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Abstract

This paper explores a paradox discovered in recent work by Phillips and Su (2009). That
paper gave an example in which nonparametric regression is consistent whereas parametric
regression is inconsistent even when the true regression functional form is known and used in
regression. This appears to be a paradox, as knowing the true functional form should not in
general be detrimental in regression. In the present case, local regression methods turn out to
have a distinct advantage because of endogeneity in the regressor. The paradox arises because
additional correct information is not necessarily advantageous when information is incomplete.
In the present case, endogeneity in the regressor introduces bias when the true functional form
is known, but interestingly does not do so in local nonparametric regression. We examine
this example in detail and propose two new consistent estimators for the parametric regression,
which address the endogeneity in the regressor by means of spatial bounding and bias correction
using nonparametric estimation. Some simulations are reported illustrating the paradox and

the new procedures.
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1 Introduction and Motivation

Recent work (Phillips and Su, 2009, hereafter PS) drew attention to an interesting example in
which parametric regression is inconsistent when the true functional form is known and yet,
surprisingly, nonparametric regression is consistent. This note explores that example and the
resulting paradox in more detail and suggests modifications to parametric regression which
remove the inconsistency.

The example given in PS involves cross section regression with some systematic location
shifts in an endogenous regressor. The location shifts may be regarded as a form of instrumen-
tal variable effect that influences observations of the regressors and assists in identifying the

regression curve. In particular, in the linear regression model
Yi = Bo+ 51 Xi +wi, E(ui|X;) #0, E(u;) =0, (1.1)
the endogenous regressor X; is assumed to satisfy
Xi = pa1{i € Ao} + uai, (1.2)
and, by virtue of its moving intercept

/_La:—zm’a:_m’_m_i_l,...’m’ (13)

X is subject to (2m + 1) location shifts that are equally spaced over the interval (—L,,/2, L, /2) .
The u,; are random quantities that may have compact [u, @] or infinite (—oo, c0) support. The
quantity L, may be fixed or may increase slowly as n — oo (e.g., L, = logn). The parameter
m passes to infinity so that the distance (2L—TZ) between two contiguous location shifts shrinks

to zero as m — oo. Data also accumulates at each location and we define
M=+#{ie€ A},

although it is not necessary that M be fixed across different locations. The total observation
count is then n = (2m + 1)M. As in PS, we require m — oo but M can either be finite or pass
to oo and this dual possibility is denoted by writing (M, m) — oo.

Model (1.1) is a simple example of a structural equation with an endogenous regressor. The
endogeneity is obviously a source of potential bias in regression, particularly in the absence of
an observed instrumental variable. Curiously, not knowing the functional form of (1.1) and
performing nonparametric kernel regressoin produces a consistent estimator in spite of the en-
dogeneity, whereas conventional least squares regession which uses functional form information
is inconsistent.

In addition to the linear model (1.1), PS also considered the nonlinear structural equation

yi = 9(Xs) +ui, E(w]X;) #0, E(u;) =0, (1.4)



where the endogenous regressor X; is generated via (1.2) and (1.3). PS studied the local level
(Nadaraya-Watson) kernel estimator of g ()

N %Z?: yi Ky, (X — )
) = R w) (15)

where K (-) is a kernel function, K, (-) = h™*K (-/h) and h = h (M, m) is a bandwidth pa-

rameter. Let ¢’ (z) and ¢” (z) denote the first and second derivatives of g (x), respectively.

Let f;, (-) denote the first derivative of the marginal probability density function (p.d.f.) of
Ugi, and fY (u, uy) the second order partial derivative with respect to u, of the p.d.f. f(-,-) of
(u;, ugi). The central finding of PS is that the nonparametric estimator g (x) is consistent for

g () under some standard regularity conditions, as detailed in the following theorem.

