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10. Outline

We let AC1 abbreviate the main paper “Estimation and Inference with Weak, Semi-
strong, and Strong Identification.”

This Supplement includes five appendices.

Appendix A provides some sufficient conditions for Assumptions B3, C5, C6, C1,
and D1 of AC1 (in that order). Sufficient conditions for other assumptions in AC1 are
given in Andrews and Cheng (2008a,b).

Appendix B gives the proofs of the results in AC1.

Appendix C verifies the assumptions of AC1 for the ARMA(1, 1) example.

Appendix D provides some additional Monte Carlo simulation results for the ARMA(1,
1) example.

Appendix E introduces the nonlinear regression example and verifies the assumptions
of AC1 for it.

The notational conventions specified at the end of the Introduction to AC1 are used

throughout this Supplemental Material.

11. Appendix A: Sufficient Conditions

This Appendix contains sufficient conditions for Assumptions B3, C5, C6, C1, and
D1 (in that order). It also contains an initial conditions adjustment to the sufficient

conditions for Assumptions C1 and D1 that is useful in some time series contexts.

11.1. Assumption B3

Assumption B3(i) can be verified using a uniform LLN, e.g., as in Andrews (1992).

Assumption B3* provides sufficient conditions for Assumptions B3(ii) and B3(iii).

Assumption B3*. (i) Q(¢;~,) is continuous on O Vv, € T".

(ii) For any 7w € II, Q(4, 7;7,) is uniquely minimized by 1, Vv, € I with 5, = 0.

(iii) Q(6;,) is uniquely minimized by 6y Vv, € T with 3, # 0.

(iv) ¥(m) is compact Vr € II, and II and © are compact.

(v) Ve > 0, 3§ > 0 such that dg (¥ (m1), ¥ (m3)) < € Vmy, w2 € II with |7 — ma| < 9,

where dy (+) is the Hausdorff metric.



Assumption B3*(v) holds immediately in cases where ¥(m) does not depend on .
When ¥(7) depends on 7, the boundary of ¥(7) is often a continuous linear function

of 7, as in the ARMA(1, 1) example. In such cases, it is simple to verify Assumption
B3*(v).

Lemma 11.1. Assumption B3* implies Assumptions B3(ii) and B3(iii).

11.2. Assumption C5

The following assumption is sufficient for Assumption C5.

Assumption C5*. (i) For any 7 > 1, the marginal distribution of W; has a density
function fy, (w;~*) wrt some o-finite dominating measure p that does not depend on
v, Vvt el

(i) fw,(w;~*) is partially differentiable in $* and the partial derivative is denoted by
fow,(w;v*) Vi > 1. Both fw,(w;~*) and fsw,(w;~*) are continuous in 7* Vi > 1,
Yw € W, Vy* € ', where W denotes the support of p.

(iii) For some function fgw(w;~*) € R%, n~t 30 | faw,(w;v*) — faw(w;v*) Yw € W,
vy el

(iv) m(w,0) is continuous in ¢ uniformly over 7 € Il for § € © with § = 0 Yw € W
(1., SUp, ey [m(w, 5, 7) — m(w, Y, 1| — 0 a5 6 — 1 = (0, Co) Yo = (1, o) € O).
() fyy g [[mw,B)] - maxics {upcye sy Lo wi )/ Fur(wi )| - 50Dy
| fw, (w;v)| }dp(w) < oo, where N(v*,0) is a d-neighborhood of v* for some § > 0,
Vy* eT.

Assumption C5*(iii) holds automatically with identically distributed observations.

Assumption C5*(v) is used for dominated convergence arguments.

Lemma 11.2. Assumption C5* implies that Assumption C5 holds with

K077 =07 S [ G 0) o s V(o) and
KO) = [ . 0)foaelwi7) dp(o)

In the ARMA(1, 1) and nonlinear regression models, Assumption C5 can be verified

directly without imposing Assumption C5*, see Appendices C and E.



11.3. Assumption C6

Using Assumption C1(iii), the quantities £(7; v, b) and n(7; v, wo) in Assumptions
C6 and C7 can be simplified, which makes the verification of Assumption C6 easier.
Specifically, Assumptions C1(iii) and C2 imply that m(W;,0) can be partitioned as
(m1 (W5, 0),ma(W;,0)"), where mo(W;,0) € R% does not depend on 7 when 3 = 0. In
consequence, we can partition the following quantities and obtain certain sub-quantities

that do not depend on 7:

Hyi(m) Hya(m)

H(m;v,) = [H21(7T) Ho

, G(m570) = ( Gé;(:) ) , and K(m;7,) = ( K[léﬂ) > ;

(11.1)
where Hay, G, and K, do not depend on m, Hyi(7) € R¥#*%  Hyy € R¥X*k Gy(m) €
R% Gy € R%, K (1) € R%*%  and K, € R%*% . Define

G1(m579) = Gi(7) — Hiz(m) Hay' Go,
K (m;70) = Ki(m) — His(m) Hyy K,
Hyy(m37v0) = Hu(m) — Hig(m) Hy' Haa (),
€1(m5 79, 0) = —%(G’{(W;%) + K (590)b) Hyy (m570) " (G (5 70) + K7 (7570)b),
Ea10,D) = —5 (G + Kb Hig (G + ob),
(w570, 0) = —0h3 (w570)' Hiy (3 70) S (570) o, amd
M2 (Yo: wWo) = —%WBKQH{;KWO- (11.2)

Lemma 11.3. Suppose Assumptions C1(iii) and C2-C5 hold. Then,

(a) (7570, 0) = &1(T3570,0) + &5(70,b) and

(b) n(m; 70, wo) = M (75 70, wo) + 12(70, wo)-

Comment. By Lemma 11.3, Assumptions C6 and C7 hold if and only if they hold with
€1(m; 79, b) and 1 (7; 7y, wo) in place of £(m; 7., b) and n(7; vy, wo), respectively, because
€5(70, ) and 15(yy, wo) do not depend on 7. The quantities &, (m;~,, b) and 7, (7; vy, wo)
are simpler than &(7; v,, b) and n(7; 7., wo), because they are based on lower dimensional

vectors, i.e., the dg-vectors Gi(m;7,) + K (m;70)b and K7 (7;7,)wo.
Using Lemma 11.3 and a generalization of Lemma 2.6 of Kim and Pollard (1990) (KP)

(see Lemma 12.6 below), we obtain the following sufficient condition for Assumption C6
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when f3 is a scalar.*®

Assumption C6*. (i) dg =1 (i.e., § is a scalar).
(i) Var(Gi(m; 7o) = Gi(m2;70)) # 0 and Var(Gi(mi; 7o) + Gi(72; 7)) # 0, ¥y, ma € 11
with 7 # w9, Vv, € I' with 5, = 0.

Lemma 11.4. Assumption C6* implies Assumption C6.

Note that the proof of Lemma 4.1, which is stated in Section 4.4, is given after the
proof of Lemma 11.4 in Appendix B below.

11.4. Assumptions C1 and D1: Quadratic Expansions for

Sample Average Criterion Functions

The sample criterion function for sample average extremum estimators takes the

form:

Qn(0) =n™" > p(W;,0). (11.3)

For example, p (W;, 0) is the log-likelihood function of the ith observation in the case
of the ML estimator, p(WW;,#) is the squared regression residual in the case of the LS
estimator, and p(W;, 0) is the check function in the case of the quantile regression esti-

mator.

For Q,(0) as in (11.3), Q(6;7,) = E,,p(Wi, 0).

11.4.1. Sufficient Conditions via Smoothness

First, we provide sufficient conditions for Assumptions C1 and D1 when p (W, 0) is
twice continuously differentiable in 6 on the support of W;. Let p,,(W;, 6) and p,,,,(W;, 0)
denote the first-order and second-order partial derivatives wrt ¢ and p,(W;,0) and
poo(W;,0) denote the first-order and second-order partial derivatives wrt 6. The sup-

port of W; for all v € T is contained in a set W.
Assumption Q1. (i) For some function p (w,0) € R, Q,(0) =n"'>" | p (W, 0).

(ii) p(w, #) is twice continuously differentiable in § on an open set containing ©* Yw € W.

10Kim and Pollard (1990, Lem 2.6) provides conditions under which the sample paths of a Gaussian
process are maximized at a unique point with probability one.



(iii) Under {v,,} € I'(7,,0,b), for all constants §,, — 0,

SUPyew (n):| [ =g, || <6 n~! Z?:l (P¢¢(W/i7¢, T) — wa(Wia %,na 7T)) || = Opr (1).

(iv) Under {7, } € I'(vy, 00, wy), for all constants d,, — 0,

SUDPgce,,(5,) ||~ Z?:l B (83,,) [pae(Wi, 0) — pag(Wi, 0,)] B~ (B,) || = op (1), where
On(0n) ={0 € © : [t = ¥, || < 6,[B,]] and [|m — mn|| < 60}

Assumption Q1(iii) can be verified by a uniform LLN, e.g., see Andrews (1992).
Assumption Q1(iv) is stronger than the stochastic equicontinuity of n=* Y7 | pge(W;, 0)
over § € O, (d,) because part of the re-scaling matrix B~!(3,)) diverges to infinity as
3, — 0. The verification of Assumption Q1(iv) relies on the fact that n=* > " | pge(W;, 0)
is close to singularity for 6 € ©,, (5,,) .

Lemma 11.5. Suppose Assumptions B1-B2 hold.
(a) Assumption Q1 implies that Assumption C1 holds with

Dy@Qn(0) =" py(Wi,0) and DyyQn(0) = 1"~ pyy (Wi, 0).

i=1 i=1

(b) Assumption Q1 implies that Assumption D1 holds with

DQu(0) =n ") pg(W;,0) and D*Qu(8) = 1> pgg(Wi, 0).

i=1 =1
11.4.2. Sufficient Conditions via Stochastic Differentiability

Next, we provide sufficient conditions for Assumptions C1 and D1 that do not require
point-wise smoothness of p(w, ) in § Yw € W. These sufficient conditions rely on
stochastic differentiability of @, (6), as in Pollard (1985), van der Vaart and Wellner
(1996, Theorem 3.2.16), and Andrews (2001), and on the smoothness of Ep(W;,6).
These sufficient conditions cover quantile regression estimators, censored and truncated
regression estimators, Huber regression M-estimators, etc.

To provide sufficient conditions via stochastic differentiability, we first define the

stochastic derivative vectors and the associated remainder terms. Let
p(w,0) = p(w,0,) + A(w, 0,) (0 —6,) + r(w,0), (11.4)

where A(w, 6,,) is a “stochastic derivative” wrt 6 at 0,, and r(w, #) is the remainder term.



Compared with Pollard (1985), the current definition of the remainder term does not
have ||0 — 0,|| in front of r(w, §) in order to adapt to the weak-identification situation.
The conditions on r(w, @) given in Assumption Q2 below are adjusted accordingly.

Similarly, for any 7 € II, let

p(w, wa 7T) - p(w7 1/}0,717 7T) + Aw(wa wO,'rN 7‘—)/(1/} - ¢o,n) + T’l/)(w7 ¢7 7T>7 (115)

where Ay (w, v, T) is a “stochastic partial derivative” wrt ¢ at 9, and ry(w, v, )
is the remainder term. Note that Ay (w, 1 ,,7) is a sub-vector of A(w, ) evaluated at
0 = (¥g,,, 7). (The quantities Ay (w, v, 7) and ry(w, v, 7) in (11.5) are not derivatives
of A(w,6,) and r(w,#) that appear in (11.4).)
For {7,} € I'(v,), define the empirical processes {v,r(f) : 0 € ©} by
var (0) =n=2 Y " (r(Wi,0) — E., (W, 0)), (11.6)
i=1

where 7(w, #) is defined in (11.4). Also, define the empirical process {v,r,(0) : 6 € O},
where v, (0) = (Vury (), vors (0)) and 1y (w, 0) is defined in (11.5).

For {~,} € I'(7,), define the non-random real-valued function
Qn(0) =n"" > E, p(W;,0). (11.7)
i=1

When {W; : 1 <i < n} are identically distributed under v,,, @ (0) = E, p(W;,0).

Assumption Q2. (i) For some function p (w,0) € R, Q,(0) =n"1 > p(W,;,0).

(ii) E,«p(W;,0) is twice continuously differentiable in 6 on an open set containing ©*
vy* eI

(iii) Under {v,} € T'(7y,0,b), for all constants 9,, — 0,

. an(r ) aru @,
’LZJE‘IJ(W):wawo,nHstn [1 + |‘an(7n)(w - ¢o,n)m ’ ’W - w[),nH ?

(1).

(iv) Under {7, } € I'(v,, 00, wp), for all constants 6,, — 0,

. var (6) |

scbton T W PIBEI0 — - TG0 -0 -



where ©,,(6,) ={0 € © : || —¥,|| <6,]|58,]] and ||7 — 7,|| < I}
(v) Under {~v,} € I'(7,, 0, b), for all constants d,, — 0,
0? 0?

sup |5 57@n (), m) — B

y . T || = ox(1).
Ve ()| [t—o <6 OVOY OnlWomll @

(vi) Under {7, } € I'(v,, 00, wp), for all constants ¢,, — 0,

02 02
sup. [|B7(8,) o @0(0) = oo @ (0))B 1 (8,) 1] = o(1).

0€0,(6n)

Because the expectation operator is a smoothing operator, E.-p(W;, 0) often is dif-
ferentiable in @ even though p(WV;, #) is not. For example, Assumption Q2(ii) holds when
p(W;, 0) is piece-wise differentiable in 6 and is only non-smooth in 6 on a negligible set
of {W; : 1 < i < n}. Such cases include quantile regression, censored and truncated
regression models, etc.

Assumptions Q2(iii) and Q2(iv) are generalizations of the stochastic differentiability
condition in Pollard (1985) to the case of drifting sequences of true parameters. In
the special case where p(W;, 0) is twice continuously differentiable, Assumptions Q2(iii)
and Q2(iv) can be verified easily by omitting the “1” part in the denominators. The
verification is similar to that in Lemma 11.5 above.

When p(W;, 0) is not point-wise smooth, Assumptions Q2(iii) and Q2(iv) can be ver-
ified by methods provided in Pollard (1985). For example, empirical process methods
can be used to show v,ry (1, 7)/[|t) — ¥ ,|| = 0px(1) uniformly for ¢ in a neighbor-
hood of ¢, to verify Assumption Q2(iii). In this case, only the "[[¢) — ), ,||" part of
the denominator in Assumption Q2(iii) is used. Similarly, empirical process methods
can be used to show v, () /||B(f3,,)(0 — 0,)|| = 0,(1) uniformly over ©,,(d,,) to verify
Assumption Q2(iv). Pollard (1985) provides results for empirical processes based on
i.i.d. random variables. For dependent random variables, the empirical process results
in Doukhan, Massart, and Rio (1995) and Arcones and Yu (1994) can be used. Hansen
(1996) establishes stochastic equicontinuity of empirical process of dependent triangular
arrays, which is suitable for asymptotic results under drifting sequences of true para-
meters. For other references, see Andrews (1994). Also, the Huber-type bracketing
condition in Pollard (1985) applies with dependent random variables.

Assumption Q2(v) is not restrictive. It holds by Assumption Q2(ii) when {W; : i >

7



1} are identically distributed under v* € T'.

Assumption Q2(vi) is stronger than uniform continuity of (92/9090")Q%(6) because
part of B! (3,) diverges when 3,, — 0. The verification of Assumption Q2(vi) relies on
(02/0600")Q* () being almost singular when 3 is close to 0.

For {7,,} € I'(7,), define the empirical process {v,A(f) : 0 € ©} by

v A) =172 S (AWL6) — B, A(W,.0)). (1L8)
i=1
where A(w, 6) is defined in (11.4). Also, define the empirical process {v,Ay(0) : 6 € O},
where v, A(0) = (v, Ay (0), v, A (0)") and A, (0) is as in (11.5).

Lemma 11.6. Suppose Assumptions Bl and B2 hold.
(a) Assumption Q2 implies that Assumption C1 holds with

82
~ 00O

Dy@Qu(0) = ™" 2v, Ay (6) Qn(0) and DyyQn (0) Qn(0).

L0

P
(b) Assumption Q2 implies that Assumption D1 holds with

DQ(0) = ™ P, D0) + 0 Q5(0) and D*Qu (0) = 50 03(0)
a6 " 0000" °"
Comments. 1. When Q%() is minimized at 6, under {v,} € T'(v,), DQ,(0) in
Lemma 11.6(b) evaluated at 6 = 6,, simplifies to n=*/?v,A(6,,) because (9/90)Q%(6,,) =
0. With identically distributed observations, this holds under Assumption B3 because
Q(0) = B, p(W;,0) is minimized at § = 6,,. In Assumption C1, D;Q,(0) is evaluated
at 0 = (g, 7). The expression for Dy@Q,(f) in Lemma 11.6(a) does not simplify when
0 = (1., T) because Q;,(0) is not minimized at (¢, 7) under 7,
2. In Lemma 11.6, Dy, Q,, () and D?Q,, (§) are both non-random. With identically

distributed observations, D@, (#) and D?Q,,(6) are second-order partial derivatives of
E, p(W;,0) wrt 1 and 6, respectively.

Under Assumptions B1, B2, and Q2, Assumption C2(i) holds with

0
o

Hence, E,-m(W;,0) = (0/0v¢)E,«p(W;, 0). Assumption C2(ii) holds provided E.-p(W;, )



is minimized at 6* when the true parameter is v* € I", and Assumption C2(iii) holds
provided E.«p(W;,#) is minimized at (¢*, 7) Vr € II when the true parameter is v* € T’
with 5% = 0. With identically distributed observations, Assumptions C2(ii) and C2(iii)
are implied by Assumptions B3 and Q2(ii) with E,«p(W;,0) = Q(6;~*).

Assumption C3 can be verified with G.,(7) = v, Ay (¢ ,,, 7). Assumption C4(i) holds
with H(m;7,) = lim,, o (0% /010¢") Q% (1, ) provided this limit exists, which is always
true for identically distributed observations. The verification of Assumption C5 requires
regularity conditions on the density functions of the observations wrt some dominating
measure for v € I'. Assumption C6 can be verified using Lemma 4.1 or 11.4. Assumption
C7 can be verified using the matrix Cauchy-Schwarz inequality, see Tripathi (1999).
Assumption C8 is implied by Assumption C4 because (0/0¢")E, DyQn(0) = Dyy Q. (0).

Assumption D2 can be verified directly with the non-random form of D?Q,,(#,,) given
in Lemma 11.6(b). Assumption D3 can be verified by a triangular array CLT provided
Q% () is minimized at ,, ¥n > 1. The latter condition yields DQ,,(0,) = n~2v,Ay(6,).

11.4.3. Initial Conditions Adjustment to the Sample Criterion Function

In some stationary time series models, the sample criterion function @, (6) depends
on initial conditions and, hence, is not an average of stationary and ergodic random
variables. In such cases, Assumptions Q1 and Q2 can be adjusted to allow @,,(9) to equal
a sample average of stationary summands, n=* Y"1 | p(W;, 0), plus a term, Q¢(6), that

is asymptotically negligible in a suitable sense. A similar adjustment was introduced in
Andrews (2001).

Assumption Q3. (i) For some function p(w,6) € R, Q,(0) = n~*>."  p(W;,0) +
QI(6).

(i) Assumption C1(ii) holds with R, (0) replaced by QL (0) — QL (4, ) and Assump-
tion D1(ii) holds with R () replaced by Q¢ (0) — Q1(6,,).

Lemma 11.7. (a) Lemma 11.5 holds with Assumption QL1(i) replaced by Assumption

Q3.
(b) Lemma 11.6 holds with Assumption Q2(i) replaced by Assumption Q3.



12. Appendix B: Proofs

This Appendix contains proofs of (i) the estimation results of AC1, (ii) the results
of AC1 for ¢ CS’s and tests, and (iii) the sufficient conditions given in Appendix A.

12.1. Proofs of Estimation Results

Proof of Lemma 5.1. The first result of Lemma 5.1(a) is proved along the lines of the
proof of Lemma A1 of Andrews (1993), which is a uniform consistency result under fixed
true parameters. Specifically, by Assumption B3(ii), given any neighborhood Wy of 1,
there exists a constant € > 0 such that Vr € IL, infycu(r) /v, Q(, T57) — Q(Yg, T570) >
. Thus,

P (@n(ﬂ) € ¥U(m)/¥, for some 7 € H)

=P (Q@n(ﬂ), %) — Q(¥, ™3 7o) = € for some 7 € H) —0,  (121)

where “— 0 holds provided sup,y; |Q(¢, (), m579) — Q. 7 79)| — 0. The latter

follows from

=)

0 < inf [Q(

mell L

W(7),5%0) = Q(¥, ™3 70)]

< sup [QD(m), 7 %) — QWb 7 %)]

< sup [ QW (1), 1570) = @u(Du (), 70)]| 4 5up | @u (D7), 3 %0) ~ Q.3 %)

< sup [ QU (1), 73 %0) = Qi (1), 3 70) | 5P [Qu(th, 73 30) = QW 70)] +0(n ™)
<2 swp [Qu(t ) — QU mive)| + o(n ) = o,(1), (122

YEW (n),mell

where the first inequality holds by Assumption B3(ii) and the fourth inequality holds
by the definition of 77//;”(71') in (5.1), and the equality holds by Assumption B3(i). This
completes the proof of the first result of part (a). The second result of part (a) follows
from the first result because ¢, = @n(%n) and 7, € IL

When 3, # 0, 0, —, 0o under {v,,} such that v, — 7, with 5, # 0 by an analogous
argument to that just given for part (a), but with 6,,, 6, and © /0y, in place of (1, (), 7),
(1o, ), and W(m)/Wy, respectively, where g is some neighborhood of 6y, with inf,cp

10



and sup,.q; deleted, and with Assumption B3(iii) used in place of Assumption B3(ii).
Because 6,, — 6, this completes the proof of part (b). O

The following two Lemmas are used in the proofs of Lemma 5.2 and Theorem 5.1.

Lemma 12.1. Suppose Assumptions Bl, B2, C2, C3, and C5 hold. Under {v,} €
F(VO? 07 b)7
(a) when ||b]| < 00, n'/2DyQu(¥o, ) = G(570) + K (+57)b, and
(b) when ||b|| = oo and B,,/]|3,|| — wo for any wy € R with ||wy|| = 1,
Bl Dy Qi (¥ 1 ™) —p K (7379 )wo uniformly over m € I1.
Comment. Lemma 12.1 implies that a,(7,,) Dy@n(¥g,, ) = Opr(1).

