —p 0 and supgee [|Va(0) = V(0570)l] —, 0 under {,} € T(3,0,b) with
[b]] < oo

(i) J(#;7,) and V(0;~,) are continuous in § on O Vv, € I" with 3, = 0.

(ii1) Amin(2(7570)) > 0 and Apax(3(757,)) < 00 VYV € 11, Vy, € T with g, = 0.

When £ is a vector, i.e., dz > 1, we reparameterize 3 as (||3||,w), where w = 5/||3]|
if # # 0 and by definition w = 14,/[|14,|| with 14, = (1,...,1) € R% if § =
Correspondingly, 6 is reparameterized as 07 = (||8||,w,(, 7). Let ©F = {#* : 67 =
(1811, B/1I1B], ¢, ), 6 € ©}. Let 5:: and 07 be the counterparts of 0,, and 0, after repara-
metrization.

When 3 is a vector, let J(0";7,) and V(67;7,) denote some non-stochastic dy x dy
matrix-valued functions such that J(07;7,) = J (7o) and V(04 ;7,) = V(7,)- Let

E(9+§70) = J_1<9+;VO)V(9+§VO>J_1<‘9+§%) and
E(WMJ;’YO) = Z(||ﬂo||7w7go777§70)' (6'5)

Let ¥33(m,w;7y,) denote the upper left dz x dg sub-matrix of (7, w; ).

Assumption V1 below applies when [ is a vector.

~ A~

Assumption V1 (vector 3). (i) J, jn(H ) and V,, = ‘A/n(@:) for some (stochastic)
dp x dg matrix-valued functions J,, (9+) and V, (0
J(OF:70)l| = 0 and supgs e [|Va(0F) = V(0

) on ©F that satisfy supg+ e ||Jp(07)—
a’70)|| —p 0 under {W/n} < P(KYOa 07 b) with



0] < 00.2
(ii) J(07;7,) and V(67;~,) are continuous in 7 on ©F Vv, € I' with 3, = 0.
(iii) Amin (Z(7,w; 7)) > 0 and Ay (S(m, w5 7)) < 00 Vr € 11, Vw € R% with ||w|| = 1,
Vv, € T with 5, = 0.
(iv) P(t5(m* (79, b); 7o, b) = 0) = 0 V7, € T with 3, = 0 and Vb with ||| < 00.*
The following assumption applies with both scalar and vector 5.

Assumption V2. Under I'(0, 00, wp), J,, —, J (7o) and V, —p V(70)-

Example 1 (cont.). In this example, we estimate J(v,) and V(v,) by J, = jn(@n)
and V, =V, (gn), respectively, where

n

t—1 n t—1
70 = g3 (e 2 ety (S )
7=0 t=1 =0

t=1 = Jj=

(6.6)

o O O
S O =

n t—1 t—1 O
+ (C_lnl Z ( 7TjY§t—j—1> Zkﬂklyt—k—1> x |0
0 k=0 1

t=1 \j=

and V,,(0) equals J,,(A) but with its (2,2) element, (2¢?)~!, replaced by

2
n

(4¢) 7ty (Yt—ﬁiwjml) —¢| - (6.7)

t=1

For hypotheses and CI’s that involve only § and/or 7, the (2,2) elements of J,, and
XA/n are not needed. In such cases, the matrices j; and ‘A/n with their second rows and
columns deleted are the same. For Assumptions V1 and V2 to hold for the quantity
in (6.7) more moments need to be assumed on ¢;. Specifically, in ® (defined in (4.4)),
the condition Eg4|¢,|*"%2 < K needs to be replaced by Fy4|¢,|**%2 < K for the proof
to go through. This condition is only needed for hypotheses and CI’s that involve the
innovation variance (.

For brevity, the quantities J(6;v,) and V(#;7,) in Assumption V1 (scalar ) are

given in (13.57) and (13.58) of AC1-SM and Assumptions V1 (scalar 3) and V2 are

23The functions J(67;7,) and V(67;7,) do not depend on wp, only 7.

24 Assumption V1 (vector 3) differs from Assumption V1 (scalar 3) because in the vector 3 case
Assumption V1(ii) (scalar 5) (i.e., continuity in ) often fails, but Assumption V1(ii) (vector §) (i.e.,
continuity in #1) holds.
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verified in Appendix C of AC1-SM. [J

6.4. Asymptotic Distribution of the t Statistic

Next, we provide the asymptotic distribution of the ¢ statistic under H,. Define

s e N |
Tulm 0.0 = S (v, g (1)1 (68)

where 7, (7) = 14 (g, T) € R 7(m;7,b) € R, Ty (7570, b) is the upper left dy x d,,
block of X(m;7,, b),

5 ) X(m57) if B is a scalar
™%, 0) =
To S(m,w* (759, 0);70) if 5 is a vector,
W (7579, 0) = T5(m;70,0) /175(75 70, D), (6.9)

X(m;7,), Z(m,w;7,), and 75(7; 7, b) are defined in (6.4), (6.5), and (5.5), respectively.
Define

Tw(ﬂ'; Yo, b) _ ||Tﬁ(ﬂ—; 70’_b)||(r<w07 7T) — T(¢O7 WO))’ (610)

(72 ()X (7570, b)ra(m)') /2
where 3, (7; 7, b) is the lower right d x d, block of X(; 7, b), and r,(7) = r (¢, 7).
The following theorem provides the asymptotic null distribution of the ¢ statistic for
a scalar restriction. (The null holds by the definition 7,, = T,,(v,) in (6.3).)

Theorem 6.1. Suppose Assumptions A, B1-B3, C1-C8, D1-D3, R1, and V1-V2 hold
and d, = 1.

(a) Under {v,} € I'(74,0,b) with ||b|]| < co and di =0, T,, —4 Ty (7 (79, b); 70, b)-

(b) Under {v,} € I'(7,,0,b) with ||b]| < oo and di =1, T,, —4 Tr(7* (79, b); Yo, b).

(c¢) Under {v,} € I'(vg,00,wo), T, —a N(0,1).

Comments. 1. When df = 0, the scalar restriction only involves ¢ by Assumption
R1(iii). When df = 1, the restriction involves 7 and possibly . However, the random-
ness in ¢, is dominated by that in 7, under the conditions of Theorem 6.1(b) because
z@n is consistent but 7, is not. In consequence, the asymptotic distribution in Theorem
6.1(b) is as if the restriction is only on 7.

2. To establish the asymptotic distribution of the ¢ statistic we consider a rotation

-~ -~ A~

of r(0,,) and r¢(6,) by a matrix A(6,). The rotation is designed to separate the effects
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of the randomness in @En and 7,, which have different rates of convergence for some
sequences {7, }. Similar rotations are carried out in the analysis of partially-identified
models in Sargan (1983) and Phillips (1989), in the nonstationary time series literature,
e.g., see Park and Phillips (1988), and in the GMM analysis in Antoine and Renault
(2009, 2010).

