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11 Outline

This Supplement includes five appendices.

The first appendix, Appendix B, provides a number of supplemental results to the
main paper. These include:

(i) results for Kolmogorov-Smirnov (KS) and approximate Cramér von Mises (A-
CvM) tests and CS’s in Section [12.1]

(ii) three additional examples of collections G and probability measures () that satisfy
Assumptions CI, M, FA(e), and Q in Section [12.2]

(iii) an illustration of the verification of Assumptions LA1-LA3 in Section [12.3

(iv) an illustration of some uniformity issues that arise with infinite-dimensional
nuisance parameters in Section [12.4]

(v) an illustration of problems with pointwise asymptotics in Section , and

(vi) coverage probability results for subsampling tests and CS’s under drifting se-
quences of distributions in Section [12.6]

Appendix C provides proofs of the results that are stated in the main paper but are
not proved in Appendix A. These include:

(i) the proofs of Lemmas 2 and 3 and Theorem [2(b) in Section [13.1]

(ii) the proofs of Lemma 4 and Theorem 3| concerning fixed alternatives in Section
[13.2,

(iii) the proof of Theorem [ concerning local power in Section [13.3] and

(iv) the proof of Lemma 1 concerning the verification of Assumptions S1-S4 in Section

13.4

Appendix D provides proofs of the results stated in Appendix B. These include:

(i) the proofs of Kolmogorov-Smirnov and approximate Cramér von Mises results in
Section [14.1]

(ii) the proof of Lemma B2 in Section [14.2]

(iii) the proofs of Theorems B4 and B5 regarding uniformity issues in Section [14.3]
and

(iv) the proofs of the subsampling results in Section [14.4l

Appendix E proves Lemma Al which is stated in Appendix A of the main paper.
Appendix F provides some additional material concerning the Monte Carlo simula-

tion results.



12 Appendix B

12.1 Kolmogorov-Smirnov and Approximate
CvM Tests and CS’s

In this Section, we provide results for Kolmogorov-Smirnov (KS) and approximate
CvM (A-CvM) tests and CS’s defined in Sections [3.1] and 4.2 respectively. A-CvM tests
are Cramér-von Mises-type tests in which the test statistic is an infinite sum that is
truncated to include only the first s, functions {g¢i, ..., gs,} or the test statistic is an
integral with respect to the measure ) and the integral is approximated by a (possibly
weighted) average over the functions {gi, ..., gs, }, which are obtained by simulation or by
a quasi-Monte Carlo (QMC) method. The same functions {g¢i, ..., gs, } are used for the
test statistic and the critical value. In the case of simulated functions, the probabilistic
results given here are for fixed (i.e., non-random) functions {g, ..., 9s, }- If {91, ..., gs, }
are obtained via i.i.d. draws from (), then the probability results are made conditional
on the observed functions {gi, ..., gs, } for n > 1.

We show that (i) KS and A-CvM CS’s have uniform asymptotic coverage probabilities
that are greater than or equal to their nominal level 1 —a, (ii) KS and A-CvM tests have

asymptotic power equal to one for all fixed alternatives, and (iii) KS and A-CvM tests

have asymptotic power that is arbitrarily close to one for a broad array of n~'/2-local
alternatives whose localization parameter is arbitrarily large.
We consider a slightly more general KS statistic than that defined in (3.7)):
T.(0) = sup S(n*?m,(0,9),5.(0, 7)), (12.1)

gEgn

where G,, C G.

For KS tests and CS’s, we make use of the following assumptions.
Assumption KS. G, T G as n — oo.

Let W4 denote a subset of W (the set of k x k positive definite matrices) containing

matrices whose eigenvalues are bounded away from zero and infinity.

Assumption S2’. S(m,Y) is uniformly continuous in the sense that for all bounded



sets M in R* and all sets W,y

sup sup sup |[S(m+ p,X) — S(mo+ p,30)| = 0asd — 0.
;/,ERP x{0}v m,moEM: X XoEWpg:
[m—mol|<5 [[S—Xo||<6

The following Lemma shows that Assumption S2’ is not restrictive.
Lemma B1. The functions Sy, S, and Ss satisfy Assumption S2'.
The following assumption is a strengthening of Assumptions LA1(b) and LA2.

Assumption LA2’. (a) For all B < oo, Supyeg.p, (<5 ||P1n.F, (On, 9) — hi(g)l] — 0 as
n — oo, where 6, F},, and hi(g) are as in Assumption LA1, and
(b) the k£ x d matrix IIg(0, g) = (8/891)[D;1/2(9)EF77L(M, 0,9)] exists and satisfies:

for all sequences {J,, : n > 1} such that ¢,, — 0 as n — oo,

sup  sup ||IIg, (0, g) — g, (0, g)|| — 0 as n — oo and sup [|IIg, (0o, 9)|| < oo,
16—60/|<6, 9€G 9€G

where 0y, Fy, and F,, are as in Assumption LA1.

Assumption LA2’(a) only requires uniform convergence of hy,, g, (0., g) to hi(g) over
{g € G : hi(g9) < B} because uniform convergence over g € G typically does not hold.
Assumption LA2’ is not restrictive.

For A-CvM tests and CS’s, we use Assumptions S2’, LA2’, and the following as-
sumptions, which hold automatically in the case of an approximate test statistic that is

a truncated sum with s, — oo.

Assumption Al. The functions {gy, ..., gs, } for n > 1 are fixed (i.e., non-random) and

Sy — 00 as N — 00.

Assumption A2. The functions {gi, go, ...} satisfy:

Zan gﬁ) h2 Fo(e*vgﬁ)_l_g[k - /S ) h2 F0(0*79)+€Ik>dQ(g) as n — oo,

where m*(g) = (mi(g), ..., m;(9))', m;(g) = Erm;(Wi,0.)g;(Xi)/0 R, ;(0x), 0. and Fy
are defined as in Assumption FA, wg,(¢) = Q({g¢}) in the case of an approximate

test statistic that is truncated sum, wg,(¢) = n~! in the case of an approximate test



statistic that is a simulated integral, and wg ,,(¢) is a suitable weight when a test statistic

is approximated by a QMC method.

Assumption A3. The functions {gi, go, ...} satisfy: for some sequence of constants

{Bf < o0 :c=1,2,..} such that B} — oo as ¢ — o0,

S wigun (011 (96) < B)S(Tolg0) o, halge) + 1)
=1
— /1(h1(g) < B?)S(o(g)No, ha(g) + €l))dQ(g) as n — oo,

where I1o(g) = I, (8o, 9), ha(g) = he,r (6o, g), and Oy and Fy are defined as in Assump-
tion LAL.

Assumptions A1-A3 are not restrictive because (i) they hold automatically if the
approximate test statistic is a truncated sum and (ii) if the approximate test statistic
is a simulated integral and {gi,¢gs,...} are i.i.d. with distribution ) and s, — oo as
n — 0o, then they hold conditional on {g1, ¢, ...} with probability one.

The following result establishes that nominal 1—« KS and A-CvM CS’s have uniform

asymptotic coverage probability greater than or equal to 1 — a.

Theorem B1. Suppose Assumptions M, S1, and S2' hold and Assumption GMS1 holds
when considering GMS CS’s. Then, for every compact subset Ha cpe of Ha, KS-GMS,
KS-PA, A-CvM-GMS, and A-CvM-PA confidence sets C'S,, satisfy

lim inf inf Pr(0 € CS,) >1—a.
n—oo (g F)erF:
h2,F(9)€H2,cpt

Comments. 1. Assumptions KS and A1l are not needed in Theorem B1.

2. Theorem Bl is an analogue of Theorem [2f(a) for CS’s based on KS and A-
CvM statistics. It is proved by making adjustments to the proof of Theorem (a). An
analogue of Theorem [2f(b) is not given here because the proof of Theorem [2(b) does
not go through with KS or A-CvM test statistics. The proof of Theorem [2(b) utilizes
the bounded convergence theorem which applies only if the test statistic is an integral
with respect to some measure (). The continuous mapping theorem cannot be applied
because the convergence of hy,, g, (01, g) t0 hi.0o.r, (00, g) is not uniform over g € G for
many sequences {(6,, F,,) € F :n > 1}, where (0, F,,) — (6o, Fp).
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The next result shows that KS and A-CvM tests have asymptotic power equal to
one against all fixed alternatives. This implies that any parameter value outside the
identified set is included in a KS or A-CvM CS with probability that goes to zero as

n — oo, see the Comment to Theorem

Theorem B2. Suppose Assumptions FA, CI, Q, S1, S3, and S4 hold, Assumption KS
holds when considering the KS test, and Assumptions Al and A2 hold when considering
A-CvM tests. Then, the KS-GMS and KS-PA tests satisfy the results of Theorem
concerning power under fived alternatives. In addition, A-CvM-GMS and A-CvM-PA
tests, respectively, satisfy
() limy oo P, (Ths, (02) > Cs, (0,,(64), o (6,),1 — @)
(b) im0 Pry(Ts, (6,) > o, (0g, hon(6,),1— a)) =

)=1 and
1.
The following result is for n~'/2-local alternatives.

Theorem B3. Suppose Assumptions M, S1-S4, S2’, LA1, and LA2' hold, Assumptions
KS and LA3 hold when considering the KS test, and Assumptions Al, A3, and LA3’
hold when considering A-CvM tests. Let 0,. = 0,.(8) = 0, + BAon~Y2(1 + o(1)) be
as in Assumption LA1(a) with X = B\ for some 3 > 0 and \g € R%. Then, under
n~Y2-local alternatives, the A-CvM-GMS and A-CvM-PA tests, respectively, satisfy

(8) 1img o0 Tty o Pr, (T s (0n,4(8) > o (0,00 (), han (0 (8)),1 — @) = 1
provided Assumption GMS1 also holds,

(b) limg o limy, oo Prn(Ths, (00 () > cSn(Og,/ﬂzm(ﬁn,*(ﬁ)), l1—a))=1, and

(c) KS-GMS and KS-PA tests satisfy parts (a) and (b), respectively, with T, s, (0..(3))
replaced by T, (0,..(8)) and with the subscript s, on cs, (-, -, ) deleted.

Comment. Theorem B3 shows that KS and A-CvM tests have power arbitrarily close
to one for the same n~'/2-local alternatives as Cramér-von Mises tests that are based

on integrals with respect to a probability measure Q).

12.2 Instruments and Weight Functions

In this section we provide three additional examples of instruments G and weight
functions @) that satisfy Assumptions CI, M, F(e), and Q. We also specify non-data-
dependent methods for transforming a regressor to lie in [0, 1].

If x € R is known to lie in an open, closed, or half-open interval denoted by |c,d],



where —oo < ¢ < d < 0o, then one can transform x into [0, 1] via

x

t(z) = 2= ifc>-c0&d<oo, tx)=q1z ifc=-00&d=o0,

Sy T, (12.2)
tx) == fc>-0&d=oo, tz)=m fc=-00&d<oo

Alternatively, a vector X; can be transformed first to have sample mean equal to
zero and sample variance matrix equal to I;, (by multiplication by the inverse of the
upper-triangular Cholesky decomposition of the sample covariance matrix of X;). Then,
it can be transformed to lie in [0, 1]% by applying the standard normal df ®(-) element
by element. This method is employed in Section

Example 3. (B-splines). A collection of B-splines provides a set G that satisfies
Assumptions CI and M for those (6, F) for which Er(m;(W;,0)|X; = x) is a continuous
function of z for all j < k. The regressors are transformed to lie in [0, 1]%. We consider
normalized cubic B-splines with equally-spaced knots on [0,1]%. (B-splines of other
orders also could be considered.) The class of normalized cubic B-splines is a countable
set defined by

Gp—spiine = {9(2) : g(x) = Be(z) - 1, for C' € Cp_spline }, where

Cspline = { Cor = [((ay —1)/(27), (ay +3)/(2r)] N [0,1]] € [0,1]* : a = (ay, ...,aq,)

a, € {—2,—1,...,2r} foru=1,...,d, and r = ro, 79 + 1, } and

( y3/6 for z, €
s (—3y3 +12¢y% — 12y, +4)/6 for z, €

(
(au/(2r), (ay )/( )]
><H< (=323 + 1222 — 122, +4)/6  for x, € ((ay, +1)/(27), (ay + 2)
= 236 for x,, € (( +3)

ay +2)/(2r), (ay
0 otherwise,

(au = 1)/ (2?") ay/(2r)]

(2r)]

/
/(2r)]

\

r=(x1,...,0q,), Yu=2rx, — (a, —1), and 2, =4 —y, foru=1,...,d,,

(12.3)

for some positive integer ry, see Schumaker (2007, p. 136). If d, = 1, a B-spline in
Gp—spline has finite support given by the union of four consecutive subintervals each of

length (2r)~!. If d, > 1, a cubic B-spline in Gp_gpine has support on a d,-dimensional



hypercube in [0, 1]% with edges of length 4 - (2r)~*.
Note that a bounded continuous product kernel with bounded support could be used

in place of B-splines in Example 3.

Weight Function Q for Gg_pjin.. There is a one-to-one mapping Il z_spiine : GB—spiine —
AR*, where AR* is defined as AR is defined in Sectionbut with {—2,—1,...,2r}% in
place of {1, ...,2r}%. We take Q = Hél—splmeQ AR+, Where () 4g+ is a probability measure
on AR*. For example, the uniform distribution on a € {—2,—1,...,2r}% conditional on

r and some discrete mass function {w(r) : r = 19,79+ 1,...} on r gives the test statistic:

T.(0) =Y w(r) > (2r 4+ 3)" % S(n* 0,0, gar), (0, gar)),  (12.4)
r=ro ae{-2,—1,....2r}d

where g,,(x) = B, (z) - 1 for C; . € Cp_spiine

Example 4 (Data-dependent Boxes). Next, we consider a class of functions Gy ad
that is designed to be applied with a data-dependent weight function () defined below.
Because this () only puts positive weight on center-points x that are in the support of X,
it turns out to be necessary to consider boxes with different left and right edge lengths
as measured from the “center” point. (See footnote [30| below for an explanation.)

We define

Groz.aa = {9 : 9(z) = 1(x € C) - 14 for C € Cpowaa}, Where (12.5)

dy
cbo:p,dd = {Cx,rl,rg = H(xu —T1u, Ty + TZ,u]: T SUPPFX?O(Xi), Tu, T2,u € (07 F) Yu S dr}

u=1

for some 7 € (0,00, z = (x1,...,xa,), 1 = (r11,-sT14,), T2 = (T21,...,724,)", and

Suppr, ,(X;) denotes the support of X; when Fj is the true distribution.

Data-dependent Q for G, 44 There is a one-to-one mapping Ilyoy aa : Gpow.dd —
{(z,r1,m2) € Suppp,,(X;) x (0,7)**}. Thus, for any probability measure Q* on
{(z,71,m2) € Supppy o(X;) x (0,7)**}, (IMpop,aq) ' Q* is a valid probability measure on

Ghor.ad- In this case, the inverse mapping (Ipoz.da) ™" 18 Mpow.da) [, 71, 2] = Gy (1) =



1(' S CI77~177~2> - 1. Let

de 2
Qryo, = Fxox Unif H(Oagx,uf) , where
u=1
O%(,u = VGJTFX,O<X’i7U) fOI' U= ]-a ey da: (126)

and Fx o denotes the true distribution of Xi.m The scale factors ox1,...,0x,4, are in-
cluded here to make Q}Xﬁ equivariant to location and scale changes in X;. Of course,
Fxp and {0%, : u < d,} are unknown, so they need to be replaced by estimators. The
distribution Fx o can be estimated by the empirical distribution of X; based on a subsam-
ple of size b, of {X; : i < n}, denoted by F X b, (). Here we use the empirical distribution
based on a subsample, rather than the whole sample, because the computational costs
are large when b, = n and n is largem The variances {a%m :u < d,} can be estimated
by the sample variances based on {X; : i < n}, denoted by {aigm cu=1,..,d.;}. In

this case, the test statistic is

T.(0)
= / / ) S(nl/an<97 gm,n,rz); in (97 g:):,n,m))
Rdz (Hizzl(()?a'x,n,uf))

dx
x [[@xnur) 2dridradFy () (12.7)
u=1
bn dy
= byjl Z / 9 S(nl/an(07 gXi,rl,rz)a in(ea gXi,rl,rz))drldTQ H(&\X,n,ulf)_Qa
im1 (I, (08 x,0,u7)) u=1

where g, ., », is as above.

When an approximate test statistic Tn,sn (0) that is a simulated integral is employed,

300ne might think that a natural data-dependent measure Q is Q° = II,.! (Fx,0 x Unif((0,7)%),
defined on G; ., where Gj  is defined as Gy, is defined in but with R replaced by Supp(X;).
However, such a @) does not necessarily have support that contains G;  and, hence, the resulting test
may not have power against all fixed alternatives. See the following paragraph for details. It is for this
reason that Gpoz qq is defined to contain boxes that are asymmetric about their center points.

The probability distribution @° on G;  , does not necessarily satisfy Assumption Q. To see why,
consider a simple example with d, = 1 and k = 1. Suppose X; takes only four values: 0, 1, 2, 3 each
with probability 1/4 and 7 > 1. Then, for g1,1(z) = 1(z € (0,2]) € G;,,, we have B(g1,1,6) = {911}
This holds because if w > 0, g1,140(0) = 1 but ¢11(0) = 0; if w < 0, g1,140(2) = 0 but ¢11(2) = 1; if
w >0, g211,(3) =1but g11(3) =0; and if w < 0, g21+w(1) = 0 but ¢g1,1(1) = 1. The set {g1,1} has
zero @ measure. So, @Q° does not satisfy Assumption Q.

31 Also, it is easier to establish the asymptotic validity of this procedure when b, /n — 0 as n — oo.
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see in Section it is defined as in but with the integral over (r1,73) re-
placed by an average over £ = 1, ..., s,,, the density HZ’”: (G xnuT) 2 deleted, and gx;, 1.
replaced by gx,r ., Where {(rie,72¢) : £ =1,...,5,} are ii.d. with a Uni f([1%, (0,
Ox.nu))? distribution. Alternatively, in this case, one can take b, = s, delete the inte-
gral over (r1,79), delete the density ngl(ax,nvuf)*, and replace gx,r .y BY 9x,r10r2.5
where {(r1,,72:) : i =1,...,s,} are as above.

Example 5. (Continuous/Discrete Regressors). The collections G. cupe and Gpoy
(defined in the main paper) and Gp_spiine and Gpopaa (defined here) can be used with
continuous and/or discrete regressors. However, one can design G to exploit the known
support of discrete regressors. Suppose X; = (X7 ;, X5 ), where X, ; € R%.1 is a contin-
uous random vector and X, ; € R%2 is a discrete random vector that takes values in a

countable set D = {xg1, T2, ...}, where x5, € R%?2 for all u > 1. Define the set Gesa by

Geja=1{9:9= 9192, 91 € G1, ga € Gp}, (12.8)

where z = (2], 25)’, g1 is an RF-valued function of z1, gy is an R-valued function of xy,
G1 = Ge-cuves Gvoxs IB—spline; OF Gpoz dd, With x and d, replaced by z; and d, 1, respectively,
and Gp = {gd : gd(%) = 1{d}($2)} for d € D}-

Weight Function Q for G./,;. When G is of the form G, /g4, it is natural to take @) to
be of the form ;1 x Q)p, where ()1 is a probability measure on G;, such as any of those
considered above with x; in place of x, and ()p is a probability measure on D. If D is a
finite set, then one may take (Jp to be uniform. For example, when G; = G, and Qp

is uniform, the test statistic is

T,(0) = #%Z

deD

/[]d /( )d S(nl/an(97gmﬂ’gd)ain(&gm,rgd))f_dwdrdxla (129)
0,1 xz,l 0,7 xz,l

where #D denotes the number of elements in D and z; € R%'. When G; = G, cupe OT

Gp—spline, Tn(0) is a combination of the formulae given above.