Define

Zn(1) = =an(7,)(Dyy@n (1 1> ™))~ DyQu (g 5, 7)- (12.3)

Lemma 12.2. Suppose Assumptions A, B1-B3, and C1-C5 hold. Under {~,} €

<An<7r>—w W) = Ope(1),
(%(WA)— n) = Zn(T) + 0pr(1), and
¢) @2(7,) (Qu(Bu(m). 7) = Qu(Wo,07) ) = =1 Z0(7) Dy Qn (W0 7) Z() + 0pe(1).

Comment. When ||b|| < co, Lemma 12.2(b) is used to derive the asymptotic distribu-

tion of ,. Lemma 12.2(c) is used in the proof of Lemma 5.2 below.

Proof of Lemma 12.1. First, we decompose DyQy (¥, 7) as

DyQu(o,n,m) = 0~ 2Gu(m) + 071 Y By mi(thy ). (12.4)
i=1

1 n . . .
To analyze n™ > ;" B, m;(v,,,, 7) when (3, is close to 0, we view this average expec-
tation as a function of 3, and we carry out element-by-element mean value expansions

around 3, = 0. This gives

nil ZE my wOn’ ZE'YOnm'L(wOTH )+K (wOnvﬂ- PYn)ﬁ K (%mﬂ 7n>5n7
=1
(12.5)

11



where 3, = (B,,(,,,Tn, ¢,,) may differ across the rows of Kn (Yo, T590), 3. is on the
line segment connecting 3,, and 0, which implies that Bn converges to 0 as vy, — 7, with
By = 0, and the second equality holds by Assumption C2(iii) applied with v* = ~,,,
because v,, = (8,,, Cps Tn, ¢,,) € I with ||5,|| < 0, which holds for n large, implies that
Yo = (0,0, T, @,) € T' by Assumption B2(iii). Furthermore, (v ,,7,7,) is in the
domain Og x Iy of K,,(+;-) by Assumption B2(iii).
By Assumption C5,
Kn(Yomn, T 70) —p K(m370) (12.6)

uniformly over 7 € II. From (12.4)-(12.6), we obtain

DyQu (o, ) = 012G (1) + K (m;70) 8, + 0pn(|[8,]])- (12.7)

In part (a), in which case n'/23,, — b with |[b|| < oo, (12.7) leads to
02Dy Qu (W0, ) = Gul-) + K (570)0' 2B, + 0pr(1) = G(5579) + K (570)b, (12.8)

where the weak-convergence result holds by Assumption C3.
In part (b), in which case n'/?||3,|| — oo and 8,,/||3,]] — wo, (12.7) leads to

1Bl Dy@n (9,0, 1) = (01218, 1)) 7  G(7) + K (75 70) B/ 1Bl | + 0pr (1) —p K (570)wo
(12.9)

uniformly over 7 € II using Assumption C3. [J

Proof of Lemma 12.2. The proof of part (a) is analogous to the proof of Theo-
rem 1 of Andrews (1999), which in turn uses the method in Chernoff (1954, Lemma
1). For notational simplicity, Dyy@n(tg,,7) is abbreviated as Dyy n(7). Let Ky r =

-~

DY} (M) an(7,) (W, (1) — g,,). We have

0pr(1) = @2(7,) (Qu(,(m),7) = Qulty o))
= 0 (1) DyQu(o 7 Dy 2wV + 5 [ 4 621 B (B (), )
) : 0pr(1)

1
= Opr(llfnll) + 5 nell® + Opm (| nel) + 0p Iz l) +0pr(1),  (12.10)

1 2 —1/2
— Oprllinl) + 5 Iinel® + (14 | DG 2T e

where the inequality holds Vr € II for n large by (5.1) and the fact that v, € ¥(m)
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Vr € II for n large, which holds because this condition is equivalent to (i, 7) € ©
v € II for n large and the latter holds because (i) (¢g,,,7) = (0,(,,m) € {f € R% :
18]| < 6} x Z2° x 11 € © Vr € II by Assumption B1(ii) provided ¢, € Z° and (ii)
¢, € Z° for n large by Assumption B1(ii) because 6,, = (83,,, ., Tn) — 0o = (0,(y, 7o)
implies that ||3,|| < 4, and 6,, € ©F C {8 € R% : ||f]] < 6} x Z° x II for n large.
The first equality in (12.10) holds by Assumption C1(i) with ¢ = ;bn (7), and the second
equality holds by Lemma 5.1(a), Assumptions C1(ii) and C4, and the implication of
Lemma 12.1 that a,(v,)DyQn(¥g,,, T) = Opx(1). Rearranging (12.10) gives [
2B, [Opr (1) 4 0pr (1). Let &, - denote the Opr(1) term. Then, we have

(1onll = &n)® < &0+ 0pm (1) (12.11)

Taking square roots gives ||k || = Opr(1), which together with Assumption C4 com-
pletes the proof of part (a).
Now, we prove part (b). Define

An(7) = an(7,) (@, (1) = 0,,) and ¥ (7) = by, + ;" (7,) Za (). (12.12)

First, we apply the quadratic approximation in Assumption C1(i) with ¢ = @/JL(?T).
Re-scaling both sides by a?(v,,), we get

a, (1) (Qu(W} (), ) = Qu(vhg, ™)) = —%Zn(ﬂ)'Dw,n(W)Zn(W) +opr(1),  (12.13)

where the 0,.(1) term is obtained from Assumption C1(ii), Lemma 12.1, and v, ,, —%,, —
0.
Next, we apply the quadratic approximation in Assumption C1(i) with ¢ = &n(w)

to obtain

@2(7,) (Qu(@ (7),7) = Qu(¥,0,7))
=~ Zu() Do (M) () + 580 (1) Dy () () + 03 (1)
= S80(7) = Zu(m)) D) (Bu() = Zu)

S 2 (7Y Do () Zu() + 0y (1), (1214)

where the 0,,(1) term in the first equality is obtained from Assumption C1(ii) and
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Lemma 12.2(a).

We can write a,,"(v,)Za(m) = (B}(7), ¢}f(w)), where 8}(7) = 0pr(1) and (ff(m) =
0px(1) using Assumptions C3 and C4 and a;;'(v,) < n~'/2 — 0. This and Assumption
B1(ii) lead to

¥L(m) = (0,¢,) + (BL(m). ¢Ii(r)) € W() (12.15)
Vr € II, where “€” holds with probability that goes to one as n — oo. Specifically,
(12.15) holds because (i) v, — 7, with 5, = 0, (ii) for n large, (5,,C,, Tn, ?,) € T'

satisfies ||3,|| < 0/2 and |[(,, — (|| < d¢,/2 for some 6 > 0 and d., > 0 chosen such
that the ball centered at ¢, with radius &, is in Z°, (iii) the latter, 3! () = 0,-(1), and

() = 0 (1) imply that [|5](m)[| < &, |I¢, + () = Goll < b, € + (I () € 2°,
and ! (1) € {8 € R% : ||8|| < 6} x 2° Vrr € TI with probability that goes to one, and
(iv) {8 € R% ||| <0} x Z° Cc ¥(m) N {y = (B,¢) € R¥ :||B]| < I} by Assumption
B1(ii). Results (iii) and (iv) combine to establish (12.15).

Using (12.15) and (5.1), we have

Qu(t,(7),7) < Qu(h (), 7) + 0pe(n ") (12.16)

vV € II. This, (12.13), and (12.14) give

5 (Ba() = Zu(m)) D (1) (Bn(m) — Z,(m)) < 031 (1) (12.17)

Assumption C4 and (12.17) imply that A, (7) = Z,,(7) + 0px(1), which is the result of
part (b).

Part (c) holds because the first summand on the right-hand side (rhs) of (12.14) is
0pr(1) by Lemma 12.2(b) and Assumption C4. OJ

Proof of Lemma 5.2. Lemma 12.1(a) and Assumption C4 yield
Zn() = —H 7 (579)(G(570) + K (57)b) (12.18)
under {~v, } € I'(7,,0,b) when ||b|| < co. Lemma 12.1(b) and Assumption C4 yield
Zn(m) —p —H " (1570) K (75 70 Jwo (12.19)

uniformly over 7 € IT under {7, } € I'(7,,0,b) when ||b|| = co and 3,,/||5,,|| = wo-

14



The result of part (a) holds by Lemma 12.2(c), (12.18), Assumption C4, and the
CMT. Replacing (12.18) with (12.19) gives the result of part (b). O

Proof of Theorem 5.1. First we prove part (a). We have 7, —4 7*(7,,0) by (5.2),
Lemma 5.2(a), Assumptions A, B1(iii), C3, C4(i), Ch(iii), and C6, and the CMT. For
details, see the proof of the argmax/min Theorem 3.2.2 in van der Vaart and Wellner
(1996, p. 286). Note that Assumptions C3, C4, and C5(iii) are used to guarantee that
&(m; 74, 0) is continuous on II a.s. and Assumption B1(iii) guarantees that the sequence
of distributions of {7, } is tight.

Define 7, () = n'/2(4h, (1) — 1, ). We have

Ta(s) = 020, () = g,) — 02 (W, — Y)
= Zu(-) — (n'?B,,,04.) + 0 (1)
= —H '(5;7) (G(:;7) + K (5;70) b) — (b, 04,), (12.20)

where the second equality holds by Lemma 12.2(b) and the definition of ¢, and the
weak-convergence result holds by Lemma 12.1(a) and Assumption C4. Furthermore,
joint convergence (7,(:),7,) = (7(-;70,0), 7" (7g,b)) holds because 7,(-) and 7, are
continuous functions of Z,,(-) and DyyQy (%, -), which converge jointly since the limit
of the latter, H(-;7,), is non-random.

To prove part (b), we write
Qu(0) = Qu(@, (7). Fa) = Q5(Fa) = inf Q5 (m) + o(n™"), (12.21)

where the first equality holds by assumption (see the paragraph following (5.2)), the
second equality holds by the definition of Q¢ (m) given just above (5.2), and the third
equality holds by (5.2). Part (b) follows from Lemma 5.2(a), (12.21), and the CMT. [

Proof of Lemma 5.3. When 5, =0, 7,, —, mo by a standard consistency argument,

such as a simplification of the argument given in the proof of Lemma 5.1(a) with 7, 7o,

~

I/To, 18,I7%(Q5(7) — Qo,n), and n(m; v, wo) in place of (¢, (), ), (g, 7), W(m)/ Ty,
Qn(,m;7,), and Q(, 7;7,), respectively, where I is some neighborhood of 7, and
with inf e and sup,; deleted. The argument uses Lemma 5.2(b) (which applies be-
cause the set of sequences {7,} € I'(v,, 00,wp) with 5, = 0 is the same as the set of

sequences {7,,} € I'(7,,0,b) with ||b|| = oo and S,,/||5,]| — wo) in place of Assump-
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tion B3(i). In place of Assumption B3(ii), the argument uses the fact that n(m; 4, wo)
is continuous on II by Assumptions C4 and C5(iii) and is uniquely minimized at g
by Assumption C7, and II is compact by Assumption B1(iii). Because 7w, — 7o, this

completes the proof that 7, — m,, —, 0.

When 60 =0, @n_d}n —p 0 because ||1/Ln_¢n|| = ||@/En(%n>_¢n|| < SUPrem ||@/En(7r) -
¥,|| = 0,(1) by Lemma 5.1(a).
When 5, # 0, the desired results are given in Lemma 5.1(b). [

The following two Lemmas are used in the proof of Theorem 5.2. Let Sz = [l4, :
Odﬁxdg] denote the dg x d, selector matrix that selects 3 out of 9.

Lemma 12.3. Suppose Assumptions C2, C4, C5, and C8 hold. Then, K (mo;7,) =
_H(WO;'YO)S,IB‘

Lemma 12.4. Suppose Assumptions A, B1-B3, C1-C5, C7, and C8 hold. Then,
1817 (0 = 1) = 0, (1) under {~,,} € Ty, 00, wo) with 5, = 0.

Proof of Lemma 12.3. For notational simplicity, define a function
WY ) =0ty D Eem(Wi, o, 7). (12.22)
i=1

Let Ry~ (v*,9) denote the partial derivative of A" (v*,4) wrt 1", which is a sub-vector
of 7*, and let hjj (v*,9) denote its partial derivative wrt ¢). By Assumption C2(ii),

" (y*,¢*) =0Vy" €. (12.23)

In (12.23), ¢* enters h™(~y*,4*) through both v* and the second argument of A"(:,-).
Taking the derivative of A" (v*, 1) wrt 0" gives

e (V5 0%) 4+ hyy (77, 4%) =0 Yy € T (12.24)

The definition of A"(-,-) in (12.22) and the equality in (12.24) yield

nil Z aw*/E'Y*m’i(w*77r*) = z* (7*7w*) = _hZ(’Y*,w*) - _nil Z a—qﬁ,E,y*mxw*,ﬂ'*).
=1 i=1
(12.25)
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Post-multiplying both sides of (12.25) by S}, which selects the first ds columns, yields

nfl Z %Ey*mi(lp*? 7'(*) = (—nl Z aizb,EI,V*TTLZ'(Qb*7 7T*)> SIB (1226)
i=1 =1

The partial derivative (9/98™)E,-m;(¢)*,7*) on the left-hand side (lhs) of (12.26) de-
notes the partial derivative of E.,«m;(¢", 7*) wrt 8, which is a sub-vector of the true
value v*, whereas (9/9y")E,~m;(¢*, 7*) on the rhs of (12.26) denotes the partial deriv-
ative wrt ¢, which is an argument of the function m;(¢, 7).

Under {v,,} € T (74, 00,wp), (12.26) with v* replaced by ~,, becomes

n

0 "5
-1 —F , I E ‘ ; 199
n — 8ﬁ*/ ’Ynmz<wm7rn) ( n ZXZI: a¢/ 'ynmz(wmﬂ'n)> S/D) ( 7)

Under {v,,} € (7, 00, wp) with 5, = 0, the lhs of (12.27) satisfies

A,

n Ly,
i=1 op

ml(wna Wn) = KTL <wn77rn; ﬁYn) - K (7‘-0;70) Y (1228)

where the equality holds by definition and the convergence follows from Assumption C5.
Under {~,,} € I'(v,, 00, wo) with 8, = 0, the rhs of (12.27) satisfies

e 0 0
n 1 Z WEVnmi<¢n7 7Tn) == 8_1/}/E'ynD1/1Qn (¢n7 7Tn> - H (71-0; ’70) ) (1229)
i=1

where the equality holds by Assumption C2(i) and the convergence follows from As-
sumption C8.
Equations (12.27)-(12.29) yield the desired result. [

Proof of Lemma 12.4. From Lemma 12.2(b), we have

187 (B0 = Vo) = 187" (PulFa) = o)

- = (DU”/)Q” (¢0,n7%\n))_1 ||Bn||_1D¢Q7L (1/}0,717%”) + OP (]‘)
—p — H (703 70) K (m0; 79) wo = Shwo, (12.30)

where the convergence in probability holds by Lemma 12.1(b), Assumption C4, 7,,— 7, =
0p (1) (which holds by Lemma 5.3), and m,, = mp + 0 (1), and the last equality holds by
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Lemma 12.3.
Note that

by = Yo, + S50, (12.31)

by the definition of v, ,,. Hence,

1807 (@0 = ) = 1817 (B = o) = 18I (¥ = 0,)
= (Shwo + 0p (1)) = 18,7 S48, = 0p (1), (12.32)

where the first equality is straightforward, the second equality uses (12.30) and (12.31),
and the last equality holds because |3, ||™" 8, — wo. O

Proof of Theorem 5.2. We show n'/2B(8, ) (8, —6,,) = O,(1) before proving parts (a)
and (b). The proof is similar to the proof of Lemma 12.2. Let r, = Ju'*n'/2B(8, ) (8, —
0,). We have

0u(1) 2 1 (Qull) ~ Qu(6,))
= 02 (B8,)DQu(8.)) ;s + 5 sl + s @)
1
= Oy (Iall) + 5 Il + (14 | 1250 ])? 00(1)

1
= Op (lkall) + 5 all® +0p (I15all) + 0 (I5al*) + 05 (1), (12.33)

where the inequality holds by (3.5), the first equality holds by Assumption D1(i) with
0= 5,1, and the second equality holds by Assumptions D2 and D3, and the fact that /G\n €
©,,(6,) for some d,, — 0 with probability that goes to one as n — oo. To see the latter,
note that @, — m, = 0,(1) and ¥, — 1, = 0,(1) by Lemma 5.3 and ||3,,||" (1), — ¢,,) =
0,(1) by Lemma 12.4 when 3, — 0. Rearranging (12.33) gives ||k, > < 2]/5a] O, (1) +
0p (1). Let &, denote the O, (1) term. Then, we have

(Iknll = €2)° < (€2)% + 0, (1) . (12.34)

Taking square roots gives ||k,|| = O, (1), which together with Assumption D2 gives
n!2B(B,) (Bn = 0n) = Op(1).
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Now, we prove parts (a) and (b) of the Theorem at the same time. Define

75 = —n'2J BB, )DQ,(0,), AL =n'?B(B,)(0, — 0,), and
0l =0,+n"Y2B7Y(B,)Z". (12.35)

First, we apply the quadratic approximation in Assumption D1(i) with § = HL. Re-
scaling both sides by n, we get

n(Qu8]) = Qu (6.)) = == 22102 + 0, (1), (12.36)

2 n
where the o, (1) term is obtained from Assumption D1(ii) and the fact that 6! € ©,,(6,,)
with probability that goes to one as n — oo for some 9, — 0. To see the latter, let

01 = (f, 7h), then (12.35), the structure of B(S,), Z = O, (1), and n'/?||3,|| — oo,

nr'n

yield
U=, =020, (1) = 0,(|18,]]) and 7}, — 7 = n7V2 18,7 0, (1) = 0, (1) (12:37)

under {,Yn} S F(707 OaWO)‘
Next, we apply the quadratic approximation in Assumption D1(i) with 6 = @n to

obtain

—~ 1
n <Qn(0n) - Qn(en)) = 2D, + AT + 0, (1) (12.38)

/ 1
(85 = Z2) Ju (85 = 23) = 5230075 + 0, (1),

1
2
where the o, (1) term in the first equality is obtained from Assumption D1(ii) and
5,1 € 0,,(6,) with probability that goes to one for some d,, — 0 as shown above.

We have 0! € © with probability that goes to 1 as n — oo by (12.37), 6,, € ©*, and

Assumption B1(i). In consequence,

Qn(0,) < Qu(0h) + 0, (1) (12.39)

using (3.5). This, (12.36) and (12.38), give

(A% = Z2) T (AL - Z3) < 0, (1). (12.40)

N |
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Assumption D2, (12.38), and (12.40) imply

A= 75+ 0, (1) and n (Qu@) — Qu(0)) = —5Zi 7+ 0, (1), (1241)

This, combined with Assumptions D2 and D3, gives the desired results. [

12.2. Proofs for t Tests
12.2.1. Proofs of Asymptotic Distributions

The proof of Theorem 6.1 given below uses the following Lemma. Define &, =

B./11Ball

Lemma 12.5. Suppose Assumptions A, B1-B3, C1-C8, and V1 hold.
(a) Under {v,} € T'(7y,0,b) with ||b]| < oo, W, —q w*(7* (70, b); Yo, b)-
(b) Under {v,} € I'(vy, 00,wo), Wn — wo.

Proof of Lemma 12.5. To prove Lemma 12.5(a), we have

~ > 5 “(70:0);70:0)
B = B, 7B g AT OO ey g ) (12.4)
||7—5(7T*(707b)7707b)|| ‘ ‘
by the CMT, because n'/23,, —4 75(7* (74, b); Vo, b) by Theorem 5.1(a) and Comment 1
to Theorem 5.1 and P(75(7*;v,,b) = 0) = 0 by Assumption V1(iv) (vector 3).
Next, we prove that Lemma 12.5(b) holds when 3, = 0. By Lemma 12.4, ||3,,|| (3, —
8,) = 0,(1). This xuplics that 5, = 8, + [18,llo,(1) and |[3,1/118,]] = 1+ 0,(1). Hence,

B,
Op = —=
18,
Under {7, } € T'(y,, 00, wo) with 8y # 0, B — wp by the CMT given that 3, —p B
by Lemma 5.3. [J

B BullBall B 1Bl

= — — . 12.43
TR AR A AT 12:49)

Proof of Theorem 6.1. Under the null hypothesis Hy : r(6,) = v,, the t statistic

defined in (6.2) with v = v,, becomes

S— (12.44)



First, we prove Theorem 6.1(a). We start with the case in which  is a scalar.
Because d, = 1, df = 0 implies that r,(6) = 0 V0 € O for some § > 0 by Assumption
R1(iii). In consequence, r4(f) = [ry(6) : 0] and the denominator of the ¢ statistic in
(12.44) becomes

~ 1/2

(@) B (B)% B (Bro@)) = (ro@n)Supnrs(@.)) 2 (12.45)

with probability that goes to one as n — oo (wp— 1), where iww,n is the upper left
1) X 1) sub-matrix of 5,. We have: (Y, Tn) — (1, ™) = 0 wp— 1 by (i) a mean-value
expansion wrt 7, (ii) Assumptions R1(i) and R1(iii), (iii) ,(d) = 0 VO € Oy, and (iv)

B, — 0. Hence, we have

r(0n) = 1(0n) = 10 Ta) = 10, Ta) + 1y To) = 1 (W, m0) = 7 (00, ) (0, — )
(12.46)
wp— 1, where the first equality is immediate, the second equality uses (v, 7,) —
(1, ™) = 0 and a mean-value expansion of r(@n, Tn) Wrt ¢ around v, with 1;” between
7:/;” and ,,.
Under the conditions of Theorem 6.1(a),

_ o B2y — )
(T¢(9n)2¢w7nrw(9n)/)l/2
~ / ~ B
= B e ) )
(Tw (¢07 Wn)2¢¢7nT¢ ('(/)07 ﬂn)/)1/2
— Tzﬁ,n(%n) + Op(l) —q Tw<ﬂ'*<b7 Y0); b, %0)s (12.47)

n

where the first equality follows from (12.44)-(12.46), the second equality holds by the
consistency of @n(ﬂ) uniformly over m € II and the continuity of r,(6), the third equal-
ity defines Ty ,(m) implicitly, and the convergence follows from the joint convergence
(T (), Tn) = (Typ(-570,b), 7™ (70, b)) and the CMT. The latter joint convergence holds
by Tn(m) = nV2(1, (1) =1, ) = 7(7;7,, b) (which is established in (12.20)), Assumptions
V1 (scalar 8) and R1, Theorem 5.1(a), the uniform consistency of ¥, () over 7 € II,
and the fact that 7,(-) and 7,, can be written as continuous functions of the empirical
process Gy, (+) plus o0,(1) terms.