Example 1 (cont.). In this example, the asymptotic null distribution of the ¢ statistic
for tests concerning the MA parameter 7 is determined by Theorem 6.1(b) to be as
follows. Under {~v,,} € I'(7,,0,b) with |b| < oo, it is the distribution of

* Ta(m* 70, b) (7" — 7
Tﬂ'(ﬂ' ;7076) = ’ 6(_ . )|( 1/2 0) (611)
(Zrr (7570, 1))
S50 7 25— (1= mon) | (L= 772) (" — o)
(ZWTI'(T‘-*)22)1/2 !

where 7* abbreviates 7*(v,,b), {Z; : j > 0} are i.i.d. N(0,1) random variables,

(7, b) = argrgin £(m3 790, b)
e

mell 2

2
1
= argmin — — (Z wZ;— (1 — 7r07r)_1b> (1—7%),

=0

)DRPEL D SR I
7=0 7=0 : (6.12)

Z;io jril Z;ioj%zjfz

and .. (m)2 denotes the (2,2) element of ¥, (7). The second equality in (6.12) holds
using the expression for &(m;,,b) in this example given in (4.21) plus simplifications
based on (4.13), (4.15), and (4.19).»> The third equality in (6.11) uses (5.7) and the
equality X x(7;7g,0) = Yrr(7)22, which holds using the expressions for J(f;7,) and
V(0;7,) in (13.57) and (13.58) of AC1-SM and some calculations. The limit distribution
in (6.11) only depends on b and 7.

Under {v,} € T'(vyy,00,wo), the ¢ statistic for the MA parameter 7 has a N(0,1)
asymptotic null distribution by Theorem 6.1(c).

Emr(ﬂ-) = [

The asymptotic null distribution of the t statistic for tests concerning the AR para-

meter p = 7 + 3 is the same as in (6.11) except that the denominator (Spr()22)"? is

25The equality in (6.12) uses the block diagonality of H(7;7,) in (4.15) and the fact that the second
element of G(m;7,) in (4.13) does not depend on 7.
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replaced by (1,5, (7)12)"?, where 1, = (1,1)".
Under {v,,} € I'(7y,, 00,wp), the t statistic for the AR parameter p = 7 + [ has a
N(0,1) asymptotic null distribution by Theorem 6.1(c). [

6.5. Asymptotic Size of Standard t Confidence Intervals

Now, we establish the asymptotic size of a standard confidence interval (CI) obtained

by inverting a ¢ statistic. The usual symmetric two-sided ¢ CI takes the form
Clip = {v: |T(v)] < 21202}, (6.13)

where the t statistic 7),(v) is as in (6.2), 21_q/2 is the 1 — /2 quantile of a standard
normal distribution, and 1 — « is the nominal size of the CI. Standard upper and lower
one-sided ¢ CI’s are obtained by replacing |T,,(v)| with T,,(v) and —T,,(v), respectively,
and using z;_, as the critical value.

The asymptotic size of the CI above is established by verifying the high-level condi-
tions in Andrews, Cheng, and Guggenberger (2009), hereafter ACG. In particular, as-
sumptions in ACG require the asymptotic distribution of T},, which abbreviates T},(r(6,,)),
under drifting sequences of true parameters. Such asymptotic distributions are given in
Theorem 6.1.

Define

h
H = {h=(b,7) : |[b]| < 00,7, € I' with §, = 0}, and
Ty (7* (79, 0); 70, 0) if df =0

. (6.14)
Tﬂ’(ﬂ-*(’yOa b)? Yo> b) if djr =1

for ||b|] < oo. As defined, T'(h) is the asymptotic distribution of 7,, under {v,} €
I'(70,0,b) for ||b]|] < oo given in Theorem 6.1(a) or 6.1(b) depending on the rank of
r.(0), which is denoted by d%. Only one of the cases applies for any particular parameter
of interest r(#) and it is known which applies.

Let cy1—a(h), ct1-a(h), and c_; 1o (h) denote the 1 —a quantile of |T'(h)|, T'(h), and
—T(h) for h € H.

Asin (3.8), AsySz denotes the asymptotic size of a CI of nominal level 1 — . The as-

ymptotic size results use the following distribution function (df) continuity assumption,
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which typically is not restrictive.

Assumption V3. The df of T'(h) is continuous at z,/2, Za, Z1—a, and z1_q/2 Vh € H.

Theorem 6.2. Suppose Assumptions A, B1-B3, C1-C8, D1-D3, R1, and V1-V3 hold
and d. = 1. The standard nominal 1 — o symmetric two-sided, upper one-sided, and
lower one-sided t CI’s have AsySz = min{inf,cg P(|T'(h)| < z1-a/2), 1 —a}, min{inf,cqy
P(T(h) < z1-4),1 — a}, and min{inf,cy P(=T(h) < 21_4), 1 — a}, respectively.

7. Robust Confidence Intervals

In this section, we construct robust CI’s for r(6) that have correct asymptotic size. A
robust CI is obtained by inverting a test statistic, denoted here generically by 7,,, using
a robust critical value that differs from a standard strong-identification critical value
(such as a normal or x3j quantile). The robust critical value can be data dependent.
The test statistic 7,, can be the ¢ statistic defined in (6.13), the QLR statistic analyzed
in AC2, the Wald statistic analyzed in AC3, or some other statistic.

A robust critical value takes into account the fact that the test statistic, 7,,, has
a non-standard asymptotic distribution under {~,} € I'(v,,0,b) with ||b|]| < co. As a
result, a larger critical value often is required under weak identification, i.e., ||b|| < oo,
than under semi-strong or strong identification, i.e., ||b]| = oo.

A simple robust critical value is the “least-favorable” (LF) critical value that is large
enough for all identification categories. This yields a CI with correct asymptotic size,
but one that typically is overly long and is not as informative as desirable when the
model is strongly identified.

In consequence, we introduce data-dependent critical values that improve upon the
LF critical value by using an identification-category-selection (ICS) procedure in the
construction of the critical value. Two methods are considered: type 1 and type 2. The
first is relatively simple. The second has preferable statistical properties, but is more
intensive computationally.

We also introduce versions of these robust critical values that (i) impose the known
null hypothesis value and (ii) plug-in consistent estimators of consistently estimable
nuisance parameters in the formulae for the robust critical values. We recommend em-
ploying combined null-imposed/plug-in versions of the robust critical values whenever

possible because they yield the smallest critical values and still deliver asymptotically
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correct size. However, they may be more burdensome computationally than other ver-

sions of the robust critical values.

7.1. Least Favorable Critical Values

Let 7 (h) denote the asymptotic distribution of 7, under {~,,} € I'(v,,0,b), where
h = (b,7,) € H and h and H are defined in (6.14). Let c¢71-4(h) denote the 1 — «
quantile of 7 (h) for h € H. For example, when 7, is the two-sided ¢ statistic |T},| of
Section 6, then 7 (h) and c71_q(h) equal |T'(h)| and cjy,1—a(h), respectively.

Under semi-strong and strong identification, i.e., {7, } € I'(7,, 00, wo), 7, is assumed
to have a standard asymptotic distribution, such as the standard normal or chi-squared
distribution. Let ¢71_,(00) denote the 1 — o quantile of this distribution.