The following result establishes Assumptions CI, M, and FA(e) for Gp_spiine, Goox,dds
and G./q and Assumption Q for the weight functions () on these sets.

Lemma B2. (a) For any moment function m(W;,0), Assumptions CI and M hold with
G = Gp_spline for all (0, F) for which Er(m;(W;,0)|X; = x) is a continuous function of
x for all j <k.



(b) For any moment function m(W;,0), Assumptions Cl and M hold with G =
Gbow,dd-

(c) For any moment function m(W;,0), Assumptions CI and M hold with G = G./q4,
where Gy = Gecubes Goors GB—splines 0T Gvoz,dd, With (x,d,) replaced by (v1,d,1) and
in the case of Gi = Gp_spiine Assumption CI and M only hold for (0,F) for which
Er(m;(W;,0)|X;1 = 1, X2; = d) is a continuous function of x; € [0,1]%1 Vd € D,
Vi <k.

(d) Assumption FA(e) holds for Gp_spiine, Gbow,dds and Geja-

(e) Assumption Q holds for the weight function Q. = Hgl—splineQ AR* 0N GB_spline,
where Qg+ s uniform on a € {—2,—1,...,2r}% conditional on r and r has some
probability mass function {w(r) :r =rg,ro + 1,...} with w(r) >0 for all r.

(f) Assumption Q holds for the weight function Q¢ = (Hpor,4a) Q¥ ,» Where Qo =
(Fx.o x Unif((T12(0,0x,u7))?) o0 Ghoga-

(g) Assumption Q holds for the weight function Q. = Q1 x Qp on G./a, where Q4
is a probability measure on G, equal to any of the distributions () on G considered in
part (e), part (f), or in Lemma 4 but with z, in place of x, D is a finite set, and
Qp = Unif(D).

Comment. The uniform distribution that appears in parts (e)-(g) of the Lemma could
be replaced by another distribution and the results of the Lemma still hold provided the
other distribution has the same support. For example, in part (g), Assumption Q holds

when D is a countably infinite set and @)p is a probability measure whose support is D.

12.3 Example: Verification of Assumptions
LA1-LA3 and LA3’

Here we verify Assumptions LA1-LA3 and LA3’ in a simple example for purposes
of illustration. These assumptions are the main assumptions employed with local alter-

natives.

Example. Suppose W; = (Y;, X;)’ € R? and there is a single moment inequality function
m(W;,0) = Y; — 0 and no moment equalities, i.e., p = 1 and v = 0. Suppose the true
parameters/distributions {(6,,, F,,) € F : n > 1} and the null values {0,,. € ©,: n > 1}
satisfy: (i) 0,, — 0y and F,, — F (under the Kolmogorov metric) for some (6, Fy) € F,
(ii) Ons = 0, + An~Y2 for some A\ > 0, (iii) V; = 0, + u(X;))n~Y2 + U, (iv) p(z) > 0,
Vx € R, and (v) under all F' such that (6, F) € F for some 0 € O, (X;,U;) are i.i.d.

10



with distribution that does not depend on F, X; and U, are independent, ErU; = 0,
Varp(U;) = 1, Varp(X;) € (0,00), and Ep|U;|*™ + Er|u(X;)|*° < oo for some § > 0,
and sup,cg Er(1 4 1°(X;))(1 4+ ¢*(X;)) < 0.

We show that in this example Assumptions LA1 and LA2 hold, Assumption LA3
holds if A is sufficiently large, and Assumption LA3’ holds if G and () satisfy Assumptions
CI and Q, respectively.

By (v), we can write Erg(X;) = Fg(X;) and Erp(X;)g(X;) = Eu(X:)g(X;).

Assumption LA1(a) holds by (i) and (ii). Assumption LA1(b) holds by the following

calculations:

n2Ep m(W;, 0., 9) = n*?Er, (U; + u(X;)n"*)g(X;) = hi(g), where
hi(g) = Eu(X:)g(X:) € [0,00) and (12.10)
a%n(en) =Varg,(Y;) =Varg,(U; + u(Xi)nfl/z) =1+ n71Vaan(u(Xi)) — 1.

To show Assumption LA1(c), we have

ErY?9(X:)g"(Xi) = Ep, (0, + p(X)n ™% + U)?9(X,) g™ (X))
— Epy(00 + U;)*g(X:)g*(X;)
= ErY?9(X;)g"(X;) as n — oo, (12.11)

uniformly over ¢, ¢* € G, using (i), (iii), and (v). Here we have used Y; = 6y + U; under
Fy. This holds because F,, — Fy by (ii), which implies that Pg, (Y; < y) — Pgr (Y <y)
for all continuity points Y;, but direct calculations show that Pr (V; < y) = P(6, +
(X2 +U; < y) — P(0y+U; < y) for all continuity points y of U; 4y and, hence,
Y; = 6y + U; under Fy.

Next, we write

Ep,m(Wi, 0n, g)m(W;, 0, g7)
= Ep,Y29(X:)g"(X;) — 0 E[EFH(YIX)( (X3) +g™(X)] + 02 Eg(X,)g" (X;)
= Ep, Y7 9(Xi)g"(Xi) = 0, B[(0, + n(Xi)n™V?)(g(X:) + g7 (X))

+0; Eg(X,)g"(X:)
= ERY; 9( )97 (X;
= Ep,m(W;, 00, 9)m

—0Eg(X;) — 03Eg"(X;) + 05 Eg(X:)g"(X;) + o(1)

)
(W;,00,9") + o(1), (12.12)

11



where o(1) holds uniformly over g, g* € G, using (12.11), (i), (iii), and (v). In addition,
Ep,m(W;,0,,9) = o(1) and Egm(W;,0y,g) = o(1) uniformly over g € G by and
(v). Hence, the first part of Assumption LA1(c) holds. The second part of Assumption
LA1(c) holds by the same argument with 6,, . in place of 6,,.

Assumption LA1(d) holds because Varg, (m;(W;,0,.)) = Varg, (m;(W;,0,)) > 0.
Assumption LA1(e) holds using (v) and the above expression for 0%, (6,,).

Assumption LA2 holds because I1g(6, g) does not depend on (6, F') by the following
calculations and (v): VF such that (0, F') € F and Vg € G,

Ir (0, 9) = (8/90)[ Dy (0) Erm (W3, 0, )]
= o1 (0)(8/90) Ep(Y: — 0)g(X,)] = —o 7 (0) Eg(X,), (12.13)

where the second equality holds because Dr(0) = 0%(0) = Varg(Y;) does not depend
on 6.

We have: Ily(g) = IIg,(6o,9) = —Eg(X;) by and 0%, (fy) = 1. Hence, in
Assumption LA3, hy(g)+1o(g)\ = Eu(X;)g9(X;)— Eg(X;)A, which is negative whenever
A > Eu(X;)g(X;)/Eg(X;). Hence, if the null value 0,, . deviates from the true value 6,
by enough (i.e., if n/2(6,, .—0,) = A is large enough), then the null hypothesis is violated
for all n and Assumption LA3 holds.

Next, we show that Assumption LA3’ holds provided Assumptions CI and Q hold.
We have: (a) Io(g) = —Eg(X;), (b) hi(g) < oo Vg € G by using (v), and (c)
Ao = A/ > 0 because A > 0 by (ii) and S > 0 by definition. Hence, the condition of

Assumption LA3’ reduces to
Q({g€G: Eg(X,) > 0}) > 0. (12.14)

Suppose Fg¢*(X;) > 0 for some g* € G. (This is a very weak requirement on G and is
implied by Assumption CI, see below.) Let 6; = Eg¢*(X;) > 0. Then, using the metric
px defined in Section[6] for any g € G with px (g, g*) < 61, we have Eg(X;) > 0 because
otherwise ¢(X;) = 0 a.s. and §; > py(g,9") = (Eg*(X;)?)Y? > Eg*(X;) = &1, which
is a contradiction. Thus, Fg(X;) > 0 for all g € B, (g*, d1), where B, (¢*,61) is the
open py-ball in G centered at g* with radius 6,. By Assumption Q, Q(B,, (¢*,d1)) > 0.
Hence, holds and Assumption LA3" is verified.

Lastly, we show that Assumption CI implies that F¢*(X;) > 0 for some g* € G. For
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all # > 6y, we have

Xp(0) = {x € R: Eg,(m; (W,;,0)|X; =x) <0}
={reR:0)—0<0}=R, (12.15)

where the second equality holds because Y; = 0y+U, under Fy, and so, Eg,(m; (W;,0) | X; =
x)=Fr(Y;—0|X; =x)=60y—0.

By (12.15), P, (X; € X5, (0)) = Pr(X; € R) =1 > 0. Hence, by Assumption CI,
there exists g* € G such that Exm(W;,0)9*(X;) = E(0y—0)g*(X;) < 0 for § > 0. That
is, Eg*(X;) > 0.

12.4 Uniformity Issues with Infinite-Dimensional

Nuisance Parameters

This section illustrates one of the subtleties that arises when considering the uniform
asymptotic behavior of a test or CS in a scenario in which a test statistic exhibits
a “discontinuity in its asymptotic distribution” and an infinite-dimensional nuisance
parameter affects the asymptotic behavior of the test statistic.

In many testing problems, the asymptotic distribution of a KS-type statistic is deter-
mined by establishing the weak convergence of some underlying stochastic process and
applying the continuous mapping theorem. This yields the asymptotic distribution to
be the supremum of the limit process. In the context of conditional moment inequalities
with drifting sequences of distributions, this method does not work. The reason is that
the normalized mean function of the underlying stochastic process, i.e., hi, r, (00, 9),
often (in fact, usually) does not converge uniformly over g € G to its pointwise limit,
i.e., hi(g), and, hence, stochastic equicontinuity failsfr_?]

We show by counter-example that the asymptotic distribution under drifting se-
quences of null distributions of a KS statistic, where the “sup” is over g € G, does not
necessarily equal the supremum of the limiting process indexed by g € G that is deter-
mined by the finite-dimensional distributions. Hence, if the critical value is based on this
limiting process, a KS test does not necessarily have correct asymptotic null rejection

probability. In fact, we show that it can over-reject the null hypothesis substantially.

32Note that drifting sequences of distributions are of interest because correct asymptotic coverage
probabilities under all drifting sequences is necessary, though not sufficient, for correct uniform asymp-
totic coverage probabilities.
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The same phenomenon does not arise with CvM statistics, which are “average”
statistics. This is because the averaging smooths out the non-uniform convergence of
the normalized mean function.

The results in the first section of this Appendix show that the problem discussed
above does not arise with the KS statistic when the critical value employed is a GMS
critical value that satisfies Assumption GMSI1, see Section [d] or a PA critical value. The
validity of these critical values is established using a uniform asymptotic approximation
of the distribution of the KS statistic, rather than using asymptotics under sequences

of true distributions.

To start, we give a very simple deterministic example to illustrate a situation in
which a deterministic KS statistic does not converge to the supremum of the pointwise
limit, but an “average” CvM statistic does converge to the average of the pointwise

limit. Consider the piecewise linear functions f,, : [0, 1] — [0, 1] defined by

x/ey, for x € [0,¢,]
fa(@) =14 1—(x—¢,)/e, forz € [e,,2e,] (12.16)
0 for x € [2¢,, 1],

where 0 < &, — 0 as n — o0. Then, for all x € [0, 1],
fn(z) — f(x) =0 as n — oo. (12.17)
The KS statistic does not converge to the supremum of the limit function:

sup fu(z) =1-»0= sup f(x)asn — oo. (12.18)
z€(0,1] €0,1]

On the other hand, the CvM statistic does converge to the average of the limit function:

1 1
/ fo(x)dr =€, — 0= / f(z)dx as n — oo. (12.19)
0 0

The convergence result for the KS statistic in (12.18) is potentially problematic
because in a testing problem with a KS statistic the critical value might be obtained
from the distribution of the supremum of the limit process. If convergence in distribution
of the KS statistic to the “sup” of the limit process does not hold, then such a critical

value is not necessarily appropriate.

14



Now we show that the phenomenon illustrated in ((12.16])-(12.19)) arises in conditional
moment inequality models. We consider a particular conditional moment inequality
model with a single linear moment inequality, a fixed true value 6, and a particular

drifting sequence of distributions. (Note that CX stands for “counterexample.”)

Assumption CX. (a) m(W;,0) =Y; — 0 for Y;,0 € R,

(b) m(W;,00) = Y; = U; + 1(X; € (en, 1]), where the true value 0y equals 0, EU; = 0,
EU? = 1, the distribution of U; does not depend on n, U; and X; are independent, and
the constants {&,, : n > 1} satisfy €,, — 0 as n — oo,

(c) X; = &, with probability 1/2 and X; is uniform on [0, 1] with probability 1/2,

(d) {W; = (Y, X;) : i < n,n > 1} is a row-wise independent and identically
distributed triangular array (with the dependence of W;, Y;, and X;, on n suppressed
for notational simplicity),

(e) S(m,%) = S(m) for m € R,

(f) S satisfies Assumptions S1 and S2, and

(8) G ={gap: Gap = 1(z € (a,b]) for some 0 < a < b < 1}.

The function S;(m) = [m]? satisfies Assumptions CX(e)-(f). Assumption CX(e) is made
for simplicity. It could be removed and with some changes to the proofs the results given
below would hold for S = S5 as well. The class of functions G specified in Assumption
CX(g) is the class of one-dimensional boxes, as in Example 1 of Section

We write

!, (00, gap) = 07 Yigas(Xi) = Vn(gas) + hn(gas), Where

i=1
Vn<ga,b) = n1/2(mn(907 ga,b) - Eann(em ga,b)) and
hn(Gap) = 1" Er (00, gap)- (12.20)
The KS statistic is
sup S(nlﬂmn(ﬁg,ga’b)) = sup S(vn(gap) + hl,n(ga,b)).@ (12.21)
ga,beg ga,beg

Let v(-) be a mean zero Gaussian process indexed by g,, € G with covariance kernel
K(-,-) and with sample paths that are uniformly p-continuous, where K (-,-) and p(-,-)
are specified in the proof of Theorem B4 given in the next subsection.

The KS statistic satisfies the following result.
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Theorem B4. Suppose Assumption CX holds. Then,

(a) v,(-) = v(-) as n — oo,

(b) h1n(Gap) — h1(gap) = 00 as n — oo for all g.p € G,

(c) supy, ,eg [1,n(gap) — h1(gap)| - 0 as n — oo,

(d) SWnlgap) + hin(gap)) —a S(¥(gap) + hi(gap)) as n— oo for all gup € G,

(e) supy, ,cg S(¥(gap) + hi(gap)) = 0 as.,

(£) supy, ,cg S(Valgap) + hin(gas)) = SWalgos,) + Pin(goe,)) —a S(Z*) as n — oo,
where Z* ~ N(0,1/2) and the inequality holds a.s., and

() SUDy, ,eg S(Vn(ga,b) + hl,n(ga,b)) 77d SUPg, g S(V(ga,b) + I (ga,b)) as n — 0.

Comments. 1. Theorem B4(g) shows that the KS statistic does not have an asymptotic
distribution that equals the supremum over g,;, € G of the pointwise limit given in
Theorem B4(d). This is due to the lack of uniform convergence of hj,(g.p) shown in
Theorem B4(c). (Note that the convergence in part (d) of the Theorem also holds jointly
over any finite set of g, € G.)

2. Let coo,1-o denote the 1 —a quantile of sup, , g S(v(ap) +h1(gap)). By Theorem
B4(e), coo1-a = 0. Theorem B4(f) and some calculations (given in the proof of Theorem
B4 below) yield

nmee 9a,b€Y

liminf P ( sup S(Vn(gap) + P1.n(Gap)) > coo’l_a) > 1/2. (12.22)

That is, if one uses cx 1-o as the critical value, the nominal level « test based on the
KS statistic has an asymptotic null rejection probability that is bounded below by 1/2,

which indicates substantial over-rejection.

Next, we provide results for a CvM statistic defined by

/ (127, (00, 9a))AQ(gas) = / Sn(gas) + hin(9es)dQ(g0n)s  (12.23)

where () is a probability measure on G. In contrast to the KS statistic, the CvM statistic
is well-behaved asymptotically.

Theorem B5. Suppose Assumption CX holds. Then,

/ SWn(Gn) + Fin(900))AQ(Gs) —a / S((un) + 11 (902))dQ(gas) as 1 — o.
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Comment. Theorem Bb5 is not proved using the continuous mapping theorem due
to the non-uniform convergence of hy,,(g.5). Rather, it is proved using an almost sure

representation argument coupled with the bounded convergence theorem.

12.5 Problems with Pointwise Asymptotics

In the case of unconditional moment inequalities, pointwise asymptotics have been
shown in Andrews and Guggenberger (2009) to be deficient in the sense that they fail
to capture the finite-sample properties of a typical test statistic of interest. This is due
to the discontinuity in the asymptotic distribution of the test statistic. In the case of
conditional moment equalities, the deficiency of pointwise asymptotics is even greater.
We show in a simple example that the asymptotic distribution of a test statistic T},(6y)
under a fixed distribution Fy often is pointmass at zero even when the true parameter 6,
is on the boundary of the identified set. This does not reflect the statistic’s finite-sample
distribution.

Suppose (i) W; = (Y;, X;)', (ii) there is one moment inequality function m(W;,0) =
Y; — 6 and no moment equalities (i.e., p =1 and v = 0), (iii) the true distribution is Fj
foralln > 1, (iv) Y; = 0+ pu(X;) +U;, where X3, U; € R and pu(-) = pp, (+), (v) p(z) >0
Vo € R, X.ero = {x € Suppr,(Xi) : p(z) = 0} # @, and p(-) is continuous on R, and (vi)
under Fy, (X;,U;) are i.i.d., X; and U; are independent, Er,U; = 0, Varg (U;) = 1, X;
is absolutely continuous, and Varg, (X;) € (0,00). As defined, the conditional moment
inequality is

Eg,(m(W;,00)|X;) = u(X;) > 0 aus. (12.24)

The inequality in ([12.24]) is strict except when X; € X.,,. Often, the latter occurs with
probability zero. For example, this is true if X, is a singleton (or a set with Lebesgue
measure zero). In spite of the moment inequality being strict with probability one, the
true value 6 is on the boundary of the identified set O, i.e., O, = (—oc, 8] ]

34This holds because, for any 6 > 6y, (a) Er,(m(W;,0)|X;) = u(X;) + 6o — 0, (b) ¥§ > 0, P, (X; €
B(X.er0,0)) > 0 by the absolute continuity of X;, where B(X,¢0,0) denotes the closed set of points
that are within § of the set X,ero, (¢) for §* > 0 sufficiently small, p(z) < 8 — 0y Vo € B(X.er0,0")
by the continuity of u(-), and, hence, (d) 0 < Ppg,(X; € B(X:er0,0")) < Pr,(Er,(m(W;,0)|X;) < 0),
which implies that 6 ¢ Op,.
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We consider a test statistic based on S(n'/?m, (0, g), ) with S = S; = Ss:

T, (0o) = / [n'/*1,, (60, 9)]* dQ(9)

2

dQ(g), where

= / lnm (n‘l Z(Ui + u(Xi)g(Xi) - A(ﬂ)) +n'?A(g)

n

Ma(00,9) = n~" ) _(Yi—00)g(X;) and A(g) = Ep,pu(Xi)g(X). (12.25)

=1

The first summand in the integrand in ((12.25)) is O,(1) uniformly over ¢ € G by a
functional CLT and is identically zero if Pg (g(X;) = 0) = 1. The second summand,
2

n'/2A(g), diverges to infinity unless A(g) = 0. In addition, [z,]2 — 0 as z, — oo.
Hence, if A(g) > 0, the integrand converges in probability to zero. In the leading case
in which X, is a singleton set (or any set with Lebesgue measure zero), A(g) = 0
only if Pr, (g(X;) = 0) = 1 (using the absolute continuity of X;). In consequence, if
A(g) = 0, the integrand in equals zero a.s. Combining these results shows that
the asymptotic distribution of 7},(6y) under the fixed distribution Fj is pointmass at
zero even though the true parameter is on the boundary of the identified set "]

The pointmass asymptotic distribution of 7),(fy) does not mimic its finite-sample
distribution well at all. In finite samples, the distribution of 7,,(6) is non-degenerate
because the quantity n'/2A(g) is finite and far from infinity for all functions g for which
p(z) is not large for € Supp(g). Pointwise asymptotics fail to capture this.