In the case of a vector (3, (12.47) holds with iw,n being the dy x d, upper left

sub-matrix of 3, = i\]n(@: ) = J. _1(5:; )‘7”(5:2):7\ _1(5;:) using Assumption V1 (vector [3)

n n
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and with Ty, ,,(7,,) replaced by Ty ,,(7,,, &, ), which is defined implicitly. In this case, the
convergence in (12.47) follows from the joint convergence (T, (+), T, @n) = (Ty (570, b),
™ (70, 0), W (7* (79, 0); V0, b), which holds by the same argument as above plus Lemma
12.5(a) and Assumption V1 (vector 3). This completes the proof of part (a).

Next, we prove Theorem 6.1(b). Note that

r0(0,) B (B,) = [ry(0n) - 12(0,)7(B,)]

1)) , (12.48)

where the first equality follows from the definition of B’l(Bn), the second equality is
straightforward, and the third equality follows from Bn — 0 by Lemma 5.1(a).

When £ is a scalar, in Theorem 6.1(b), the t statistic becomes

L PG| (6 - r(6) I o0
T a0 S B 2 1 0p(1) T |

where the equality follows from (12.44) and (12.48) and Assumption V1 (scalar 5) and
the convergence holds by arguments analogous to those used to establish the convergence
in (12.47).

In the case of a vector 3, (12.49) holds with i‘mm being the d, x d, lower right

sub-matrix of 3, = in(@t )= J- 1(@2 )Vn@:)j _1(5::) using Assumption V1 (vector [3)

and with T ,,(7,,) replaced by T} ,,(7,, W, ), which is defined implicitly. In this case, the
convergence in (12.49) follows from the joint convergence (75 ,,(+), T, Wn) = (Tr (70, b),
™ (70, 0), W*(7*(79,b);70,b), which holds by the same argument as used to establish
the convergence in (12.47) plus Lemma 12.5(a) and Assumption V1 (vector ). This
completes the proof of Theorem 6.1(b).

Next, we prove Theorem 6.1(c). The proof is the same for the scalar and vector
cases because it relies on Assumption V2 which applies in both cases. First we prove
the result when {v,,} € I'(y,, 00,wp) and 5, — 0. When d¥ = 0, the first equality in
(12.47) holds by the same arguments as above. This equality, Assumptions V2 and R1,
the consistency of 8, established in Lemma 5.3, Theorem 5.2(a), and the delta method
together imply that 7,, —4 N(0, 1).
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When df =1 and {7, } € I'(7,, 00, wp) with 5,, — 0, (12.48) still holds using Bn — 0
by Lemma 5.3(b). Hence, the equality in (12.49) also holds. In this case, the t statistic

becomes

T, =

2B (ro@) (B = ) + 72(0) o — 7))
A(TW(/én)Niﬂmnrﬂ (gn),)l/z + Op(1>
n{?“f(\ﬁn)“ﬁ(ﬁﬂ)(ﬁn — ) 4 Op(l)
(17 (00) Zrr T (00)) /2 4 0,(1)
—a N(0,1), (12.50)

where the first equality follows from (12.44), (12.48), and a mean-value expansion of
r(@n) wrt 6 around 6,, with 5n between /H\n and #,,, the second equality holds because
(i) n1/2(@n —1,) = O,(1) by Theorem 5.2(a), (ii) 5, — 0 and the consistency of 0,
in Lemma 5.3, (iii) the continuity of r4(#) in Assumption R1, and (iv) Assumption V2,
and the convergence in distribution holds by (i) the consistency of 0,, (ii) the continuity
of 74(0), (iii) n/2u(B,) (Fn — Tn) —a N(0, Zrx(7,)) by Theorem 5.2(a), where Epx(7,) is
the lower right d, x d, sub-matrix of %(yy) = J 1 (v)V (70)J *(70), (iv) Assumption
V2, and (v) the delta method.
Under {7, } € I'(yy, 00,wp) and f,, — 5, # 0,

nY2(r(0,) — 7(6,)) —a N(0,79(00) B~ (Bo)(10) B~ (Bo)ra(60)') (12.51)

by Theorem 5.2(a) and the delta method. By Assumptions R1(i) and V2 and the

consistency of En established in Lemma 5.3,

~

19(0,) B (B,) 20 B (B,)70(0) — 10(00) B~ (Bo) S (70) B~ (Bo)ra(o) . (12.52)

The desired result follows from (12.44), (12.51), and (12.52). O

12.2.2. Proofs of Asymptotic Size Results

Proof of Theorem 6.2. We only prove the asymptotic size result of Theorem 6.2
for the symmetric two-sided CI, which is based on |T,,|. The proofs for the one-sided
CI’s, which are based on 7T,, and —T,,, are analogous. We prove the result of Theorem
6.2 for |T,| by applying Corollary 1.1(b) of ACG. To this end, we verify the high-level
conditions in Assumptions B1, B2*, and C of ACG.
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To verify Assumptions B1 and B2* of ACG, we start with the specification of A and
hn(\) in this application. Let

A= (11811, 8/11811. ¢ m, ¢) and ha(X) = (' 2(|B]1, 11511, 8/11B11,¢, 7, ), (12.53)

where v = (3,(,m,¢) € T, 0 = (8,(,m) € RisTdctd= ¢ € &*(0) C ®* for some compact
metric space ®*, and by definition /||3|| = 14,/[|14,|] with 14, = (1,...,1) € R% if
B = 0. The parameter space of A is A = {\ : v = (5,(,7,¢) € ['}. Note that A
is an equivalent reparameterization of v = (3, (,m, ¢). Hence, A also indexes the true
distribution and the parameter of interest r(f) can be written as a function of A, as
desired in the definition of C'S,, and C'P,()) in ACG.

First, we verify Assumption B2* of ACG. With the specification of A\ and h,(\) in
(12.53), Assumptions B2*(i) and B2*(ii) of ACG hold with A\ = [|5][, (A2, ..., Ag)
BB, Agrr = &, 7 = 1, duy = 272, hua(3) = 2201811, (ona(N) oo ha()
(ma(A), .. my(A)) = (Bl B/118].¢,m) € RP* and hya(N) = mya(d) = ¢ €
o*(0) C @*, where ®* is compact. Assumption B2*(iii) of ACG holds because ma(\) =
A1 is continuous in A; (uniformly over (A,41,..., Ay+1) because it does not depend on
(Art1, -3 Ag+1)) and m;(A) does not depend on A\; Vj > 3. Note that by the repa-
rameterization, ||5|| and §/||5]| are treated as two parameters that can take values
independently. Assumption B2*(iv) of ACG holds by Assumption B2(iii) of this paper.

We use H* and h* to denote H and h in ACG to distinguish them from H and h in
the current paper as defined in (6.14).

Next, we verify Assumption Bl of ACG. For every {\, € A : n > 1}, there is
an equivalent reparameterization {7, € I' : n > 1}. Moreover, h,(\,) — h* € H*
implies that {v,,} € I'(v,,0,b) with |[b|| < oo or {v,,} € I'(7,,00,wp). To see this, let
Ba(An) — b* = (3, 3, 18, h), where V2|18, — B, (18,11 — 13, B/ I1Ball — B3, and
(Cpyy Ty @) — hj. Note that ||h]| = 1 by construction. Then, under {\, : n > 1}
such that h,(\,) — h*, we have v, — v, = (h3hi, h%) and n'/28, — b = hihi.
Hence, (i) if h{ € R, we have {v,,} € I'(7,,0,b) with ||b|| < oo and |T,,| —4 |T'(h)|
with h = (b,7,) = (hih}, h3h%, h;) by Theorem 6.1(a) and 6.1(b) and (6.14) and (ii)
if |hj| = oo, we have {v,,} € I'(yy,00,wo) With wg = h% and |T,,| —4 |Z]|, where
Z ~ N(0,1), by Theorem 6.1(c).

By definition, CP,(\,) = Py, (|Tn| < #1-a/2). By Theorem 6.1 and Assumption V3,
CP,(\n) — P(|T(h)| < z1-a/2) under {\, : n > 1} for which h,(\,) — h* € H* with
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hi € R. Similarly, we have CP,(\,) — P(|Z| < 2z1-a/2) = 1 — o under {), : n > 1}

for which h,(\,) — h* € H* with ||h]|| = oco. Therefore, Assumption B1 holds with

CP~(h*) = CP*(h*) = P(|T(h)| < zi_as2) if hf € R and it holds with CP~(h*) =

CP*(h*) =1— «aif ||h}]| = oo, where h is a function of h* as defined above.
Assumption C of ACG holds automatically because CP~(h*) = CP(h*) Yh* € H*.
By Lemma 1.1(b) of ACG, the nominal 1 — o symmetric two-sided ¢ CS has

AsySz = min{h*eglgiieRPﬂT(hﬂ < Zi—aj2), 1 —a}. (12.54)
It remains to show that the set H = {(b,7,) : h* € H* with hi € R, b = h}h},
Yo = (h3hi, h})} is equivalent to the set H = {(b,7,) : ||0]| < oo and v, € ' with
By = 0}. This holds because (i) h* € H* implies 7, € I', because 7, is the limit of a
convergent sequence in I' and I' is compact, and h} € R implies that b = hih; € R
and 5, = 0 and (ii) for any h = (b,~,) € H, there exists h* € H* with h] € R such that
b = hih% and v, = (h3h%, h}), i.e., by = |||, hs = 0, hi = b/||b||, and h} = (o, mo, Pp)-
(If b= 0, let h = (1,...,1) € R%). This completes the proof. [J

Proof of Theorem 7.1. The proof of Theorem 7.1(a) for the LF critical value is the
same as that of Theorem 6.2 with c|t| 1—o (=max{sup,cy it 1-a(h), 21-a/2}) in place of
Z1—aj2, Z1-a, and z1_, for T, = |T,|, T,, and =T, respectively, using Assumption LF(i)
in place of Assumption V3. For the case of 7,, = |T,,|, this proof delivers

AsySz = min{ inf P(IT(h)| < cfifi-0), P(IZ] < ¢ifi-)} (12.55)

where Z ~ N(0,1). The rhs of (12.55) is greater than or equal to 1 — o because (i)
P(|T(h)| < c|t|1 o) = P(IT(R)| £ c1-alh)) > 1 —a Yh € H, where the second in-
equality holds by the definition of the quantile cy1-q(h), and (ii) P(|Z| < C|t\ o) >
P(|Z] < z1-4/2) = 1 — . The rhs of (12.55) is less than or equal to 1 — o because
if Clt\l 0 = Zl-aj2, then P(|Z] < cﬁflfa) = 1— « and if C|t|1 o > Z1-qa/2, then
P(|T (hmax)| < ‘LﬂFl o) = P(T(hmax)| < cg1—a(hmax)) = 1 — a, where both equali-
ties hold using Assumption LF. Hence, AsySz = 1 — a. The proofs for 7, = T,, and —T,,
are analogous.
The proof of Theorem 7.1(b) for the NI-LF critical value is the same as that just given
for the LF critical value except that H, C|t\ o

H(v), cﬁ‘F1 (V) (= max{sup,c ) Ct/1-alh), 21-a/2}); hmax(v), and Assumption NI-LF,

Pmax, and Assumption LF are replaced by
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respectively, for v € V,. and the rhs of (12.55) has inf, ¢y, added.

Theorem 7.1(c) is proved along the lines of the proof of Theorem 6.2 by verifying
Assumptions B1, B2*, and C of ACG. Assumption B2* of ACG already has been verified
in the proof of Theorem 6.2. Now we verify Assumptions Bl and C of ACG for the robust
t CI’s. The notation used here is the same as in the proof of Theorem 6.2.

We first show €y 1—an —p cﬁﬂ_a under {), : n > 1} for which h,(\,) — h* € H*
with k] € R, i.e., {v,} € ['(74,0,b) with ||b|| < co. By the construction of ¢y 1-a,n;
it suffices to show that P, (A, < k,) — 1. This holds if A, = O,(1) under {v,} €
I' (79, 0,0) with ||b]| < oo, because k,, — oo by Assumption K(i).

When ( is a scalar, we have

 ~ N\ 1/2
Ay = (28,850, 2B,) " —a (ra(e Y S5 (o) a(r)) (12.56)
where 7* and 74(-) abbreviate 7*(v,, b) and 7(-;,, b), respectively, and the convergence
in distribution holds by Theorem 5.1(a) and Assumption V1. By Assumptions B1(iii),
V1(ii), and V1(iii), inf e Xgs(m;v,) > 0. Hence, A,, = O,(1) as desired.

When f is a vector, (12.56) holds with ¥55(7*; v,) replaced by Xss(7m*, w*(7*); v, wo)
by Theorem 5.1(a), Assumption V1, and the joint convergence (n'/ QBH,%H,C)") —q
(rg(m*), 7, w*(7*)). By Assumptions BI1(iii), V1(ii), and VI1(iii), infremw|=1
Amin (285(7, w; 7y, wo)) > 0. Hence, A,, = O,(1) as desired.

Using Theorem 6.1(a) and 6.1(b), €[t 1-an —p cfif;_,, and Assumption V3, we obtain
CP.(A\n) = Pr,(IT0h] £ Gja—an) — P(IT(R)| < cﬁfka) under {\, : n > 1} for which
hn(\y) — h* € H* with h € R. Hence, when hj € R, Assumption Bl of ACG holds
with

CP~(h*) = CPH(h*) = P(T(h)| < cfif} o) > 1-a. (12.57)

By the construction of ¢y 1-qa,n, We have z1_q/2 < Cy1—an < Cﬁﬁ_a- Hence,

Py (IT,] < Zl—a/2) <P, (IT,] < EIt\,l—a,n) <P, (IT,] < Cﬁfl—a)' (12.58)

Under {\, : n > 1} for which h,(\,) — h* € H* with ||h]|| = oo, ie., {7,} €
F(’YU,OO,CU()),

P/\n(’Tn| S Zl_a/Q) — P(|Z| S Zl_a/g) =1—«and
P (ITa| < cfifi_o) = PUIZ] < cfifi o) 21— a (12.59)
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By (12.58) and (12.59), when ||h}|| = co, Assumption Bl of ACG holds with
CP~(h*) =1—aand CP*(h*) = P(|Z| < clif}_,). (12.60)

This completes the verification of Assumption B1 of ACG.

Next, we verify Assumption C of ACG. By the verification of Assumption Bl of
ACG, we have infy«cy CP~(h*) = 1 — a. It remains to show that for some h* € H,
CP~(h*) = CP*(h*) = 1 — a. To this end, we consider h** € H with ||h}*]| = co and
h5* # 0, where h** = (hi*, ..., h}*). Let {\>* : n > 1} be any sequence of true parameters
under which h,(\*) — h**. The equivalent reparameterization {~, : n > 1} satisfies
{7} € T'(70, 00,wo0) with 5, = h3*h3* # 0.

Now we show Cj¢j1—a,n —p Z1-a/2 under {7, } € I'(vy, 00, wp) with 3, # 0. It suffices
to show that P, (A, > k,) — 1. We have

o~ o~ N\ 1/2
Kot A, = (n1/2/<a_1) (ﬁnggﬁlnﬁn) —p 00, (12.61)

n

where the divergence to infinity holds because n'/?k.' — oo by Assumption K(ii),

3., —p By # 0 by Lemma 5.1(b), f]ggm —p Ls3(70) by Assumption V2, where ¥g5(7)
denote the upper left ds x dg sub-matrix of X(v) = J 7 (70)V (70)J (7o), and Xs5(7,)
is nonsingular by Assumptions D2 and D3. Hence, P, (A, > k,) — 1.

Using |T,,| —4 |Z| by Theorem 6.1(c), C¢|,1—a,n —p Z1-a/2, and the continuity of the
df of Z, we obtain CP,(\,) = Px,(|Tn| < €jtj1—an) — 1 — a under {v,} € I'(v,, 00, wo)
with 3, # 0. This implies CP~(h**) = CP*(h**) =1 — « for h** € H with ||h]*|| = oo
and hi* # 0 and completes the verification of Assumption C of ACG.

Applying Lemma 1.1 of ACG, we conclude that the nominal 1 — « type 1 robust
two-sided ¢ CI has AsySz = 1 — a. The proofs for one-sided ¢t CI’s are analogous.

The proof of Theorem 7.1(d) for the NI type 1 robust critical value is analogous to
that just given for the type 1 robust critical value except that H, clLt|F 1o a0d G 1—an
are replaced by H(v), Cﬁfl—a(”)’ and Cjy|.1-a,n(v), respectively, for v € V.

The proof of Theorem 7.1(e) for the type 2 robust critical value uses the following
results. First, under {v, } € I'(v,,0,b) with ||b]| < oo,

(’Tnyvaﬂ,lfa,n) —d (‘T(h)laaﬂ,lfa(h))? (1262)
because (i) T}, —q T'(h) by Theorem 6.1, (i) A, —4 A(h) by (12.56), (iii) Cyj,1—an —d
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Cjt|,1—a(h) by the continuous mapping theorem using result (ii), (7.6), (7.10), and the
continuity of s(x) for x € [0, 00) (which implies that ¢j,1_q(h) is a continuous function
of A(h)), and (iv) the convergence is joint because |T},| and €y ,1_q,» are functions of the
same underlying statistics.

Equation (12.62) and Assumption Rob2(i) imply: Under {v,} € T'(v,,0,b) with
[[b]] < o0,

P(|T,| < at\,lfa,n) —a P(|T(h)| < /C\\t|,1—a(h)) Vh = (b,7,) € H. (12.63)

Second, under {7, } € I'(7y, 00, wp), we have: (i) A,, —, oo by Theorem 6.1(c) with
r(0) = B plus the fact that the estimator Bn in A,, is centered at 0, rather than at j3,,,
which causes the divergence in probability to oo, (ii) s(A,, —) —, 0 by results (i) and (ii)
and the assumption that s(z) — 0 as x — oo, and (iii) Cj¢j1—am —p CJt,1-a(00) + Ay =
Z1—aj2 + Ao using result (ii) and (7.6). Result (iii) and |T,,| —4 |Z] for Z ~ N(0,1),
which holds by Theorem 6.1(c), yield: Under {~, } € I'(v,, 00, wo),

P(IT0] < Gpacam) —d PUZ) < 21_ajp + D). (12.64)

Given (12.63) and (12.64), the proof of Theorem 7.1(e) for the case of 7,, = |1}, is

analogous to that of Theorem 6.2 with €}y 1_q,» in place of z;_,/2. This proof delivers
AsySz = mm{}}glg P(|T(h)| < C1-alh)), P(|Z] < z1-a/2 + A2)}. (12.65)
Using this, we obtain
AsySz = min{gglg(l — NRP(A1,A9; 1)), P(1Z] < 21-a2+ Do)} > 1 -,  (12.66)

where NRP(A1, Ag; h) is defined in (7.8) with 7 (h) = |T'(h)|, the equality holds by (7.8)
and (7.10) with 7 (h) = |T'(h)| and (12.65), and the inequality holds by the definitions
of Ay and Ay in (7.9), P(|Z] < z1-a/2) =1 — a, and Ay > 0.

If Ay =0, then P(|Z| < z1_a2 + Ag) = 1 — « and AsySz < 1 — a by (12.66).
Alternatively, if Ay > 0, we have

AsySz <1— NRP(A;,Ay;h") =1 — a, (12.67)
where the inequality holds using the equality in (12.66) and the equality holds by As-
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sumption Rob2(ii). This completes the proof of Theorem 7.1(e) for the case 7,, = |T,,|.
The proofs of Theorem 7.1(e) for the cases 7,, = T,, and —T,, are analogous.

The proof of Theorem 7.1(f) is analogous to that of Theorem 7.1(e) using Assumption
NI-Rob2 in place of Assumption Rob2. [J

12.3. Proofs of Sufficient Conditions
12.3.1. Assumption B3

Proof of Lemma 11.1. Assumptions B3*(i) and B3*(iii) and the compactness of ©
lead to Assumption B3(iii) by a standard argument. For any 7w € II, we have ¢ (7) =
infycwin) v, @, T 79) — Qg ™5 79) > 0, where Wy is defined in Assumption B3(ii), by
the same argument using Assumption B3*(ii) in place of Assumption B3*(iii). To show
inf e q(m) > 0, as is required by Assumption B3(ii), it suffices to show ¢() is continuous
on the compact set I. For any 7 € II, ¥(7) /¥, is compact and infycy(x) /v, Q(¥, 757) =
Q (" (m),m;7,) for some ¢* (w) € ¥ (7) by Assumptions B3*(i) and B3*(iv). To show
q () is continuous on II, it is equivalent to show @ (¢¥* (1), ;) is continuous on II.

For any £ > 0, there exists 0; > 0 such that [[); — ¥" (m2)|| < d1 and ||m — ma|| < 03
implies that |Q (Y1, 71;7,) — @ (¥ (7m2) ,m2;7,) | < € by the continuity of @ (6;,). By
Assumption B3*(v), for any 6; > 0, there exists a d2 > 0 such that ||m — ms|| < 02
implies that dy (¥ (7m1),V (7m2)) < d;. The condition dgy (¥ (m1), ¥ (7)) < d0; implies
that infycw(r)||Y0 — " (7m2)]| < 61. Because V¥ (1) is compact, there exists ™ (m1) €
W (m) such that [|™ (m1) = 9" (m2)l| = infyewem) [ =97 (mo)]| . Hence, [[¢™ (m1) —
V" (ma) || < 01 if |71 — m2f| < do. Take § = min {dy, 02}, then

|Q (™ (1), 715 70) — Q (¥ (m2) , m2570) | < & (12.68)

for any ||m; — m3|| < 0. Hence,

QW™ (1), m157) < Q (V™ (1), m137) < Q (V™ (m2) , m257,) + € (12.69)

for any ||m; — m2|| < 0, where the first inequality is implied by the definition of ¢* ()
and the second inequality holds by (12.68) .