The LF critical value is

cgﬁfa = max{sup cr1-q(h), cr1-a(c0)}. (7.1)
heH

The LF critical value can be improved (i.e., made smaller) by exploiting the knowl-
edge of the null hypothesis value of r(6). For example, if the null hypothesis specifies the
value of 7 to be 3, then the supremum in (7.1) does not need to be taken over all h € H,
only over the h values for which m = 3. We call such a critical value a null-imposed
(NI) LF critical value. Using a NI-LF critical value increases the computational burden
because a different critical value is employed for each null hypothesis value.

To be precise, let
H(v) = {h = (b,7) € H : ||b]| < o0,7(fo) = v}, (7.2)

where v, = (6o, ¢,). By definition, H(v) is the subset is H that is consistent with the null
hypothesis Hy : 7(6y) = v, where 0 denotes the true value. The NI-LF critical value,
denoted %" _,(v), is defined by replacing H by H(v) in (7.1) when the null hypothesis
value is r(fy) = v. Note that v takes values in the set V, = {vy : r(6y) = vy for some
h= (b7, € H}.*

When part of v is unknown under Hy but can be consistently estimated, then a plug-

26When 7(§) = 8 and the null hypothesis imposes that 3 = v, the parameter b can be imposed to
equal n'/2v. In this case, H(v) = H,(v) = {h = (b,7,) € H : b = n'/?v}. The asymptotic size results
given below for NI LF CI’s and NI robust CI’s hold in this case.
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in LF (or plug-in NI-LF) critical value can be used that has correct size asymptotically
and is smaller than the LF (or NI-LF) critical value. The plug-in critical value replaces
elements of v with consistent estimators in the formulae in (7.1) and the supremum over
H (or H(v)) is reduced to a supremum over the resulting subset of H, denoted ﬁn, for
which the consistent estimators appear in each vector . For example, if { is consistently

estimated by /C\n, then H is replaced by

H,={h=(b~) €H:v=(B,(pm ¢} (7.3)

or H(v) is replaced by H(v)NH,. Note that the parameter b is not consistently estimable,

so it cannot be replaced by a consistent estimator.

7.2. Data-Dependent Robust Critical Values: Type 1

Here we improve on the LF critical value by employing an ICS procedure that uses
the data to determine whether b is finite. If b is deemed to be finite, i.e., 7 is weakly
identified (or unidentified), then the LF critical value is used. Otherwise, the standard
asymptotic critical value is used. This ICS critical value is analogous to the generalized
moment selection method used in Andrews and Soares (2010) for moment inequality
models.

The ICS procedure chooses between the identification categories ZCy : ||b|| < oo and

ZC, : ||b]| = oo. The statistic used for identification-category selection is
~ N 1/2
A, = (nﬁnzw’nﬁn) , (7.4)

where & 38,n 1s the upper left dz x dg block of EA]n and EA]n is the estimator of the covariance
matrix defined in (6.1). We use A,, to assess the strength of identification.

Let {k, : n > 1} be a sequence of constants, i.e., tuning parameters, that diverges
to infinity as n — oo. One selects ZCy if A,, < k,, and one selects ZC; otherwise. Under
ZCy, Ay is O,(1). Hence, one consistently selects ZCq provided k,, diverges to infinity.

We assume:
Assumption K. (i) x, — oo and (ii) s, /n'/? — 0.

For example, x, = (dzlnn)/2, which is analogous to the BIC penalty term, satisfies

Assumption K.
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Using the ICS procedure described above, the type 1 robust CI with nominal level

1 — o is obtained by inverting a test based on 7,, with critical value ¢z 1_,,, defined by

LE if 4, <
ET,l—a,n = CTJ—OC 1 n = fin (75)
cr1-a(00) if A, > Kp.

The type 1 robust critical value ¢71_,, can be improved by employing NI and/or plug-
in versions of it. They are defined by replacing H by H (v), H,, or H (v) N H,, as in
Section 7.1. The type 1 NI robust critical value is denoted ¢z 14, (v) for v € V.

7.3. Data-Dependent Robust Critical Values: Type 2

Next, we consider a type 2 robust critical value that does not require the tuning
parameter k,, to diverge to infinity as n — oo. In consequence, asymptotic size-correction
factors A; and A, can be introduced. These size correction factors are designed to
improve the asymptotic approximations. The type 2 robust critical value also provides
a continuous transition from a weak-identification critical value to a strong-identification
critical value using a transition function s(z). This robust critical value is akin to the
method employed in Andrews and Jia (2008) for moment inequality models.

Let s(z) be a continuous function on [0, 0o) that satisfies: (1) 0 < s(z) < 1, (ii) s(x) is
non-increasing in x, (iii) s(0) = 1, and (iv) s(z) — 0 as x — oco. Examples of transition
functions include (i) s(z) = exp(—c - z) for some ¢ > 0 and (ii) s(x) = (1 +c-x)~! for
some ¢ > 0.2" In the ARMA example, we use the function s(z) = exp(—z/2).

The type 2 robust critical value is

- C’%};—a + Al lf An S K

CTl-an = ’
Tl ¢71-a(00) + A + [cF_, + A1 —cra-a(00) — Ag] - s(A, — k) if Ay >k,
(7.6)

where A; > 0 and Ay > 0 are defined below. When A, < &, ¢71_4, equals the LF
critical value ¢}, plus a size-correction factor A;. When A, > k, ¢1,1_an is a convex
combination of Céﬁ,a + Ay and ¢71-4(00) + Ay, where A, is another size-correction
factor and the weight given to the standard critical value ¢z 1_,(00) increases with the

strength of identification, as measured by A, — k.

2TThe asymptotic size results given in Theorem 7.1 below also hold for the abrupt transition function
s(z) =1—1(z > 0), which is discontinuous at = = 0, provided one adds the assumption that P(A(h) =
k) = 0VYh € H, where A(h) is defined in (7.7) below. The latter condition is satisfied in most examples.
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Under {~,,} € I'(7,,0,b) with ||b|]| < 00, A, —4 A(h), where A(h) is defined by
A<h> = (Tﬁ(ﬂ*; 707 b>lzgﬁl (ﬂ-*ﬂ ’70)7-5 (ﬂ-*a 707 b)) 1/2 ) (77)

where 7* abbreviates 7*(v,,b) and 73(m;7v,,b) and Xgg(m;v,) are defined in (5.5) and

(6.4), respectively.?®-??