The implication of the discussion above is that to obtain asymptotic results that
mimic the finite-sample situation it is necessary to consider uniform asymptotics or, at

least, asymptotics under drifting sequences of distributions.

12.6 Subsampling Critical Values
12.6.1 Definition

Here we define subsampling critical values and CS’s. Let b denote the subsample
size when the full sample size is n. We assume b — oo and b/n — 0 as n — oo. The
number of different subsamples of size b is g,,. There are ¢, = n!/ (b! (n — b)!) different

subsamples of size b.

35This argument is only heuristic. The result can be proved formally using a combination of an almost
sure representation result and the bounded convergence theorem as in the proofs given in Appendix A.
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Let {T,4,;(0) : j =1, ..., ¢} be subsample statistics where T, ; () is defined exactly
the same as T,, (#) is defined but based on the jth subsample rather than the full sample.
The empirical distribution function and the 1 — o quantile of {7}, () : j = 1,..., ¢}

are

qn
Ui (0,2) = ¢, > 1(Tpp; (0) < ) for 2 € R and
j=1

Cnp (0,1 —a) =inf{x € R: U, (0,2) > 1—a}, (12.26)

respectively. The subsampling critical value is ¢, (6o, 1 — ). The nominal level 1 — «

CS is given by (2.5) with ¢,1-0(0) = ¢,5(0,1 — )]

12.6.2 Asymptotic Coverage Probabilities
of Subsampling Confidence Sets

Next, we show that nominal 1 — «a subsampling CS’s have asymptotic coverage prob-
abilities greater than or equal to 1 — « under drifting sequences of parameters and
distributions {(0,, F,,) € F : n > 1}. The sequences that we consider are those in the
set Seq®, which is defined as follows.

Let 'H1, Hs, and ‘H be defined as in . Let Hj(h1) = {h} € Hy: hi;(g) > 0 only
if hy j(g) = oo for j < p, Vg € G}.

Definition Seq’(h*,h). For h € H and h* € Hi(hy), define Seq®(h*,h) to be the set
of sequences {(0,,, F,,) : n > 1} such that

(i) (0n, F,) € F ¥n > 1,

(i) limy, oo P1n.F, (Ony ) = ha(g) Vg € G,

(iii) im0 SUDy grcq | Dp > (0) S, (O 9, g7) D (0) — (g, 9*)|| = 0, and

(iv) limy, o0 bY/2D "% (8,)) Epym(W, 6,,, g) = hi(g) Yg € G.

Let

Seq® = U Seq®(h}, h). (12.27)
hy €M (h), heH

36The subsampling critical value defined above is a non-recentered subsampling critical value. One
also could consider recentered subsampling critical values, see Andrews and Soares (2010) for the
definition. But, there is little reason to do so because tests based on recentered subsampling critical
values have the same first-order asymptotic power properties as PA tests and recentered bootstrap
tests and worse behavior than the latter two tests in terms of the magnitude of errors in null rejection
probabilities asymptotically.
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We use the following assumptions.

Assumption SQ. For all functions h; : G — Rﬁoo] x {0}, hy : G2 — W, and mean zero
Gaussian processes {vp,(g) : g € G} with finite-dimensional covariance matrix hs(g, g*)
for g, g* € G, the distribution function of [ S(vp,(g9) + h1(g), ha(g) +eI)dQ(g) at © € R
is

(a) continuous for z > 0 and

(b) strictly increasing for x > 0 unless v = 0 and h;(g) = oo? a.s. [Q)].
Lemma B3 below shows that Assumption SQ is satisfied by S; and S5.
Lemma B3. Assumption SQ holds when S = S, or S,.

The following Assumption C is needed only to show that subsampling CS’s are not
asymptotically conservative. For (0, F') € F, define hy ; p(6, g) = oo if Epm;(W;,0,g9) >
0 and hy;r(0,9) = 0if Epm;(W;,0,9) = 0 for g € G,j = 1,...,p. Let hy p(6,9) =
(h11.7(0,9),....h1pr(0,9),0,).

Assumption C. For some (0, F) € F, [ S(vh, (6, 9)+h1,7(0,9), hor(0, 9) +l})dQ(g)
is continuous at its 1 — a quantile, where {vy, .(6,9) : g € G} is a mean zero Gaussian
process concentrated on the space of uniformly p-continuous bounded RF-valued func-

tionals on G, i.e., Uf(g), with covariance kernel hy (6, g, g*) for g, g* € G.

Assumption C is not very restrictive.

The exact and asymptotic confidence sizes of a subsampling CS are

ExCS, = inf Pp(T,00) <cnp(0,1—a)) and AsyCS = liminfExCS,. (12.28)

(0,F)eF n—00

The next assumption is used to establish AsyC'S for subsampling CS’s. It is a high-level

condition that is difficult to verify and hence is not very satisfactory.

Assumption Sub. For some subsequence {v, : n > 1} of {n} for which {(0,,, F,,) €
F :n > 1} satisfies lim,, .o Pr,, (Th(6s,) < cnp(by,,1 — a)) = AsyCS (such a subse-
quence always exists), there is a subsequence {m,, } of {v,} such that {(0,,,, F,.,) € F :

n > 1} belongs to Seq®, where Seq® is defined with m,, in place of n throughout.

Part (a) of the following Theorem shows that subsampling CS’s have correct asymp-

totic coverage probabilities under drifting sequences of parameters and distributions.

Theorem B6. Suppose Assumptions M, S1, S2, and SQ hold. Then, a nominal 1 — «
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subsampling confidence set based on T,(0) satisfies
(a) infy(p, m)m>1}eseq iminf, o Pr, (T,(0,) < cnp(On, 1 — ) > 1 —a,
(b) if Assumption C also holds, then

inf lim inf Pp, (T,,(0,) < cpp(0n,1 —a)) =1 —«, and

{(9n7Fn)¢n21}€56qb n—0oo

(c) if Assumptions Sub and C also hold, then AsyCS =1 — a.

Comment. Theorem B6(c) establishes that subsampling CS’s have correct AsyC'S
provided Assumption Sub holds. The latter condition is difficult to verify. Hence, this
result is not nearly as useful as the uniformity results given for GMS and PA CS’s in
Section [Bl
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13 Appendix C

In this Appendix, we prove all the results stated in the main paper except for The-
orems [I] and [2(a), which are proved in Appendix A, and Lemma A1, which is proved in
Appendix E. The proofs are given in the following order: Lemma 2, Lemma 3, Theorem
2(b), Lemma 4, Theorem [3| Theorem [4 and Lemma 1.

13.1 Proofs of Lemmas 2 and 3 and Theorem 2(b)

Proof of Lemma 2. We have: 6 ¢ Op(G) implies that Erm;(W;,0)g;(X;) < 0
for some j < p or Epm;(W;,0)g,;(X;) # 0 for some j = p+ 1,....k. By the law of
iterated expectations and g;(z) > 0 for all z € R%™ and j < p, this implies that
Pr(X; € Xp(#)) > 0 and, hence, 0 ¢ Op.

On the other hand, 0§ ¢ ©p implies that Pr(X; € Xr(0)) > 0 and the latter implies
that 0 ¢ ©r(G) by Assumption CI. [J

The proof of Lemma 3 uses the following Lemma, which is an existence and unique-
ness result. The proof of the Lemma utilizes an extended measure result from Billingsley
(1995, Thm. 11.3), which delivers the existence part of the Lemma. The proof is given

after the proof of Lemma 3.

Lemma C1. Let R be a semi-ring of subsets of R%. Let yi be a bounded countably
additive set function on o(R) such that ju(¢) =0 and p(C) >0 for all C € RU{R%}.
If R% can be written as the union of a countable number of disjoint sets in R, then
is a measure on o(R) (and hence (C) >0 for all C € o(R))f]

Proof of Lemma 3. First, we establish Assumption CI for G = G, with 7 = oco. It

suffices to show

Er(mj(W;,0)g9,(X;)) > 0Vg € G = Ep(m;(W;,0)|X;) >0 as.
for j=1,...,p and
Ep(m;(W;,0)g;(X;)) = 0Vg € G = Ep(m;(W;,0)|X;) =0 as.
forj=p+1,.. k. (13.1)

3T A class of subsets, R, of a universal set is called a semi-ring if (a) the empty set ¢ € R; (b) A, B € R
implies ANB € R; (c) if A,B € R and A C B, then there exist disjoint sets C1,...,Cx C R such that
B — A=Y, C;, see Billingsley (1995, p.138).
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We use the following set function:
1;(C) = O'E;-(Q)EFTTLJ'(Wi, 0)1(X; € C) for C € (Choy) = B(R™), (13.2)

where 0 (Cy) denotes the o-field generated by Cpor, B(R%) is the Borel o-field on R%,
and 0(Cpor) = B(R%™) is a well-known result. First we show p;(R%) > 0. Let I, =
(=L, L]*. Then, I, € Cyp and pi;(I1) > 0. We have

0 < lim (1) = lim 0 s (0) Epm;(W;, 0)1(X; € 1)
= 0ps(0)Epm;(W;,0)1(X; € R™) = pu;(R™), (13.3)

where the second equality holds by the dominated convergence theorem, 0';;(9)77%‘ (w,0)
x1(z € Ir) — a;’lj(e)mj(w,@)l(x € Ré=) as L — oo, ]a};(ﬁ)mj(wﬁ)l(x € Ip)| <
0;;(0)|mj(w,9)| for all w, and a};(@)EF|mj(W/i,9)| < 0.

Next, we treat the cases j < p and j > p separately because different techniques are
employed. First, we consider j = 1, ..., p. Suppose Erm;(W;,6)g;(X;) > 0Vg € G. Then,
1;(C) = 0 VC € Cpor- We want to show that Epm;(W;, 0)1(X; € C) > 0 VC € B(Rd=)
because this implies that Er(m;(W;,0)|X;) > 0 a.s. since X; is Borel measurable.

By Lemma C1, we have j1;(C) > 0 VO € 0(Cpoq) if (a) Cpop is a semi-ring of subsets
of R%, (b) p; is bounded, (c) y; is countably additive, (d) u;(¢) = 0, (e) p;(R%™) >0,
and (f) R% can be written as the union of a countable number of disjoint sets in Cp. It
is a well-known result that (a) holds (provided ¢ is added to Cp,,:). By condition (vi) in
(2.3), (b) holds. Condition (c) holds by the dominated convergence theorem. Because
1(X; € ¢) =0, condition (d) holds. By (13.3), condition (e) holds. Condition (f) holds
because i

R = |J [lGni+1], (13.4)
{il,iz ..... ik}ENk j=1
where N is the set of all natural numbers. Therefore, 11;,(C) > 0VC € 0(Chor) = B(R™),
ie.,

Erm;(W;,0)1(X; € C) > 0 VC € B(R™). (13.5)

Next, we consider j = p+1, ..., k. Suppose Epm;(W;,0)g;(X;) = 0 Vg € Gpop. Then,
11;(C) = 0 YC' € Chor We want to show that Epm;(W;,0)1(X; € C) = 0 VC € B(R™)
because this implies that Er(m;(W;, 0)|X;) = 0 a.s. because X; is Borel measurable. To
do so, we show that Cy = B(R%), where Cy = {C € B(R™) : 11;(C) = 0}. It suffices to
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show B(R%) C Cy. Because Cpop C Co and o(Cpop) = B(R%), it suffices to show that Cy
is a o-field. The set Cy is indeed a o-field because (a) R% € Cy by (13.3), (b) if C € Cy,
then 11;(C°) = p;(R*™) — 11;(C) = 0, i.e., C° € Cp, and (c) if Cy, Cs, ... are disjoint sets
in Co, then p;(U;2, Ci) = D272, i, (C) = 0 because p; is an additive set function, i.e.,
U2, Ci € Co. This completes the proof of Assumption CI for G = Gy, with 7 = oo.

Assumption CI holds for G = G, with ¥ = oo implies that Assumption CI holds
for G = Gpor when 7 € (0,00). The reason is that if some deviation is captured by a big
box, it also must be captured by some smaller box contained in the big box (because a
big box is a finite disjoint union of smaller boxes).

For G = G, cupe, Assumption CI holds by the same argument as for G, but with
Co.cuve in place of Cpop provided (i) Cecupe U {¢} is a semi-ring of subsets of [0, 1]%, (ii)
[0,1]% can be written as the union of a countable number of disjoint sets in Ce.cupe,
and (iii) 0(Cecure) = B(]0,1]%). Condition (i) is straightforward to verify. Condition
(ii) is verified by using U ((¢ — 1)/(2r),£/(2r)] = [0, 1] (since the interval (0,1/(2r)]
is defined specially to include 0) to construct a finite number of d,-dimensional boxes
whose union is [0, 1]%=. Condition (iii) holds because every element of Cy,, can be written
as a countable union of sets in Co.cupe and o(Cpop) = B([0, 1]%).

Finally, we establish Assumption M. For G = Gy, Assumptions M(a) and M(b) hold
by taking G(x) = 1 Vz and 0; = 4/ + 3. Assumption M(c) holds because Cp,, forms a
Vapnik-Cervonenkis class of sets. Assumption M holds for G....p. because G cupe C Gpow-
U

Proof of Lemma C1. Because (i) 1 : 0(R) — R is a bounded countably additive
set function, (ii) p(¢) = 0, and (iii) u(C) > 0 VC' € R, Billingsley’s (1995) Thm. 11.3
implies that there exist a measure, u*, on o(R) that agrees with y on R. We want to

show that p* agrees with p on o(R). That is, we want to show that C., = ¢(R), where
Cog ={C € a(R) : " (C) = p(C)}. (13.6)

It suffices to show that o(R) C C,, because by definition, o(R) 2 C.,. We use Dynkin’s
7=\ theorem, e.g., see Billingsley (1995, p.33), to establish this.

Because R is a semi-ring, R is a m-system. Now, we show that C., is a A-system.
By definition, the set C., is a A-system if (a) R% € C, (b) VC1,Cy € Cq, such that
Cy C Cy, Cy — Cy € Cey, and (c) VO, Cy, ... € Cgy such that C; T C, C' € C.,. We show
(a), (b), and (c) in turn.
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(a) By assumption, R% can be written as the union of countable disjoint R-sets, say
Cy,Cs, ... € R, where R% = |J!_, C;. By countable additivity of both x and p*, we have

(R Z“ Z“ *(R%), (13.7)

where the second equality holds because C4,C5,... € R and p* agrees with ;1 on R.
Thus condition (a) holds.
(b) Suppose C1,Cs € Cy and Cy C Cy, then Cy = (Cy — C1) U Cy. Thus,

i(Ca — C1) = p(Cs) — p(Cr) = p*(Ca) — p(Ch) = p*(C2 — C1), (13.8)

where the first and the third equalities hold by the countable additivity of p and p* and
the second equality holds because Cy, Cy € Cg,. Thus, condition (b) holds.

(c) Suppose Cy,Cy,... € Coq and C; T C, then C = Cy U (U;2,(C; — C;—1)) and
C1,Cy — C4, ... are mutually disjoint. By condition (b), C; — C;_; € C, for i > 2. Thus,

p(C) = p(C) + D p(Ci = Cia) = " (C1) + 3" (Ci= Cia) = (C) (13.9)

That is, condition (c) holds.
Therefore, C., is a A-system. Because R C C., by Dynkin’s w-\ theorem, o(R) C C,,.
In consequence, 0(R) = C, i.e., p* agrees with p on o(R). Because p* is a measure on

o(R), u must be a measure on o(R). [J

Proof of Theorem [2(b). Consider the parameters (6., F..) that appear in Assumption
GMS2. First, we determine the asymptotic behavior of the critical value c(¢p,,(0.),
/}\Ln’g(ec),l — «) under (6., F.). We have

€0(0c.9) = 5y 02D, (0., 97, (0., 9)
= Dn o= (QCag)D;f(er,‘)’fil[Vn F.(0e,9) + hl,n,Fc(ecag)] (13.10)

= Dzag71/2(527n’Fc (9C7 g)) [Vn Fc (9C7 g) + hlynch (907 g)] N

Note that hy.,, 5, (0., g) is a function of EQ,n’FC(QC, g,9) by l} In addition, ks, (0., g),
which appears in ¢, (6., g), see , is a function of /ﬁgm’p‘c(ec, g,g) by the argument

25



in (10.27). Let

oM (g, / Wi, 0y (0) + 2000r ), a0 9) + 11)AQ(g). (13.11)

Equations (4.10)), (10.27), (13.10)), and imply that the distribution of T.5M5(6,)
is determined by the joint distribution of {v7, ,(9): g € G}, {ﬁm,pc(@c,g) g € G},
and {x, v, 1 (0c,9): g € G}

We have {(0.,F.) : n > 1} € SubSeq(hs,r.(6.)) because (6., F.) € F. Hence, by
Lemma Al(b), d(?bg,n,pc(gc),thc(ec)) —, 0 as n — oo. By the same argument as in
, this yields d(ﬁg,n(ﬁc), ha . (0.)) —, 0. The latter, the independence of ﬁg’n,pc(ec)

and {vp,(-) : hy € Hy}, and an almost sure representation argument imply that the

c

Gaussian processes {v; o (-) : n ZA 1} converge weakly to vy, 9.)(-) as n — oo,
The sequence of random processes {hs,(0,-) : n > 1} converges in probability uni-
formly (and hence in distribution) to hg g, (6., -), where ﬁgm(ﬁc, g) = Eg,n(ec, g,9) and
ho.r. (0, 9) = har.(0c,g,9). The sequence {x,'v, 5. (0., ) : n > 1} converges in proba-
bility to zero uniformly over g € G because k,, — oo and {v,, g, (0.,) : n > 1} converges

to a Gaussian process with sample paths that are bounded a.s. Therefore, we have

VﬁZ,n(gc)(.) th,FC(Gc)(')
han(e,-) = | hor(0.,-) as n — 0o, (13.12)
“Ean,Fc(em ) Og

where ﬁg,n(ﬁc) that appears in V,;Q’n(ec)() is a function on G x G whereas /};2’”(007 )) is
a function on G, likewise for vy, , (6.)(-) and ho g, (0., ), and Og denotes the R*-valued
function on G that is identically (0, ...,0)" € R

By the almost sure representation theorem, see Pollard (1990, Thm. 9.4), there
exist {(7n(9), han(9); Vunl(g)) : g € G,n > 1} and {D(g), ha(g) : g € G} such that (i)
{(#n(9), han(9), 7xn(9)) : g € G} has the same distribution as {(vi,..00(9); ﬁgm(&:,g),
K 'Unr(0e,9)) + g € G} for all n > 1, (ii) {(#(g9),h2(9)) : g € G} has the same

distribution as {(v, . (0.)(9), h2,r.(0c, 9) : g € G}, and

7a(9) 7(9)
(iii) 51615 hon(g) | — | halg) — 0 a.s. (13.13)
! Dnm(Q) 0
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Let
TOMS / S(On(9) + Bo(9): Fran(g) + 1) dQ(g). (13.14)

where 3,,(g) is defined just as ¢, (0, g) is defined in (4.10) but with hg,, ;(g) + hgn;(11)
in place of hy ., (6, g), where hy,, ;(g) denotes the (j,) element of hy,(g), and £, (g)
in place of &,,(6,g), where

£,.(9) = Diag(ilg’n(g) + 5};2,71(116))71/2(’irjlpmn(g) + “;1h1,n,Fc(ecvg>>' (13.15)

Then, T6M5 and TSMS(f,) have the same distribution for all n > 1 and the same
asymptotic distribution as n — co. Let é,(1 — ) denote the 1 — a + 7 quantile of TG
plus 7, where 7 is as in the definition of ¢(h,1 — «). Then, é,(1 — «) has the same
distribution as c(gpn(ﬁc),/fzg,n(&), 1 —a)foraln>1.