Similarly, we can show Q (™ (m2) , ma;7) < @ (V™ (m1) , 715 7)+¢ for any |7 — ma| <
d. Hence, for any ¢ > 0, there exists § > 0 such that |Q(¢" (71) ,71;7) — Q™ (72) , ma;
Yo)| < € for any || — 7| < 6. This completes the proof. [
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12.3.2. Assumption C5

Proof of Lemma 11.2. We now verify Assumption C5. Without loss of generality,
suppose 5 € R. Let {f; : k > 1} be a sequence that converges to S and suppose 7}
only differs from v* by replacing 5* with ;. The partial derivative of E .m(W;, ) wrt
£* is

= [ ) (i 2002 fi”“”” )) () = / m(u,0) fy . (w7 (w),
Y w
(12.70)

where the first equality holds by Assumption C5*(i), the second equality holds by the
dominated convergence theorem (DCT), and the last equality holds by the differentia-
bility of fw, (w;~*) wrt 5*. The DCT holds in the second equality using

fWi(w;’y};Z - fZVi(w;/Y*) = faw,(w; ¥, (w)) and
Br—8

/W sup [lm(w, 0)|| - sup | Faws (wiy)|dp(w) < oo, (12.71)

0cO YEN (v*,¢)

where the equality holds by the mean-value expansion with 7, (w) between 7; and ~*
and the inequality holds by Assumption C5*(v), Hence, Assumption C5(i) holds with

Ko(0577) = n™ 3000 fyy miw, 0) faw, (w;v)dp(w).
We now show Assumption C5(ii) holds with K (1, 7; ;) fw (w, Yg, ™) faw (w;vg)
du(w). To show Assumption C5(ii), we have

sup |Kn(z/}n7 T :\y/n> - K(”%a e 70)‘

well
< /sgg m(w,,,T) (Tflz:fﬁ,wi(wﬁn)) —m(w, Yo, ) fo.w (w; 7o) | dpp(w)
< /ggg|m w, 0)] ngw w;Y,,) — faw(w;vo) | du(w) +
/ sup fm(u, ) = m(u, v, )| i aw (5 50) (), (12.72)

where the first inequality is obvious, and the second inequality holds by the triangle
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inequality. The third line of (12.72) converges to 0 by the DCT under Assumptions
C5*(ii), C5*(iii), and C5*(v) using 7,, — 7. The fourth line of (12.72) converges to 0
by Assumptions C5*(iv) and C5*(v). This yields Assumption C5(ii).

Assumption C5(iii) holds by the DCT using Assumptions C5*(iv) and C5*(v). O

12.3.3. Assumption C6

Proof of Lemma 11.3. We block diagonalize H(7;~,) using the d; x d,; matrix A(7)
defined by

A(r) = [ Lo,  —Hi(m)Hsy ] , (12.73)
Od, xdg I,
Simple calculations yield
Hy x
AmH(m: o)Al = | ) O |,
OdCXd,@ H22
Gi(m;70) + K7 (m;70)b
A(m)[G(m;7v) + K(m;9)0 = | 1 , and
(MG 30) + K (i 70)8 e an
A(m)K (570 )wo = K7 (7;70)wo- (12.74)
In consequence, we have
5(71'; Yo> b)
1 / !/ /11—
= —5 (G(m;79) + K(m37) b) A(m) [A(m) H (73 7o) A(m) | A7) (G5 7) + K (75 70)b)
2
= &1(m570,0) + &2(70, b)- (12.75)

Similarly, we have
1 _
n(m; Y0, wo) = —5wo K (3 70) Alm) [A(T) H (570) A(m)' ] A(m) K (5 70) wo
= 771(”3’707(«00) + 772(7070J0)7 (12-76)

which completes the proof. [

Lemma 11.4 follows immediately from the following Lemma, which is an extension
of Lemma 2.6 of Kim and Pollard (1990).

Lemma 12.6. Let {Z(t) : t € T} be a univariate Gaussian process with continuous
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sample paths, indexed by a o-compact metric space T. If Var(Z(s) — Z(t)) # 0 and
Var(Z(s)+ Z(t)) # 0, Vs, t € T with s # t, then, with probability one, no sample path

of Z*(+) can achieve its supremum at two distinct points of T.

Proof of Lemma 12.6. A sample path of Z? achieves its supremum only where Z
achieves its supremum or infimum. By Lemma 2.6 of KP, if Var(Z(s) — Z(t)) # 0,
Vs # t, no sample path of Z achieves its supremum at two distinct points of 7" with
probability one. By the same argument, no sample path of Z achieves its infimum at
two distinct points in T" with probability one.

It only remains to show that with probability one, no sample path of Z has its
supremum equal to minus its infimum at two distinct points. To show this, we use the

condition

Var(Z(s)+ Z(t)) # 0, Vs # t. (12.77)

The argument is analogous to that in KP. For each pair of distinct points ¢, and ¢4,
instead of taking the supremum of Z(t) over neighborhoods Ny of ¢ty and N; of t
as in KP, take the supremum of Z(t) over Ny and the supremum of —Z(t) over Nj.
Using the notation in KP, Cov(Z(ty), —Z(t1)) = —H(to,t1). By (12.77), —H (to,t1)
cannot equal both H(to,to) and H(t1,t1). Suppose H (to,to) > —H(to,t1) (the other
cases are handled similarly), then h(tg) = 1 > —h(t1), where h(t) = H(t1,to)/H (to,to)
as in KP. The rest of the proof is the same as in KP, except that 3, = sup,cy, (h(t))
and I'1(2) = sup,cn, (Y (t) + h(t)z) are changed to 8, = sup,cy, (—h(t)) and I'1(2) =
supyen, (=Y (t) — h(t)z), respectively. This leads to the desired result P{sup;cy, Z(t) =
Supren, (~Z(1))} = 0. 0

Proof of Lemma 4.1. For any 7,7y € II,

Var(Gi(m1;7) — G5(72;70))
= VGT(Gl(ﬂ'l) — Gg(ﬂ'g) — (ng(ﬂ'l) — H12(72)>H521G2)
= a'Qq(m1, m2;70)a > 0, (12.78)

where a = (1, =1, —(Hyo(my) — Hyz(m2))Hyy')' and the inequality holds by Assumption
C6**(ii). Similarly, we can show that Var(G5(m1;v,) + G5 (m2;7,)) # 0 Vry, me € II with
m1 # mo. Hence, Assumption C6* holds. By Lemma 11.4, Assumption C6 holds as well.
U
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12.3.4. Quadratic Expansions: Assumptions C1 and D1

Proof of Lemma 11.5. We first prove part (a). Let d,, be any sequence of constants
such that §,, — 0 as n — oo. By a second-order Taylor expansion of @, (1, 7) about
Vg, for ¢ € ¥(m) with |[¢) — 1y ,|| < 6, and 7 € II, we have

|Ru (9, )|
1 n
= |5 =¥, <n—12(p¢¢(m¢$,n<> 7) = Py (Wi V) ) (1 = o)

i=1

7IZ<Pw¢(Wia¢5,n() ) = Py (Wi g 0y ) ||

=1

= 0p7r(||¢ - %,nHQ% (12.79)

where @ban(w) lies between ¢ and ¢, and the o,(|[¢) — 77ZJ07nH2) term follows from As-
sumption Q1(iii). This immediately implies Assumption C1 using the “||a,(y,)(¥ —
Vo.,)|” part of the denominator in Assumption C1(ii).

Next, we show part (b). By a second-order Taylor expansion of @, (6) wrt 6,

n

|17, (0)] = ‘%(9 —0,) (nl Z (Pae(Wu en) oo (Wi, 9n>)> (0 —6,)

i=1

%(B(ﬂn)(Q = 0,))[B7 (B Y (pag (Wi, 1) = pgo(Wi, 62)) B~ (5,,)]

i=1

n

< IB(B,)(O0 = 0)IPI1B™ (B> (pos(Wis 01) = po (Wi, 6,)) B~ (5,

=1

= 0p(I1B(B,)(0 = 0)II"), (12.80)

where 0! is between 0 and 6,, and the o, (|| B(8,)(0—0,)||?) term follows from Assumption
Q1(iv). This immediately implies Assumption D1 using the “||n'/2B(3,)(0 —0,)||” part

of the denominator in Assumption D1(ii). O

Proof of Lemma 11.6. We first prove part (a). For any function f(w,#), define the
empirical process {v,f (0) : 6 € O} by v, f (0) =n~ V23" (f (W;,0) — B, f(W;,0)).
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Note that

Qu (0) = Qu (Yo,e) =172 (1 (0) — V(i) + Q5(60) — QWi ). (12.81)

The expansion in (11.5) implies that

i (0) = 1 (G0 7) = vy (P00 1) (6 = i) + vy (0). (12.82)

Under {v,,} € I'(7,,0,b), a second-order Taylor expansion of Q% (6) wrt 1) gives

0
5
@(%m>)W—wMHWMW—wMW><m&»

Qn(0) = Qn (g, ) =

1 L 07

Q:L(qu)(]ﬂw W)/(¢ - wo,n) +

using Assumption Q2(v) (where o, (-) denotes o(-) uniformly over 7 € II). From (12.81)-
(12.83), we have

8 !
%Q;(¢O,n7 ﬂ—)) (¢ - wo,n) +
e QP T — Y)Y 201y (0) + 0 (|10 — Poa||)
(12.84)

Qn (9) — Qn (1/10 n’ 7T) = (n_l/QVnA¢(¢O,n7 7T) +

02

1

When DyQ,,(0) and DyyQ, (8) take the form as in Lemma 11.6(a), the quadratic

approximation in Assumption C1(i) holds with

R,(¢Y,m) =n" /Vnm )+ ox Hl/) ¢0nH ) (12.85)

To verify Assumption C1(ii), we have

. a2 () R (6, 7).
eu (@)l [—vo l1<5n (1 [|an (72) (¥ = vo,0) |])?
1/
< Sup ‘(I (f}/n) 21/ T‘d)(@)‘ . —|—07r(1) _ Opﬂ(l), (12.86)

YU ()Y =g, [|<n (1+ Han Vn) (¢ wO,n)”)

where the inequality follows from (12.85) and the triangle inequality and the equality is
implied by Assumption Q2(iii) by using [1 4 [[an(7,,) (4 = 1o u)[] - llan(7,,) (¥ = ¥ )] in
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the denominator.

Next, we prove part (b). The sample criterion function satisfies

Qn(0) — Qu(b,) = n~/? (Vap (0) = vap(6n)) + Qr(0) — Q. (0n).
The expansion in (11.4) gives
Unp (0) — vnp(6,) = v, A(0,) (0 — 6,,) + v,r(6).

A second-order Taylor expansion of Q¥ (6) about 6,, gives

02

Q10) ~ Q3(0) = Q100 —0) + 50— 0,) 5

Q00— 0,),
where ! is between # and 6,,. By Assumption Q2(vi),

0?
5060 On(0n) B~

B~(8,) Q (05)B4(8,) = B'(8,) H(B) +o(1),

8986’

where the o (1) term holds uniformly over 6 € ©,,(4,,).
Equations (12.87)-(12.90) yield

Q) = Qu(0s) = (w0, 800) + Q36 ) 0~ 0,) +
1

L0 0,0 o Q30,000 — 02) + 1™ (8) + of 1 B(5,) (0 -

(12.87)

(12.88)

(12.89)

(12.90)

(12.91)

When DQ,,(0) and D?Q,,(0) take the form in Lemma 11.6(b), the quadratic approx-

imation in Assumption D1 holds with
Ry, () = n~ v, (8) + o B(B,) (0 — 6.)]%).

To verify Assumption D1(ii), we have

. 03 (0)
ve0,(6,) (1+ 02| B(B,)(0 — 0n)]])?
v (9)]
< sup +0(1) =0, (1),

beo,(5.,) (1 +n'2[|B(B,)(0 — 6n)]])?
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where the inequality holds by (12.92) and the triangle inequality and the equality is
implied by Assumption Q2(iv) by using [1 +n'/2||B(3,)(0 — 0,)|]] - n*/?||B(3,)(0 — 0,,)]|

in the denominator. [

Proof of Lemma 11.7. Lemma 11.7(a) is proved using the proof of Lemma 11.5 with
(12.79) and (12.80) changed to

[Ru(, )| < 0pr (|90 = Yol I*) +1Q0° (0, 7) = Q. (¥, )| and
R (0)] < 0p(||B(B,)(0 = 0.)I17) + Q.7 (8) — Q5 (8,)], (12.94)

respectively. By Assumption Q3(ii), Assumptions C1 and D1 follow from the same
arguments as those in the proof of Lemma 11.5.

Lemma 11.7(b) is proved using the proof of Lemma 11.6 with (12.85) and (12.92)
changed to

Ry (1, m) = 0 2uury(0) + or (| — Yol [*) + QLC (1, 7) — QLC (1hy ., ) and
R (0) = n™2u,r(0) + o(|| B(B,) (0 — 0,)|1%) + QL () — QL (6., (12.95)

respectively. By Assumption Q3(ii), Assumptions C1 and D1 follow from the same

arguments as those in the proof of Lemma 11.6. [J

13. Appendix C: Verification of Assumptions
for the ARMA(1, 1) Example

This Appendix verifies the assumptions of AC1 for the ARMA(1, 1) example of
Section 9.

First, we give some details concerning the form of the criterion function @,,(6) for this
example. To specify the quasi-log likelihood function, it is useful to write the innovations
as a function of the observations and the unknown parameters. By repeated substitution
for €;_1,...,1 in (3.2), we have

t—1
er =Y (Y — poYej1) + Toco. (13.1)
j=0

The Gaussian quasi-log likelihood function for 6 = (5, (, 7) conditional on Y, and &
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is a constant plus

gC——i(ZWYH w+6)§ft]1]+mo> . (13.2)

The conditioning value €, is asymptotically negligible, so for simplicity (and wlog
for the asymptotic results) we set g = Y; in the log likelihood. Thus, the (conditional)
QML criterion function for # = (3, (, )" (multiplied by —n~! and ignoring a constant)
is

1 n

t—1 2
Qn(é’) = —logC + —Cn_l 2 (1/75 — ﬁ;ﬂjy}_j_l) . (133)

13.1. ARMA Example: Initial Conditions Adjustment

We use the initial conditions adjustment of the criterion function given in Lemma
11.7(a) of Section 11.4.3. This Lemma implies that it suffices to establish Assumptions
C1-C8 and D1-D3 with @,,(0) replaced by an approximation (9°(f). Lemma 11.7(a)
relies on Assumption Q3. We verify Assumption Q3 with

QX)) =nt g p:(0), where

S~
Q
—~
>
~—
|
O
3
—
>
~—
|
s 8
—~
>
~—

(13.4)

2 n t—1 fe'e)
= Z (Z’/T Yi - 1) + ?n_lz (Yi - 5Z7Tj3/2j1> Zﬂj}/;:fjfl-
J=t t=1 j=0 j=t

t=1

Note that the difference between Q°°(0) and @Q,,(#) is that the sum over j goes to co in
the former and to ¢t — 1 in the latter. In (13.4), W; = (Y;,Y;_1)" and p,(0) depends not
only on W, but also on W;_, ..., Wj. This does not affect the results in Lemma 11.7(a).

Lemma 13.1. For the ARMA(1, 1) model, {Q°(0) : n > 1} satisfies
(a) under {f}/n} S F(70)7 SUPgco ’Q{lC(Q)’ —p 07
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(b) under {Vn} € F(’YO’ O’ b),

sup ’&721(,}/”)(@£C(¢’ 71') - Qf;c(w(),rw W))‘
VEW(m): ||~ || <60 (14 an(v )Y — onll)?

= 0pr(1)
for all constants §,, — 0, and
(C) under {’Yn} € F(fyO? OO,CUO),

(@) = Q0D _
06217];25”) (1+[|n¥2B(B,)(0 —0,)|))> p(1)

for all 6,, — 0, where ©,,(0,) = {0 € O : || — Y, || < ,|5,| and |7 — 7,] < I}

Comments. 1. Lemma 13.1(a) implies that it suffices to establish Assumption B3
with Q2°(#) in place of @, (6).
2. Assumption Q3 holds by Lemma 13.1(b) and 13.1(c).

The proof of Lemma 13.1 is given in Section 13.4 below.

13.2. ARMA Example: Derivation of Formulae for
Key Quantities

The quantities that appear in Assumptions B1-B3, C1-C8, and D1-D3, viz., Q(0;,),
Dy@u(8), Q1. 72 70)s Dy @u(8), H(mws 30), K (73 70), (w1, 72 70)s DQu(60), D*Qu(6),
J(7o), and V(7,), are specified in Section 4 of AC1. In this section, we derive the for-
mulae for these quantities based on the criterion function Q°(6) = n=* "1, p,(6). (For
convenience, the formula for K (m;~,) is derived in Section 13.3.4 below.)

The expressions for D,Q,,(0) and D, @, (0) are the ordinary first and second partial
derivatives of n ™' Y"1 | p,(0) wrt ¢ for p,(0) defined in (13.4). Analogously, DQ,, () and
D?Q,(0) are the ordinary first and second partial derivatives of n=!>"1" | p,(0) wrt 6.

Now, we derive the formula for Q(m,m9;7,). For any sequence {7, } € I'(y,) with
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By = 0, we have

n—oo

Q(m1, m2;7) = lim Cov,, ( UZZPW (Yo, 1), 1/221%15 1/’07”7@))

- Z C10?}'70 <’07/’,t(1/}0’ Wl)? P¢,t+m(¢07 7T2))

= Covy, (g (s T1). P (o T2))
_ | @-mm)™ 0 ] (13.5)
0 (/)G By (6 = Go) |

where the first equality holds by the definition of G,,(7) in Assumption C3 with 9, =
(0,¢,,), the second equality holds by strict stationarity for given ~, and v, — 7,, and
the third and fourth equalities hold because {e; : ¢ > 1} are independent and have mean

zero plus

p,@,t(@%aﬂ) = _C(;lstzﬂ-jet_j_l and

=0

pea(o,m) = —(1/2)¢o* (7 = Co) (13.6)

when the true parameter is v, with 3, = 0, using the definitions of ps () and p. ,(0)
n (4.8). The off-diagonal elements in (13.5) are zero because E, ei(e] — (o)er—j—1 =
Eypei(ef = Co)Eryrjr =0 Vj > 0.

Next, we derive the formula for H(m;~,), which is shown in Section 13.3.3 to equal

By pyy.i(¥o, 7). Using the definitions of p,, (6), ..., pec(0) in (4.15), when the true
parameter is v, with g, = 0, we have

2 o0
Ps5.4(Yo, T) = = (g <Z7T”£t —j— 1) y Pact(Po, ) :C(;Qthngt_j_l, and
=0
pgg,t(wm m) = (1/2)C0 +C0 t (13.7)
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Using these expressions, we obtain

2
B ( ?’iwﬂ‘e_-_) 0
Hmin) = Byypygs(iio,m) = | 0 Fro 2z ™ et

0 (2¢5)~"
_ Z;}io el (2) ) ] _ [ (1 — 7T2)71 2 B ] ' (138)
0 (2¢)! 0 (2¢5) "

Now, we calculate the matrix Q¢ (7, 72;7,). For 5, = 0, we define

P;kz;,t(lﬂm 1, 7T2) = (p,ﬁ,t@ZJOa ﬂ-l)’ pﬁ,t(¢07 72)7 Pg,t(l/}m ﬂ-),)/7 where
psa(tho,m) = =Coler Y T Yip = —(oler Y mer g1, and
k=0 k=0

oo ™) = —(1/2)C3(E = o). (139)

Using these definitions, for 5, = 0, we have

QG(WL T2, ’70) = Z OOU’YO (p;k/;,t(qu)Oa 1, 7T2>a pr,t+m(1/}0= 1, 7T2))

= Var,, (PZ,t(%aﬂl,Wz))
Co By, (Z;io Wjigtfjfl) 2 C(;IE’Yo(Z;iO Wjiétfjflngio 7T%fftfaA)
- CEIE’Yo(Z;iO W{fftfjfl)(zzio ngt,jq) Co By, (Z;io W%'Etfjfl) :
0 0
0
0
(1/4)Co ™" Ery (7 = Co)?
(1—72)"1 (1 —mymy)™? 0
=| 1-mm)™ (Q1—-n)! 0 : (13.10)
0 0 (1/4)¢o By (7 = Co)?