For any A; and Ay, under v, € I'(7,,0,b) with ||b|]| < oo, the asymptotic null
rejection probability of a test based on the statistic 7,, and the robust critical value

CT1—an 1s shown to equal

NRP(A1,A9;h) = P(T(h) > cg & A(h) < k) + P(T(h) > cs(h) & A(h) > k)
= P(T(h) > cg) + P(T(h) € (cs(h),c] & A(h) > k), where
cp = cg—ﬁ,a + Ay,

cs(h) = cri—a(00) + Ag + (c%—ﬁ_a + Ay —cri—a(00) — Ag) - s(A(R) — k), (7.8)

“B” denotes Big, and “S” denotes Small.
The constants A; and A, are chosen such that NRP(A;,As;h) < oo Vh € H. In

particular, we define

Ay = sup Ay(h), where Ay(h) > 0 solves NRP(Ay(h),0;h) = «

heHq

or Ay(h) =0if NRP(0,0;h) < o and
Hy = {(b,70) : (b,7) € H & [[b]] < [[bmax|| + D}, and

Ay = sup Ay(h), where Ag(h) solves NRP(Aq, Ag(h);h) = «

heH

or Ag(h) =0if NRP(A,0;h) < a. (7.9)

By definition b,y is such that ¢z 1 (h) is maximized over h € H at hpax = (bmax, Ymax) €

28The convergence in distribution follows from Theorem 5.1(a) and Assumption V1.

29Tn the vector B case, Yg5(m;,) is replaced by Sgg(m,w* (7370, b); vo) in (7.7), where Sga(m, w; o)
is defined in (6.5) and w*(m; v, b) is defined in (6.9). When the type 2 robust critical value is considered
in the vector 3 case, h is defined to include wy € R% with ||wg|| = 1 as an element, i.e., h = (b, 7o, wo)
and H = {h = (b,vg,wo) : ||b]] < 00,7 € T with 8, =0, ||wo|| = 1}.
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H for some v, € I' and D is a positive constant, such as 1.3931:32 As defined, A; and
As can be computed sequentially, which is computationally convenient.

The adjustment via A; size corrects for b values that are at or near by,.,. Size cor-
rection is needed here because the ICS statistic A,, is larger than s with a positive
probability asymptotically even under sequences of true parameters for which the LF
critical value is needed to achieve correct asymptotic size.

The adjustment via A, size corrects for relatively large values of b. Size correction
may be needed here to handle the difference between the ideal critical value for the
given value of b and the robust critical value that is determined by the transition function
s(A, — k). Typically, this discrepancy is small and only a small adjustment A, is needed.

Given the definitions of A; and Ay, the rejection probability is close to the nominal
level o when h is close t0 hyay (due to the adjustment with A;) and when ||b]| is large
(due to the adjustment with A,).

The type 2 robust critical value defined here can be improved by employing NI
and/or plug-in versions of it. The NI robust critical value is defined by replacing H by
H(v) (defined in (7.2)) in (7.9) and in the definitions of Ayay and byay, which are then
denoted byax(v) and hmax(v). The set H; is replaced by Hy(v) = {(b, 7o) : (b,7,) € H(v)
& ||b]| < supy,ev. |[bmax(vo)|| + D}.** The constants Ay, Ay, Aq(h), and Ay(h) in (7.9)
are then denoted Aj(v), Ag(v), Ay(h,v), and Ay(h,v). By definition, for any v € V,,
NRP(A1(v),As(v);h) < a for all h € H(v). The NI robust critical value is denoted
Cri—an(v).

For example, consider the construction of a type 2 NI robust CI for the parameter
7. For each value of v € II, one first obtains the LF critical value ¢Z*;_,(v) and then
one calculates A;(v) and Ay(v) based on ¢Zf]_, (v) and the asymptotic distribution of
7, and A,, under the null Hy : w9 = v.

30When NRP(0,0;h) > a, a unique solution A;(h) typically exists because NRP(Ay,0;h) is always
non-increasing in A; and is typically strictly decreasing and continuous in A;. If no exact solution to
NRP(A1(h),0; h) = « exists, then Aj(h) is taken to be any value for which NRP(A;(h),0;h) < « and
A (h) > 0 is as small as possible. Analogous comments apply to the equation NRP(A, Aq(h);h) = «
and the definition of Ag(h).

31'When the LF critical value is achieved at |[b]| = 00, i.e., c¢7.1-4(00) > suppe ¢7.1-a(h), the stan-
dard asymptotic critical value ¢ 1_4(00) yields a test or CI with correct asymptotic size and constants
A; and A, are not needed. Hence, here we consider the case where ||bmax|| < 00. If sup,c g cr1-a(h)
is not attained at any point Amyax, then byax can be taken to be any point such that ¢z 1-q(Amax) is
arbitrarily close to sup,cpy cr,1-a(h) for some Amax = (bmax; Ymax) € H-

321n practice, we find that D = 1 works well and the results are not sensitive to the choice of D.

33In the definition of Hi(v), the upper bound on [|b|| does not vary with v, which improves the
smoothness of A;(v) as a function of v.
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A plug-in version of the type 2 robust critical value requires the replacement of H by
H, throughout (7.9), where H, is defined as in Section 7.1. Similarly, a plug-in version
of the type 2 NI robust critical value is defined like the type 2 NI robust critical value
but with H replaced by H(v) N i, throughout.

Note that for a type 2 NI robust CI or CS for 3, under semi-strong or strong iden-
tification, A;(v) — 0 and Ay(v) — 0 as ||b]| — oo, and the NI robust critical value
converges to the standard critical value.

For any given value of x, the type 2 robust CI has correct asymptotic size due to
the choice of A; and As. In consequence, we choose x based on the false coverage
probabilities (FCP’s) of the robust CI. An FCP of a CI for r(0) is the probability that
the CI includes a value different from the true value r(#). Small FCP’s are closely linked
to short CI’s, see Pratt (1961).

The method we use to choose k is to minimize the average asymptotic FCP of the
robust CI at a chosen set of points.*® We are interested in a robust CI for r(). Let
K denote the set of xk values from which we select. First, for given h € H, we choose
a null value vy, (h) that differs from the true value vy = r(6y) (where h = (b,~,) and
Yo = (0o, ¢y)). The null value vy, (h) is selected such that the robust CI based on a
reasonable choice of k, such as kK = 1.5 or 2, has a FCP that is in a range of interest,
such as close to 0.50.39:3¢ Second, we compute the FCP of the value vy, (h) for each
robust CI with x € K. Third, we repeat steps one and two for each h € H, where H is
a representative subset of H.3” The optimal choice of x is the value that minimizes over
KC the average FCP at vy, (h) over h € H.

3 For t and Wald CI's, asymptotic FCP’s follow from the results in this paper and AC3. For QLR
CT’s, the results currently in AC2 do not cover non-null parameter values. Hence, we compute FCP’s
for a large, but finite, sample size when determining x. For example, in the ARMA(1, 1) example, we
use n = 500.

35For reasonable choices, the value of x used to obtain vy, (h) typically has very little effect on the
final comparison across different values of k. For example, this is true in the ARMA(1, 1) example
considered below.

36When b is close to 0, the FCP may be larger than 0.50 for all admissible v due to weak identification.
In such cases, vy, (h) is taken to be the admissible value that minimizes the FCP for the selected value
of x that is being used to obtain vy, (h).

3"When r(0) = « or 7(f) = 7 + 3, we do not include h values in H for which b = 0 because when
b = 0 there is no information about 7 and it is not necessarily desirable to have a small FCP.
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7.4. Asymptotic Size of Robust t CI’s

In this section, we show that the LF and data-dependent robust CI’s defined above
have correct asymptotic size when 7, equals the t statistic or its absolute value. Anal-
ogous results for robust QLR and Wald CI’s are given in AC2 and AC3, respectively.