Let Q* be the collection of w € Q such that at w, #(g)(w) is bounded and the

convergence in ((13.13)) holds. By ([13.13) and the fact that the sample paths of {Z(g) :
g € G} are bounded a.s., we have Pp (Q*) = 1.

Under (0., F.) for all n > 1,
ki M r (0c, 9) = "0 2D 2 (00) Ep.m(Wi, O, 9) — i co,r, (e, 9) (13.16)
as n — oo using Assumption GMS2(c). Thus, for fixed w € QF,

2 (9)(w) = Diag™"(ha(g) + ha(1x) + o(1))(0(1) + £y, M p. (Be 9)) = hioo,r(0es 9),
(h2nj(9) (W) + €hanj (1) (@) /2By = (hay(g) + cha (1) + o(1))/*B, — oo
(13.17)

as n — oo for all g € G, where ﬁ27j (g) denotes the (7, j) element of ﬁz(g), using ,
ha(1;) = I, (which holds by and Definition SubSeq(hs)), ha;(g) > 0, € > 0, and
Assumption GMS2(b).

By , Assumption GMS1(a), and the fact that hy o . (6., g) equals either 0 or

oo by definition, we have

Pn(9) (W) = Mook (0c,g) as n — 00 (13.18)

for all w € Q.
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By (13.13)), (13.15]), (13.18]), and Assumption S1(d), we have

S(Tn(9) + Pul9), 13, (9) + L) (W)
— S((9) + hco,r.(0e, ), ho,p.(0c, 9) + €li) (w) (13.19)

as n — oo Yw € Q*,Yg € G. Now, by the argument given from (|10.14)) to the end of the
proof of Theorem , the quantity on the left-hand side of ((13.19)) is bounded by a finite
constant. This, (13.19]), and the BCT give

TEMS — TOMS = / S((9) + Mo . (0c, 9), ha . (0c, 9) + £11)dQ(g) (13.20)

as n — o0 a.s.

By (13.20),

P(TEMS < z) — P(TMS < 1) as n — oo (13.21)

for all continuity points x of the distribution of T¢MS. Let (1 — a) denote the 1 — «
quantile of T¢M5. Let &(1 — a) = &(1 — a + 1) + 1, where 7 is as in the definition of
¢(h,1 — o). By Assumption GMS2(a), the distribution function of T¢™5  which equals
that of T'(hoo,r.(6.)), is continuous and strictly increasing at z = é(1 — «). Using Lemma

5 of Andrews and Guggenberger (2010), this gives

én(l—a) —, ¢(1 —a) and

c(,(0:), han(0e),1 —a) —, é(1 — ), (13.22)

where the second convergence result holds because ¢,(1—«) and ¢(¢,,(0.), /ﬂgm 0.),1—a)

have the same distribution.

Next, by the same argument as used above to show ({13.20]), but with v n(gc)(g) and
©,, (8., g) replaced by v, r.(8.,g) and hy, £, (0., g), respectively, we have
T.(0:) —=a T (hoo,r, (0 /S Vhy.p, )+ P10 (0c, 9), hor, (0, g) + €1i)dQ(g),
(13.23)

where hoo 7.(0:) = (P1,00,r.(0c), hor.(6:)), P (8:) — hicor (0:) by straightforward
calculations, and v, . (0, ) = Vh, . (6.)(-) by Lemma Al(a). Note that T'(heo,r.(f.)) and
TGMS have the same distribution because Vhy p, (6.) () and 7(+) have the same distribution.
Thus, ¢(1 — a) (= é&(1 —a+mn)+mn) is the 1 — a+ n quantile of T'(heo £, (0.)) plus n > 0.
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By (13.22)), (13.23]), Assumption GMS2(a), and Lemma 5 of Andrews and Guggen-
berger (2010), for n > 0, we have

lim Pr, (T,(0.) < (0, (0c), hon(6.),1 — )

n—oo

= P(T (oo 5, (60)) < Cof1 — -+ 1) +1). (13.24)

The limit as n — 0 of the right-hand side equals 1 — a because distribution functions
are right-continuous and the df of T'(hy r,(0.)) at its 1 — o quantile equals 1 — a by
Assumption GMS2(a).

Combining and the result of Theorem [J(a), which holds for all n > 0 and
hence holds when the limit as n — 0 is taken, gives Theorem (b) U

13.2 Proofs of Results for Fixed Alternatives

Proof of Lemma 4. First, we prove part (a). It holds immediately that Supp(Q,) =
Ge-cuve because G, ..pe i countable and (), has a probability mass function that is positive
at each element in G, .ype-

Next, for part (b), consider ¢ = ¢,, € Gpouw, Where g,,.(y) = 1(y € Cy,) - 1 and
(z,7) € [0,1]% x (0,7)%. Let § > 0 be given. The idea of the proof is to find a set
Gys C B, (9,9) (C Gpoy) such that Q,(G,5;) > 0. This implies that Qy(B,, (g,0)) > 0,
which is the desired result.

The set G, ; needs to be defined differently (for reasons stated below) depending on

whether z, < 1 or z, =1, for u = 1, ..., d,, where © = (x1, ..., 24,)". For 7 > 0, define

Gg,ﬁ = {gx+n0,r+771 : (770’771) € Egﬁ}a where
Egi = {(g:m) € R¥: foru=1,..,d,, if z, <1, Now € [M,27] &
M. € 10,7 and for z, =1, n,, € [-7,0] & n,,, € [-27, —7]}. (13.25)

We have Qy(Gy5) = Qi((x,7) + Z,5) > 0 for all 7 > 0 because @) is the uniform
distribution on [0, 1]% x (0, 7).

Next, we show that Gy 5 C B, (g,0). Let U, <1) C {1,...,d,} be the set of indices u
such that z, < 1 and let U(,,—1) C {1,...,d,} be the set of indices v such that =, = 1. Let
Grtngr+n, € G- The uth lower endpoints of the C,. , and C, 1, 4y, boxes are z,—r, and
Ty +1.,— (Tu+11 ), respectively. The lower endpoint of the Cyy,y, »4y, box is larger than
that of C,, box because 1y, —n,, € [0,27] (whether u € Uy, <1) or u € Ugg,—1)). The
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uth upper endpoints of the C, , and Cy .y r1y, boxes are ., + 1, and T, +1q , + 70+ 11 4,
respectively. If u € U,, <1, the upper endpoint of the C, 4, ,4,, box is larger than that
of C,, box because n,, + 1, € [0,37]. If u € Ug,-1), the uth upper endpoint of the
Cotng.r+n, box is smaller than that of C,, box because 1y, +n1,, € [-37,0].

Using the results of the previous paragraph, we have

/0.2X (gz,m 9x+770,7"+771)

= Epyo[L(X; € Cuy) — L(X; € Coyyin,))
dy

S Z PFX70 (Xz,u S (xu — Tyy Ty + nO,u - (TU + nl,u)])

u=1
+ Z PFX,O (Xz,u € ('Tu + Tuy Lo + 770,11, + Ty + nl,u])

UEU(TU, <1)

+ Z PFX,O(XZ',U € (1 + No,u +ry M1 s 1+ Tu} N [07 1])

UEU(Iuil)

dg
S ZPFXQ(XZ',UG(Iu_ruaxu_ru_’_Qﬁ])+ Z PFXYO(Xi,uG(xu+ru7xu+ru+3ﬁ])

u=1 UEU(;L'u<1)

+ Y Preo(Xiw € (L+70— 30,147, N0, 1)), (13.26)

UEU(y=1)

where the first inequality uses the d,-dimensional extension of the one-dimensional result
that (a, b]A(e,d] C (a,c] U (b,d] when a < ¢ and b < d, where A denotes the symmetric
difference of two sets.

The first and second summands on the rhs of tend to zero as 77 | 0 by the
right continuity of distribution functions. The third summand on the rhs equals zero
when 7 is sufficiently small (i.e., when 37 < min,<g4, 7). Therefore, for 77 > 0 sufficiently
small, X (Gars Gotngrtn,) < 0 and Ggp C B, (g,6). This completes the proof of part
(b).

Note that in the proof of part (b) we cannot treat the case where u € Uj,,—1) in the
same way that we treat the case for u € U,,<1) because for u € U(,, 1) we use the center
point , +1,,, > T, which is not in [0, 1] if 2, = 1 and hence violates the assumption of
part (b) that the centers of the Gy, boxes lie in [0, 1]%. Conversely, we cannot treat the
case where u € U(,,<1) in the same way that we treat the case for u € U,,—1) because
doing so would lead to a term P, ,(X;, € (1+7,—37,1+71,]) in that does not
go to zero as 7j | 0 if X;, has positive probability of equaling 1 + r,. [J
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Proof of Theorem (3| Part (a) follows from part (b) because

~

(£,(0:), han(8.),1 — @) < ¢(0g, han(6:),1 — ), (13.27)

which holds because ¢, (0., g) > 0; Vg € G by Assumption GMS1(a), c(hl,/fzgm(é’*), l1—a)
is non-increasing in the first p elements of h; by Assumption S1(b), and the last v
elements of ¢,,(0,, g) equal zero.

Now we prove part (b). By Assumptions FA(a) and CI, 5(go) > 0 for some g € G.
By construction, e; = mj(go)/B(g0) € [~1,00) for j = 1,....;k and e; = —1 for some
j < porlej| =1forsome j =p+1,..., k. As defined above, B, (go, 72) denotes a py-ball
centered at gy with radius 79 > 0, where py is defined in . First we show that for

some T4 > 0,

/B ( )S (m*(9)/B(g0), hao(g) + €lk) dQ(g) > 0, (13.28)

where m*(g) = (mi(g),....,m;(g)) and hao(g) = ho,r, (04, 9). We have: for j =1,..., k,

Imj(g) — mj(go)]
= |Erm;(Wi, 0.)9;(Xi) — Erym;(Wi, 0.)g0,;(Xi)l /0 R, (0+)
< (Brym2(Wy, 0.0)2(Ery(9;(X:) — 90(X))*) 2 o Ry 5(0.)
< (Bg|lm(Wi, 0.)11*)2px (9, 90) /o703 (64), (13.29)

where go ;(X;) denotes the jth element of go(X;).
Given 11 € (0,1), let

72 = 118(90)0 R (0.) ) (Ery [ [m(Wi, 0,)|[*) /2. (13.30)
By (13.29)), for all g € B, (go, T2),
m?(g) — m?(g0)] < T18(go) for all j = 1, ... (1331)

Hence, for all g € B, (go, 72), there exists j < k such that either

j < pand mi(g)/B(go) < m3(g0)/Blgo) + 71 =—1+71 <0or (13.32)
j € {p+ 1k} and [m;(9)/B(g0)| = [m](g0)/B(g0)| =71 =1 =71 >0
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using the triangle inequality.

By and Assumption S3, S(m*(g)/B(go), ho,0(g)+el) > 0forall g € B, (go, 72).
In addition, by Assumption Q, Q(B,, (g0, 72)) > 0. These properties combine to give
([3.29).

We use in the following: for all § > 0,

(n1/25(g0)) ¥T, (6.)
= (nl/Qﬂ(go))_X/gS(Vn,Fo(e*’g)+h17n,F0(9*’g>’E27n,Fo( ©9)) dQ(g)
> (nV2B(go)) X / S (vnro (s 9) + oo (B 9), Tz (6rr 9)) dQ(9)
Bpx(90ﬂ'2)
= ( S ((n'2B(90)) " v, (0, 9) +m*(9)/B(90): Mz, (015 9)) dQ(g)
— / (9)/B(g0), haol) + 1) dQ(g)
o (13.33)

where Y is as in Assumption S4, the first equality holds by , the first inequality holds
by Assumption S1(c), the second equality holds by Assumption S4 and the definition of
m;(g) in , the last inequality holds by , and the convergence holds by the
argument given in the following paragraph.

By Lemma Al(a) and the continuous mapping theorem, sup,cg ||Vn,r (0« 9)|| =
O,(1). (Note that Lemma A1l applies for (0,,, F,,) = (0., Fy) ¢ F for all n > 1 because
Assumptions FA(b)-(d) imply conditions (ii)-(v) in the definition of SubSeq(ha g, (0)).)
Also, (n'/28(go))~' = o(1), because Assumptions FA and CI imply that 3(go) > 0 for
some go € G. Hence, (i) (n'/?B(g0)) " Vn,r (0. ) = 0g. In addition, (ii) sup,cg ||h2,n, 5 (0s,
9) — hao(g) — eli|| = 0, where ha(g) = ha,g, (04, 9, 9), by Lemma Al(b), (10.27), and
the definition of hy, r(f, g). As in previous proofs, by the almost sure representation
theorem, there exists a probability space and random quantities defined on it with the
same distributions as (n*/28(go)) " n.r (0, ) and hg g, (04, ) for n > 1 such that the
convergence in (i) and (ii) holds almost surely for these random quantities. Further-
more, using Assumptions S1(b) and S1(e), the integrand in the last equality in ([13.33])
is bounded by supgepe (go,rz)ert:|l|<s. S+ m*(9)/5(g0), (¢ — dux)Ix) < oo for all
g € B, (g0, 72) for some ,, ., > 0 for n sufficiently large, where Bglx (go, T2) denotes

the closure of B, (g0, T2), because a continuous function on a compact set attains its
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supremum using Assumption S1(d) and using an argument analogous to that in ((10.14))
to treat the second argument of the function S. Thus, by the bounded convergence theo-
rem, the convergence in holds a.s. for the newly constructed random quantities.
In consequence, it holds in probability for the original random quantities by the equality

in distribution of the original and newly constructed random quantities. This completes

the proof of the convergence in ((13.33]).
Next, we show that under Fj,

c(0g, han(6),1 — a) = O,(1). (13.34)
This and (|13.33]) give

Pro(To(6.) > ¢(0g, ho,u(6.),1 — @)
= Pry ((n"28(90)) T(0.) > (n"/2B(g0)) (05, o (0.),1 = )

> Pp, (/ S (m*(9)/B(g0), ha20(g) + el)) dQ(g) + 0,(1) > Op(1)> )
By (90,72)

1 (13.35)

as n — 00, which establishes the result of the Theorem.

It remains to show (13.34). Lemma A5, applied with hy,, = hag, {h3,, : 7 > 1} being
any sequence of k x k-matrix-valued covariance kernels on G x G such that d(h3 ,,, hao) —
0, hy = Og, 1 as in the definition of ¢(h,1 — «), « replaced by « —n > 0, and 1, = 9,
gives: Vd > 0,

liminf [co(Og, hao,1 — a+1n+6) +6 — ¢o(0g, b3, 1 — a+n)] > 0 and hence
lim supco(Og, A3 ,,, 1 — a+n) < co(0g, hop, 1 —a+n+0)+6 < oo. (13.36)

By Lemma Al(b) and , we obtain d(ﬁgyn(ﬁ*), hao) —p 0. As in previous proofs,
by the almost sure representation theorem, there exists a probability space and random
quantities hy (-, -) defined on it with the same distributions as /}22771(9*, -,+) for n > 1 such
that d(hon, hao) — 0 a.s. This and (13.36) gives limsup,, ., co(Og, hon, 1 —a +17) < 0o
a.s., which implies because iLQ’n(', -) and ﬁgm(@*, -,+) have the same distribution
for all n > 1 and ¢(0g, hap(6:),1 — @) = co(Og, han(6,),1 — a4+ 1) +n. O
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13.3 Proofs of Results for n '/2-Local Alternatives

Proof of Theorem |4} The proof of part (a) uses the following. By element-by-element
mean-value expansions about 6, and Assumptions LA1(a), LA1(b), and LA2,

D" (0,,) Er,m(Wi, b2, )
= D %(0,) Er,m(Wi, 0., 9) + g, (86 9) (B — 6,,), and so
02D 2(0,0) B, (Wi, 0y 9) — ha(g) + Tlo(g) (13.37)

where 6,, , may differ across rows of Ilz, (0,4, 9), 05 4 lies between 6, . and 6, 6,, ;, — 6o,
Ip, (0., 9) — o(g), and by definition hy(g) + Io(g)A = oo if hy(g) = .

Now, the proof of part (a) is the same as the proof of Theorem [2(b) with the fol-
lowing changes: (i) (6., F},) appears in place of (6., Fi.) whenever (6., F}) is used in an
expression with n finite, (ii) (0y, Fo) appears in place of (6., F,.) whenever (0., F,) is used
in an asymptotic expression, (iii) {(0,, F) : n > 1} satisfies the conditions to be in
SubSeq(hs) (where hy = hg g, (6o)) by Assumptions LA1(a) and LA1(c)-(e) and because
{W; :i > 1} are i.i.d. under F,, and Assumption M holds given that (6, F,,) € F by
Assumption LA1, (iv) equation (13.16]) is replaced by

K han, (O s 9) /T B (Ones 9) — Ti(g) as m — oo, (13.38)

which holds by Assumption LA4, (13.37) (because x;,'n'/?I1x, (0,4, 9) (O — 0n) — 0),
and g, ;(0n«, 9)/0F, ;(0n,g) — 1 (using Assumption LAI(c)), (v) m1(g) appears in
place of hy o £, (0., g) in (13.17)), (vi) ¢(71(g)) appears in place of hy « (0., ) in (13.18])-
(13.20), where holds for all g € G, by Assumption LA5(a) and holds for
all g € G,, (vil) Assumption LA5(b) is used in place of Assumption GMS2(a) in two
places, (viii) (hq+1IpA, he) and hy(g) appear in place of he f, (6.) and hy . (6.), respec-
tively, in and ([13.24), and (ix) holds using in place of hy p, £, (0.) —
P10, (0:) and using vy, g, (Ons,-) = vi,(-) in place of v, g (0c, ) = Vi, (6.)(-). The
result v, g, (0,,4,-) = vp,(-) holds by Lemma Al(a) because {(0,., F,) : n > 1} €
SubSeq(hs) by the argument given in (iii) above. The desired result is given by
with the changes indicated above. This completes the proof of part (a).