The second and third equalities of (13.10) hold using (13.9) and E, e,(} — (o)er—j—1 =
Eyei(ef — Co)Eyyer—jm1 =0 Vj > 0.
To determine J(v,), we first provide the (generalized) second derivative matrix
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D%Q,.(0):

n n Pﬁﬁ,t(e) pﬁ(,t(e) p,@ﬂ,t(g)
D*Qu(0) =n" Z Poo1(0) = n! Z Paci(0)  peci0) pery(0) | (13.11)
=t =1 pﬁﬂ',t(e) p(ﬂ,t(e) pﬂ'ﬂ',t(e)

where
0 2
papa(0) = ¢ Zﬂj}/;fj1> :
=0
ppca(0) = 2| Yy — ﬁZWth—j—l) ZﬁkY;_k_l,
Jj=0 k=0
Pars(0) = ¢t Zﬂjyi—j—1> 52167?’“_1}@_,6_1
J=0 k=0
( BY Y;_j_1> > kY, (13.12)
k=0
and

2
peca(d) = —(1/2)C* + (77 ( ZWYt —j— 1) ;
Peni(0) = ¢ (Yt - 5Z7ijtj1> ﬁzkﬂkﬂypk*b
p7r7rt _C (5ZJ7TJ }/;ﬁj 1>5Zkﬂk i

k=0

—¢ (Yt B Zﬂjytj1> 52 k(k—1)m* Y, 1. (13.13)
=0 k=0

To determine J(7,) via the expression J(vy,) = E70p297t(90) given in (13.51) below
(in the verification of Assumption D2), we define pgat(ﬁ) and y,(0) via

B (8)p0,4(0) B (B) = pho,t(0) + B~ x4(6), (13.14)
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where pgp(0) is defined in (13.11)-(13.13) and pgeyt(e) is defined by

Pss, +(0) Pse, +(0) P}}M(Q)
Poo.(0) Pﬁgt(e) ng,t(e) sz(e) )
pﬁﬂ t(e) pCﬂ',t(e) pil’ﬂ',t(e)
Ppra(0) = ¢ (Z W]Kjl) Zk‘ﬁk_ Yiok-1,
=0 k=0
pZﬂ,t(e) = 6_1pCﬂ,t (0) = C_Q (1/75 - ﬁ Z ﬂ-j}/;f—j—l) Z k:ﬂ.k—ﬂ/;—k—l, and
=0 k=0

phes®) = ¢ (Zyw Yul)zm Yookt (13.15)

The matrix x,(0) is defined by

0 0 Xﬁﬁ,t(e)
X:(0) = 0 0 0 , where

XBTr,t (9> 0 X7r7r,t<9)

Xﬁw,tw) = —C_l <Yt - 5Z7ijt—j—1> Z k1Y, ;. and
J=0 k=0

Xﬂ'ﬂ',t(e) = _C_l <th - ﬁzﬂ-jm]’1> Z k(k - 1)7Tk72Y;g,k,1. (1316)
J=0 k=0

Now, using J(v,) = E%P(E@,t(et)) and (13.12), (13.13), and (13.15), we have

J(70) = Evopzae,t(@o)

[e.9] 2 o0
= Diag { Gy By, (Zwén_j_l) g 0 Py (Zm Yoo 1) > kY

7=0 k=0

(13.17)

o0 o0 O
+ <<E (Z vréY;-j-1> ka’s—lm_k_1> x| 0
Jj=0 k=0 1

o O O
o O =

As shown in Section 13.3.7 below, the matrix n=* 31, 37'x,(6) evaluated at 6 = 6,

(— 6o) does not contribute to J(v,) because its probability limit is zero.
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To derive the formulae for V(v,), we define

P3a(0) = B (8)p0.(8) = (95.4(0), pcs (8) , 8"y () and

V(01,02 7,) = Z Covvo(P(E,t(el)vP;,Hm(e?))- (13.18)

m=—0oQ

For any sequence {7, } € I'(7,), we have

V(7o) = lim Var, (n'?B7(8,)DQn(0,))

n—oo

= lim Var,, <n1/2 Zpg’t(Gn)>
=1

= VT(90,00§'70)

= Var,, (ph,(00))

~ 2
) _ _ 2
= D’L(J,g CO 1E’YO <Z WISY;—k—l) 7(1/4)C0 4E70 (€t2 - CO) )
k=0
~ 2
(o By, (Zﬁff)_lyt—j—1>
j=0

N . 00 1
+ (Coleo <Z7T%Ytjl) ka’é‘lYtkl) <00 0], 1319
=0 k=0 100

where the first equality holds because the convergence in distribution result in Assump-
tion D3(i) is obtained by a CLT, see (13.56) below, the second equality holds by def-
inition, and the third equality holds by strict stationarity for given v,,, v,, — 7o, and
the continuity of E., p;’t(ﬁo)p;t(%)’ in v, = (6o, ¢y), which follows straightforwardly
from the form of p;t(éo) given in (13.20) below. The last two equalities in (13.19) hold
because

Pﬁ,twO) = _451515 Zﬂé}/t—j—la Pg,t(eo) = _(1/2)C62 (53 - Co) )

j=0
T (00) = —Cot il dE 2 _ ()Y =0VYk>0
pw,t( 0) CO &t JTo t—j—1, Al Yot (gt CO) t—k—1 = U,

j=0

(13.20)
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where the last equality holds because ; and Y;_;_; are independent and E, Y; ; 1 = 0.

13.3. ARMA Example: Verification of Assumptions

Here, we verify Assumptions A, B1-B3, C1-C8, and D1-D3 for the criterion function
Qr(0) =n~" 3L, pi(0).

13.3.1. ARMA Example: Verification of Assumptions A and B1-B3

Assumption A holds immediately given the definition of p,(6) in (13.4).

Assumption B1(i) holds by the definitions of © and ©* in (4.2) and (4.3). Assumption
B1(ii) holds with Z° = (¢}, (7), where (" is between (; and (% for J = L, U, using the
fact that p;, < 7 and p; > 7y imply that, for = (5,(,7) € O,  can take values in a
neighborhood of zero for any value of 7 € II. Assumption B1(iii) holds by the definition
of IT in (4.2).

Assumption B2(i) holds by the definition of I' in (4.4). Assumption B2(ii) holds by
the definitions of I' and ©* and the condition pj < 7} < 7}, < p};. Assumption B2(iii)
holds by the definitions of I' and ©* and the conditions p; < 7} and 7, < p;, which
guarantee that, for 0 = (5,(,m) € ©*, 0, = (af,(,7) € O Va € [0, 1].

Assumption B3(i) holds with Q(0;v,) = E, p,(#) by the following argument. By
Theorem 1 of Andrews (1992), uniform convergence in probability is implied by pointwise
convergence in probability, stochastic equicontinuity, and boundedness of ©. Pointwise
convergence in probability is implied by mean square convergence. In the present case,
the latter is straightforward, but tedious, to establish by writing out the square that
appears in p,(0), using the expression Y; = 377 (m, + 3, (61-j-1 — Tn&s—j2) under
Y., Which is obtained by repeated substitution in (3.2), and using the moment condition

SUp, e E,|e:[* < 00, which appears in the definition of I'. Because the norming is by n™!,

12 stochastic equicontinuity also is straightforward, but tedious, to establish by

not n-
applying Markov’s inequality and standard manipulations (along the lines of those in
(13.33) below). For brevity, the details are omitted.

Assumptions B3(ii) and B3(iii) are verified using Assumption B3* and Lemma 11.1
in Appendix A. Assumption B3*(i) holds because Q(0;7,) is a quadratic function of
and {7/ : j > 1} and the log function is continuous on R, . Assumption B3*(iv) holds
because ¥ (7w) = {¢p = (6,¢) : B € [p} — m,p;; — 7] & ¢ € [(},(}]} is compact Vr € II,

II = [rp, my] is compact, and © is compact by its definition in (4.2). Assumption B3*(v)
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holds because dy (¥ (71) , ¥ (m3)) = |m — mel.
Assumption B3*(ii) is verified by showing that when 5, = 0, £, p,(¢, 7) is uniquely
minimized by v, V& € II. This holds by the following argument. When 5, = 0, by (3.2),

we have Y, = 7Y,_; + ¢, — me;_; and so Y, = ¢,. Thus, when 3, = 0, we have

2E70Pt<¢a T) — 2E70Pt(1/’07 )
o 2
= log( + 1E70 <5t — EZﬂjat_j_l) —log ¢y — lE%é?
¢ 2 3
G . B%
¢ )

2
> log(¢/¢y) + @ -1+ 56 (13.21)
¢ Cu

using ¢, = E%sf Vt = 0,1,... The lhs is zero for v = 1,. The rhs is positive for
v =(8,¢) # 1y = (0,(,) Vr € II. This holds by writing (/(, = 1 + x and noting that
the function s(z) = log(1 4+ =) + 1/(1 + z) — 1 is uniquely minimized over z € R, at

= log( + —log(y,—1

x = 0. This property of s(z) holds because its derivative, /(1 + x)?, is zero for x = 0, is
strictly negative for z < 0, and is strictly positive for x > 0. Hence, Assumption B3*(ii)
holds.

Next, we establish Assumption B3*(iii), i.e., Q(0;7,) is uniquely minimized by 6
Vv, € T with 8, # 0. Using (13.4), we have

2E,,p,(0) — 2E,,p,(00)

2 2
1 o 1 o
= log ¢ + ZE% (YQ D 7TJYtj1) —log ¢y — C_E'Yo (YQ — Bo ZW%Ytjl)

Jj=0

2
= log (¢ + EE% <5t —p E ™Y i1+ By 5 Wf]Yt_j_l) —log ¢y — C—E,Yoaf
=0 =0 0

o o 2
- (1og<</<o> +2- 1) + 2B, (ﬁ S V=Y wén_j_l) S (1322)
=0 =0

The first term on the rhs is uniquely minimized by ( = (, by the argument following
(13.22).
We now show that the second term on the rhs of (13.22) equals zero when (3, 7) =
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(By, mo) and is positive for (8, ) # (By, m0). We have

0o 2
E,, (Z[ﬁﬁj - ﬁo%%—j—l) (13.23)

J=0

M]#

2
= By, ((ﬁ — Bo)er1 + (B — Bo)(pYi2 — moge—2) + Y _[Bn! — 507Té]3/}_j_1>

7j=1

o 2
= (B = Bo)*o + Ly, ((5 = Bo)(poYi-2 — moer—2) + Z prd — 07To [Yi ;- 1) J
Jj=1

where the first equality uses (3.2) and the second equality uses the independence of £, 4
and (Y;_o,&_9,...) and Eg;_1 = 0. The rhs of (13.23) is zero if § = 3, and is positive if
B # B, because ¢, > 0.

Next, we suppose 3 = 3, (# 0). Then, we have

o 2
Ly, (Z[ﬁo”j - ﬁoﬂg)]ytj1> (13.24)

Jj=0

0o 2
= BoEy, ((W — mo)er—2 + (7 — 7o) (poYi-s — moes-s) + »_[7/ — Wé]Yt—j—1>
=2

2
= (7 — m0)*B3¢0 + BB, ((W — 70)(poYi—s — Toct—3) + » [m — Wé%—j—l) :

j=2
The rhs of (13.24) is zero if m = m( and is positive if © # m because (, > 0 and 3, # 0.
We conclude that when 5, # 0 the second term on the rhs of (13.22) is zero iff

(B,m) = (By, o). Hence, Assumption B3*(iii) holds. This completes the verification of
Assumption B3*.

13.3.2. ARMA Example: Verification of Assumptions C1 and D1

We verify the quadratic expansions that appear in Assumptions C1 and D1 using
Lemma 11.5, which relies on Assumption Q1. Assumption Q1(i) holds with p,(f) in
place of p(WW;,0). (The fact that p,(0) depends on Y;,Y; 1, ..., rather than just W;, does
not effect the result of Lemma 11.5.) Assumption Q1(ii) holds given the form of p,(6).

Assumption QI(iii) holds by (i) a uniform LLN for n=' 370" | py, () — Ey pyy.(0)
over ¢ € © under {~,} € I'(7,0,b) and (ii) the convergence sup, iy SUPyew (r):|jp—y, , || <6x
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|E, Pyt (0 T) =By pyyi(Vo,, )| — O under {7,,} € T'(,, 0, b) for all constants 6,, — 0.
The uniform LLN holds by the same type of argument as used to verify Assumption
B3(i) using the definition of p,,,(#) in (13.11)-(13.13). The convergence in (ii) holds
by fairly straightforward calculations. For example, for the (1,1) element of p,,,,(6),
the difference is zero for all n > 1 and hence the limit is zero. For the (1,2) element of

Pyyi(0), we have

sup sup | Er 0505 T) = By ppe (Yo, 7))
mell we‘lf(ﬂ)¢|\¢*¢o,n||§5n

sup sup (1B S PRE, ViV

well  B:|B|<dén j=0 k=0
D 3 RTRT w52
=0 k=0

where 7, = max{|r.|,|ry|} <1and E, V> — E, Y? = E, &} = (, < oc.

To verify Assumption Q1(iv), for § € ©,,(0,,), we write
Bil(ﬁn>n71 Z p@@,t(Q)Bil(6n>
t=1

= B(B/8,) (nl Z (pZG,t(e) + ﬁ_Ith))) B(B/8,)

= <nlzp29¢(9)> (1+o(1)) + <n1/22 (. (0) - E%Xt(@))) x

t=1

(n'28,) 7 (1 + o(1)) + (B, x,(0)/8,) (1 + (1)), (13.26)

where pgevt(ﬁ) and x,(0) are defined in (13.14). In (13.26), the second equality holds
because |B| < |8 — B, + 15, < (14 6,)|8,], and 6,, = o(1). By (13.26) and the fact
that n'/2|8,| — oo for {v,} € T(v,,00,wp), to verify Assumption QI(iv), it suffices
to establish the stochastic equicontinuity of n=* > 7" pgevt(e) and V2370 (x,(0) —
E, x,(0)) over § € ©,(6,) and the equicontinuity of E, x,(0)/|5,| over § € ©,(6,).
The stochastic equicontinuity of n=' Y"1 | pge’t(ﬁ) follows by the same argument as used
above to verify Assumption B3(i) with pgo,t(ﬁ) in place of p,(#). For brevity, details are
not given.

The stochastic equicontinuity of n=1/2 Y"1 | (x,(0) — E,, x,(0)) follows from the sto-
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chastic equicontinuity of terms of the form

n e}

o, () = n /2 Z Z Z ijﬂkil(y;tfjfly;ffkfl - E’yny;tfjfly;tfkfl) (13.27)

t=1 j=0 k=0

over 0 € 0,(d,) under {v,,} € I'(v,,00,wp), see the definition of x,(#) in (13.16). For

any € > (0, we have

52P,yn ( sup |vi(my) — v (me)| > 5)

|1 —m2|<d
o0 o0 (ﬂ_jJrk—l _ 7Tj+k—1)
1 2
<E, sup k 72
Imi=m2]<d \ j=0 k=0 ajk

n

2
X a;,?n*l/z Z(Y;tfjflyz-ffkfl - Evn,Y;JlYtkl)>

t=1
0o 00 k—1 k—1
2(77]1Jr 77]2+ )2
< sup E k

t=1

<e (13.28)

(0. ] [o.¢] n 2
% Z Z ajpln, (n_1/2 Z(Yt—j—lyi—k—l - Eant—j—1Yt—k—1))

for § > 0 sufficiently small, where aj;, = 7T§;rk, 7 is some number between max{|7|, |7y |}
and 1, the first inequality holds by Markov’s inequality, the second inequality holds by the
Cauchy-Schwarz inequality, and the third inequality holds because (i) lims_.o Sup|,, _,<s
>0 > o KA (o /g )Y — (g /my)7T#71)? = 0, which can be established using the
fact that |m/my| < 1 for £ = 1,2 and using mean value expansions of (m/my)/*~1
around (mo/my) 1 Vi k > 0, (il) Var, (07230 Y ;1Y p1) < C Vn > 1 for
some C' < oo by standard calculations, and (iii) > 77 > 27, a;r < oo

It remains to show that supy, g,co, 5.y 10n1 " Er, (X:(01) — x4(02)) = o(1). It suffices
to show that supgeg, (5, |3, E5,X;(0) = o(1). For any 0 € ©,,(d,,), we have

‘ﬁn|71E7nXt(0)
= |6n|_1(E'7nXt(Q) - E%Xt(¢na ™)) + |Bn|_1E’YnXt(1/}n7 ). (13.29)
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To show that the first term on the rhs of (13.29) is o(1), we write

By Xpes(0) = —C'E,, (ﬁn > mYij - Z?ijt—j—l) > kr* Y, g and
=0 j=0 k=0
By Xpm (Y m) = =C By, <5n (), — 7Tj)Ytj1> > kY (13.30)
j=0 k=0

using the definition of x4, ,(f) in (13.16).
For 0 € ©,(6,),

|CEvn XBr,t (0) — CnEvn XBm,t (Y, )]

= ‘(ﬁ —B,) Z Z ﬂ—jkﬂ—k_lE'an;t—j—IY;f—k:—l

7=0 k=0

< 8,18.1C (13.31)

for some constant C' < oo, where the inequality uses the definition of ©,,(d,) and
B, Y 1Y pa| < E,Y? < Cp Vn > 1 for some constant C; < co. Combining
(13.30), (13.31), and sup,,>; ¢,y Xgri(0n)] < oo (which holds by standard calcula-
tions) establishes that the (3, 1) element (i.e., the 57 element) of the first term on the
rhs of (13.29) is o(1):

sup |E’YnX,87r7t(9) - EWnXﬁﬂ,t(wru 7T)|
0€0,,(6r)

S sup <71|<‘E'YnXB7r,t(9) - CnE’YnX,BW,t(Q/}n7 7T)|
0€0,(6n)

+ sup |C71<Cn - C)E’YnXﬁﬂ’,t(wnv 7[_)’
0€60,,(6n)

= 0(|8,)), (13.32)

using (,, — ¢ = O(0,]5,]) by the definition of ©,,(d,) and ¢ > ¢, > 0.

The proof for the (3, 3) element (i.e., the 77 element) of the first term on the rhs of
(13.29), which is the only other non-zero element of x,(#), is the same with k(k —1)7*~2
in place of k7*~1. This completes the proof that the first summand on the rhs of (13.29)
is o(1).

Let ¢; = |E,,Y1Y14;|. The second summand on the rhs of (13.29) is O(0,,) = o(1) by
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the following calculations: for 6 € ©,,(d,),

B¢ E (62 —wYt”)ka Yoo

|5_ ’YnXBﬂt( )| =

Sglihj_ﬂqzkﬁU Ci—k
jfl

< ¢t Z]?TU |7r—7rn|2k:7r
7j=1

00 2
< §,C¢;" (Zm{fl) = o(1), (13.33)
j=1

where the equality holds by (13.30), the second inequality holds because |7/ — /| <
i (m—mn)| < jml tw—m,| for some 7, between 7 and ,, by a mean-value expansion
and sup;, ¢; < 0o, and the last equality holds because Zo.i jw{fl < oo and 0, = o(1).

For the (3, 3) element of x,(1,, 7), we obtain |3, 'Ey X, (¥, )| < |7 — m,|C* =
O(d,) = o(1) for a constant C* < oo by the same argument as in (13.33) with k(k —
1)7*=2 in place of kx*~1. This concludes the proof that the second summand on the rhs
of (13.29) is o(1), which completes the verification of Assumption Q1(iv). In turn, this

completes the verification of Assumptions C1 and D1.

13.3.3. ARMA Example: Verification of Assumptions C2-C4

Assumption C2 is verified in ACI.

The empirical process {G,(7) : m € I} that appears in Assumption C3 is defined in
(4.12). The covariance matrix of the stochastic process {G(m;,) : m € I} that appears
in Assumption C3 is defined in (4.14) and is derived in (13.5). The weak convergence
Gn(-) = G(+;7,) holds by the proof of Theorem 1(a) of Andrews and Ploberger (1996,
pp. 1339-1340).

Assumption C4(i) holds by a uniform LLN for ™" >~ 1 (01 (¥ s T) = Ey, Pyt (Vo s
7)) over m € [T under {v,} € I'(7y,0, b) and the convergence result sup, cr |y, pyy.¢ (Vg 15
) — By pyy (o, m)| — 0. Using the definition of p,,, (¢, 7) in (4.15), the uniform
LLN holds by the same sort of argument as used to prove Assumption B3(i). For
brevity, the details are not given. The convergence result holds by the same calculations

as in the verification of Assumption Q1(iii), see (13.25). The simplified expression for
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H(7;70) = By pyy (g, ™) is derived in (13.8).
Assumption C4(ii) holds because H(m;7,) = Diag{(1 — 7%)~%, (2¢3)~'} by (13.8),
inf en(l —72)~t > 1, and ¢* > ¢} > 0 by the definition of ©*.

13.3.4. ARMA Example: Verification of Assumption C5

The quantity K,(0;~*) that appears in Assumption C5 is

&= 9D O Feps(0)
K, (0:47) =n"' S - E *p,w):(aﬁ Pt (13.34)
; opr T Q%*Ev*/)g,t(e)

The terms on the rhs of (13.34) are calculated as follows:
E.-pg,(0) = —C B, (5t + B Z Y 1= Z 7Tth—j—1) Z ™Y, 1
=0 =0 k=0

= (' Z Z TP E Y i Y + (B Z Z B Y i 1Y

=0 k=0 j=0 k=0
(13.35)
and
= - ZZW*]WE Yt]lytkl—fﬁz * 85
J=0 k=0 j=0 k=0
+(7'6 7TJ7Tk EyYi j Y g (13.36)
=0 k=0 ap”
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In addition, we have
o o 2
Eypes(0) = —(1/2)¢7 E%*(ﬁ'¥5*§:W”YL¢4“5§:ﬂ4nard> —¢
§=0 §=0
o0 o 0] 2
= —(1/2)<_2 C* - C + EW* (ﬂ* Zﬂ-*j}/t—j—l - 6 Zﬂ-jyt—j—l) (1337)
§=0 j=0

= _(1/2)<_2 ( — ¢+ ZZ 5*2 *Gt) QB*BW*jWk + 527Tj+k) E’y*}/t—j—lyt—k—1> .
7=0 k

=0

This gives
8
*Pgt(e
—(1/2)¢ ZZ Gl zﬁﬁ*jﬂk) E’y*}/t—j—lyt—k—1> (13.38)
7=0 k=0
20000 w2 A k) o an Anik 2.+ka
—(1/2)¢C" ( Y 26* " + Bend )05*

=0 k=0

<.

>From (13.36), if 7,, — 7, with 8, = 0 (for non-stochastic 7,,) and ¥, — ¥, =
(0,¢,), as in Assumption C5, then

0 LS
E5,p.4(tho, ™) = (o ' Z Z Ty By Yiej 1Yy k1
85 j=0 k=0
_ = U 1
= (' Z ZW%WkE'yogtfjflftfkfl = - Zﬂfﬂr] D (13.39)
: : o
=0 k=0 =0

The convergence is uniform in 7 € II because (i) |7| < max{|r|, |Ty|} <1 V7 € II and
(ii) the term (9/ 85n)E5nY},j,1Y}/,k,1 is well-defined and is bounded in absolute value

uniformly over n > 1. This holds because when the true parameter is 7,,, we can write

Y, = (7, + Bn)yvtfl +u = Z<%n + gn)jutfjf].? where u; = &, — Tpe,—1, and
7=0
— 5 Y, Z > —[(Fn+ B (T + B B5, a1ty (13.40)
b, =0 =0 95,
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>From (13.38), if 7,, — 7, with 5, = 0 and ¢,, — 1, = (0,(,), as in Assumption
C5, then

a(; Br pes(tham) = 0 (13.41)

due to the multiplicative terms 5, 3, **, 3*3, and 3* that appear in (13.38) and that
converge to 0 when * = Bn — 0 and 5 =3, — 0.

Combining (13.34), (13.39), and (13.41) verifies Assumption C5(i) and C5(ii) with
K(m;7,) = (—(1 — mom)~1,0). Assumption C5(iii) holds because 1 — mom # 0 Vrr € 11

13.3.5. ARMA Example: Verification of Assumption C6

Now, we verify Assumption C6 using Assumption C6**, which is shown in Lemma
4.1 to be sufficient for Assumption C6. Assumption C6**(i) holds because 3 is a scalar.
Assumption C6**(ii) requires Qg (71, m2;v,) to be positive definite Vi, o € II with
T # Mo, Vv, € I with 5, = 0. The expression for Q¢ (71, m2;7,) given in the rhs matrix
in (13.10) is positive definite because the determinant of the upper left 2 x 2 matrix is zero
iff 71 = 7, by straightforward calculations and (5 *E, (€2 — (;)? > 0 by the definitions
of ©* and ®* in (4.3) and (4.4). This completes the verification of Assumption C6**.
Hence, Assumption C6 holds.