The asymptotic size results of this section rely on the following df continuity condi-

tions, which are not restrictive in most examples.
Assumption LF. (i) The df of 7 (h) is continuous at ¢z 1-,(h) Vh € H.
(i) If 75, > er1-a(00), ¢, is attained at some oy € H.

Assumption NI-LF. (i) The df of 7(h) is continuous at cri_o(h,v) Yh € H(v),
Yv e V,.
LF LF

(ii) For some v € V;, ¢z _,(v) = c71-a(00) or ¢, (v) is attained at some hpax € H.

For h € H, define

cri-alh) (7.10)
) A if A(h) <k
| eria(00) + Ag + [E 4+ Ar = er1oa(00) — Ag] - s(A(h) — &) if A(h) > &

Note that ¢71_4(h) equals ¢r 14, with A(h) in place of A,. It is shown in the proof of
Theorem 7.1 below that the asymptotic distribution of ¢71_4, under {7,} € I'(v,,0,0)
for ||b]| < oo is the distribution of ¢z ;_4(h).

Define ¢1,1-4(h,v) analogously to ¢71-4(h), but with ¢%_,, Ay, and A, replaced
by cT 1o (), A1(v), and Ay (v), respectively, for v € V,.. The asymptotic distribution of
€7 1-an(v) under {7,,} € I'(7,,0,b) for ||b|| < oo is the distribution of ¢r1_(h,v).

Assumption Rob2. (i) P(7(h) =¢r1-o(h)) =0VYh € H.
(i) If Ay > 0, NRP(A,Aq;h*) = « for some point h* € H, where A; and A, are
defined in (7.9).

Assumption NI-Rob2. (i) P(7(h) =¢ri1-a(h,v)) =0Vh € H(v), Vv € V,.
(ii) For some v € V,,, Ay(v) = 0 or NRP(A;(v), As(v); h*) = « for some point h* € H (v),
where A;(v) and Ay(v) are defined after (7.9).

For 7, equal to the t statistic |T,|, T, or —T,,, we have 7 (h) equals |T'(h)|, T'(h),
or —T'(h), respectively, the quantile c¢71_o(h) equals cy1-a(h), ct1-a(h), or c_¢1-a(h)
defined just below (6.14), the quantile ¢71_4(00) equals 21_q/2, Z1—qa, OF 21_4, and the
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quantities C%’ﬂ—aa c%ﬁ_a(v), 5T,l—a,n7 gT,l—a,n(v)7 /C\T,l—a,na /C\T,l—a,n(v)a /C\T,l—oz(h)7 and

¢r1-al(h,v) are defined as above with 7 = |t|, ¢, or —t, respectively.

Theorem 7.1. Suppose Assumptions A, B1-B3, C1-C8, D1-D3, R1, and V1-V2 hold
and d, = 1. Then, the nominal 1 — o symmetric two-sided, upper one-sided, and lower
one-sided robust t CI’s all have AsySz = 1 — a when based on the following critical
values: (a) LF, (b) NI-LF, (c) type 1 robust, (d) type 1 NI robust, (e) type 2 robust, and
(f) type 2 NI robust, provided the following additional Assumptions hold, respectively:
(a) LF, (b) NI-LF, (c) K and V3, (d) K and V3, (e) Rob2, and (f) NI-Rob2, where T (h)
in Assumptions LF, NI-LF, Rob2, and NI-Rob2 is equal to |T'(h)|, T(h), and =T'(h) in

the two-sided, upper one-sided, and lower-sided cases, respectively.

Comments. 1. Plug-in versions of the robust CI’s considered in Theorem 7.1 also have
asymptotically correct size under continuity assumptions on ¢z 1-,(h) that typically are
not restrictive. For brevity, we do not provide formal results here.

2. If part (ii) of Assumption LF, NI-LF, Rob2, or NI-Rob2 does not hold, then the
corresponding part of Theorem 7.1 still holds, but with AsySz > 1 — a. For exam-
ple, Assumptions LF(ii) and Rob2(ii) fail in the unusual case that c#;_, = oo and
Assumptions NI-LF (i) and NI-Rob2(ii) fail if ¢Z*; _,(v) = oo Vv € V.

8. QLR Confidence Sets and Tests

In this section, we introduce CS’s based on the quasi-likelihood ratio (QLR) statistic.
For brevity, assumptions and theoretical results for the QLR procedures are given in
AC2. However, we define QLR procedures here because numerical results are reported
for them in the ARMA example section.

We consider CS’s for a function 7(6) (€ R%) of § obtained by inverting QLR tests.

The function r(6) is assumed to be smooth and to be of the form

(8.1)

7"1(¢)
r(0) = ,

where r1(¢)) € R, d,, > 0 is the number of restrictions on v, ro(7) € R%2, d,, > 0 is

the number of restrictions on 7, and d, = d,, + d,,.
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For v € r(0), we define a restricted estimator 6, (v) of # subject to the restriction
that r(f) = v. By definition,

0.(v) € ©, 7(0n(v)) = v, and Qu(fa(v)) = seahy_, @n0) + o(n). (82
co:r(l)=v
The asymptotic distribution of the restricted estimator En = En(vn) for v, = r(6,) under
{7} € T(7,0,0) and {v,,} € T'(v,, 00, wp) is derived in AC2.
For testing Hy : r(0) = v, the QLR test statistic is

QLR, (1) = 20(Qu(02(v)) = Qn(62)) /3, (8.3)

where §,, is a real-valued scaling factor that is employed in some cases to yield a QLR
statistic that has an asymptotic X?lr null distribution under strong identification. See
AC2 for details.

Let ¢, 1-4(v) denote a nominal level 1 — « critical value to be used with the QLR
test statistic. It may be stochastic or non-stochastic. The usual choice, based on the
asymptotic distribution of the QLR statistic under standard regularity conditions, is the

1 — a quantile of the Xi distribution:

Cn1-a(V) = X¢217,71_a- (8.4)

AC2 determines the asymptotic size of the standard QLR CS.
Critical values that deliver robust QLR CS’s for r(#) that have correct asymptotic
size can be constructed using the approach of Section 7. Details are in AC2.