Part (b) holds by the same argument as for part (a) but with ¢, (6,..,g) replaced
by 0, which simplifies the argument considerably. Assumption LAG6 is used in place of
Assumption LA5(b) in the proof.
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Part (c) holds by the following argument:

BXT (hy + oo, ha)
— g / S(a(9) + ha(9) + To(g)MB. halg) + £1)dQ(g)

- / SWa(9)/B + 1 (9)/5 + Tho(g) A, halg) + £1,)AQ(9)

- / S(Mo(g) o, ha(g) + <11)AQg) > 0 (13.39)

as [ — oo a.s., where Y is as in Assumption S4, the second equality holds by Assumption
S4, the convergence holds a.s. (with respect to the randomness in v4,) by the bounded
convergence theorem applied for each fixed sample path w because ||vp,(¢)|| has bounded
sample paths a.s. and using Assumption LA3’ (which guarantees that h; ;(g) < oo and
hence hy j(g)/8 — 0 as f — oo for all j < p, for all g in a set with ) measure one), and
the inequality holds by Assumptions LA3’ and S3.

Equation implies that T'(hy + IlgA\of3, he) — oo a.s. as B — oo. Because
T(hy +IgAoS3, ha) ~ Jp sy, and the quantities ¢(p(m1), he, 1 — a) and ¢(0g, he,1 — a) do
not depend on f3, the result of part (c) follows. [

13.4 Proofs Concerning the Verification

of Assumptions S1-S4

Proof of Lemma 1. Assumptions S1(a)-(d) and S3 hold for the functions S, Ss, and
S3 by Lemma 1 of Andrews and Guggenberger (2009). Assumptions S1(e) and S4 hold
immediately for the functions 57, Sy, and S3 with y = 2 in Assumption S4.

To verify Assumption S2 for S = Sy, Ss, or S3, it suffices to show that

lim sup |S(my, + py,, 2n) — S(mo + py,, 20)| =0 (13.40)
for all sequences {p,, € R} x{0}" : n > 1} and {(my, X,) : n > 1} such that (m,, %,) —
(mg, o), mo € R¥, and X € W.

For clarity of the proof, we consider a simple case first. We consider the function
S1 and suppose ¥, = Y. In this case, without loss of generality, we can assume that
Yo = I. Given that S; is additive, it suffices to consider the cases where (p,v) = (1,0)
and (0,1). It is easy to see that Assumption S2 holds in the latter case because p,, does
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not appear. For the case where (p,v) = (1,0), we have

\Sl(mn + :U’nv fk) — S1(mo + fa, 1)
{ mN+Mn [mO_’_ﬂn]_’ ([mn+un]—+[m0+un]—)

< [y = mo ([mn] + [mol)
= 0(1)O(1), (13.41)
where the second inequality holds because |[a]_ — [b]_| < |a — b| and by Assumption

S1(b). This completes the verification of Assumption S2 for the simple case.
Next, we verify Assumption S2 for S = S,. For any sequence {p,, € R} x {0} :n >
1}, there exists a subsequence {u,, : n > 1} of {n} such that

lin S5 (170,, + fty,5 L) = S2(1m0 + 41,5 Xo)|

n—oo

= lim sup ‘S2(mn + P s En) - SZ(mO + Koy s 20)| : (1342)

n—oo

Let {t1u,,tou, € RBY x {0}V :n > 1} be sequences such that

(mun _'_ lu“LLn - tlyun)lz’lj’,} (mun + Mun - tlyun) S Sz(mun + IU/’LLn? Eun) + 27“” a'nd
(M0 + thy, = to.u) Do (M0 + fy, = tou,) < Sa(mo + p,,, %) +27. (13.43)

Then,
7111_{20[52(7”% T oy X ) Sa(mo + fhy,,, Xo)]
Z hm [(mun + /’Lun - t17un)/21::<mun + Mun - tlaun)
—(mo + by, = b)) S (Mo + = ti,)]
+(mun - mo)lzo_l(mo + mun + 2/'Lun - 2t11un)]
~ 0, (13.44)
where the last equality holds if p, — ti,, = O(1) because m,, — my < oo and

S =St as n — oo.

36



We now show that p,, —t1,, = O(1). We have

> (M, + o, — tl,un)lzv:: (M, + py, = tru,) — 27" (13.45)

Thus,

]'lm (mun + Mun - tLun)/E;nl(mun + /J“un - tLun)

n—oo

< lim [m!, 3, m,,, + 27" = myS, 'my < oo, (13.46)

n—oo

which implies that m,,, + p, —ti, = O(1). The latter and m,,, — mo < oo give
S, =t = O(1). (13.47)

Next, by an analogous argument to ((13.44]) with > and ¢, ,,, replaced by < and ¢, ,

respectively, we obtain the following upper bound:

hm [S(mun + Mun’ Zun) - S(mo + Mun’ ZO)]

n—oo

= lim [S(mu, + py,, Su,) = (Mo + ty, = ton) Sg " (M0 + iy, — Lo, )]

n—oo

<0, (13.48)

where the inequality uses p, — to., = O(1), which holds by an analogous argument to
that given for (13.47). Equations and imply that the left-hand side of
equals zero, which completes the verification of Assumption S2 for S,.

The verification of Assumption S2 for S = S;, where X, need not equal Y, is
obtained by replacing ¥, and ¥y in the proof above for Sy by Diag{X%,} and Diag{¥},
respectively, because S1(m, ¥) = Sa(m, X)) when ¥ is diagonal. Assumption S2 holds for
the function S3 when (p,v) = (1,0) and (0, 1) because S3 = S; = S, in these cases. It

holds for S5 in the general (p,v) case because it holds in these two special cases. [J
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14 Appendix D

In this Appendix, we provide proofs of the results stated in Appendix B. The first
sub-section gives proofs for the Kolmogorov-Smirnov and approximate CvM tests and
CS’s. The second sub-section gives proofs for results concerning Gp_gine and G./q.
The third sub-section gives proofs for results concerning “asymptotic issues with the
Kolmogorov-Smirnov statistic.” The fourth sub-section gives proofs for the subsampling

results.

14.1 Proofs of Kolmogorov-Smirnov and Approximate

Cramér von Mises Results

Proof of Lemma B1. To verify Assumption S2’ for Sy, Sp, and Ss, it suffices to show
that
limsup [S(my + 1, 35) = S(Min0 + Hyy Xno)| = 0 (14.1)

for all sequences {u, € R% x {0}V : n > 1}, {(my, 5,) € M X Wy : n > 1}, and
{(Mn0,Xn0) € M X Wy : n > 1} for which (my, £,,) — (mp0, Xno) — 0 as n — oo.

The verification of is an extension of the verification of in the proof
of Lemma 1. The extension consists of (i) replacing my and ¥y by m,, o and 3, o
throughout -, (ii) making use of the fact that m,,, m, o, and ;! are
bounded by the definitions of M and W4, and (iii) making use of the fact that X;' —
¥, o — 0 given that X, — %, 0 — 0 and ,,, %y, 0 € Wy O

Proof of Theorem B1. When 7,,(0) is the KS statistic and when 7,,(0) is replaced by
the approximate statistic Tmsn (0), the results of Theorem |1| hold under the assumptions
of that Theorem plus Assumption S2’. The proof of Theorem [1| goes through with
the following changes: (i) the statistics T}, and Tan,o are changed from integrals with
respect to ) to suprema over g € G, or weighted averages over {gi, ..., g5, } with weights
{won(0) : € =1,...,s,}, (ii) in the proof of (10.7), holds uniformly over g € G
because Assumption S2 has been strengthened to Assumption S2’; and (iii) ((10.11))
holds with the supremum over ¢ € G, added or with the average over {gi, ..., gs, }
added, because holds uniformly over ¢ € G and the weights are non-negative
and sum to at most one by Assumption A2. This completes the proof of Theorem [1] for
the KS and A-CvM test statistics.
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The result of Theorem B1 is the same as that of Theorem[2|(a). The proof of Theorem
2(a) follows immediately from Lemmas A2-A4. The proof of Lemma A4 uses Lemma
A5. The proofs of Lemmas A2-A5 go through for the KS and A-CvM test statistics
with the following minor changes: (i) in the proof of Lemma A2, T'(h) is replaced by
T, (h) (defined in (4.6)) and the new version of Theorem [I| for the KS and A-CvM
statistics is employed, (ii) in the proof of Lemma A3, the form of the test statistic
only enters through the first inequality of , which holds for the supremum and
weighted average forms of the test statistic, (iii) in the proof of Lemma A4, no changes

are required because the form of the test statistic only enters through Lemma A5, and
(iv) in the proof of Lemma A5, T'(h) is replaced by T, (h). O

Proof of Theorem B2. Theorem B2 is proved by adjusting the proof Theorem 3] The
proof of Theorem (3| goes through up to (13.32)) with the only change being that c(-, -, )
is replaced by c;, (-, -) for A-CvM tests in (13.27)—in particular, the integral with
respect to @) in is not changed. Equation ((13.33)) needs to be replaced, see (|14.2))
and below; is established with ¢(+,-,-) replaced by ¢, (-, -, ) for A-CvM
tests; (13.35) holds, with 7,(6.) and c(-,-,-) replaced by T, ., (6.) and ¢, (-,-,-) for A-
CvM tests, using the replacements for ((13.33)) given in and ((14.6)) below; the first
equation in holds by Lemma A5 with ¢(-, -, ) replaced by ¢, (-,-,-) for A-CvM
tests, noting that Lemma A5 is extended to KS and A-CvM critical values in the proof
of Theorem B1 above; in the second equation in (13.36]) “co(Og, hoo, 1 —a+n+7d) < c0”
holds for the KS critical value because c¢o(0g, hog, 1 — a + 1+ ¢) does not depend on n
and the KS test statistic 7'(0g, hop) is finite a.s. since the sample paths of v, ,(-) and
hao(-) are bounded a.s.; and in the second equation in “sSup,,>1 Co,s, (0g, 20,1 —
a+1n+06) < oo” holds for an A-CvM critical value because ¢ s, (0g, hao, 1 — a+n+9)
is less than equal to the corresponding quantile based on the KS statistic, which does

not depend on n and is finite a.s.
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For the KS test, we replace (13.33) with the following:

(n'25(90) *To(0.) - Q(By, (90, 72))
- (nl/zﬁ(g()))_x sup S (Vn,Fo (0*7 g) + hl,n,Fo (9*7 g>’ EQ,”;FO (9*’ g)) ' Q<Bﬁx (907 TQ))

gEgn

> (m/w(go))—X/ 1(g € Gu)S (Vn,r (04 9) + Bty (0, 9) hio 1y (0, 9) ) dQ(g)
By (90,72)
- /3 ( )1(9 €G,)S ((nl/Zﬂ(go))_lynypo(G*,g) +m*(g9)/B(g0), h2nF0( *,g)) dQ(g)

—p S (m*(g)/B(g0); h2o(g) + €lk) dQ(g) > 0, (14.2)
By (g90,72)
where x is as in Assumption 54, m*(g) = (mj(g), ..., mi(g))’, m;(g) is defined in (6.2) for
J <k, hog = ha p,(0.), and the convergence uses the argument given in the paragraph
following as well as 1(g € G,) — 1(g € G) =1 as n — oo by Assumption KS.
For A-CvM tests, we replace with the following results:

(n1/25(90)>_XTn,sn (0.)

Sn

= Z wen(0)S ((n*28(90)) ™ v,k (Bs 9e) +m"(90)/5(90), o, (6=, ), (14.3)

using Assumption S4. We have

sup [m(9)| < (Er, (m3(Wi,0.) /0%, ;(0.))/(Er,G*(X:)'/? < o0, (14.4)
geg
for j =1, ..., k, using the definition of m*(g), Assumption FA (which imposes Assumption
M in part FA(e)), and the Cauchy-Schwarz inequality. Next, we have

sup S ((n"25(90)) " v,k (0, 9) +117(9)/B(90): hon, o (81, 9))

geg

=8 (m*(9)/B(90), hao(9) + €lk)| = 0,(1) (14.5)

under Fj, using the uniform continuity of S over a compact set, which holds by Assump-
tion S1(d), where attention can be restricted to a compact set by (i) equation (14.4)),
(i) supyeg |[n™*vnm (05, 9)|| = 0,(1) by Lemma Al(a), and (iii) sup,eg ||h2n,m (6x) —
hoo — eli|| = 0,(1) using Lemma A1(b) and the definition of hy,, z, (6,) in , and
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Lemma Al applies for the reasons given in the paragraph following ({13.33)).
Equations (14.3)) and (14.5) yield

( 128(90)) T s, (04) + 0(1)

Zan m*(g¢)/B(g0), h20(ge))

- / S (m*()/B(g0), hao(9)) dQ(9)
> / L SOW ()80 haol9) dQAg) > 0. (14.6)

where the convergence holds for fixed {g1, g2, ...} by Assumptions Al, A2, and S4, the
first inequality holds by Assumption S1(c), and the second inequality holds by (13.28]).
This completes the proof. [

Proof of Theorem B3. Part (a) follows from part (b) because

Con((0n,0)s T (On), 1 = @) < 4, (0g, o (B.0), 1 — ), (14.7)

which holds because ¢,, (0., g) > 0 Vg € G by Assumption GMS1(a), c(hl,/fzgm(ﬁ*), l1—a)
is non-increasing in the first p elements of h; by Assumption S1(b), and the last v
elements of ¢, (0., g) equal zero.

Now, we prove part (b). When T,,(f) is replaced by the A-CvM statistic T,, s, (0,..),
the results of Theorem [I| hold under Assumptions M, S1, and S2’ with (6, F") replaced
by (O« ) SUD(g, pyeFiny p(0)cHso,: Q€leted, T,(0), T(hy,r(0)), and xy, ) replaced
by Th.s, (Ons), Ts, (hnr,(0n) (defined in ), and @y, .. (0,.), respectively, where
Th, g (6n.) € I is a constant that may depend on (0,., F5,) and n through A, £, (05,).
The adjustments needed to the proof of Theorem [I] are quite similar to those stated at
the beginning of the proof of Theorem B1l. In addition, the proof uses the fact that
{(0ns, F) : n > 1} satisfies the conditions to be in SubSeq(hs) (where hy = ha g, (6o))
by Assumptions LAl(a) and LAl(c)-(e) and because {W; : ¢ > 1} are ii.d. under
F,, and Assumption M holds given that (6,,F,) € F by Assumption LA1l. Because
{0y, F) : n > 1} € SubSeq(hs), Lemma Al applies, which is used in (10.3). Also,
(h1n,7(0), ho r(0)) is changed to (hynF, (0nx), haor, (0,..)) throughout the proof of The-
orem [II

Next, using the mean-value expansion in and the definition hy, p(6,9) =
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n'2D:M%(0) Epm (Wi, 6, g), we have:

sup ||h1n,F, (Oner 9) — hin,r, (0, 9) — Ho(g) Al

geg

= sup||Ig, (Ong, 9)0'*(One = 0n) = To(g)All

geg

sup sup ||, (0, 9)A(1 +o(1)) — Io(g)A[]
9€G  0€0:||0—00]|<6n

— 0, (14.8)

IN

where 6, , may differ across rows of Ilp, (0,4, 9), 0,4 lies between 6, , and 6, J, =
|0 — Onl] + ||0n — Oo|| — 0, the inequality holds using Assumption LA1(a), and the
convergence to zero uses Assumption LA2'(b). (Note that the (1 + o(1)) term in (14.8)
requires the condition in Assumption LA2'(b) that sup g [[Tlo(g)A|| < o0.)

Equation and Assumption LA2'(a) give: for all B < oo,

sup |[|hin,p, (Ons, 9) — h1(g) — Io(g)Al| — 0. (14.9)

9€G:h1(g9)<B
By Assumption LA1(c), d(he,r, (0nx), hor,(80)) — 0. This implies that th,Fn(.gny*)C)
= Vp,(+), where hy = hy g, (0p). As in previous proofs, by the almost sure representation
theorem, there exists a probability space and random quantities 7,(-) and 7(-) defined
on it with the same distributions as vp, . (4,.)(-) and v, (-), respectively, for n > 1, such
that sup,eg ||7n(9) — 7(g)|| — 0 a.s. Hence, Ty, (hnp, (0,.)) and ?sn(hn’Fn(0n1*>) have

the same distribution, where the latter is defined to be

Sn

7’\:’s ( nFﬂ Zan Vn gé) + hl n,Fn (‘9n,*,g£)7 hQ,Fn <9n,*7gf) + 5Ik) (1410)

For all 5 >0, B < oo, and A = \yf3, we have

Al,n(ﬁ; B) = g-iu(p)<B |S(ﬁn(g)/ﬁ + hl,n,Fn (en,*a g)/ﬁv h'2,Fn (en,*y g) + 5Ik)
—S((9)/B + hi(g)/B + To(g)Xo, ha(g) + 1)
— 0 asn — oo a.s. (14.11)

using Assumption S2°, (14.9)), sup,cg [|7n(g) — 7(9)|| — 0 a.s., sup g ||7(g)|| < 00 ass.,
and d(thn(Qn’*), hg) — 0, where h2 = hQ,Fo (90)
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In addition, for all B < oo, we have

Ay(B,B) = sup  [S(#(g)/B+ hi(g)/B + Lo(g) o, ha(g) + €li)

g€G:h1(9)<B
—S(Io(g) Ao, ha(g) + €l
— 0 as f — oo as. (14.12)

We use (|14.11)) and (14.12)) to obtain: for all constants B} < oo as in Assumption
A3,

BT, (o, ()

> woa(0)1(ha(ge) < B2)S(a(90)/ B + himp Ons 90)/ By ho,, O ge) + 1)
/=1

> Zn:me(g)l(hl(gE) < B7)S(Ho(ge) Ao, ha(ge) + €lk) — Avn(B, Br) — A2(B, By)
/=1

s / 1(ha(g) < B2)S(o(g)ho, halg) + £1)dQ(g) — As(B, B)

s [ o) < B)S(Tlg) halg) + £1)dQg) (14.13)

where the first inequality uses Assumptions S1(c) and S4, the second inequality holds by
the definitions of Ay (5, BY) and As(5, BY), the first convergence result holds by
and Assumption A3, and the second convergence result holds by .

Let csupo(0g, k3,1 — a) denote the 1 — o quantile of T, (0g, h3) = sup,eg S(vVn,(9),
hi(g) +€ly), where h} is some k x k-matrix-valued covariance kernel on G x G. Let Ogyxg
denote the k x k-matrix-valued covariance kernel on G x G that equals the k x k zero
matrix for all (g, ¢*) € G x G. The A-PA critical value satisfies

Cs,, (097/]’;2,71(9717*)’ 1-— O_/) S Csup,O(Ogv/]’ZQ,n(en,*)a -« + n) + n
< Csup,0(097 nggv I—a+ 77) +n
< 00, (14.14)

where the first inequality holds because a weighted average over {¢i, ..., g5, } with non-
negative weights that sum to one or less (by Assumption A2) is less than or equal to
the corresponding supremum over g € G, which implies that T, (0g, h3) < Tyup(0g, h3)
Vh3, the second inequality holds because S(vp,(g), h(g) +elx) < S(vn,(g9),elx) Vg € G,
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for all covariance kernels h} by Assumption S1(e), which implies that Ty, (0g, h}) <
T4up(0g, Ogxg) Vh3, and the last inequality holds because sup,cg S(vn,(9),€lx) < 00 a.s.,
which holds by Assumption 52" and sup,cg ||[vn,(9)|| < 0o a.s.