13.3.6. ARMA Example: Verification of Assumption C8

Here we verify Assumption C8. Suppose {7,} € T'(7q,0,b), which implies that
Bo = 0. From (13.35), we have

85 *Pﬁt ):C_IZZWjWkEW*K—j—ln—k—l, (13.42)
j=0 k=0
which leads to
9 (¥, ) —(1i§:w’f}3 Y ;1Y
98 1P \Y5 T =Gn 2Tl Yioj 1Yt ka1

= (YD B Y Y =G T Byl = T (1343)
=0

j=0 k=0 0

where the second to last equality uses £, Y;_; 1Y, x_1 = E, & 16,1 because 3, = 0

and E, &, j_16;_4—1 = 0 for j # k because {e: : t < n} are mean zero and independent.
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>From (13.35), we also have

i
ac P paal0) (13.44)
- C_QB* Z Z W*jWkEv*Yt—j—IYt—kA - C_Qﬁ Z Z WjﬂkEv*}/t—j—IY;—k—h
j=0 k=0 j=0 k=0
which yields
0
a_CE%zpﬁ,t(wa ) ly=y, =0 Vn > 1. (13.45)

>From (13.37), we have

a oo 00 ' .
S Erb6) = ¢ ( (5wt — ) EYY) . (1340)
j=0 k=0
which yields
35E7np<t(w’ Tn)|p=y, =0Vn > 1. (13.47)
>From (13.37), we also have
0
a_CEv*Pg,t(‘g)
<< =Y ) (AU —2p Bt 4 Bt Ev*njm“)
=0 k=0
(122, (13.48)
which yields
0 _ _
S B P T, = (12067 = (/267 (13.49)

Combining (13.43), (13.45), (13.47), and (13.49) gives

o 0
awl ’YnDTIJQn(dJa 7Tn)|1/1 Yn ale'and’,t(w’ ﬂ-")w:w”

(1—m3)~ 0

— 0 (122 = H (70;7,) , (13.50)

where the first equality holds by (4.8). This completes the verification of Assumption
Cs.
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13.3.7. ARMA Example: Verification of Assumption D2

Next, we verify Assumption D2. By (13.26), we have

In = B_l(ﬁn)”_lZpeo,t(en)B_l(Bn)
t=1

n

= <n‘1 >, pée,t(Qn)) (1+0(1)) + (n_m > (xlbn) - EWnXt<0n))> X

t=1

(n'28,) " (1 + 0(1)) + (B, x,(0a)/5,) (1 + o(1))
= (nl >, ng,t(en)) (1+0(1)) +o(1)

= Evnpge,t(0n> + 0p(1)
—p Eyopbes(00) = T (%), (13.51)

where the third equality holds because n'/2|3,| — oo for {v,} € (v, 00,wo), E; X, (0n)
= 0 by the equation for £, x4, ,(¢,,7) in (13.30) evaluated at 7 = 7, and an analo-
gous equation for B, .. ,(¢,, ), and n=23"7" | (x,(0,) — By, x,(0,)) = O,(1) because
Var, (n™/23°7 | Xgr4(0n))? = O(1) by straightforward calculations using the fact that
Xpra(0n) = —C er > oo k1Y, 1 is a martingale difference sequence for t =1,...,n
and likewise for n=1/23"7" Xort(0n), the fourth equality holds by the mean square con-
vergence of n=t Y " pzw(&n) -E, p;r,e’t(é’n) to zero which holds by straightforward, but
tedious, calculations that are not given here for brevity, and the convergence in the
last line holds straightforwardly by the form of ng,t(en) given in (13.12)-(13.15) and
Tn = Yo-

The form of the matrix J(v,) given in (4.30) is derived in (13.11)-(13.17) above.

Assumption D2 requires that J(7,) is nonsingular. To show this, note that J(v,) =
E,, pge’t(ﬁg), as specified in (13.17), is block diagonal between its (5, 7) and ( elements.
Since (2¢2)~! > 0 by the definition of ©%, it suffices to show that the 2 x 2 sub-matrix
of E,, pgeyt(ﬁg) that corresponds to (3, 7) is positive definite. The latter multiplied by

A © MY, i
B, AiAL, where A, = " | = %30]:9 ”jo_f A (13.52)
Ag Zj:1]ﬂ'o Yi

Cp equals
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Now, by (3.2), Y; = &, + (w0 + 8y)Yi—1 — moe¢—1. Hence,
Ay =Y 1+ Zﬂéyt—j—l = €11 + §;_y, Where
j=1

§iog = (Mo + Bo)Yie2 — mog1—2 + Zﬂgyqu (13.53)

j=1

and &, , is independent of &; 1. For A = (A, \2)’ € R? with \ # 0, we have

. 2
NE, AN = E,, <)\15t1 + A&t A ) nglnN)

Jj=1

00 2
= \NE, &, +E,, (/\1@_2 +A ) nglytjl> . (13.54)

Jj=1

The rhs is positive if A\; # 0. Alternatively, suppose A; = 0, then A3 > 0 and the rhs
divided by A2 equals

0o 2
By, Zjﬂf)_lyt—j—1>
j=1

00 2
= By, | Yiz t ijé‘ln_j_1>

Jj=2

- 2
= L, | -2+ (70 + Bg)Yi—3 — T3 + Zjﬂg)_lﬁ—jq)

Jj=2

00 2
= By &l 5+ B, ((7?0 + B0)Yi-3 — MoEr—3 + ijr{)‘lytjl>

Jj=2

> (, > 0. (13.55)

We conclude that NE, A, A\ > 0 VA = (A, \) € R? with A\ # 0 and, hence,
Yo t
E, AiA; is positive definite. This completes the verification that J(v,) is positive defi-

nite.
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13.3.8. ARMA Example: Verification of Assumption D3

Assumption D3(i) is verified as follows. By the definitions in (4.8), (4.28), and (4.29),

we have

n'?B7(8,) DQn (0, —n—l/QZB )P0 (0n)

n Cn &t Zkzo Wn}/;ffkfl
=y (1/2)¢ GPE=C) | ma N0 V(). (13.56)
EUN Glen S kY

where the convergence in distribution holds by a triangular array martingale difference
CLT for row-wise stationary random variables, e.g., see Hall and Hyde (1980, Thm.
3.1), and V(yy) = lim, .o Var, (n™/23°7 | B7(8,)pg.(0)). The verification of the
conditions of Hall and Hyde’s martingale difference CLT is essentially the same as given
in the proof of Thm. 1(b) of Andrews and Ploberger (1996, p. 1339) and uses the
condition Fy |(, /22,49 < K < 0o, which appears in the definition of ® in (4.4), to
verify a Lyapounov-type condition. The formula for V'(v,) given in (4.32) is derived in
(13.18)-(13.20).

To verify Assumption D3(ii), note that the matrix V (v,) = V1(00, 0o; 7,) is the same
as J(vy) = E%pgg,t(eo) but with (1/4)(;*E,, (€2 — Co)’ in place of (2¢2)71, see (13.17)
and (13.19). Because (1/4)(;*E,, (2 — ¢o)° > 0 by the definition of the parameter
spaces ©* and ®*, the same argument as used above to show that J(,) is pd also shows
that V'(r,) is pd. Hence, Assumption D3(ii) holds.

13.3.9. ARMA Example: Verification of Assumptions V1 and V2

Assumption V1(i) (for scalar 5) holds with

2 o 2
J(6;70) = Diagq¢ IE (ZW Yioj- 1) (2¢*)7 ¢ E’Yo (Z]ﬁjlnjl>

J=0

% o 001
+ (C‘lE% (Zwﬂ'yt_j_l) Zlmk_lYt_k_1> x| 000 (13.57)
§=0 k=0 100

o7



by the same type of argument as used to verify Assumption B3(i). Assumption V1(i)
(for scalar ) holds with V' (6;~,) defined just as J(6#;7,) is defined, but with

2

0o 2
(4¢) 1 E,, (n—BZﬂnM) —¢ (13.58)
=0

in place of (2¢*)~!, by the same type of argument as used to verify Assumption B3(i).
This argument requires the additional condition E,|¢,[¥7%2 < K in the definition of ®
in (4.4).

Assumption V1(ii) holds by the functional forms of J(6;~,) and V' (0;7,).

Next, we verify Assumption V1(iii). By definition, X(7; o) = J (¥g, 75 70)V (Y0, ™5 7o)
J (1, ;7). Because the matrices J(0;v,) and V(6;~,) are block diagonal between
the parameters (5,7) and ¢ and these matrices are equal when their second rows and
columns are deleted, it suffices to show that (i) Assumption V1(iii) holds for X(7;~,)
replaced by J (¢, 7; 7o) with its second row and column deleted, which we call A=(rr),
and (ii) the (2, 2) element of 3(7;7,), call it Xoa(7;7,), is in (0, 00) for all 7 € II. When

By = 0, we have

: 0o . !
A(r) = CalE,y ZJ‘:O 7TA]Y'5—J‘—1 Zj:o W?Y;—j—l
S\ e ™Y Do ™Y

:< 2imem e dm ) (13.59)

Z]o'io i1 Z;io 2261

where the first equality holds by (13.57) and the second equality holds because Y; = ¢;
under v, when /3, = 0, which is the case in Assumption V1(iii). We have: ||A(7)|| < oo
because |7| < 1 Vr € II. In addition, det(A(7)) > 0 because

(0.) 2 (o] o0
(Z jﬂ2j1> < <Z ﬂ') (Z j27r2(j1)> Vr eIl (13.60)
§=0 =0 =0

by the Cauchy-Schwarz inequality. This implies Apin(A™(7)) > 0 and Apax (A7 (7)) <
oo Vr € II. Next, when 5, = 0, using (13.57) and (13.58), we have Yo (m;v,) =
(260)(4¢0) ™ By (Y2 = 60)*(265) = oy, (€7 — Cp)?, which lies in (0, 00) because ¢, =
Var(e;) > 0 and E, e; < oo. This completes the verification of Assumption V1(iii).
Assumptions V1(i) and V1(ii) hold not only under {~, } € T'(7,,0, ), but also under
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{7.} € T'(7g,00,wp). This and 0, —, 0o under {v,} € I'(vy,00,wp), which holds by
Lemma 5.3, imply that Assumption V2 holds.

13.4. Proof of the ARMA Initial Conditions Lemma

Proof of Lemma 13.1. To prove part (a), we write

20,055 (0) = 2¢,|Q7(0) — Qu(0)]

n

Y (A= B - A7) =

t=1

n 1/2 n 1/2 n
<2 <n1 > Af) <n1 > Bf) +n ') B (13.61)
t=1 t=1 t=1

n

n" Y [-24,B, + B}]

t=1

IN

where

t—1

Ay=A(0) =Y, =B 7Y,y and B, = Zw Y 1. (13.62)

7=0

Hence, to show part (a), it suffices to show that under {~, } € I'(y,) Vv, € T,

supn lZAQ ) and supn~ 232 = 0,(1). (13.63)

00 e Py
To show (13.63), we have

n n o0 2 n oo 2
n-1 ZBE( _ 527171 Z (Z 7Tthj1) _ 527171 Z (Z ﬂ_t+kykl>
t=1

t=1 jt t=1 \ k=0

—15UZ 2tzzw3+k|y_j_1y_k_1|, (13.64)

7=0 k=0

| /\

where the second equality holds by change of variables with k = j — ¢, 5, = max{p;, —

L, Ty — P}, and 7y = max{|rz|, |7y|}. Using (13.64), we obtain

pnt ﬁ: B2(0) <n'p3% i 2t f: i R, YE -0, (13.65)
t=1 t=1

j=0 k=0
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where the inequality uses B, |Y_; 1Y_;_1] < sup,>; B, Y < C < oo by the Cauchy-
Schwarz inequality and stationarity.

Next, we have

E, supn Z A7(0) < sup E,_sup A7(0)
0€6 —

t>1 0co
t—1 2
< 2sup E%Yf + 2sup £, sup BZWjK,j,l
t>1 t>1 9cO s

<2sup B, Y7 +285 3 Y wtt sup B, Vi Y| < oo, (13.66)

n,t>1 =0 k=0 n,t>1,7,k>0

This completes the proof of part (a).
Next, we establish part (b). By (13.61) and (13.62),

Ao, ) =Yy, Bi(tbg,,,m) =0, and QL (¢, m) = 0. (13.67)

Hence, for part (b), it suffices to show that

. 02 (7,)QIC (v, )|

= 1 13.68
O er e e T Nan (1) (& — oI~ ) (13.68)

for all constants d,, — 0. The lhs of (13.68) is less than or equal to

sup  [nQLC(0)] = 0,(1). (13.69)
0€0:|8|<dn

where the equality holds by (13.61) and (13.64)-(13.66) because (13.64) and (13.65) hold
with g, replaced by d,, and §,, — 0.
Lastly, we establish part (c). It suffices to show that

sup  [QC(6) — QIC(8,)| = 0pn ") (13.70)
00, (5,)

for all §,, — 0, where ©,, (§,,) ={0 € O : || — ¢, || < 6,|6,| and |7 — m,| < 6, }.
Let At,n = At(Qn) and Btm‘ = Bt(en)

60



First, suppose ¢ = (,,- Then, using (13.61), we have

20,10, (0) = Q.5 (6,)]
20.1Qy7(0) — Qn(0) — Q7 (0n) + Qn(6:)]

n"Y [~2A4B, + 24, B, + B} — B},
t=1

n-! Z[—zAt(Bt — Bi) — 2(Ay — Ay) B + B — B,

t=1

20N A By — Bual + 2070 A — Ayl | Bial +
t=1 t=1

IN

IA

IA

(13.71)

n

t=1

IN

Y

where the first inequality uses ( = ¢,,.
To bound the first two terms on the rhs of (13.71), we have

sup  |Ai(0)] < [Yi| + By Y 7 Yie il
0€0,(5n) =0

Jj=0 j=0
sup [ A:(0) = Au(0n)] < 18 = Bl Y mh Yyl + By Y |0 =] - Vil
0€0,(6n) is0 s
< 0uBy Y I 4 jri Yesjl, (13.72)

Jj=1

where the last inequality holds by mean-value expansions of 7/ around 77 for j > 1 and
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7, = max{|r.|, |7v|}, and

o0 o0

_ j _ t+k

= E 77]}/;5—]‘—1 =p E Y g,
j=t k=0

|B(8) = Bu(0n)| < |(B=B,) Y 7MY a4+ 8, > (7 —al)y
k=0 k=0
< 6.8y Z Y|+ = mal By Y (E 4+ R)eE Y|, and
k=0
sul(a | |B:(0) — By(0,)| < 6.8y, Z[w’; + (t+ k)T Yo, (13.73)
0€0n (5, =0

where the second equality holds by change of variables and the second inequality holds
by mean-value expansions of 7/** around 7%** for k > 0.

Using (13.72) and (13.73), we have the following bound on the expectation of the
supremum over 6 € 0,,(d,,) of the first term on the rhs of (13.71):

2E, Sup n Z|At |- |Bi(0) — By(6,)]

0O,
< 20716, Z . Z[wﬁ + Byt + k)TN E, VY | (13.74)
t=1 k=0

+2n710,, 8y Z T ZW+ Z ™ + Byt + k) NE, Y1 Yopa| = o(n™h)
j= k=0

using B, |Y;_j 1Y 1| < sup,>; B, Y? < C < oo and m; € (0,1). By Markov’s in-
equality, (13.74) implies that the lhs quantity with £, deleted is o,(n™!), as desired.

Similarly, using (13.72) and (13.73), we have the following bound on the expectation
of the supremum over 6 € 0,,(d,,) of the second term on the rhs of (13.71):

up. n Z|At 0,)| - |B:(6,)] (13.75)

96@

< n 16,85 Z Tl Z w4 i Z ™ sup B, |V 1Y_p_1| =o(nh).
7j=1 k=0

n,t>1,5,k>0

Hence, the lhs of (13.75) with E, deleted is o,(n™").
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Next, we consider the third term on the rhs of (13.71):

n

nt Y (BHO) — Bi(6.))

t=1

321 Z (i rRy ) 2 nL Z (i ijky b1 > (13.76)

t=1 t=1

(6 6 n- i (Z 7Tt+]Y > 2 —1i i i(ﬁt—l—j-&-k - 7Tfl+j+k)Y—j—1Y—k—1-
t=1 =

t=1 j=0 k=0

The supremum over 0 € ©,, (4,,) of the absolute value of the first term on the rhs of
(13.76) is Op(supgeeo, (5., |8* — B2|n~1) = 0,(n™1) by calculations analogous to those in
(13.64) and (13.65). The expectation of the supremum over 6 € ©,, (4,,) of the absolute
value of the second term on the rhs of (13.76) is bounded by

oo o 0

B%ﬂflzzz sup |witITR - gliitk| supE Y2 =o(n"). (13.77)

S 1 Il <5

The equality in (13.77) holds because

[c o lNNe S¢S

E :E :§ : sup t+]+k_ﬂ.;+]+k|
t=1 j=0 k=0 |7~ Tn|<0n
o0 oo o0

< sup |7 —my (t+ 7+ k)x T = o(1), (13.78)
|m—7n|<bn t=1 j=0 k=0

where the inequality holds by mean-value expansions of 7/+/* around 7% +* for ¢t > 1,
J,k > 0 and the equality holds because 7, € (0,1). Equation (13.77) implies that the
supremum over § € ©,, (4,,) of the absolute value of the second term on the rhs of (13.76)
is 0,(n'). Hence, we conclude that the supremum over § € ©,, (4,,) of the absolute value
of the lhs of (13.76), which is the third summand in (13.71), is 0,(n™1).

This completes the verification of (13.70) for the case where ( = (,,.

Lastly, we consider the case where ( # (,,. We have

|szc(9) - szc(en” = |Q7ILC(0) - szc(ﬁna Ca 7Tn)| + |Q{zc(ﬁn7 Cvﬂ-n) - Q?I'Lc(ﬁna Cn’ 71-7’L)|
(13.79)

The proof of part (c) for the case where ¢ = ¢, gives supyeq, (5, | (0) — QL (B,,. ¢, mn)]|
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= 0p(n~'). It remains to show

sup Q5 (B, €, n) = @ (B, Gy )| = 0p(n 7). (13.80)

0cO, (5n)

We have

QTIZC<67NC77T”) = Qn(ﬁn?( ﬂ-n) - QOO(BWC ﬂ-n)
1 n

2
— % (Yt' B, Zw Y, 1) - —n*lzgf (13.81)

t=1

" 2
_% Z(st—Fﬁ ZwYt]1> ——n*IZé?t

t=1
n o0 2
— o th/a waky o1+ e Z(/anzw;;ky_k_l) .
t=1 k=0

The quantity QX°(8,,,¢,,, m,) is the same, but with ¢,, in place of (. Hence,

Q1 (B €)= Qi (B Co )| (13.82)
n o0 2
< _125155 Zﬂt—i-k n -1 5,127?;%5@1@71 ‘
QCC =\ =
We have
E, sup |n7')Y &B,) Y.
g D ) MY
<nt ' sup B, |gY 1| =O(n7"), 13.83
ﬂZZ sup B [eYoi] = O™ (13.83)

where 7, = max{|7.|, |7y|}, and

n o0 2
E,n ) <5n > wfjkykl>
t=1 k=0

oo 0o o0

SnT'BEY Y Y mIATt sup By Yo Yo =0(nTY). (13.84)

t=1 j=0 k=0 nz1,j,k=0
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Equations (13.83) and (13.84) and Markov’s inequality, coupled with (13.82) and
¢—C,l <6, = o(1), establish (13.80), which completes the proof of part (c).

SUPgeo,, (5,)
]

14. Appendix D: Additional ARMA(1, 1)

Monte Carlo Simulations

This Appendix provides details concerning the ARMA(1, 1) simulations computa-

tions. It also provides additional simulation results.

14.1. Simulation Details

To achieve an approximately stationary start-up, the first innovation is set equal
to 0 and the first 200 realizations of the process are discarded. For purposes of speed,
matrix/vector calculations are employed to compute the time series Y; and the log like-
lihood. In these calculations, lags are truncated at 100.

The matlab function fmincon is used in all cases where optimization is required.
When the optimization is in more than one dimension, such as with the finite-sample
unconstrained optimization, six independent random starting values are used. The ran-
dom starting values are uniformly distributed in the parameter space of the parameters.
When the optimization is one dimensional, such as with the asymptotic results and with
the finite-sample constrained optimization, the starting value for the fmincon function
is obtained by a grid search. In all cases, the grids divide the optimization parameter
space into 50 intervals of equal length.

For the finite-sample and asymptotic results for both the MA and AR parameters,
the constrained and unconstrained criterion functions often are found to have multiple
local minimum for small values of |b|. Hence, the grid search and multiple starting values
are useful.

In all figures concerning the MA parameter 7 for which the x axis is b or |b|, such
as Figures 6-10 of AC1, the discrete values of b for which computations are made run
from 0 to —20 (although only values from 0 to —15 are reported), with a grid of 0.1
for b between 0 and —5, a grid of 0.2 for b between —5 and —10, and a grid of 1 for b
between —10 and —20. For the analogous figures concerning the AR parameter p, the

same grids are used but the b values are non-negative.
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For the finite-sample simulations concerning the MA parameter, for each b, the true
value of 3 is 3, = —b/+/n and the AR parameter is p,, = T+ [3,, = mo—b/+/n. The value
of b is restricted such that p,, belongs to its true parameter space, i.e., p,, € [—0.85,0.85].
Note that the b values are negative. Positive values of b also could be considered, but if
To is positive, then the range of positive b values is more restricted (by the requirement
that p,, € [—0.85,0.85]) than the range of negative b values.

For the finite-sample simulations concerning the AR parameter, for each b, the true
value of 3 is 8, = b/y/n and the MA parameter is 7, = p, — 3,, = ™o — b/+/n. The value
of b is restricted such that 7, belongs to its true parameter space, i.e., 7, € [—0.8,0.8].