Given a critical value ¢, ;4 (v), the nominal level 1 — a QLR CS for r(0) is
C’SE%JR ={ver(®): QLR,(v) < cpi1-a(v)}. (8.5)

Example 1 (cont.). We consider tests and CS’s involving functions of 7 and 5. In
consequence, a key assumption in AC2, Assumption RQ2(ii), holds. This assumption
is needed for the QLR statistic to have a X?IT asymptotic null distribution under strong
identification (and is a standard assumption in the literature where strong identification
is assumed). It holds in this example because V' (7,) and J(,) are block diagonal (after
re-ordering their rows and columns) between the (5, 7) and { parameters and the blocks

of V(v,) and J(v,) that correspond to the (8, 7) parameters are equal, see (4.30) and
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(4.32). In consequence, 5, = 1 in this example and the standard critical value is x7_;_,-
For a test concerning the MA parameter 7, by Theorem 5.1(b) of AC2, the asymptotic
null distribution of the QLR statistic under {v,,} € T'(v,,0,b) with |b] < oo is the

distribution of

2 (€)= inf €(miv.)) (5.6
o 2 00 2
= — (Z ) Z; — (1 — W(Q))_lb> (1—72)+ 1121% (Z ™ Z;—(1— 7T07r)_16> (1—7?
j=0 Jj=0

where {Z; : j > 0} are i.i.d. N(0,1) random variables, {(7;v,,b) is defined for this
example in (4.21), and the equality in (8.6) uses the simplifications in (6.12). This limit
distribution only depends on b and mg.

Under {v,,} € (v, 00, wp), the QLR statistic has a x? asymptotic null distribution
by Theorem 5.2(b) of AC2 and (5.18) of AC2.

For tests concerning the AR parameter m + 3, the QLR statistic has the same as-
ymptotic null distribution as given above for tests concerning the MA parameter 7. This
holds by Comment 2 to Theorem 5.1 of AC2. [J

9. ARMA Example: Simulation Results

In this section, we provide asymptotic and finite-sample simulation results for the
ARMAC(1, 1) model.

The model is given in (3.2) with &, ~ N(0,1). The optimization parameter spaces
for the MA and AR parameters are [—.85,.85] and [—.90,.90], respectively. The true
parameter spaces are [—.80,.80] and [—.85, .85], respectively. These choices are designed
to cover a broad range of parameters, but to avoid unit root and boundary effects. The
parameter spaces satisfy Assumptions B1 and B2.

The sample sizes considered in the simulation include n = 100, 250, and 500. The
number of simulation repetitions used for both the asymptotic and finite-sample simula-
tions is 50, 000. For brevity, details concerning the computations and some of the results
are provided in Appendix D of AC1-SM.
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Figure 1. Asymptotic and Finite-Sample (n=250) Densities of the Estimator
of the MA Parameter 7 in the ARMA(1, 1) Model when 7 = 0.

9.1. Estimators

Figures 1 and 2 provide the asymptotic and finite-sample densities of the ML estima-
tor of the MA parameter m when the true 7w value, 7, is 0.0 and 0.4, respectively. Each
Figure gives the densities for b = 0, —2, —4, and —12, where b indexes the magnitude of
the difference 3 between the AR and MA parameters.*® Specifically, for the finite-sample
results, b = n'/23. In these Figures, the finite-sample size considered is n = 250. Note
that for n = 250, the values b = 0, —2, —4, and —12 correspond to 3 being 0.0, —0.13,
—0.25, and —0.76, respectively. For n = 100, these b values correspond to § being 0.0,
—0.2, —0.4, and —1.2, respectively. Figure S-1 of AC1-SM provides analogous results
for my = 0.7.

Figures 1 and 2 show that the ML estimator has a distribution that is very far from
a normal distribution in the unidentified and weakly-identified cases. In these cases,
there is a build-up of mass at the boundaries of the optimization space. There also is a
bias towards 0 when 7wy > 0. This is most pronounced when 7y = 0.7.

Figures 1 and 2 indicate that the asymptotic approximations developed here work
strikingly well. There are some differences, but they are relatively small.

Figure 3 provides analogous results to those of Figure 2 for the ML estimator of 3,

38The asymptotic densities in Figures 1 and 2 are invariant to the sign of b.
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Figure 2. Asymptotic and Finite-Sample (n=250) Densities of the Estimator
of the MA Parameter 7 in the ARMA(1, 1) Model when 7y = 0.4.

the difference between the AR and MA parameters. In Figure 3, 7y = 0.4. Figure 3
shows a very pronounced bi-modal distribution in the unidentified case and a side-lobe
in one weakly-identified case. Again, the asymptotic approximations are found to work
exceptionally well.

Analogous results for the ML estimator of the AR parameter are provided in Figures
S-9 to S-11 in AC1-SM. The asymptotic distributions are identical to those for the MA
parameter.” The differences between the asymptotic and finite-sample results are larger
for the AR parameter than the MA, mainly at the boundary points with b = 0, but they
are still quite close.

In sum, the estimation results demonstrate a substantial effect on the distributions
of the parameter estimators due to lack of identification or weak identification. The
asymptotic theory developed in the paper does a very good job in capturing these

effects.

39Under weak identification, this is because the estimator of 7 is not consistent, whereas the estimator
of B is n'/?-consistent. In consequence, the asymptotic distribution of the estimator of p = 7+ 3 is the
same as that of 7.
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Figure 3. Asymptotic and Finite-Sample (n=250) Densities of the Estimator
of 5 (Centered at the True Value) in the ARMA(1, 1) Model when g = 0.4.

9.2. Test Statistics and Standard CI’s

Figures 4 and 5 provide the asymptotic and finite-sample (n = 250) densities of the
t and QLR statistics, respectively, for tests concerning the MA parameter 7 for mg = 0.4
and b = 0, —2, —4, and —12. The black lines in Figures 4 and 5 are the standard normal
and x? densities, respectively, which are the strong-identification asymptotic densities
of the test statistics.

Figure 4 shows that the ¢ statistic has a noticeably non-normal shape due to skewness
and kurtosis for small |b|, although it is much less non-normal than the distribution
of the corresponding estimator.*’ Figure 5 indicates that the QLR statistic is well
approximated by a x? distribution even under weak identification. This suggests that
the QLR statistic yields tests and CI’s that are substantially less sensitive to weak
identification than ¢-based tests and CI’s are.

Figures analogous to Figures 4 and 5, but for 7y = 0.0 and 0.7, are given in Figures
52-S5 of AC1-SM. Similar patterns emerge, although the skewness of the |¢| statistic
varies with my. Figures analogous to these, but for the ¢ and QLR statistics for p, rather

than 7, are given in Figures S-12 to S-17 of AC1-SM. The Figures for p are quite similar

40The distributions of the estimator of 7 and the ¢ statistic for 7 are not the same up to a scale shift
even asymptotically. This occurs because the variance estimator that appears in the ¢ statistic involves
an estimator of 7, which is not consistent when |b| < oo. It is random even in the limit.
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Figure 4. Asymptotic and Finite-Sample (n=250) Densities of the ¢ Statistic
for the MA Parameter 7 in the ARMA(1, 1) Model when 7wy = 0.4 and the
Standard Normal Density (Black Line).
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Figure 5. Asymptotic and Finite-Sample (n=250) Densities of the QLR
Statistic for the MA Parameter 7 in the ARMA(1, 1) Model when 7y = 0.4
and the y? Density (Black Line).
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Figure 6. Asymptotic 0.95 Quantiles of the |¢| and QLR Statistics for Tests
Concerning the MA Parameter 7 in the ARMA(1, 1) Model.

to those for .