We now have: for all B as in Assumption A3,

lim lim inf Py, (TSn(hn,Fn(en,*)) > ¢, (0g, Tia(0n), 1 — a))

B—0o0 n—oo

> lim liminfP (5 Ty (hoor (0n0)) > B7%e(0g, 0, 1 — a + 1) + 6‘*77)

B—0o0 n—oo

> Jim P ([ 1004(9) < B)S(Ma(g)a:kalg) + R)IQUS) — Ax(5. )

> 37e(0g, ha, 1 — o) + 579

1 ( [ 100400 < B)S@a(0)k o) +<1)d(o) > o) , (14.15)

where the first inequality holds by (|14.14)) and the equality in distribution of ? W (Pp,
(Gn*)) and T, (hn.r, (0.+)), the second 1nequahty holds by (i) the first two inequalities
(14.13), (ii) the first convergence result in , and (iii) the BCT, and the last
equahty holds by the second convergence result of ( and the BCT.
The left-hand side (lhs) in m ) does not depend on B’. Hence, the lhs is greater

than or equal to the limit as ¢ — oo of the right-hand side, which equals

1 ( [ 10406) < S (Tog)20: halg) + <T1)dLo) > 0) ~1 (46

by the monotone convergence theorem and the assumption that B: — oo as ¢ — oo,
where the equality holds by Assumptions LA3’ and S3.

Lastly, we prove part (c) regarding KS tests and CS’s. The proof is essentially the
same as that for parts (a) and (b) with T, (05.4), Cs,. (s )y Doy W (f)..., and [ ...
dQ(g) replaced by the KS quantities 75, (0p«), c(-, ", *), Supyeg, and sup g ..., respectively
(or with G,, in place of G). O
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14.2 Proof of Lemma B2 Regarding U spline; Ybox,dd, and G¢/q

Proof of Lemma B2. First we verify Assumption CI for G = Gg_gpine. Let mj p(0, z) =

Xp(0) = (U{x € R :m;p(0, ) < 0}) U ( U {z € R* :m;p(0.2) # 0}) .

J=1 Jj=p+1

(14.17)
If Pp(X; € Xr(0)) > 0, then the probability that X; lies in one of the k sets in (14.17)) is
positive. Suppose (without loss of generality) that Pp(X; € {z : my r(0,2) < 0}) > 0.
The set {z : my r(f,z) < 0} can be written as the union of disjoint non-degenerate
hypercubes in Cp_gpiine (i-€., hypercubes with positive Lebesgue volumes) because con-
tinuity of my (6, x) implies that if my p(6, x) < 0 then m; p(0,y) < 0 for all y in some
hypercube that includes x. The number of such hypercubes is countable (because other-
wise their union would have infinite volume). One of these hypercubes, call it H, must
have positive X; probability. (Otherwise, the union of these hypercubes would have X;
probability zero.)

In sum, we have H € Cp_spiine, Pr(X; € H) > 0, and my p(6,2) < 0 for all = € H.
In addition, the B-spline whose support is H is positive on the interior of H. Thus, if
Prp(X; € int(H)) > 0, we have Erm(W;,0)By(X;) < 0, which establishes Assumption
CL

On the other hand, if Pr(X; € int(H)) = 0, then we must have Pr(X; € H\int(H)) >
0. Because my (6, ) is a continuous function of x, there exists a finite number of
hypercubes in Cp_gpine Whose interiors have union that includes H\int(H) and for
which m; p(0,2) < 0 for all z in each hypercube. One of these hypercubes, say Hj,
must have interior with positive probability because Pp(X; € H\int(H)) > 0. In sum,
Hy € Cp_spiine, Pr(X; € int(Hy)) > 0, my p(0,2) <0 for all z € Hy, and the B-spline
By, () is positive for x € int(H;). Hence, Epm,(W;,0)Bg, (X;) < 0, which establishes
Assumption CI.

Now we establish Assumption CI for G,y aq. The fact that Assumption CI holds
for G = Gpor for all 7 € (0,00] by Lemma 3 implies that Assumption CI holds for
G = Gpox,da for all 7 € (0,00]. The reason is as follows. Let Gy, (T) and Gpopaa(7) de-
note Gy and Gyoy 44, respectively, when 7 is the upper bound on r, or 7, and rg,.
For any box C.,, € Gpou(7), if Cy,, captures some deviation from the model, i.e.,
Erm;(W;,0)1(X; € Cyyr) < 0 for some j = 1,...,p or Epm;(W;,0)1(X; € Cpyr) #
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0 for some j = p + 1,...,k, then (i) Cypr N Suppr, ,(Xi) # ¢ and (ii) Cooipriy
captures the same deviation for n > 0 sufficiently small. Result (ii) holds because
lim,) o Epm;(W;, )1(X; € Cogrnrtn) = Erm;(W;,0)1(X; € Cxo ). The latter holds
by the bounded convergence theorem because (Cyyinrin — Cror) | ¢ as | 0, and
hence m;j(w,0)1(x € Cyryinrin) — mij(w,0)1(x € Cyy,) as n | 0 for every w, and
Bilm, (Wi 0)1(X: € Cayeprsn)] < Erlm,(W,,0)| < 00. By (i) and 1 € (0,7/2), Cayipri
can be written as a box, Cy r, r, in Gpor,aa(37) by picking a point z € Cy »NSuppry (Xi),
which is necessarily in the interior of Cy 4y ,4n, and letting 1 = x — xp + 7 and ry =
xo+1—x+2n. We have | — x| < 7, 71 < 27, and ry < 37. Because Cy 1y v, = Copinrtn
and Cp4qr+y captures a deviation from the model, C, ,, ,, does as well, and the proof
is complete.

Note that in the preceding argument, it is necessary to expand Cy,, t0 Cyyinriqy
because Cy, , is not necessarily in Gy, 4a(37) if the only elements of Cy, N Suppry (Xi)
are on the boundary of Cj, .. Also, note that the argument above does not go through
if one uses symmetric side lengths (i.e., ry, = 72,) in the definition of Gpoy -

Next, we verify Assumption CI for G = G./q. We write

XF(H) = UdEDXI,F(Q;d)y where (1418)
X1 p(0,d) = {2, € R Er(m; (W;,0)| X1, = 21, X2; = d) <0 for some j < p or
Ep(mj (Wl,e) |X1,i = .I'l,XQ’i = d) 7£ 0 for some j = p—|— 1, vy k},

for d € D. We have

PF(XiGXF(Q)):PF<X{z7X£z UX1F9d>

deD

=Y Pp(X1; € Xy (0, )| Xay = d)Pp(Xo; =d).  (14.19)

deD

If Pp(X; € xp(0)) > 0, then there exists some d* € D such that Pr(X2; = d*) > 0 and
PF((Xl,i € Xl,F(97d*>’X2,i = d*) > 0. (1420)

Given the inequality in (14.20]), we use the same argument to verify Assumption CI
as given for G cube, Gbors GB—spiines O Gpor.da With d, replaced by d, 1, but with Ep(-)
replaced by Ep(-|Xs; = d*) throughout, and using the fact that {g : ¢ = g11{s},
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g1 € G} C Geya for Gi = Gecubes Grow, GB—splines OF Ghoz,dd-

Next, we verify Assumption M. Assumptions M(a) and M(b) hold for Gg_spiine by
taking G(z) = 2/3 Vo and §; = 4/ + 3. Assumption M(c) holds for Gp_spine because
each element of Gp_spiine can be written as the sum of four functions each of which is
the product of an indicator function of a box and a polynomial of order four. Man-
ageability of polynomials and indicator functions of boxes hold because they have finite
pseudodimension (as defined in Pollard (1990, Sec. 4)). Manageability of finite linear
combinations of these functions holds by the stability properties of cover numbers under
addition and pointwise multiplication, see Pollard (1990, Sec. 5).

Assumption M holds for Gy, 44 because it holds for Gy, by Lemma 3 and Gpopaa C
Gbox-

The verification of Assumption M for G = G, /4 is the same as in the proof of Lemma 3
when Gy is Ge cubes Gooxs OF Gbox,aa because Cpop X {{d} : d € D} is a Vapnik-Cervonenkis
class of sets. The verification of Assumption M for G = G.); when G, is Gp_gpiine is
essentially the same as the proof above for Gg_gpine. The functions in G4 in this case
still can be written as the sum of four functions each of which is the product of an
indicator function of a box—in this case, the box is of the form B x {d}, where B is a
box in R%1 and d € D—and a polynomial of order four.

Assumption FA(e) holds for Gp_spiine; Gpor,dd, and G./q by the same arguments as
given above for Assumption M.

This completes the proofs of parts (a)-(d) of the Lemma.

Part (e) of the Lemma holds, i.e., Supp(Q.) = Gp—_spiine, because Gp_gpiine is count-
able and (). has a probability mass function that is positive at each element in Gp_ sprine-

Now, we prove part (f) using a similar argument to that for part (b) of Lemma 4.
Consider g = guri o € Gbor,dds Where gu iy (y) = 1(y € Copyy) - 1x and (z,71,79) €
Supp(X;) x (1%, (0,0x,,7))% Let 6 > 0 be given. Let 1y = (11, .., 7o,q,)" and likewise
for n; and 7n,. Define

G977_7 - {g$+770,7"1—77177’2+772 : _77} S nO,u S 7_77 ,7] S nl,u7772,u S 27—7 VU S dm} (1421)

By the same sort of argument as for (13.26), for ¢* = goingri—nyratn, € Gon We
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have

pi(g,g*) = EFX,0[1<Xi S C$ﬂ"1ﬂ"2) - 1(XZ < CI+770)7"1*7717T2+TI2)]2
dx

< Z[PFX,O (Xiw € (T — 10 Tu + Mo — (Fu — N1)])

u=1

+PFX,O (Xi,u S (Iu T T2, Ty + Noy + 20 T 772,u])]

d,
< Z[qu,o(% — 710 +30) — Fx,0(ty — 714)]
u=1

dy
+ Z[Fxmo(fﬂu + T27u + 3’?/) — FXu,O(fEu + T27u)], (1422)

u=1

where Fx, o(-) denotes the distribution function of X;, and the first inequality holds
because 7y, + 17, = 0 and 7y, + 1y, > 0. Because distribution functions are right
continuous, the rhs of converges to zero as 77 | 0. Thus, p%(g,g*) converges
to zero uniformly over G,5 as 77 | 0 and there exists an 7 > 0 sufficiently small that
Gy C By (9,9).

Next, we have Q.(G, ;) equals

dy dz dx
Q*FX,O <H[xu =1, Ty + 7_7] X H[Tl,u - 2777 " — 77}] X H[TQ,U + 1, T2u + 277] > 07

u=1 u=1 u=1

(14.23)
where Qp, = Fxo x Unit F((I1%_, (0, 0x.,7))? and the inequality holds because z €
Supp(X;) and 7 > 0. This completes the proof of part (f).

Lastly, we prove part (g). By parts (e) and (f) and parts (a) and (b) of Lemma
4, we have G; C Supp(Q1). Because Supp(Qp) = D and Q. = Q1 X Qp, we have
Gera C Supp(Qe). O

14.3 Proofs of Theorems B4 and B5 Regarding

Uniformity Issues
Proof of Theorem B4. Part (a) holds by an empirical process central limit theorem
because the intervals {(a,b] : 0 < a < b < 1} form a Vapnik-Cervonenkis class of sets,

e.g., see the proof of Lemma Al(a). The covariance kernel of v(-) and the pseudo-metric

p, are specified below.

48



Let ¢V d = max{c,d} and ¢ A d = min{c, d}.

To prove part (b), we write

Yigap(Xi) = (Ui + 1(X; € (en, 1]) - 1(X; € (a,b])
= U;1(X; € (a,b]) + 1(X; € (a Ve, b)) (14.24)

and

EFn}/iga,b<Xi) = EFnUzl(Xz < (a, b]) + PFn (Xz € (CI/ \ Eny b])
= PFn(Xz S (a\/éfn,b])
— (b—a)/2, (14.25)

where the second equality uses Assumption CX(b) and the convergence uses Assumption
CX(c) and holds by slightly different arguments when a = 0 and a > 0. Equation ({14.25))
and b — a > 0 imply that hi,(g.s) = n'/2Er, Yigas(Xi) — 00 = hi(gap) as n — oo for
all g, € G, which proves part (b).

Part (c) holds because hi(g,,;) = oo for all g, € G and

infg Pin(Gas) = infg n2Pg, (X; € (aV en, b))

9a, b€ Gab€

= sirgl£<bg1 n*2Pg, (X; € (a,b]) =0 (14.26)

for all n, where the first equality holds by and the last equality holds by As-
sumption CX(c).

Part (d) holds because v,,(gas) + h1.n(gas) = Op(1) +n/2(b — a)/2 —, oo by part
(a) and for all g, € G. This, combined with Assumption CX(f) (in particular,
Assumption S1(d)), proves part (d).

Part (e) holds by part (b) and Assumption CX(f) (in particular, Assumption S2)
because S(v(gap) + h1(gap)) = S(oc0) =0 for all g, € G.

To show part (f), we define

gr(z) = 1(x € (0,&,)). (14.27)

Then,
hin(gt) = nY2ER, Yigh(X:) = Pr,(X; € (0V e, 6,]) =0 (14.28)
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for all n, where the second equality holds by (14.25) with a =0 and b = ¢,,.

Next, we have

Sup. SWn(gap) +hin(gap)) = SWn(gn) + hin(gn)) = S(algn)), (14.29)
gcl,,bE
where the equality holds by (14.28). The asymptotic distribution of S(v,(g;)) is estab-

lished as follows:

vn(gy) = n'/? Z [Yil(X; € (0,e,)) — Ep,Yil(X; € (0,2,])]

= 0 V2N (X, =€) + UiL(X € (0,2,))
i=1

—l—l(X- € (en, 1) 1(X; € (0,,)) — Ep, 1(X; € (g0, 1])1(X; € (0,,])]

_1/2ZU1 i =¢€n)t+n" 1/2ZU1X6(05n))

=1

— 4 Z* ~ N(0,1/2), (14.30)

where the second equality uses Ep U; = 0 and U; and X; are independent. The
convergence in distribution in holds by a triangular array CLT for the first
summand on the second last line because U;1(X; = ¢,) has mean zero and variance
EpU21(X; =¢,) = 1-Pp (X; = ¢,) = 1/2 for all n using Assumption CX(b). The
second summand on the second last line of is 0,(1) because its mean is zero and

1ts variance is

Var (n_lpzn:Uil(Xi € (Oagn))) = Var(U;1(X; € (0,€,)))

i=1
= Ep,U1(X; € (0,6,) =1- Pr, (X; € (0,,)) = €,/2, (14.31)

where the first equality holds by Assumption CX(d), the second and third equalities
hold by Assumption CX(b), and the last equality holds by Assumption CX(c).

Equations and , Assumption S1(d), and the continuous mapping the-
orem combine to prove part (f).

Part (g) holds if
sup S(Vn(ga,b) + hl,n(ga,b)) p 0 (1432)

ga,beg

50



using part (e). By part (f), for all § > 0,

lim inf P ( sup S(Vn(Gap) + h1.n(gap)) > 5) > liminfP (S(vn(g))) > 9)

n—oo ga,beg n—oo

= P(S(Z*) > ). (14.33)
Now, by the dominated convergence theorem, as 6 — 0,
P(S(Z*) > §) — P(S(Z*) > 0) =1/2, (14.34)

where the equality holds because S(m) > 0 iff m < 0 by Assumption S2 and P(Z* <
0) = 1/2. Hence, the right-hand side in is arbitrarily close to 1/2 for § > 0
sufficiently small, which implies that holds and part (g) is established.

Lastly, we compute the covariance kernel K(ga, b, Jasp,) Of the Gaussian process
v(-). We have

Ep Y7 Gay by (Xi) Gaz o (Xi)
= Ep, (Ui + 1(X; € (g0, 1])? - 1(X; € (a1 V az, by A bo))
= Ep,U?1(X; € (a1 V ag, by A by))
+Er, (2U; + 1)1(X; € (a1 V ag V en, by A by))
= Pp,(X; € (a1 V ag,by ANbs]) + Pr,(X; € (a1 Vaz Ve, by Aby)
— (1/2)1(a; = ag = 0) + max{(by A bg) — (a1 V az),0}

- Kl(gal,blagag,bz)7 (1435)
where the third equality uses Assumption CX(b) and the convergence uses Assumption
CX(c).

In addition, we have

nlggo ErYigup(X;) = (b—a)/2 = K2(gap), (14.36)

where the first equality holds by (14.25). Putting the results of (14.35) and ((14.36))
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together yields

K(gahbl ) gaz,b2>
- nh—{go (EFn}/?,?gal,bl (Xi)ga2,b2 (XZ) - EFnY;galybl (XZ) ’ EFn}/igtlmlm (XZ))

= K (ga1,b1vga27b2) - K2(ga17b1)K2(ga2,b2)' (1437)

The square of the pseudo-metric p, on G is

,03 (ga1,b1 ) ga2,b2) (1438)
- nILHOlO EF" (Y;gahbl (X’) - Y;ga%bz (XZ) - EFnYigal,b1 (Xz> + EFnY;gaz,bz (Xz))2 :

The limit in (14.38)) exists and can be computed via calculations analogous to those in

(14.25) and (14.35). O

Proof of Theorem B5. For notational convenience, we let g denote g, ;. By Theorem
B4(a), v,(-) = v(:) as n — oo. As in the proof of Theorem [Ifa), by an almost sure
representation argument, e.g., see Thm. 9.4 of Pollard (1990), there exist processes
Vn(+) and 7(-) on G that have the same distributions as v,(-) and v(-), respectively, for
which

sup |7, (g9) — 7(g)| — 0 a.s. (14.39)

geg

Let  denote the sample paths for which the convergence in ((14.39) holds. By (|14.39)),

P(Q) =1.
For each w € (2, we apply the bounded convergence theorem (BCT) to obtain

lim [ S(5(9)(@) + h1.a(9))dQ(g) = / S((g)(w) + hi(9)dQ(g),  (14.40)

n—o0

which yields the result of the Theorem. Now we check the conditions for the BCT. For

all g € G, pointwise convergence holds:

S(n(9)(w) + hin(9)) = S(@(9)(w) + hi(g)) as n — oo

by (14.39)), Theorem B4(b), and Assumption S1(d). A bound on S(7,(g)(w) + h1..(g))
over g € G and n sufficiently large is given by S(inf«cg 7(g*)(w) — ¢) for some € > 0.
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This follows because for all € > 0 and g € G, we have

0 < S(@n(9)(w) + h1n(g)) < S(n(g)(w))
< S(inf 7n(g”)(w)) < S(inf P(g")(w) — ) < oo, (14.41)

where the first inequality holds by Assumption S1(c), the second inequality holds by
Assumption S1(b) and h; ,,(g) > 0 for all g € G by , the third inequality holds by
Assumption S1(b), the fourth inequality holds for all n sufficiently large by and
Assumption S1(b), and the last inequality holds because inf j«cg 7(¢g*)(w) > —o0 because
the sample paths of 7(-) are bounded a.s. (which follows from |m(W;,0y)g(X;)| <

Im(W;,00)] < |Ui] +1 < oo a.s. and (14.39))). This completes the proof of (14.40|) and
the Theorem is proved. []

14.4 Proofs of Subsampling Results

Proof of Lemma B3. For S;, Assumption SQ(a) holds because (i) if v > 1, the
summand Zf:p 1 (h,5(9)/(haj;(g) + €)) is absolutely continuous for all g € G, where
Uny(9) = (Wnp1(9)s -, Vo k(9)" and hgyj;(g) denotes the jth diagonal element of hs(g),
(ii) if v = 0 and hi(g) # ooP, the summands [vp, j(g9) + h1,(g)]%/(haj,(g) + €) are
absolutely continuous for z > 0 and all j < p such that h; ;(g) < oo, (iii) if v = 0 and
hi(g) = oP, S1(vn,(9) + h1(g), ha(g) +€l;) = 0 and its distribution function equals one
for all > 0, and (iv) if S1(va,(g) + h1(g), ha(g) + €1) is absolutely continuous for all
g € G, then [ S1(vn,(g9) + hi1(g), ha(9) + 1})dQ(g) is absolutely continuous.