In Figures 1 and 2 of AC1 and Figure S-1 below, the asymptotic density of the ML
estimator of the MA parameter 7 is given by 7*(7,,0) (= argmingen &(7;7,,0)) for

n

b=0, -2, —4, and —12. Similarly, in Figures S-9 to S-11 below, the asymptotic density
of the ML estimator of the AR parameter p = 7 + [ is given by 7*(7,,b) for b = 0, 2,
4, and 12 (because its asymptotic distribution is the same as that of the MA parameter
when |b] < 00).

In Figure 3 of AC1, the asymptotic density of the ML estimator of 8 centered at the
true value is equal to the first element of 7(7*(,, b); 7, b) divided by n'/? with n = 250,
so that it has the same scale as the finite-sample (n = 250) estimator. In this ARMA
example, the first element of 7(7*(y,,b);7,, b) equals

—(1—7?% (i ™Z;—(1— 7r07r)_1b> +b. (14.1)

j=0

Figures that give densities for the estimators of 7 and p are constructed using his-
tograms with 40 bins. Figures that give densities for the estimator of 5 and for the test

statistics use 100 bins. The areas under the histograms equal one.

14.2. Additional Simulation Results

Figures S-1 to S-9 provide additional results concerning the MA parameter 7. Figures
S-10 to S-23 provide results concerning the AR parameter p. Tables S-I to S-VI provide
results for CI's concerning 7 and CI’s concerning p. See AC1 for some discussion of the

results in these Figures and Tables.
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Figure S-1. Asymptotic and Finite-Sample (n=250) Densities of the
Estimator of the MA Parameter 7 in the ARMA(1, 1) Model when 7y = 0.7.
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Figure S-2. Asymptotic and Finite-Sample (n=250) Densities of the ¢ Statistic
for the MA Parameter 7 in the ARMA(1, 1) Model when 7y = 0 and the
Standard Normal Density (Black Line).
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Figure S-3. Asymptotic and Finite-Sample (n=250) Densities of the ¢ Statistic
for the MA Parameter 7 in the ARMA(1, 1) Model when 7wy = 0.7 and the
Standard Normal Density (Black Line).
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Figure S-4. Asymptotic and Finite-Sample (n=250) Densities of the QLR
Statistic for the MA Parameter 7 in the ARMA(1, 1) Model when 7y = 0 and
the x? Density (Black Line).
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Figure S-5. Asymptotic and Finite-Sample (n=250) Densities of the QLR
Statistic for the MA Parameter 7 in the ARMA(1, 1) Model when 7y = 0.7
and the x? Density (Black Line).
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Figure S-6. Coverage Probabilities of Standard |t| and QLR CI’s for the MA
Parameter 7 in the ARMA(1, 1) Model when 7y = 0.4.
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Figure S-7. Coverage Probabilities of Standard |t| and QLR CI’s for the MA
Parameter 7 in the ARMA(1, 1) Model when 7y = 0.7.
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Figure S-8. Coverage Probabilities of Robust [t| and QLR CI’s for the MA
Parameter 7w in the ARMA(1, 1) Model when 7y = 0.7, k = 1.5, and

s(z) = exp(—x/2).
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Figure S-9. Asymptotic and Finite-Sample (n=250) Densities of the
Estimator of the AR Parameter p in the ARMA(1, 1) Model when p, = 0.
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Figure S-10. Asymptotic and Finite-Sample (n=250) Densities of the
Estimator of the AR Parameter p in the ARMA(1, 1) Model when p, = 0.4.
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Figure S-11. Asymptotic and Finite-Sample (n=250) Densities of the
Estimator of the AR Parameter p in the ARMA(1, 1) Model when p, = 0.8.
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Figure S-12. Asymptotic and Finite-Sample (n=250) Densities of the ¢
Statistic for the AR Parameter p in the ARMA(1, 1) Model when p, = 0 and
the Standard Normal Density (Black Line).
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Figure S-13. Asymptotic and Finite-Sample (n=250) Densities of the ¢
Statistic for the AR Parameter p in the ARMA(1, 1) Model when p, = 0.4
and the Standard Normal Density (Black Line).
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Figure S-14. Asymptotic and Finite-Sample (n=250) Densities of the ¢
Statistic for the AR Parameter p in the ARMA(1, 1) Model when p, = 0.8
and the Standard Normal Density (Black Line).
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Figure S-15. Asymptotic and Finite-Sample (n=250) Densities of the QLR
Statistic for the AR Parameter p in the ARMA(1, 1) Model when p, = 0 and
the x? Density (Black Line).
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Figure S-16. Asymptotic and Finite-Sample (n=250) Densities of the QLR
Statistic for the AR Parameter p in the ARMA(1, 1) Model when p, = 0.4
and the y? Density (Black Line).
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Figure S-17. Asymptotic and Finite-Sample (n=250) Densities of the QLR
Statistic for the AR Parameter p in the ARMA(1, 1) Model when p, = 0.8
and the x? Density (Black Line).
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Figure S-18. Coverage Probabilities of Standard |t| and QLR CT’s for the AR
Parameter p in the ARMA(1, 1) Model when p, = 0.
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Figure S-19. Coverage Probabilities of Standard |t| and QLR CTI’s for the AR
Parameter p in the ARMA(1, 1) Model when p, = 0.4.
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Figure S-20. Coverage Probabilities of Standard |t| and QLR CT’s for the AR
Parameter p in the ARMA(1, 1) Model when p, = 0.8.
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Figure S-21. Coverage Probabilities of Robust |t| and QLR CI’s for the AR
Parameter p in the ARMA(1, 1) Model when p, =0, ~ = 1.5, and

s(x) = exp(—x/2).
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Figure S-22. Coverage Probabilities of Robust |t| and QLR CI’s for the AR
Parameter p in the ARMA(1, 1) Model when p, = 0.4, k = 1.5, and

s(z) = exp(—x/2).
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Figure S-23. Coverage Probabilities of Robust |¢| and QLR CI’s for the AR
Parameter p in the ARMA(1, 1) Model when p, = 0.8, k = 1.5, and

s(z) = exp(—x/2).

Table S-1. Finite-Sample Coverage Probabilities (Minimum over b) of
Nominal 95% CI’s for 7 and p in the ARMA(1, 1) Model, n = 100, 500

4 QLR

Std LF  Rob | Std LF Rob

n = 100
MA mo = 0.0 0.572 0.970 0.956 | 0.936 0.950 0.950
mo = 0.4 0.630 0.971 0.933 | 0.935 0.951 0.948
mo = 0.7 0.678 0.972 0.903 | 0.944 0.953 0.946
AR po = 0.0 0.589 0.982 0974 | 0.938 0.954 0.953
po = 0.4 0.651 0.982 0.957 | 0.938 0.953 0.952
po = 0.8 0.661 0.982 0.952 | 0.929 0.947 0.946

n = 500
MA mo = 0.0 0.565 0.956 0.951 | 0.935 0.951 0.951
mo = 0.4 0.613 0.958 0.946 | 0.937 0.952 0.951
mo = 0.7 0.676 0.959 0.937 | 0.944 0.953 0.947
AR po = 0.0 0.567 0.965 0.953 | 0.938 0.952 0.953
po = 0.4 0.619 0.962 0.955 | 0.937 0.952 0.953
po = 0.8 0.662 0.961 0.953 | 0.936 0.952 0.950
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Table S-I1. Finite-Sample False Coverage Probabilities of Robust |t| CI’s for the MA
Parameter 7 for Different Values of x in the ARMA(1, 1) Model, n = 500

WOZO.O 7T0:0.4 7T0:0.7

b -2 -5 -10 —-oo| -2 -5 -—-10 —oo| -2 =5 —10 —oo | Avg
T, | 0.800 0.740 0.220 0.110; 0.000 0.000 0.210 0.293| 0.000 0.410 0.580 0.623

LF 0.968 0.994 1.000 1.000] 0.928 0.957 0.997 1.000| 0.760 0.958 1.000 1.000| 0.964
K

0.00 |0.944 0.395 0.483 0.490| 0.912 0.628 0.506 0.512| 0.682 0.433 0.491 0.504) 0.582
0.50 | 0.944 0.395 0.483 0.490| 0.912 0.628 0.506 0.512| 0.682 0.433 0.491 0.504) 0.582
1.00 | 0.944 0.395 0.483 0.490, 0.911 0.627 0.506 0.512] 0.681 0.433 0.491 0.504] 0.581
1.50 | 0.947 0.415 0.483 0.490, 0.911 0.627 0.506 0.512] 0.681 0.444 0.493 0.503| 0.584
1.75 | 0.954 0.455 0.484 0.490, 0.911 0.627 0.507 0.511] 0.680 0.465 0.496 0.503| 0.590
2.00 |0.958 0.498 0.486 0.489 0.916 0.641 0.508 0.509| 0.697 0.490 0.500 0.503| 0.600
2.25 10.962 0.544 0.490 0.488 0.917 0.659 0.511 0.508| 0.706 0.516 0.504 0.503) 0.609
2.50 ]0.964 0.594 0.495 0.487 0.919 0.680 0.515 0.508| 0.718 0.545 0.510 0.503| 0.620
2.75 10.966 0.643 0.501 0.486( 0.921 0.706 0.520 0.507| 0.731 0.576 0.517 0.503| 0.631
3.00 | 0.967 0.694 0.508 0.485 0.924 0.731 0.525 0.506| 0.739 0.609 0.524 0.502) 0.643
4.00 | 0.968 0.870 0.547 0.482) 0.928 0.831 0.555 0.504] 0.758 0.751 0.560 0.503| 0.688
5.00 | 0.968 0.963 0.610 0.480[ 0.928 0.909 0.603 0.502| 0.760 0.878 0.619 0.503| 0.727
6.00 | 0.968 0.990 0.707 0.480} 0.928 0.946 0.671 0.501| 0.760 0.940 0.697 0.503| 0.758
8.00 |0.968 0.994 0.936 0.479| 0.928 0.957 0.851 0.501| 0.760 0.958 0.889 0.506| 0.811
10.00 | 0.968 0.994 0.999 0.477 0.928 0.957 0.974 0.499| 0.760 0.958 0.988 0.514] 0.835
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Table S-III. Finite-Sample False Coverage Probabilities of Robust QLR CI’s for the MA
Parameter 7 for Different Values of x in the ARMA(1, 1) Model, n = 500

mo = 0.0 mo = 0.4 w9 = 0.7

b -2 -5 =10 —-o0| -2 -5 —-10 —o0o| -2 =5 =10 —o0o | Avg
T H, 0.800 0.410 0.200 0.048 0.000 0.010 0.205 0.290, 0.000 0.460 0.570 0.615

LF 0.678 0.510 0.546 0.524] 0.876 0.524 0.546 0.552 0.594 0.531 0.539 0.533| 0.579
K

0.00 | 0.669 0.497 0.509 0.485| 0.887 0.505 0.508 0.510] 0.620 0.513 0.511 0.508 0.560
0.50 | 0.669 0.496 0.509 0.485| 0.887 0.505 0.508 0.510] 0.619 0.513 0.511 0.508 0.560
1.00 | 0.669 0.496 0.509 0.485 0.886 0.505 0.508 0.510] 0.618 0.513 0.511 0.508| 0.560
1.50 | 0.669 0.496 0.509 0.485| 0.886 0.504 0.508 0.510] 0.617 0.512 0.511 0.508| 0.560
1.75 | 0.669 0.496 0.509 0.485 0.886 0.504 0.508 0.510] 0.616 0.512 0.511 0.508| 0.560
2.00 | 0.671 0.496 0.509 0.485| 0.885 0.504 0.508 0.510] 0.615 0.512 0.511 0.508 0.560
2.25 | 0.673 0.495 0.509 0.485| 0.884 0.504 0.508 0.510] 0.612 0.512 0.511 0.508 0.559
2.50 | 0.675 0.495 0.509 0.485| 0.882 0.504 0.508 0.510] 0.609 0.512 0.511 0.508 0.559
2.75 | 0.676 0.495 0.509 0.485| 0.880 0.504 0.508 0.510] 0.605 0.511 0.511 0.508 0.559
3.00 | 0.677 0.494 0.509 0.485| 0.878 0.504 0.508 0.510] 0.601 0.511 0.511 0.508 0.558
4.00 | 0.678 0.499 0.509 0.485| 0.876 0.510 0.508 0.509 0.595 0.516 0.511 0.508 0.559
5.00 | 0.678 0.505 0.510 0.485| 0.876 0.519 0.509 0.508| 0.594 0.524 0.512 0.507| 0.561
6.00 | 0.678 0.509 0.513 0.485| 0.876 0.523 0.511 0.507| 0.594 0.530 0.513 0.506| 0.562
8.00 | 0.678 0.510 0.523 0.485| 0.876 0.524 0.522 0.507| 0.594 0.531 0.520 0.506| 0.565
10.00 | 0.678 0.510 0.541 0.485| 0.876 0.524 0.540 0.507] 0.594 0.531 0.534 0.506| 0.569

Table S-IV. Finite-Sample False Coverage Probabilities of 95% Least Favorable and Robust
(with k = 1.5) |t| and QLR CI’s for the AR parameter p in the ARMA(1, 1) Model, n = 500

po = 0.0 po = 0.4 po = 0.8
b 2 5 10 o0 2 5 10 oo 2 5 10 oo Avg
pr, | 0.800 0.400 0.200 0.110} 0.000 0.000 0.200 0.287) 0.200 0.625 0.700 0.730
4
LF |097 099 1.00 1.00|0.94 097 1.00 1.00|0.69 1.00 1.00 1.00 | 0.96
Rob | 0.93 0.77 0.54 0.56 | 0.93 0.65 0.49 0.50 [ 0.58 0.57 0.45 0.47 | 0.62
QLR
LF |0.66 052 0.53 0.53]0.88 0.52 054 0.54|048 0.49 0.51 0.52 | 0.56
Rob | 0.65 0.50 0.50 0.49 | 0.89 0.50 0.50 0.50 | 0.51 0.48 0.49 0.49 | 0.54
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Table S-V. Finite-Sample False Coverage Probabilities of Robust |t| CI’s for the AR
Parameter p for Different Values of x in the ARMA(1, 1) Model, n = 500

po = 0.0 po = 0.4 po = 0.8

b 2 5 10 o0 2 5 10 o0 2 5 10 oo | Avg
pr, | 0-800 0.725 0.212 0.117] 0.000 0.000 0.200 0.287] 0.075 0.595 0.705 0.735

LF 0.967 0.990 1.000 1.000[ 0.942 0.973 0.999 1.000| 0.588 0.995 1.000 1.000] 0.955
K

0.00 | 0.925 0.400 0.495 0.504] 0.932 0.656 0.492 0.497] 0.501 0.445 0.482 0.517| 0.573
0.50 | 0.925 0.399 0.495 0.504] 0.932 0.656 0.492 0.497] 0.501 0.445 0.482 0.517| 0.572
1.00 | 0.925 0.399 0.495 0.504] 0.932 0.655 0.492 0.497| 0.501 0.445 0.482 0.517| 0.572
1.50 | 0.930 0.416 0.495 0.504| 0.930 0.655 0.492 0.497 0.500 0.457 0.484 0.517| 0.575
1.75 ] 0.941 0.454 0.496 0.504] 0.926 0.655 0.493 0.496| 0.498 0.476 0.487 0.517| 0.581
2.00 | 0.948 0.496 0.497 0.503| 0.929 0.670 0.494 0.495 0.506 0.503 0.491 0.516| 0.590
2.25 1 0.953 0.543 0.500 0.502] 0.932 0.688 0.497 0.494] 0.520 0.536 0.495 0.516| 0.600
2.50 ] 0.958 0.591 0.504 0.502| 0.936 0.708 0.502 0.493| 0.537 0.566 0.501 0.515) 0.612
2.75 1 0.961 0.635 0.510 0.501] 0.938 0.731 0.506 0.492| 0.552 0.600 0.507 0.515| 0.623
3.00 | 0.963 0.688 0.517 0.500] 0.940 0.756 0.511 0.491] 0.564 0.635 0.513 0.515| 0.635
4.00 | 0.967 0.851 0.556 0.498 0.941 0.859 0.542 0.490| 0.585 0.794 0.551 0.515| 0.681
5.00 | 0.967 0.951 0.615 0.497| 0.942 0.935 0.590 0.487] 0.588 0.922 0.612 0.515| 0.720
6.00 | 0.967 0.982 0.709 0.496| 0.942 0.965 0.664 0.486| 0.588 0.986 0.696 0.516| 0.750
8.00 | 0.967 0.990 0.923 0.497| 0.942 0.973 0.851 0.485] 0.588 0.995 0.908 0.519| 0.803
10.00 | 0.967 0.990 0.997 0.501| 0.942 0.973 0.978 0.484) 0.588 0.995 0.997 0.529 0.829

15. Appendix E: Nonlinear Regression Example

In this section, we illustrate the verification of the assumptions in AC1 in a second

example, a cross-section nonlinear regression model. We also show that the framework

of Stock and Wright (2000) does not apply to this example.

15.1.

This example is a cross-section nonlinear regression model estimated by LS. The

model is

where h(X;, ) € R is known up to the finite-dimensional parameter 7 € R . When the

true value of 3 is 0, (15.1) becomes a linear model and 7 is not identified.

Nonlinear Regression Model

Y;=8-h(Xi,7)+ Z(+U; fori=1,..n,
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Table S-VI. Finite-Sample False Coverage Probabilities of Robust QLR CI’s for the AR
Parameter p for Different Values of x in the ARMA(1, 1) Model, n = 500

po = 0.0 po = 0.4 po = 0.8

b 2 5 10 o0 2 5 10 o0 2 5 10 oo | Avg
pu, | 0-800 0.400 0.200 0.110] 0.000 0.000 0.200 0.287 0.200 0.625 0.700 0.730

LF 0.662 0.517 0.533 0.535) 0.883 0.520 0.538 0.537| 0.477 0.489 0.511 0.518] 0.560
K

0.00 | 0.654 0.504 0.497 0.494] 0.896 0.504 0.501 0.501] 0.513 0.480 0.487 0.489| 0.543
0.50 | 0.654 0.504 0.497 0.494] 0.896 0.503 0.501 0.501] 0.512 0.480 0.487 0.489| 0.543
1.00 | 0.654 0.504 0.497 0.494] 0.895 0.503 0.501 0.501] 0.511 0.480 0.487 0.489 0.543
1.50 | 0.654 0.503 0.497 0.494] 0.894 0.502 0.501 0.501) 0.510 0.480 0.487 0.489 0.543
1.75 | 0.655 0.503 0.497 0.494] 0.894 0.502 0.501 0.502 0.509 0.480 0.487 0.489 0.543
2.00 | 0.656 0.503 0.497 0.494] 0.893 0.502 0.501 0.502| 0.506 0.480 0.487 0.489| 0.542
2.25 | 0.658 0.503 0.497 0.494] 0.891 0.502 0.501 0.502] 0.502 0.480 0.487 0.489| 0.542
2.50 | 0.659 0.502 0.497 0.494] 0.889 0.502 0.501 0.502 0.498 0.480 0.487 0.489| 0.542
2.75 1 0.660 0.502 0.497 0.494] 0.888 0.502 0.501 0.502] 0.494 0.480 0.486 0.489| 0.541
3.00 | 0.661 0.502 0.497 0.494] 0.886 0.502 0.501 0.502 0.489 0.480 0.485 0.489| 0.540
4.00 | 0.662 0.506 0.497 0.493 0.883 0.508 0.502 0.501] 0.479 0.480 0.485 0.488| 0.540
5.00 | 0.662 0.512 0.498 0.493| 0.883 0.515 0.502 0.499 0.477 0.484 0.485 0.488| 0.541
6.00 | 0.662 0.516 0.500 0.493| 0.883 0.519 0.504 0.499| 0.477 0.488 0.486 0.488| 0.543
8.00 | 0.662 0.517 0.510 0.492 0.883 0.520 0.513 0.499] 0.477 0.489 0.493 0.488| 0.545
10.00 | 0.662 0.517 0.528 0.492| 0.883 0.520 0.531 0.498) 0.477 0.489 0.505 0.488 0.549

Suppose the support of X; for all v € T" is contained in a set X'. We assume here
that h(z,7) is twice continuously differentiable wrt =, Vo € II, Vo € X, although
the general theory of AC1 allows for non-smooth functions. Let h, (z,7) € R% and

By (2,7) € R¥>*? denote the first-order and second-order partial derivatives of h(x, )

wrt .

The LS sample criterion function is

When S = 0, the residual U; (f) and the criterion function @, (f) do not depend on .

Qn(0) =n~"! z": U? (0) /2, where U; (0) = Y; — Bh(X;, 7)) — ZIC.
i=1

Hence, Assumption A holds for this example.
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15.2. Parameter Space

In this example, the random variables {(X;, Z;,U;) : i = 1,...,n} are i.i.d. with dis-
tribution ¢ € ®*, where ®* is a compact metric space with some metric that induces
weak convergence. The parameter of interest is @ = (5, {, 7) and the nuisance parameter

is ¢, which is infinite dimensional. The true parameter space for 6 is
©" = B* x Z* x II*, where B* = [—b],b5] C R (15.3)

with b7 > 0, b5 > 0, b} and b} are not both equal to 0, Z* (C R%) is compact, and IT*

(C R9") is compact. For any §* € ©*, the true parameter space for ¢ is

O*(0*) = {¢p € ®* : B4(Ui| Xy, Zi) = 0 as., E (U X, Zi) = 0*(Xi, Zi) > 0 ass.,
Ey (sup 1 (X, ) |14+ sup || (X, ) |47+ sup || (X, 7) ||2+5) <
aell mell mell

Prr(Xiy 1) — B (X, m2) || < M(X5)||m1 — 7a|| Yy 7o € 1T for some function
M(X;), E;M(X;)* < C, Eg|Uj|"* < C, By || Zi[|" < C,

Py(a' (h(Xi,m1), h (Xi, 7o), Zi) = 0) < 1, ¥y, 7y € I with m; # 7y, Ya € R%T?
with @ # 0, Amin(Es(h(X;,7), Z)) (h(X;,7), Z])) > e Vr € I, and

Amin(Egd; (1) di(7)") > € Vmr € 11} (15.4)

for some constants C' < oo and & > 0, and by definition d;(7) = (h (X, 7) , Zi, hx (X5, 7))"
The moment conditions are needed to ensure the uniform convergence of various sample
averages. The other conditions are for the identification of 5 and ( and the identification
of m when 3 # 0.