Figure 6 provides graphs of the 0.95 asymptotic quantiles of the |t| and QLR statistics
concerning the MA parameter 7 as a function of |b| for my = 0.0, 0.4, 0.6, and 0.8.*! For
both statistics, for small to medium |b| values, the graphs exceed the 0.95 quantiles under
strong identification (given by the horizontal black lines). This implies that tests and
CT’s that employ the standard critical values (based on the normal or x? distribution)
have incorrect size. For the t statistic, however, the exceedance is very large and much
larger than for the QLR statistic. For example, for 7o = 0.8 and b = 0, the quantile is
roughly 10, whereas for strong identification (|b|] = o) it is roughly 2. In contrast, for
the QLR statistic, for 7y = 0.8 and b = 0, the quantile is roughly 4.4, whereas for strong
identification it is roughly 3.8.

The asymptotic quantiles given in Figure 6 also apply to the ¢ and QLR statistics
concerning the AR parameter p = 7 + (. Hence, no additional quantile graphs are
provided for p.

Figure 7 provides asymptotic quantile graphs for ¢ and QLR statistics concerning
the parameter 3 that are analogous to those in Figure 6 for 7. Again we find that for

small to medium values of |b| the graphs exceed the 0.95 strong-identification quantile.

4IThe asymptotic quantiles are invariant to the sign of b, but the finite-sample quantiles are not.
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Figure 7. Asymptotic 0.95 Quantiles of the |¢| and QLR Statistics for Tests
Concerning ( in the ARMA(1, 1) Model.

For tests concerning 3, however, the ¢t and QLR graphs are much more similar to each
other than for those concerning 7.

Figure 8 reports asymptotic and finite-sample CP’s of nominal 95% standard |t|
and QLR CI’s (which employ normal and y? critical values, respectively) for the MA
parameter 7. The CP’s are given as a function of b (< 0), for true my = 0.0, for n = 100,
250, 500, and oo (i.e., asymptotic).?? As one would predict given Figure 6, the CP’s of
the |t| CI are very low for |b| values less than 10. For b = 0, the asymptotic and finite-
sample CP’s are all below 0.60. Hence, the size of this nominal 95% CI is less than 0.60
asymptotically and in finite samples. More specifically, Table II provides the minimum
over b asymptotic CP’s for a range of true 7 values. It shows that the asymptotic size
of the |t| CI for 7 is 0.523.%* Note that the asymptotic CP’s in Figure 8 provide a very
good approximation to the finite-sample CP’s.

Figure 8 and Table II show that the under-coverage of the standard QLR CI for 7
is much less severe than for the |¢t| CI. Table II shows that the asymptotic size of the

42In Figures 8-10, the graphs for n = 100 are not given for all values of b because b is restricted by
the parameter space. The same is true for the graphs for n = 250 in Figures 8 and 9. See Appendix D
of AC1-SM for details. These parameter space restrictions are responsible for the wiggles that occur in
some of the n = 100 and 250 graphs in Figures 8-10 near the right end of the graphs.

43This is based on a grid of 7y values that is the same as the grid of 21 7y, values given in Table V.
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Figure 8. Coverage Probabilities of Standard |¢| and QLR CI's for the MA
Parameter 7 in the ARMA(1, 1) Model when 7y = 0.

Table II. Asymptotic Coverage Probabilities (Minimum over b) of Nominal 95%
Standard CIs for 7 and p in the ARMA(1, 1) Model

mo/py 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8  Asy Size
|t] 0.523 0.527 0.534 0.552 0.578 0.612 0.642 0.643 0.627  0.523
QLR 0935 0.933 0.933 0.934 0.935 0.936 0.940 0.941 0.933 0.933

nominal 95% standard QLR CI for 7 is 0.933. Figure 8 shows that the asymptotic and
finite-sample CP’s are very close for all b when 7y = 0.

Figures S-6 and S-7 in AC1-SM provide analogous graphs to those in Figure 8 for
7o = 0.4 and 0.7, rather than 7y = 0.0. The graphs are all similar in shape.

For the AR parameter, analogous figures and tables to those described above for the
MA parameter are provided in Figures S-18 to S-20 in AC1-SM. Generally speaking, the
results for the AR parameter are quite similar to those for the MA parameter. Indeed,
the asymptotic results are identical. Hence, Table II applies to standard CI’s for both

m and p.

9.3. Robust Confidence Intervals

Next, we consider CI’s that are robust to weak identification. We focus on the type

2 NI robust CI’s, which are defined in Section 7.3. For comparative purposes, we also
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provide some results for NI-LF CI’s. For the type 2 NI robust CI’s, we employ the
transition function s(z) = exp(—x/2) and the constants x = 1.5 and D = 1. The choices
of s(z) and D were determined via some experimentation to be good choices in terms
of yielding CP’s that are relatively close to the nominal size 0.95 across different values
of b. Given s(z) and D, the choice of x was determined using the method described
at the end of Section 7.3 based on minimizing average FCP’s. The details are given
in Appendix D of AC1-SM. It turns out that a wide range of x values yields similar
average FCP’s, see Tables S-II, S-III, S-V, and S-VI in Appendix D of AC1-SM, so the
particular choice of x = 1.5 is not at all crucial **:#°

Figures 9 and 10 report the asymptotic and finite-sample CP’s of the type 2 NI
robust |t| and QLR CI’s for the MA parameter 7 as a function of b (< 0) for 79 = 0.0
and 0.4, respectively. Figure 9 shows that the CP’s of both the |t| and QLR CI’s are
greater than or equal to 0.95 for all b when 79 = 0.0. However, the QLR CI is closer to
being similar, both asymptotically and in finite-samples. Only for |b| < 3 are its CP’s
greater than 0.95. The asymptotic approximations perform very well in Figure 9.

For the QLR CI, the results in Figure 10 for 7y = 0.4 are quite similar to those in
Figure 9. The CP’s of the robust QLR CI are greater than or equal to 0.95 for all b
and they exceed 0.95 only for |b| < 4. The asymptotic and finite-sample CP’s are very
close. For the |t| CI, however, there is a greater discrepancy between the asymptotic and
finite-sample results than when 7y = 0.0. In addition, there is some under-coverage. For
n = 100, the CP’s of |t| CI are as low as 0.93 for some b values. However, the magnitude
of the under-coverage of the robust |t| CI is very small compared to that of the standard
|t] CL.

Figure S-8 of AC1-SM provides results analogous to those of Figures 9 and 10, but
for my = 0.7. The results for the robust QLR test are similar to those in Figures 9 and
10. But, for the robust [t| CI, there are larger differences between the asymptotic and
finite-sample CP’s and there is greater finite-sample under-coverage.

Figures S-21 to S-23 in AC1-SM report results analogous to those of Figures 9, 10,
and S-8 but for robust CI’s for p, rather than 7. The results for the robust QLR CI’s

44 The reason is that if x is changed, the constants 7, and 75 change in a manner that substantially
offsets the effect of the change in . This occurs because, for any given «, the constants 71 and 7o must
yield a CI with the desired size.