Assumption SQ(b) holds for S; because (i) if v > 1, the summand [ Z;?:p n(h,5(9)
/(h2,;.5(g) + €))dQ(g) has positive density on R, and (ii) if v = 0 and h;(g) # oo? on
some G C G such that Q(G) > 0, each summand [[vp, j(g)+h1;(9)]2/(ha;(9)+€)dQ(g)
for which h; ;(g) < oo on some G C G such that Q(G) > 0 has positive density on R,
and so does the sum over Z?Zl .

For Sy, if v = 0 and hy(g) = oo? a.s. [Q)], then Sy(vp,(g) +hi(g), ha(g) +elx) = 0 a.s.
[Ql, Jihy,he)(x) =1 for all z > 0, Assumption SQ(a) holds, and Assumption SQ(b) does
not impose any restriction. Otherwise, v > 1 or hy(g) < oo” on a subset G C G such
that Q(G) > 0. In this case, the random variable [ Sy(vp,(g) + hi1(g), he(g) +€1))dQ(g)
has support R, and is absolutely continuous. Hence, Assumptions SQ(a)-(b) hold. OJ

The proof of Theorem B6 uses the following Lemma.
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Lemma D1. Suppose Assumptions M and S1 hold. Then, for all h € H, under any
sequence {(0,, F,) : n > 1} € Seq®(h, h),

T.(0,) —a /S(Vh2 (9) + hi(g), ha(g) + €lx)dQ(g) ~ Jih, hy) @S 1 — 00.

Comment. Condition (iv) of Seq®(h}, h) is not needed for the result of Lemma D1 to
hold.

Proof of Theorem B6. First, we prove part(a). Suppose {(6,, F,) : n > 1} € Seq".
Then, there exist h € H and h} € H;(h) such that {(0,, F,) : n > 1} € Seq®(ht, h). We
need to show that under {(0,, F,,) : n > 1}, limsup,,_, Pr, (T,(0,) < cup(0n, 1 —a)) >
1 — a. The asymptotic distribution of 7},(6,,) is given by Lemma D1. We now determine
the probability limit of ¢, 4(6,,1 — ).

Let Jip, ho)(x) for 2 € R denote the distribution function of Ji, 4,). By Lemma
5 in Andrews and Guggenberger (2010), if (i) Upnp(0n, ) —p Jrny(x) for all z €
C(J(hr,hy)), Where C(Jgx ny)) denotes the continuity points of Jix n,), and (ii) for all
§ >0, Jinsny)(Coo +&) > 1 — a, where co is the 1 — a quantile of J: 4,), then

Cnp (On, 1 — ) =, Coo. (14.42)

Condition (i) holds by the properties of U-statistics of degree b and T}, (6,) —q
J(n hy) (see Thm. 2.1(i) in Politis and Romano (1994)). The latter holds by Lemma D1
because subsample j is an i.i.d. sample of size b from the population distribution.

By Assumption S1(c), Jin, hy) () =0 Vo < 0 for h € H. Thus, ¢ > 0. If v = 0 and
hi(g) = oo? a.s.[Q], then Jius 1,)(0) = 1, coo = 0, Jr ny) (€0 +€) = 1 > 1—cv. In all other
cases, Assumption SQ(b) applies, Jiux n,)(0) < 1, and Juz hy) (Coo + &) > Tt ny) (Coo) >
1 — a. Thus, condition (ii) holds and is established.

If coo >0, cox € C(J(ny,hy)) by Assumption SQ(a). Thus,

hm lanFn<Tn<9n> S Cnyb(en, 1-— Oé)) = J(hl,h2)<coo) 2 J(h*{,}m)(coo) =1- a, (1443)

n—oo

where the first equality holds by ([14.42) and Lemma D1, the inequality holds by As-
sumption S1(b) and h} < hy, and the second equality holds by Assumption SQ(a) and

the definition of c..
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If coo = 0, for some set G C G with Q(G) = 1, we have

Pr, (To(6,) < cup(bn, 1 — a))
Z PFn (ann) S 0)

1/2_ ] Hn _n 1 Qn
— Py (” _m”’f( .9) >0V <p& Lnd\Un9) 3(0n:9) :OVj:p+1,...,k,‘v’g€G)
O'n,j(gnag) Un,j(envg)

. s ;
_>P<7/hu(g)+ 1,3(9) Zongp&M—OVj—p+1,...,k,Vg€G)

hajj(g) + ¢ haji(9) + €
= P(S(wn(g) + hi(g), halg) + €lx) = 0 Vg € G)
= Jihiha)(0) = Jnz ) (0) > 1 = @, (14.44)

where @, ;(0,g) and hy;(g) denote the jth diagonal elements of 3,,(6,g) and hy(g),
respectively. In , the first inequality holds because ¢;,4(6,,1 — ) is the 1 — «
sample quantile of the subsample test statistics and the test statistics are non-negative
(by Assumption S1(a)), the first and second equalities hold by Assumption S2, the
convergence holds by Lemma Al(a)-(b), the third equality holds by the definition of
J(h1,hs), and the last inequality holds because 0 is the 1 — « quantile of J(ht ha)-

Next, we prove part (b). Let (0, F¥) = (0, F) for n > 1, where (0, F') is specified
in Assumption C. Then, {(6,F*) : n > 1} € Seq®(h}, h), where hi = hy p(0) and
h = (h1,#(0), he,r(0)). Thus,

hTILIi}LI;IfPF; (Tn(t?;';) S Cn7b(9;:, 1-— CY)) = J(hl,hz)(coo) = J(h*{,hz)(coo) =1—-a. (1445)
This and the result of Theorem B6(a) establish part (b).

Lastly, we prove part (c). Suppose Assumption Sub holds and {(6,,,, Fi,,) : n > 1}
belongs to Seq® (where Seq® is defined with m,, in place of n). Then,

AsyCS = lim Pp, (T,(0m,) < cnp(Om,, 1 — )

n—oo

inf liminf Pp, (T,,(0,) < cnp(0n, 1 — @))

{(9n,Fn)m21}€5€qb n—0oo

1—a (14.46)

Y]
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using Theorem B6(b). On the other hand,

AsyCS = liminf inf Pp(T,(0) < c,p(0,1 — a))
F)eF

n—oo (97

< inf lim inf Pp, (T,,(0,) < cnp(0n, 1 — )

o {(Gn,Fn)inzl}GSSQb n—00

—1-a. (14.47)

Thus, we have AsyCS =1—a. [

Proof of Lemma D1. By the same argument as used above to show ((13.20]), but with
uﬁ“(ec)(g) and ¢, (6., g) replaced by v,, , (6., g) and hy ,, r, (65, g), respectively, we have

T.(0,) —a T(h) = / S(Why(g) + h1(9), halg) + €1i)dQ(g), (14.48)

where v, g, (0,,,-) = vp,(-) by Lemma A1(a), hy 5, (0n, 9) — hi(g) Vg € G by Definition
Seq®(h3, h)(ii), and d(han(6), hs) — O by Lemma Al(b) and (10.27). Note that the
assumption that {(0,, F,) : n > 1} satisfies Definition Seq’(h}, h) and Assumption M
implies that {(6,,, F},) : n > 1} satisfies Definition SubSeq(hs) and hence the conditions
of Lemma Al hold. [J
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15 Appendix E

This Appendix proves Lemma Al.

15.1 Preliminary Lemmas E1-E3

Before we prove Lemma A1, we review a few concepts from Pollard (1990) and state

several lemmas that are used in the proof.

Definition E1 (Pollard, 1990, Definition 3.3). The packing number D(&, p, Q)
for a subset G of a metric space (G, p) is defined as the largest b for which there exist
points g, ..., g® in G such that p(g®),g*)) > & for all s # s'. The covering number
N(&, p,G) is defined to be the smallest number of closed balls with p-radius & whose

union covers G.

It is easy to see that N (&, p,G) < D(&,p,G) < N(&/2,p,G).

Let (2, F,P) be the underlying probability space equipped with probability distrib-
ution P. Let {f,..i(w,9) : g € G,i <n,n > 1} be a triangular array of random processes.
Let

]:n,w = {(fn,l(w7g)v e fn,n(wag))/ NS g} (15'1)

Because F,, C R", we use the Euclidean metric || - || on this space. For simplicity,
we omit the metric argument in the packing number function, i.e., we write D(&, G) in
place of D(&, || - ||, G) when G C F, .

Let ® denote the element-by-element product. For example for a,b € R", a ©® b =
(aiby, ...,anb,)". Let envelope functions of a triangular array of processes { f,:(w, ¢g) :
g € G,i <n,n > 1} be an array of functions {F),(w) = (F,1(w), ..., Fnn(w)) :n > 1}
such that |f,;(w, 9)| < FLi(w)Vi<n,n>1g9€G,we Q.

Definition E2 (Pollard, 1990, Definition 7.9). A triangular array of processes
{fnilw,g9) : g € G,i < n,n > 1} is said to be manageable with respect to envelopes
{F,(w) : n > 1} if there exists a deterministic real function A on (0,1] for which (i)

3 VIog A(€)de < oo and (i) D(E]|a ® Fy(w)]|,a © Fuw) < AE) for 0 < € < 1, all

w € €, all n-vectors a of nonnegative weights, and all n > 1.

Lemma E1. If a row-wise i.i.d. triangular array of random processes {¢, ;(w,g) :
g € G,i < n,n > 1} is manageable with respect to the envelopes {F,(w) : n > 1}

and c,(w) = (cp1(w), ..., cpn(w))" is an R™-valued function on the underlying probability
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space, then
(a) {Pni(w,9)cni(w) : g € G,i < n,n > 1} is manageable with respect to the en-
velopes
Fo(w) = (Fui(w)|cn1 ()], oy Fun()|cnn(w)]) for n > 1, (15.2)

(b) {E¢,(,9) : g € G,i < n,n > 1} is manageable with respect to the envelopes
{EF, :n > 1} provided EF, ; < oo for all n > 1, and

(c) if another triangular array of random processes {¢, ;(w,g) : g € G,i <n,n > 1}
is manageable with respect to the envelopes { F;(w) : n > 1}, then {¢;, ;(w, 9)+¢,,:(w, g) :
g € G,i <n,n > 1} is manageable with respect to the envelopes { F,,(w)+F(w) : n > 1}.

Lemma E2. If the triangular array of processes {fni(w,q) : g € G,i < n,n > 1} is
manageable with respect to the envelopes {F,(w) = (F1(w), ..., Fpn(w)) :n > 1}, and
there exist 0 <n < 1 and 0 < B* < oo such that n™* > EF,}JJ[" < B* for all n > 1,
then

<n

n

Sup n! Z(fn,i<wag) - Efn,i("g)) —p 0. (15'3)

9€9 i=1

Lemma E1(b)-(c) imply that if {f,;(w,g) : ¢ € G,i < n,n > 1} is manageable,
then the triangular array of recentered processes {f,i(w,9) — Efni(-,9) : g € G,i <
n,n > 1} also is manageable with respect to their corresponding envelopes. Lemma E2
is a uniform weak law of large numbers for triangular arrays of row-wise independent
random processes. Lemma E2 is a complement to Thm. 8.2 in Pollard (1990) which is
a uniform weak law of large numbers for independent sequences of random processes.

Lemma Al(a) is a functional central limit theorem result for multi-dimensional em-
pirical processes. We prove it using a functional central limit theorem for real-valued
empirical processes given in Pollard (1990, Thm. 10.3) and the Cramér-Wold device.

For a € RF/{04}, let

Filw,g) = ' D *(0,)n 2 m(Woi(w), 0n, 9) — Esm(Woi(-), 00, 9)),
forweQ, geg, (15.4)

where W,,;(-) = W;, and the index n in W, ; signifies the fact that the distribution of

W; is changing with n. The random variable f, ;(w, g) depends on a, but for notational
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simplicity, a does not appear explicitly in f, ;(w, g). By definition, we have

alyn,Fn (ena g) = Z fn,i(w7g>' (155)
=1
Let
Pral9:97) = (NE|fui(,9) = fai(,g")2)"? for g, 9" € G (15.6)

We show in the proof of Lemma E3 below that under the assumptions, the sequence
{Pn.alg,97) : n > 1} converges for each pair g,¢* € G. In consequence, the pointwise
limit of p, ,(-,-) is an appropriate choice for the pseudo-metric on G. Denote the limit
by p, (), Le.,

Pa(9:97) = lim p,4(9,97)- (15.7)

Lemma E3. For all a € R*/{0} and any subsequence {(0,,,F,,) : n > 1} €
SubSeq(hs), for some k x k-matrix-valued covariance kernel hy on G x G,

(a) G is totally bounded under the pseudo-metric p,,

(b) the finite dimensional distributions of a'va, r, (0a,,g) have Gaussian limits with
zero means and covariances given by a'hs(g, g*)a, Yg, g* € G, which uniquely determine
a Gaussian distribution v, concentrated on the space of uniformly p,(-,-)-continuous
bounded functionals on G, U, (G), and

(c) a'va, F,, (Oa,,-) converges in distribution to v,.

The proofs of Lemmas E1-E3 are given below. The proof of Lemma E2 uses the
maximal inequality in (7.10) of Pollard (1990). The proof of Lemma E3 uses the real-
valued empirical process result of Thm. 10.6 in Pollard (1990).

15.2 Proof of Lemma Al(a)

Lemma Al is stated in terms of subsequences {a,}. For notational simplicity, we
prove it for the sequence {n}. All of the arguments in this subsection and the next go
through with {a,} in place of {n}.

The following three conditions are sufficient for weak convergence: (a) (G,p) is a
totally bounded pseudo-metric space, (b) finite dimensional convergence holds: V{g", ...,

g B Y G, Wk, 0n, gV, vk, (00, 9F))  converges in distribution, and
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(¢) {vnp,(0n,-) : n > 1} is stochastically equicontinuous. (For example, see Thm.
10.2 of Pollard (1990).)

First, we establish the total boundedness of the pseudo-metric space (G, p), i.e.,
N(&,p,G) < oo for all £ > 0. This is done by constructing a finite collection of closed
balls that covers (G, p).

Consider £ > 0. Let B,(g,&) denote a closed ball centered at g with p-radius . Let
#G denote the number of elements in G when G is a finite set. (Throughout this proof
G denotes a subset of G, not the envelope function that appears in Assumption M.)
For j = 1,...,k, let ¢; be a k-dimensional vector with the jth coordinate equal to one
and all other coordinates equal to zero. Then, e; € R¥/{0} and by Lemma E3(a), the
pseudo-metric spaces (G, pej) are totally bounded. Consequently, for all G C G, (G, pej)
is totally bounded. Our construction of the collection of closed balls is based on the

following relationship between {pe], :j <k} and p: Vg,9" € G,

p*(g,9%) = tr (ha(g,9) — ha(g,9") — ha(g*, g) + halg*, g%))
= lim Ep, | DR (@)W, 00, 9) = (Wi 00, )] I

k k
= lim Y o} (9.9 =) (9.9, (15.8)
Jj=1 j=1

where the second equality holds by (15.7]), which is proved in ((15.40)-(15.41]).

We start with j = 1. Because (G, p,,) is totally bounded, we can find a set G; C G
such that

#G1 = N (& pe,»G) and sup min p, (g9,9%) <&, (15.9)

geg g*EGl

where £, = £/(2Vk). Forall g € G4, let Bgel (9,&) = B,,, (9,€,)NG. Then, UgeG1 B;el (g,
&) covers G.

Because B;el (9,€,) C G, (B;E1 (9,€1), pe,) is totally bounded. We are then able to

choose a set G, such that

#Gag = N(Ey, Pey By, (9:€)) and  sup min p,, (g, g%) < & (15.10)

h
9'€B, (9:6k) 7 €Gz,q

Let GQ = U
let

Gag. We have #Go =3 o #Gay < o00. For all g € Gy and ¢’ € Ga,

geG1

B (d',€x) = By, (9, &) N B, (9,&)- (15.11)

€1
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By construction, Ug'er,g Brig (¢', &) covers B;Bl (9,&x). Because U, ¢, B;EI (g,&,) covers

g, Ug/eG2 B,Q)Q (g’,fk) covers G.
Repeat the previous steps to obtain in turn Gs, {B} (9,&;) : g € Gs}, ..., Gy,
e3

{Bﬁ% (9,€;) : g € G }. One can induce that (i) #Gy < oo, (ii) Ug,eGk Bﬁ% (¢', &) covers
G, and (iii) Vg € G, there exists (¢, g*=Y, ..., gW) € G} x Gj_1 % ... x G such that

g e B,];Ek (g™, &) C Bﬁ;il(g(’“’l),&) C...C Béel (g, &). (15.12)

Thus,

(k) — Ek (k) v & 4g S V2
) = 2 k < + =+ .+ = . 15.1

Equation implies that J e Bl’j(g, €) covers G, Gy, is the desired finite collection
we set out to construct, N(&, p,G) < #Gy < 0o, and (G, p) is totally bounded.

Second, we show that finite dimensional convergence holds. By Lemma E3, the finite
dimensional random vector (a'v,, g, (05, gV), ..., 'V 5, (0, gP))’ converges in distribu-

tion:

@'V, (0, g0) a'ha(gM, gM)a ... d'ha(g?V, g)a
: —4N |0, z : (15.14)
a' Vi £, (0, g7) a'ha(g, gMa ... d'ha(g'P), g'P)a

for all @ € R*. Thus, by the Cramér-Wold device, for all g, ¢@®, ... ¢! € G,

Vn,py (0nr g) ha(g™, g™M) . ho(g®™, gt™)
: —~.N o, : : . (15.15)

Vn,Fn(ng(L)) hz(Q(L),g(l)) h2(9(L)79(L)

Lastly, we show that {v, g, (0,,-) : n > 1} is stochastically equicontinuous with
respect to p. By Lemma E3, {€}v,, r,(0,,-) : n > 1} is stochastically equicontinuous
with respect to p,, for all j < k. (Weak convergence implies stochastic equicontinuity.)
Because p(g,9%) > p.,(9,9") for all g,¢" € G, {€}vy,r,(0n, ") : n > 1} is stochastically
equicontinuous with respect to p for all j < k. Note that €’v,, £, (0n, ) is the jth coor-

dinate of v,, f, (6,,-). Therefore, {v, F,(6,,-) : n > 1} is stochastically equicontinuous
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with respect to p. U

15.3 Proof of Lemma A1(b)

It suffices to show that each element of D;l/ 2(0)S,(0. 9, 9%)Dj 2(9) converges in
probability uniformly over g,¢* € G. Suppose 1 < j, 5/ < k. The (j,j')th element of
D;nlﬂ(ﬁn)in(en, g,9 )D_1/2(6’n) can be decomposed into two parts:

—1 *
n- ZUFM n)m (Wi, 0,)mg (W3, 6, )aij,(Qn)gj (Xi) g3 (X3)
_UFjj(e )mnj(envg)mnj’(enag*)ag‘lj (9 )

—nil ’n’ij wgg —n- Z nzng ( Z nz] )7(1516)

where

vii(w,g) = O-]_J‘j,j(en)mj<wiaen>gj (X;), and

n,%,J

an (w,9,9") = fsz‘,j(Wag)fyTi,j/(w7g*)- (15.17)

Note that { £} /(w,9,9%) 1 9,9" € G,i <n,n > 1} and {f}; (w,9) 1 g € G,i <n,n >
1} are triangular arrays of row-wise i.i.d. random processes. We show the uniform
convergence of their sample means using Lemma E2.