Given the definitions above, the true parameter space I' is of the form in (3.4). Thus,
Assumption B2(i) holds immediately. Assumption B2(ii) follows from the form of B*
given in (15.3). Assumption B2(iii) follows from the form of B* and the fact that ©* is
a product space and ®*(0*) does not depend on 8*. Hence, the true parameter space I
satisfies Assumption B2.

The LS estimator of § minimizes @,(f) over § € ©. The optimization parameter

space O takes the form

© =B x Z xII, where B = [-by,bs] C R (15.5)
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with by > b3, by > b5, Z (C R%) is compact, II (C R%) is compact, Z* € int(Z), and
B* € int(B). Given these conditions, Assumptions B1(i) and B1(iii) follow immediately.
Assumption B1(ii) holds by taking § < min{bj, b3} and Z° = int(Z).

15.3. Criterion Function Limit Assumption

In this example, the function Q(¢;,) in Assumption B3(i) is
Q(0;70) = Eg, U7 /2 + Eg, (Boh(Xi, m0) + ZiCo — Bh(Xi, ) — Z{C)*/2, (15.6)

where v, = (80, (o, M0, ¢) and E,, denotes expectation when the distribution of (X;, Z;,
U;) is ¢y. The uniform convergence in Assumption B3(i) holds by the following uniform
WLLN given the moment and smoothness conditions in ®*(0*) in (15.3).

Lemma 15.1. Suppose (i) {W; : ¢ > 1} is an i.i.d. sequence under F.,« for all v* €
I, (ii) for some function My(w) : W — RT and all 6 > 0, ||s(w,01) — s(w,8y)]|] <
My (w)d, V01,05 € © with ||0; — O5]| < 6, Yw € W, (iii) E,«supgee ||s(W;, 0)[|1T¢ +
E M (W;) < CVy* €T for some C < oo and € > 0, and (iv) © is compact. Then,
g [[17 31y 5(Wi, 0) = Eys(Wi, )| —p 0 wnder {7,} € T(v) and Eyys(Wi6) is

uniformly continuous on ©.

Comments. 1. The centering term in Lemma 15.1 is £, s(W;, 0), rather than E, s(WV,
6).
2. The proof of Lemma 15.1 is given in AC2.

Next, we verify Assumption B3* given in Appendix A, which is a set of sufficient
conditions for Assumptions B3(ii) and B3(iii). Assumption B3*(i) holds with Q(;,)
defined in (15.6) by the continuity of h(x, ) in 7, the moment conditions in (15.4), and
the DCT. Assumptions B3*(iv) and B3*(v) hold because ¥(7r) = B x Z is compact and

does not depend on 7. To verify Assumption B3*(ii), we need that when 3, = 0,

Q) m570) — Q(o, ™5 %0) = By, (BA(Xi, ) + Zi(Co — €))?/2 > 0 (15.7)
Vb # 1)y, VY € I1. The inequality in (15.7) holds unless

Py (BMXi,m) + Zi(Co =€) =0) =1 (15.8)
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for some 9 # 1y and m € II. But Py (a/(h(X;,7),Z;) = 0) < 1 for all a € R%** and
a # 0 by (15.4). Hence, (15.8) cannot hold for any (5, () # (0,(,). This completes the
verification of Assumption B3*(ii).

To verify Assumption B3*(iii), we need that when 3, # 0,

Q(0;70) — Q003 70) = B, (BR(Xi, ) — Boh(Xi, m0) + Zi(Co — €))?/2 >0 (15.9)
V0 # 6. The inequality in (15.9) holds unless
Py (Boh(Xi, mo) — Bh(Xi, m) + Z{(Go — () = 0) =1 (15.10)

for some 0 # 6. Because Py (a'(h(X;,7), h(X;,m),Z;) = 0) < 1 for all 7 # 7y and
a # 0 by (15.4), the condition §, # 0 implies that (15.10) cannot hold for any 6 such
that m # 7. When 7 = 7, (15.10) becomes

Py, ((Bo = B)( Xy, mo) + Zi(Go — () = 0) = L. (15.11)

Because Py, (a/(h(X;,7),Z;) = 0) < 1 for all a € R%™ and a # 0 by (15.4), equation
(15.11) cannot hold for (5,¢) # (B, (y). This completes the verification of Assumption
B3*.
15.4. Close to 3 = 0 Assumptions
15.4.1. Assumptions C1 and D1

The sample criterion function @, (#) is a smooth sample average:

Qu(0) =n~" > p(W;,0), where p(W;,0) = UA(0)/2 and Wi = (Y;, X;, Z]) . (15.12)

i=1

In consequence, we verify Assumptions C1 and D1 by verifying Assumption Q1 of Ap-
pendix A. The latter is sufficient for the Assumptions C1 and D1 by Lemma 11.5 of
Appendix A (given Assumptions Bl and B2).

The first- and second-order partial derivatives of p(W;, 0) wrt to ¢ are

dyi(m) = (h(Xi,7), Z;)". (15.13)
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Thus, by Lemma 11.5, we verify that Assumption C1 holds with
DyQn(0) = —n7! ZU )dyi(7) and DyyQ,(0) = n 12% m)dyi(n).  (15.14)

The first- and second-order partial derivatives of p(W;, 0) wrt to 6 are

po(Wi, 0) = —Ui(0)B(3)d;(m) and
pos(Wi, 0) = —=U(0)Di(6) + B(B)d;i()d;(7)' B(53), where
h

dl(ﬂ-) = (h (XZ’ ﬂ-) ) Zz/a TI'(Xia W)/)la
0 O1xd,  ha(Xi, )
Di(0) = | Odgx1 Oaexac  Odgxa, , (15.15)

hW(Xi7 7T) Odﬂ xd¢ h7r7r(Xi) 7.‘—)6

and B(f) depends on (3, not ||f||, because 3 is a scalar. Hence, by Lemma 11.5, we
verify that Assumption D1 holds with

DQ,(0) = —n~* Z Ui (0 () and
D*Qu(0) =n" Z (B(B)di(m)di(m) B(B) — Ui(0)Di(0)) (15.16)

by Lemma 11.5 in AC1-SM.*"

Now, verify Assumption Q1. Assumptions Q1(i) and Q1(ii) hold immediately. As-
sumption Q1(iii) holds because p,,,,(Wj, ) does not depend on ¢). Now we verify Assump-
tion Q1(iv). By (15.13), verification of Assumption Q1(iv) is equivalent to showing the
stochastic equicontinuity (SE) of n=' 3" | U;(0)he (Xi,7)/B,, 07t Y iy Ui(0) hr (X, )
x B/32, and n=t>"" B(B/B,)di(7)di(7) B(8/B,) over § € ©,(5,). We now show the
SE of these three terms under {7, } € I'(7,, 00, wo).

4TThis example illustrates why defining B((3) using 3, not ||3||, is preferred in the scalar j
case. If B(B) is defined with ||5|| in place of 8, then d;(7) needs to be replaced by d;(8,7) =
(h(Xi,m), Z!, sgn(B)h(X;,m)") . The appearance of sgn(/) complicates matters because it introduces
a dependence of d;(3,7) on 3, which otherwise does not appear, and it is a discontinuous function of

.
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The first term is

n~! Z U;(0)h(Xi, 1)/, (15.17)

= ( —WZUh XZ,W>/( 23 ( ‘1Zh X, m0) b XZ,W)> -

( - Zh X;,m)h XZ,W)> B/B, +n" Zz’ ¢ — ) he (X5, 70) /B,
i=1

Note that for § € ©,(d,), we have |5/5,] = 1+ o(1) and (¢ — (,)/B,, = o(1) be-
cause || — ¥,|| < d,]6,| and 0, — 0. Hence, under {v,} € T'(y,,00,wp), the SE
of ™Y Ui(0)ho(X;,7)/B, is implied by the SE of (i) n=%/2Y" | Uih, (Xi,7) on
eIl (i) n =t >0 WXy, m)he (X, 7) on (m,7) € IIxIL, and (iii) n=t >0 Zihe (Xiy )
on w € II. The SE of (i) holds by Theorems 1 and 2 of Andrews (1994) using the type
IT class with envelope function B(W;) = U, sup,.cy || frr (X5, 7)||, the moment conditions
n (15.4), and the compactness of II. The SE of (ii) and (iii) follows from Lemma 15.1.

Similarly, we can show the SE of n ™2 >""_ | U;(0)har (X, m) 3/ 52 by replacing h,(X;, 7)
with h..(X;, 7) in the foregoing argument and using |5/53,,| = 1+ 0(1). To verify the SE
of n™Y23"  Uihyr (X;,7) on 7 € 11 (element by element), we use the type II class in
Andrews (1994) with envelope function B(W;) = U; M (X;) and the Lipschitz condition
n (15.4). The SE of n ™t 37 h( Xy, M)her (X3, 7) and 0137 Zihnn (X;, )" follows
from Lemma 15.1.

Finally, the SE of n=*>""  B(8/8,)di(7)d;(x) B(8/8,,) follows from Lemma 15.1
using |3/6,,| = 1+ o(1). This completes the verification of Assumption Q1.

15.4.2. Assumption C2

Assumption C2(i) holds in this example with
(Wi 8) = —Us(B)dyi(r). (15.18)
Assumption C2(ii) holds because E,«m(W;,0%) = —E.«U;(h(X;,7*),Z])) = 0 Vy* € T

Assumption C2(iii) holds because E,«m(W;, ¢*, 1) = —E.+(Ui+L"h(X;, 7*) =" h(X;, 7))
X (h(X;,m), Z!) =0 Vr € Il when g = 0.
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15.4.3. Assumption C3

To verify Assumption C3, we have

Ui(You, ) = Yi = Zi(,, = Ui + B, (X, m,) and (15.19)

n

Gu(m) = =072 (Uidyi(m) + B, [h(Xi, m0)dy i () — By h(Xy, )y (7))
i=1
Under {7, } € ['(7,,0,b), G,(7) = G(7;7,), where G(m;7,) is a Gaussian process with
bounded continuous sample paths and covariance kernel Q(my, 7o; 7o) = Eg UZdy (1)
dy.i(m2)'. This weak convergence follows from Andrews (1994, p. 2251) because (i) II
is compact, (ii) the finite-dimensional convergence holds by the CLT for a triangular
array of row-wise i.i.d. random variables, where the Lindeberg condition holds by the
L*_boundedness of its summands, and 3, — 0, and (iii) the stochastic equicontinuity
(SE) holds by applying the type II class (Lipschitz functions) using the differentiability

of h(z, ) in 7.

15.4.4. Assumption C4

Assumption C4(i) holds in this example with

H(m;70) = By i(m)dy i) (15.20)

by applying a uniform LLN for drifting true distributions, specifically, Lemma 15.1,
to n=t 3" dy.i(m)dy (7). The continuity of H(m;~,) is implied by the continuity of
h(X;, ) in 7, Eg supyer ||dyi(m)dyi(7)'|] < oo, and the DCT. Assumption C4(ii) fol-

lows immediately from the conditions in (15.4).

15.4.5. Assumption C5

To verify Assumption C5(i), we have

K (0:7) = g i = (;Z By (Y = Bh(X,,7) — Z{C)dy ()
— 35 o By (Ui + B7h(X, m") — Bh(X;, m) = Zi(C = (7)) dy.i()
- —Ed)*h(XZ-,w*)dW(ﬂ). (15.21)
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Next, we verify that Assumptions C5(ii) and C5(iii) hold with
K(m;7g) = K(Yg, m570) = —Eg, h(Xi, mo)dy (). (15.22)

They hold provided Ey h(X;, m1)dyi(72) — Eg h(X;, 71)dy i(72) uniformly over (7, 75)
€ Il x II as ¢,, — ¢, and E4 h(X;,m1)dy;(7m2) is continuous in (71, 72). The continu-
ity holds by the continuity of h(X;, m1)dy,i(m2) in (71, 72), Eg SUP(x, x, et [[2(X5, m1)
dy.i(m2)|| < 0o, and the DCT. By Lemma 8.2 in AC2, the uniform convergence follows
from the pointwise convergence and the equicontinuity of Ey«h(X;, m1)dy,i(72) in (71, 72)
over ¢* € ®*(0*). The pointwise convergence Ey h(X;, m1)dyi(72) — Ep h(Xi, m1)dyi(72)
holds by the convergence in distribution of ¢,, to ¢, (since ¢,, — ¢, and the metric on
®* induces weak convergence) and the L'™® boundedness of h(X;,7)dy ;(m2) under
¢ € D, ie., supyeqe Lg||h(X;, m1)dyi(m2)]|'H < C < 00 (e.g., see Theorem 2.20 and
Example 2.21 of van der Vaart (1998)). Equicontinuity holds because h(X;, m1)dy ;(m2)
is partially differentiable in (71, 73) and the partial derivatives are uniformly bounded,
Le., Ege Sup r, o) ernenn (|[Pr (X, m1) dy i (m2) [ 4[| (X5, 71) (Oddy i (72) /O7')||) < C for some
C < oo for all ¢* € O*(67).

15.4.6. Assumption C6

Next, we verify Assumption C6**. Assumption C6**(i) holds because [ is a scalar.
By the discussion following (15.19), a'(G1(m1), G1(72), G2) has variance Ey UZdZ (71, m2),
where d, (71, 72) = a/(h(X;, 1), h(X;, 72), Z;). By the conditions in (15.4), Py (dy(m1, 72)
=0) <1Va € R with a # 0, Vmy # T2, YV§, € D*(0y), and Ey (U2 X;, Z;) > 0 as.
Hence, E4 U2d2(my,m2) > 0 Va # 0 and Assumption C6**(ii) holds.

15.4.7. Assumption C7

We verify Assumption C7 as follows. Given the form of H(m;v,) and K(m;7,) in
(15.20) and (15.22), respectively, we have

K (m;7v0) H (73 70) K (37 (15.23)
= [Ego (X, 10) dup i (1) [ Egy i (M) dop i (1) ] [Egy s i (m)P( X, w0)] < B, h*(Xi, o),

where the inequality holds by the matrix Cauchy-Schwarz inequality in Tripathi (1999).
The “<” holds as an equality if and only if h(X;, mo)a; + dy () as = 0 with probability
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1 for some a; € R, ay € R%*! and (ay,a}) # 0. The “<” holds as an equality uniquely
at m = mo because for any m # mo, Py (¢ (h(X;,m0), h (X;, ), Z;) =0) < 1 for any ¢ # 0
by (15.4). This completes the verification of Assumption C7.

15.4.8. Assumption C8

Lastly, we verify Assumption C8. To verify Assumption C8, we have

(0/0U")Ey, DyQu(th, )| y=y,, = Ep, dy,i(mn)dy,i(mn) (15.24)

by the form of D,Q,(6,) given in (15.14) of AC1. Assumption C8 holds provided
Ey, dyi(m)dy(m) converges to Eg dy;(m)dy;(7) uniformly over m € II and Eg dy ;(7)
dy,i(m)" is continuous in 7. This holds by the same argument as in the verification of As-
sumption C5 above by replacing h(X;, m1)dy ;(72) with dy ;(7)dyi(7)". The smoothness

and moment conditions are satisfied by the conditions in (15.4) of ACI.

15.5. Distant from 8 = 0 Assumptions
15.5.1. Assumption D2

To verify Assumption D2 with D?@Q,,(#) given in (15.16), we have

T =0 di(my)di(m,) — (15.25)
i=1
0 Orxa, 1 Y2300 Uiha (X5, )
(n'?8,)7" Od,x1 Od xdg Od xdr

Under {v,} € T(vg,00,wo), n 'Y 0 di(mn)di(my) —p By di(mo)di(mo)' because
nt Y di(m)di(n) —, Egydi(m)d;(7)" uniformly over m € II by Lemma 15.1 in AC1-
SM and the continuity of £, d;(m)d;(7)" in . The second line of (15.25) is 0,(1) because
R2(8, | = 00, n V2SI Uha(Xiy ) = Op(1), and /2 50, U (X1, 7a) = O(1)
under {7, } € (g, 00, wp). The latter two terms are O,(1) by the CLT for a triangular
array of row-wise i.i.d. random variables under the moment conditions in (15.4). Hence,

Assumption D2 holds with the matrix

J(70) = Eg,di(m0)di(mo)’, (15.26)
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which is nonsingular by the conditions in (15.4).

15.5.2. Assumption D3

To verify Assumption D3 in this example, we have

n'2B7(B,)DQu(0,) = —n* Y Uidi(ms) —a N(0ay, V (7)), where
=1

V(70) = Eg,Uids(m0)di(mo)". (15.27)

The convergence in distribution holds by the CLT for a triangular array of row-wise i.i.d.
random variables. Assumption D3(ii) holds because Ey d;(mo)d;(m)" is non-singular and

E¢O<U@2|Xi7 Zz) >0 a.s. by (154)

15.6. Key Quantities

In this example, the components of the stochastic processes &(m; 7, b) and 7(7; v, b),
the function n(7; ., wo), and the matrices J(v,) and V'(,) that appear in the asymptotic

results in Section 5 of AC1 are

H(m;70) = Egydypi(m)dyi(m)',

K(m70) = —Eg,h(Xi, mo)dy,i (),
1, m2570) = B Ubdyi(m1)dyi(ms)',
J(v0) = Eg,di(mo)di(mo)",

) 2

) =

V(v0) = Ey,Udi(mo)d;(mo)', where
dyi(m) = (WX, ), Z1), di(m) = (h (X5, 1), Zis he (Xiy 7)), (15.28)

and G(7;7,) is a mean zero Gaussian process with covariance kernel Q(7y, 79;7,)-
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15.7. Variance Matrix Estimators

respectively, where

~

Jo(0) =n! Z d; () d;(m)" and

~

Vo (0) = nt Z U2(0)d; () di(m) = n" Z U2d; () dy(m)’

+2n Y U (B,0(X, ) = BR(Xi, ) + (G, — €)' Z) di () di(w)’
i=1
+n Y (B (X, ) — BR(X, ) + (¢, — €)' Z)  d; (m) di(w). (15.29)
i=1
These variance matrix estimators are used to construct ¢ and Wald statistics and also
to construct the identification-category-selection statistic A, in (7.4) of ACI.
Assumption V1(i) (scalar §) holds with

J(0;70) = Eg,d;i (m) di(m) and V(0;70) = By, Ui d; () di()'
+Ey, (Boh(Xi,mo) — Bh(Xi,7) + (Co — €)' Zi)* dy(m)dy (), (15.30)

by Lemma 15.1 using the conditions in (15.4). Assumption V1(ii) holds by the continuity
of h(z, ) and h,(x,n) in 7 and the moment conditions in (15.4).
The quantity X(m;,) in (6.4) takes the form

-1

S(m;70) = (Egydi () di(ﬂ')/)_l Ey,Uld; () di(z) (Eg,d; () di(m)") (15.31)

Given this, Assumption V1(iii) holds by the nonsingularity conditions in (15.4).

Assumptions V1(i) and V1(ii) hold not only under {~, } € T'(7,,0, ), but also under
{7,} € T'(7g,00,wp) in this example. This and 0, —, 0o under {v,,} € I'(v,, 00, wo),
which holds by Lemma 5.3 of AC1, imply that Assumption V2 holds.

15.8. Failure of Assumption C of Stock and Wright (2000)

In this section, we show that the main assumption of Stock and Wright (2000)
(SW), Assumption C, fails for the GMM estimator based on the nonlinear LS first-
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order conditions in the nonlinear regression model of (15.1). The implication is that
the range of applicability of this paper and that of SW are different, as discussed in
the Introduction of AC1. In particular, in SW the estimator criterion function cannot
be indexed by parameters that determine the strength of identification, whereas in this
paper it does.

Consider the model in (15.1) and, for simplicity, suppose no Z/¢ summand appears:
Yi=p0-h(X;,m)+ U,. (15.32)

The parameters (3, 7) in our notation correspond to (3, @) in SW. That is, [ is strongly
identified and 7 (= «) is potentially weakly identified. We switch notation from 7 to
a and back whenever it is convenient. To generate weak identification of 7 in (15.32),
suppose the true parameters are v, = (f3,,, 7o, ¢,), where 3, = Cn~'/2 for n > 1 for
some 0 < C' < oo. The nonlinear LS first-order conditions yield the following moment
conditions: When (8, 7) = (5,,, m0),

h (Xz; 7T>
E, (Y; —Bh(X;, 7 = 0,. 15.33
(i = B ))(hﬂ(xm) 2 (15.33)
To apply SW’s results, one takes their Z; = 1 V¢ and their moment function ¢,(6) to equal
the function in (15.33), where their ¢, T, correspond to our i,n, (3, 7), respectively.

SW’s population moments mr(«, 3) equal the following:

Fir( B) = E, (Y — Bh (Xo,1) ( b (X, m) )

h’fl' (XH 7T)

— By (B0 (Xiym0) — Bh (X)) ( :(éff:)) ) TR
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Next, SW use an identity mr(«, 5) = mr(ao, 5,,) + mar(a, 5) + ma(3), where

mair(o, 8) = my(a, B) — mp(a, 5)

- E%(ﬁnh(Ximo)—/ﬁh(Xim))( b (X, m) )

hﬂ (Xi,ﬂ')
—FEg, (B, (Xs,m0) — Bh (X5, m0)) ( :(();’7;00)) )
= A () + As(m, B), (15.35)

where

h(Xim) = h(Ximo) ) 4 (15.36)
ho (Xi,7) — ha (X5, 70) '

b (X, m0) ( :(g;m) ) R ( :(())c;w)) )] |

The first component, A;,(7), of mir(a, ) has the form required by Assumption C(i)

App(m) = n7V2C - By h (Xi, mo) (

A2(7T76) = 6E¢O

of SW. It is n~'/2 times a function, call it s,(7), that has a limit as n — oo uniformly
over 7 that is continuous and bounded and equals 0 when m = 7. (In fact, in the present
case, s,(m) does not depend on n so the limit holds trivially.)

However, the second component, Ay(7, 5), does not have the form specified in As-
sumption C(i). It does not depend on n and is not identically zero. In consequence,
Assumption C(i) of SW fails in this example.

In words, SW state “The key idea in this paper, made precise in Assumption C
below, is to treat mo(f3) as large for 5 outside f,, but mir(«, 3) as small for all « and
B, see p. 1060 of SW. As shown in (15.35)-(15.36), in this example, mi7(c, §) is not
small for all @ and . The same feature arises in other examples in which a parameter

that determines the strength of identification appears in the estimator criterion function.
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