4 The value k = 1.5 is used for all CI’s considered, whether they are [t| or QLR-based and whether
they are for m or p. This value of k minimizes the average FCP measured to two significant digits for
all cases considered, see the tables in Appendix D of AC1-SM.
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Figure 9. Coverage Probabilities of Robust |t| and QLR CI’s for the MA
Parameter 7 in the ARMA(1, 1) Model when my = 0, k = 1.5, and

s(x) = exp(—x/2).
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Figure 10. Coverage Probabilities of Robust |t| and QLR CI’s for the MA
Parameter 7 in the ARMA(1, 1) Model when 7y = 0.4, k = 1.5, and

s(z) = exp(—x/2).
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Table III. Finite-Sample Coverage Probabilities (Minimum over b) of
Nominal 95% CI’s for 7 and p in the ARMA(1, 1) Model, n = 250

i QLR
Std LF Rob | Std LF  Rob
MA T =00 |0569 0.965 0.952[0.937 0.951 0.951

mo = 0.4 0.613 0.961 0.943 | 0.937 0.953 0.951
mo = 0.7 0.673 0.962 0.930 | 0.944 0.953  0.946
AR po=0.0 0.573 0.967 0.955 | 0.937 0.952  0.950
po = 0.4 0.632 0.966 0.953 | 0.939 0.954 0.953
po = 0.8 0.660 0.965 0.952 | 0.936 0.954  0.950

for p are quite similar to those for 7. The results for the robust |¢t| CI’s for p show larger
differences. They exhibit no under-coverage, but the regions of b values where the CP’s
exceed 0.95 are larger.

Table III provides a summary of the finite-sample (n = 250) CP’s of the CI’s based
on critical values that are standard (normal or x?), NI-LF, and type 2 NI robust. It
provides results for |t| and QLR CI’s for both 7 and p. The standard |¢| CI’s under-cover
considerably. The standard QLR CI’s only under-cover by a small amount. The NI-LF
|t| CI’s over-cover by a small amount. The type 2 NI robust |t| CI’s are close to 0.95
except for some under-coverage for m when 7y = 0.4 and 0.7. The NI-LF and type 2 NI
robust QLR CI’s are quite close to 0.95.

Table S-T of AC1-SM provides analogous results to Table I1I, but for n = 100 and 500.
The results for the standard CI’s are very similar to those in Table ITI. The discrepancies
between the CP’s and 0.95 for the NI-LF and type 2 NI robust |¢| CI's are magnified for
n = 100 and lessened for n = 500. The CP’s for the NI-LF and type 2 NI robust QLR
CI’s are quite close to 0.95 for n = 100 and 500.

Table IV provides finite-sample FCP results for the NI-LF and type 2 NI robust CI’s
for the MA parameter 7 for n = 500. The true values considered are mg = 0.0, 0.4, and
0.7 and b = —2, —5, —10, and —oo. The null values 7y, are provided in the Table. They
are selected so that the robust QLR CI has FCP close to 0.50 for those cases where
that is possible. (When b = 0 or |b] is small, all CI’'s have FCP greater than 0.50 for all
values of 7p, in the parameter space.) Table IV shows that the |¢| statistic combined
with the NI-LF critical value yields a CI whose FCP’s are very high—close to 1.0 for
most values of b and mg. This illustrates the poor performance of LF critical values when
a substantial amount of size correction is required. The NI-LF critical value performs
much better in terms of FCP’s when combined with the QLR statistic (because much
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Table IV. Finite-Sample False Coverage Probabilities of 95% Least Favorable and Robust
|t| and QLR CI’s for the MA parameter 7 in the ARMA(1, 1) Model, n = 500

7T0:0.0 7T0:0.4 7T0:0.7
b -2 -5 -10 —-oo| -2 -5 —-10 —-oco| —2 =5 —10 —oo | Avg

TH, | 0.800 0.410 0.200 0.048| 0.000 0.010 0.205 0.290| 0.000 0.460 0.570 0.615

4
LF 097 1.00 1.00 1.00 093 096 1.00 1.00 | 0.76 0.99 1.00 1.00 | 0.97
Rob | 095 0.78 0.56 0.90 | 091 0.64 049 049 |0.68 0.57 044 0.44 | 0.65

QLR
LF 0.68 0.51 0.55 052088 0.52 055 055059 053 054 0.53 | 0.58
Rob | 0.67 0.50 0.51 0.49|0.89 0.50 0.51 0.51|0.62 0.51 0.51 0.51 | 0.56

less size-correction is needed). The type 2 NI robust critical values work quite well in
terms of FCP’s with both the [¢| and QLR statistics. Overall, the type 2 NI robust
QLR CI performs best, followed closely by the NI-LF QLR CI, followed by the type 2
NI robust |t| CL

Analogous results to those in Table IV, but for the AR parameter p, are provided in
Table S-IV of AC1-SM. Most of the results are quite similar.
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Table V. Values of NI LF Critical Values and Ay (7g,) and Ay(7g,) for Size Correction
in the ARMA(1, 1) Model

it | 7ae/ P 0.00 0.05 0.10 0.15 020 025 0.30 0.35 040 0.45 0.50
il o(mm,) | 643 643 643 643 657 681 7.09 7.39 7.69 8.0I 831
Ay (T g, 122 121 1.19 112 090 0.64 032 022 020 019 0.20
Ao (T g,) 0.06 0.06 0.06 0.06 0.06 007 0.07 0.06 005 0.06 0.06
T o/ P, 0.55 0.60 0.625 0.65 0.675 0.70 0.725 0.75 0.775 0.80 0.825
T o(mm,) | 862 894 909 924 940 955 9.70 9.86 10.01 10.17 10.25
Ay (Tr,) 021 022 022 023 024 025 025 026 026 027 0.26
Ao (T g,) 0.05 0.03 0.2 0.03 0.03 003 003 0.02 002 0.02 0.01
QLR | 7a, /01, 0.00 0.05 0.10 0.15 020 025 0.30 0.35 040 0.45 0.50
B pos(Tm,) | 430 431 432 4.32 433 432 431 430 429 428 4.25
Ay (Th,) 0.60 0.62 0.71 0.73 0.76 0.81 0.82 0.77 0.68 0.64 0.55
Ao(7r1,) 0.08 0.08 0.08 0.09 0.10 0.10 0.08 0.09 0.09 0.09 0.09
T/ Pre 0.55 0.60 0.625 0.65 0.675 0.70 0.725 0.75 0.775 0.80 0.825
B os(Tm,) | 421 413 408 4.07 4.09 412 416 422 429 4.36 437
Ay (T g, 0.57 0.55 0.54 045 029 0.18 0.07 0.09 011 0.12 0.12
Ag () 0.06 0.04 004 0.03 0.04 004 0.04 0.02 001 0.00 0.00

Table V provides the c%%_,(v), A;(v), and Ay(v) values necessary to compute the
type 2 NI robust critical values for the |t| and QLR test statistics for computing CI’s
for the MA and AR parameters. (The same values apply to both the MA and AR
parameters.) In this case, v denotes the null hypothesis value of = (or p), which we
denote by 7, (or pg,) in the Table. For 7, (or py,) values between those given in

Table V, linear interpolation can be used.
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