We first study f}7; ;(w,g). Let

f;:,nwj = {( rTl,j(w7g)7"'7 r??n,j(a%g))/ - g € g} (1518)

By Assumption M(c) and Lemma E1, {f, /(w,g) : i <n, g € G} are manageable with

respect to the envelopes

E (w) = (Fy (W), B (w )),, where

n,1,7 n,n,j

F (W) = G(Xa)og, ;(0n)m; (Wi, 0,)|. (15.19)

n,%,J

In consequence, there exist functions A; : (0,1] — Ry for j < k such that

D(Ela® F [ a0 A, ;) <A (15.20)
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forall « € R}, w e Q, and n > 1 and /log \;(&) is integrable over (0, 1].

Because the data are i.i.d., we have for all 0 <7 < 1 and all n,

_1 ZE m 1+77 — E(Fm )1—}—7]

nz] n,1,j
(14m) /02
1 (W 79n &
< (BEp, G (X)) By, m; (Wh,60) <o, (1521
O_Fn hsJ (en)

where 02 = (141)d1/(d1 —1—n). The first inequality above holds by Holder’s inequality
and the second holds by Assumption M(b), 6y < 2+4/(6;—1—n) < 2+4/(46 ' 4+1—n) <
2 4§, and condition (vi) of (2.3)). Therefore, by Lemma E2,

Z ni (@ 9) = Ef 50, 9) =5 0. (15.22)

sup [n
geg

Now we study f"/" /(w, g, g%). For all n > 1 and w € €, let

Fa s =L@, 9,9%)s o o (w,9,9%)) 1 9.9" € G} (15.23)

Then, F' .0 = Fib, © F, - Let F(w) = FP A(w) © ) Ji(w). We have: for all

n,w,j,5' n,w,j nw,j* n,,5,J’

ac€ R, weQ andn > 1,

D (Ela® Erm . (w)],a © Frm. )

n,,7,7" n,w,j5,5'
=D (ao B (W), a0 Fr, 0 Fr,))

D( a@Fm w)@FﬁJ(w)La@Fﬁ’ (w )@.T?ij>

( la© F" (w) O F ()], a® F (W )@f[[‘w)
M (€/4) jf<5/4>, (15.24)

where the first inequality holds by equation (5.2) in Pollard (1990) and the second
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inequality holds by ((15.20). We have

| osOs(ermnserands = [y floma(e/n +oe e/

4/01/4 (\/Iog Ai(€) + /log Aj,(g)) de < oo, (15.25)

where the first inequality holds by va + b < \/a + v/b. Therefore, { i (W, g,9%)
9,9" € G,i < n,n > 1} are manageable with respect to the envelopes {F}""} ./ (w) : n >
1}.

Let 1 be a small positive number. We have

_1ZE me . 1+77 — E(me (_))1+77

n,j,5' n,5,5'
i<n
(1+m)/(2+9)
< [EFTLG53(X1)]2(1+77)/53 EFn m]( 1 )
05, (0n)
(1+n)/(2+9)
mj/ (Wl, gn) 2445 n
O-anj,(en)
< oo, (15.26)

where 03 = 2(14n)(2+6)/(0 — 2n), the first inequality holds by Holder’s inequality, and
the second holds for sufficiently small > 0 by Assumption M(b) and condition (vi) of
23).

With the manageability of {f; /(w,9,9") : 9,9* € G,i < n,n > 1} and ,
Lemma E2 gives

sup_n- Zfﬁlﬁ] W, 9.97) = Ef50 (.9.97)| —» 0. (15.27)

9,9%€G i—1

By (15.16)), (15.22)), (15.27)), as well as | E £ (-, g)| < E(F}" ;)" < 0o, we conclude
that the difference between the (j, j')th element of D_l/Q(Qn)fln(Hn, 9,9 )D_l/ (0,,) and

B (9,9 = Efih (L 9)EfT (- g*) converges to zero uniformly over (g, g*) € G*.
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By definition,

xﬂlj,j’(Ug?g*) - E 7??1,]'('79) oTl,j/('vg*)
= Eg, (05 j(0n)0 5, i (0n)m; (W1, 0,) g; (X1) my (Wi, 0,) g5 (X1)]
—Eg, [0 ;(00)m;(Wh,0,)9;(X1)] Er, o, 0 (0n)my (Wi, 0,)g5(X1)]
= op /(0005 (00) [Zr, (0n, 9,97,
— [ha(9, 9.4, (15.28)

where the convergence holds uniformly over (g, ¢*) € G* by conditions (i) and (iv) in
Definition SubSeq(hs). This completes the proof of Lemma Al(b). [

15.4 Proof of Lemma E1

Part (a) is proved by a similar, but simpler, argument to that given in (15.24)-(15.25).

Next, we prove part (b). Because EF},; < oo and the processes {¢, ;(w,g) : g €
G,i <n,n > 1} are row-wise i.i.d., EF, = {E¢, ;(-,9) - 1, : g € G} is a subset of a one
dimensional affine subspace of R" with diameter no greater than 2E'F,, ;. Thus, a © EF,
is a subset of a one dimensional affine subspace of R" with diameter no greater than
2||a||EF, ;. By Lem. 4.1 in Pollard (1990), we have: for all n > 1,

D ({lla© EF||,a© EFy) < 6[|ol||EF,/(¢]la © EE,[]) = 6/¢. (15.29)

Because fol V1og(6/£)dE = 3\/m < oo, part (b) holds.
Finally, we prove part (c). Let A5(£) : (0,1] — R* be the square-root-log integrable

function such that
D (¢llao Fiw)l,ao Fr,) <N, (&) for 0 <& <1, (15.30)
foralla € R}, we€ Q, and n > 1. Let

Frw = {on(w,9) 1 g € G},
Foi' =Adn(w,9) + ¢5(w,9) : g € G}, and
Frho=Fno®Fnw={a+be R :aeF,beF) } (15.31)
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where ¢, (w, g) = (qbn’l(w, G)y ey gbnm(w, g))". Let
Fw) = F(w) + Fr (w). (15.32)
Then, for 0 <¢{ <1 and a € RY,

D (¢lla o F™ ()], o © F3m)
< D (Ellao B W)l e © F)
< D (&llla© Rl + le © B @)I)/V2.a 0 F)
< D(Ela ® Fu()l/(2V2),0 © Fu.)
D(Ella® Fw)|l/(2V2),a © F;,)
< M(€/(2V2))N5(6/(2V2)), (15.33)

where \,(§) denotes the packing number bounding function given in Definition E2 for
the processes {¢,,(w,g) : g € G,i <n,n > 1}, the first inequality holds because ;%" C
Ft., the second inequality holds because D(z,G) is decreasing in z and [la + 0| >
(I|a||+|b]])/v/2 for a,b € R, the third inequality holds by a stability result for packing
numbers (see Pollard (1990, p. 22)), and the last inequality holds by the manageability
of {¢,(w,g) : g € G,i <n,n>1} and (15.30).

The function A\, (§/ (2\/5)))\;(5 /(2v/2)) is square-root-log integrable by , which
completes the proof of part (c). O

15.5 Proof of Lemma E2
We prove convergence in probability by showing convergence in L!. We have

nil Z [fn,i('v g) - Efn,i('v g)]

i=1

n 1/(1+4n) n
n'KE (Z F,ij’?) <n 'K (E > F;j”)
=1 i=1

< n () i (B*)l/(1+77) — 0 as n — 00, (15.34)

FE sup
geg

n 1/2
<n'KE (Z F,f)
=1

1/(14n)

IN

where the first inequality holds for some constant K < oo by manageability and the

maximal inequality (7.10) in Pollard (1990), the second inequality holds using 0 < n < 1
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by applying the inequality Y,z < (> | x;)%, which holds for s > 1 and x; > 0 for
i =1,...,n, with o; = Fi?” and s = 2/(1 4+ n) > 0, the third inequality holds by the
concavity of the function f(z) = 2¥/0+" when > 0, and the last inequality holds
because n=t Y " | EFf{" < B*foralln>10

15.6 Proof of Lemma E3

For notational simplicity, we prove Lemma E3 for the sequence {n}, rather than the
subsequence {a,}. All of the arguments in this subsection go through with {a,} in place
of {n}.

The conclusions of Lemma E3 are implied by the result of Thm. 10.6 of Pollard
(1990), which relies on the following five conditions:

(i) the {fni(w,9) : g € G} defined in are manageable with respect to some
envelope F, ,(w) = (Fan1(W), .o, Fann(w))',

(i) lim, oo Ea'vp 5, 00y 9)Vn.F, (0, g°)'a = a'ha(g, g*)a for all g, g* € G,

(iii) limsup,, o, > iy EFZ, ; < 00,

(iv) Sr  EE?, AFun: > & — 0asn — oo for each £ > 0, and

an'L

(v) the limit p, (-,-) is well defined by (15.7)), and for all deterministic sequences

{90} and (g7}, 1 pu (50012 G1y) — O, then (g1, 7)) — 0 a5 m — oo
Now we verify the five condltlons.

(i) By (15.4), we have

foi(w, g) ZGJUF J _1/2[mj(Wn,i(W)7en)gj(Xn,i(W»

—E 7 (Wi, 05) g5 (X3)], (15.35)

where a; denotes the jth element of a. By Assumption M(c), {g;(X,i(w)) : i
are manageable with respect to envelopes G(X,, ;(w)). Therefore, by Lemma E1(a)-(c
{fni(w,g) : i < n} is manageable with respect to envelopes Fi,,, = (Fyn1,--s Fann
defined by

k
Foni(w) = n /2 Z a’jo-;’i]( W) [[my (W i(w), 0,)|G(Xni(w))
+Eg, |m;(W;,0,)|G(X;)]. (15.36)
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(ii) By (15.5)), we have

Ed'vy g, (0n, 9)v 5, (0n, 97)a

=k (Z fn,i('ag)) (Z fn,i ('79*)> = nEfn,l('ag)fn,l('ag*)l

n~Yd' Dy (8, - Covg, (m(Wh,0,,9),m(Wi,0,,9) - Dp/(0,)a

7L

nta' D (0,)28, (0n, 9, 9%) D52 (0,)a, (15.37)

where the second equality holds because the data are i.i.d., the third inequality holds
by (15.4). Condition (i) in Definition SubSeq(hs) completes the verification of condition
(ii) above.

(iii) Next, we verify limsup,, ., i FF?, ; < oo. By the linear structure of Fy;,

it suffices to show that

limsupEr, 05" ]( 2)|mi (Wi, 0,)2°G*(X;) < oo and

limsupEp, 05 (00)m (W3, 0,)|G(X;) < oo. (15.38)
The latter is implied by the former and the former holds by the same argument as in
(15.21)) with n = 1.
(iv) For B as in condition (vi) of (2.3)), £ > 0, and 1 > 0 sufficiently small,

> EF., {Funi> &} =nEF], {Fopi> & <nEFLT/E

Q(Zk)2+n k 24 241 —2—n 247
< =g D |l B GH (X 0 mg (Wi, 00) |

j=1

2+n k
< (?752577 Z| a;|*™ [Br, G*(X )}(QM)/MB(”")/(Q”)
n

2 (2k)2T B0/ (2+8) (2+m)/61 k
= nn/2¢n Z ;77 =0, (15.39)

where the first equality holds because the data are identically distributed, the sec-

ond inequality holds by Jensen’s inequality using the convexity of ¥ () = 2*%", i.e.,
1k _1k

((28) 7 325 (1G] + BLXG))* T < (20) 71 305 (1 XG5+ (B1X])*7) and (E1XG])* 7 <
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E|X;|*" the third inequality holds with d4 = (2 +71)(2+ §)/(6 — n) by the same argu-
ments as in ((15.26]), and the fourth inequality holds by Assumption M(b) and d4 < &3

for sufficiently small 7.
(v) First we show that the limit p, (-, -) is well defined by (15.7)). For any g,¢* € G,

P2 (9.9%) = nE(foi(-,9) — fail-,g))?
= a' D (0,)Varg, (m(W;,0,,9) — m(Wi, 0., 9%)) Dy (0,)a
— d'ha(g.9)a+ d'ha(g”, g )a — d'ha(g,g")a — d'ha(g”, g)a,  (15.40)

where the convergence hold uniformly over G? by condition (i) in Definition SubSeq(hs).

Thus, p,(9,9%) = lim, . p,, 4(9, 9") is well defined, and

lim sup |p,.(9,9%) — pa(g,9")| = 0. (15.41)

n—o0 979* Eg

Lastly, we show the second property of condition (v). Let & > 0 be arbitrary. Suppose
Pa(9(n), 9(ny) — 0. Then, there exists an Ny < oo such that for n > N,

Pa(9m) 9iny) < &/2. (15.42)
By (15.41]), we have

iy S0P |00 (90012 9)) = a1 G)| = 0 (15.43)
Thus, there exists an N7 < oo such that for all m > Ny,
sup e (91> Giny) = PGy Gy | < €/2- (15.44)
Take N = max{Ny, N;}, then we have for n > N,

pn,a(g(n)7gz<n)) < 5 (1545)

Thus, po(9(n)+ 9(,)) — 0 implies p,, ,(gn); 9(,)) — 0. O

69



16 Appendix F

This Appendix provides some additional material concerning the Monte Carlo sim-

ulations.

16.1 Quantile Selection Model

Table S-1 provides coverage probability (CP) and false coverage probability (FCP)
results for the upper endpoint of the identified interval in the quantile selection model [*¥|
(Table I of AS provides analogous results for the lower endpoint.) Table S-I provides a
comparison of CS’s based on the CvM/Sum, CvM/QLR, CvM/Max, KS/Sum, KS/QLR,
and KS/Max statistics, coupled with the PA/Asy and GMS/Asy critical values. The
relative attributes of the different CS’s are quite similar to those reported in Table I of
AS for the lower endpoint. None of the CS’s under-cover. So, the relative attributes of
the CS’s are determined by their FCP’s. The CvM-based CS’s have lower FCP’s than
the KS-based CS’s. The CS’s that use the GMS/Asy critical values have lower FCP’s
than those based on the PA/Asy critical values. The FCP’s do not depend on whether
the Sum, QLR, or Max version of the statistic is employed. Hence, the best CS of those
considered is the CvM/Max-GMS/Asy CS, or this CS with Max replaced by Sum or
QLR.

Table S-II reports CP’s and FCP’s for the lower endpoint with the kinky bound DGP.
(Table III of AS reports analogous results for the lower endpoint with the flat bound.)
The results are similar to those in Table III of AS. There is relatively little sensitivity
to the sample size, the number of cubes g, and the choice of . There is relatively little
sensitivity of the CP’s to the choice of (k,, B,,), but some sensitivity of the FCP’s with
the basecase choice being superior to values of (k,, B,) that are twice or half as large.
The CS with o = .5 is half-median unbiased and avoids the well-known problem of

inward-bias. But, it is farther from being median-unbiased than in the flat bound case.

38For the upper endpoint with the flat bound and the upper endpoint with the kinky bound, the
FCP’s are computed at the points 6(1) 4 0.40 x sqrt(250/n) and 6(1) +0.75 x sqrt(250/n), respectively.
These points are chosen to yield similar values for the FCP’s across the different cases considered.
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Table S-I. Quantile Selection Model, Upper Endpoint: Basecase Test Statistic Com-

parisons

(a) Coverage Probabilities

Statisticc: ~ CvM/Sum CvM/QLR CvM/Max KS/Sum KS/QLR KS/Max

DGP Crit Val

Flat Bound PA/Asy 994 994 993 984 984 982
GMS/Asy 971 971 970 974 974 972
Kinky Bound PA/Asy .996 996 996 989 989 988
GMS/Asy 974 974 972 976 976 975

(b) False Coverage Probabilities (coverage probability corrected)

Flat Bound PA/Asy 73 .72 .71 .70 .70 .69
GMS/Asy 42 42 42 .55 .55 .55
Kinky Bound PA/Asy 73 73 72 .74 .74 73
GMS/Asy A1 A1 A1 .52 .H2 .H2
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Table S-11. Quantile Selection Model, Kinky Bound, and Lower Endpoint: Variations

on the Basecase

(a) Coverage Probabilities (b) False Cov Probs (CPcor)

Statistic: CvM/Max KS/Max CvM/Max KS/Max
Case Crit Val: GMS/Asy  GMS/Asy GMS/Asy GMS/Asy
Basecase (n = 250,17 = 7, = 5/100) 983 .984 .34 .52
n = 100 981 985 34 R5%5)
n = 500 984 984 .39 .54
n = 1000 984 980 41 b4
ry =295 981 981 34 .49
r =9 983 .986 1) .55
ry =11 984 987 .36 .60
(s Bu) = 1/2(kinpes Buse) 984 997 39 51
(s Bn) = 2(npes Bose) 990 991 38 59
e =1/100 981 981 34 .56
a=.5 721 .710 .03 .06
a=.5&n=>500 741 734 .04 .08
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16.2 Interval Outcome Regression Model

Figure S-1 shows the identified set for the interval outcome regression model. The
diamond shaped area enclosed by thick solid lines is the identified set of (6;,63). The
point (1,1) is the true parameter. The thin solid lines are the lower bounds defined by
the first moment inequality and the dashed lines are the upper bounds defined by the
second moment inequality.

FigurelSl1.0ThelldentifiedISetloflthellntervallOutcomelModel
3 . . .
\

25

1.5}

16.3 Entry Game Model

In the entry game model, the probit log likelihood function for 7 = (71, 73) given
0= (61, (92) is

YUY = (0,0) In(@(=X[;71)®(— X ,72))

i=1

£S5 = (1) (@KL 71— 6)8(XL 7 — )

+Zn: 1(Y; = (1,0) or ¥; = (0,1)) In(g;(7,0)), where (16.1)

gi(T, 6) =1- @(—X{7171)®(—X£7272) — (I)(X(JTl — 91)@()(2{727'2 — 92)

(3 (3

over 7 € R® for fixed 0. The estimator 7, (f) maximizes this function over 7 € R® given

6.
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The gradient of the probit log likelihood for 7 given @ is
_ —X!,711)X;
Y=oy [ VTR
i=1 ¢(_X¢,272)Xi,2
(
(

£301, = (1) ( e i )
=1 i

" P(=X 1 71)P(= X[ 572) Xin — ¢(X] 171 — 01)P(
®(_X(,1Tl)¢(_X{,2T2)Xi,2 - (I)<X{,17—1 - 91)¢(

(2

(2 K3

where ¢(z) = ¢(z)/P(x).
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