Theorem 1.1 Under Assumptions A1-A6 of PS with m* replaced by d,, = 2m/Ly, or As-
sumptions A1-A2, A3(i), A4, A5 and A7-A9 of PS with L replaced by Ly, we have

W (3(0) - 9 0) = W () {3/ @) [ £, 0o+ 50 @) })
—a N (0,0%v5 (K)), (1.6)

where piy (K) = [ 22K (z)dz, vy (K) = fK(:U)2 dz, and 0* = E (u?) .

(2

If the distribution of w,; has infinite support, so that f,, (p) vanishes at infinity, then
ffooo fu. (p)dp = 0 and the linear bias term disappears in (1.6). Despite endogeneity in the
regressor, the local level estimator is consistent and asymptotically normally distributed. The
price for the presence of endogeneity in the regression is the potentially slower rate of conver-
gence. The convergence rate of the local level estimator relies on Md,, = 2Mm/L,, ~ n/L,,.
So the convergence rate, in the case of increasing Ly, is slower than the usual vnh-rate of
convergence for local level estimate with a stationary regressor, which is related to the find-
ings of Wang and Phillips (2009) for nonparametric structural cointegrating regression, where
again nonparametric regression is consistent. As PS argue, the location shifts act in a manner
analogous to the random wandering feature of unit root regressors in a cointegrating regression
equation and add variation to the regressor, and thereby explaining the consistency of simple
nonparametric regression in both cases. Nevertheless, if the support of the distribution of wu,;
is compact, as is conventionally assumed in the nonparametric IV literature (e.g., Hall and
Horowitz, 2005), the locational range L,, can be a large fixed constant, and in this event simple
local level regression is consistent and the usual v/nh nonparametric rate of convergence is
attained. This outcome contrasts with the attainable convergence rates for nonparametric IV
estimation, which can be slow.

Applying the above result to the linear regression (1.1), we see that the nonparametric local

level estimate g (x) of g (z) = By + [z is consistent. Alternatively, if the functional form of



the regression is known, ordinary least squares regression can be applied to (1.1), giving

n n
By = S (Xi—X)wi/ D (X —7)2, By=7-XB.
i=1 i=1

where X = n 13" X; and § = n1 Y7 | y;. The parametric estimate of g (z) = By + 812
is then given by g¢? (z) = Bo + le. Somewhat surprisingly, as remarked by PS, (BO,Bl) is
inconsistent for (5, 5;) when L, is fixed and, correspondingly, g” (x) is inconsistent for g (x) at
all points except x = E(uy;). When L,, — 0o as n — 0o, consistency of the parametric estimate
can be achieved but at the cost of the presence of a substantial bias term which seems difficult
to eliminate. This outcome is paradoxical, as local level regression is consistent whereas linear
parametric regression that uses the true functional form and global information is inconsistent.
Clearly, using all information is costly here. The reason, of course, is the endogeneity in the
regressor (1.1). Intriguingly, however, partial information usage of the type employed in kernel
regression avoids most of the problems associated with parametric regression.

To illustrate the phenomenon, we generate a sample of n = 500 observations from the

following system

vi = PBot+61Xi+uw, By=10, 5 =-1,
Xi = pul{ie An} + ugi,
W= 2ley+ua) /(14927
where v = 2.07, (ey;, uy;) are iid N (0, I) , and p,, € {—4,—2,0,2,4} . Using the above notation,

this corresponds to the case where m = 2, and L,, = 8. When v = 2.07, the error correlation
coefficient is corr(u;, uy;) = 0.9, implying strong endogeneity in the structural equation. Fig
1 provides a typical sample plot of data generated from this system. Also displayed are the
true linear regression line, the local level nonparametric estimate (using a Gaussian kernel and
Silverman’s rule of thumb for the bandwidth choice) and the fitted OLS estimate obtained for
these data. Clearly, the local level estimate considerably outperforms the parametric estimate
of the regression line over a wide range of the support of the regressor. But at the tails of the
support the endogeneity bias becomes manifest and the location shifts lose power in identifying
the regression line. Since it uses local information and does so increasingly as the sample size
rises, the local level estimator at interior points of the domain of the regressor very effectively
attenuates distortion from tail observations. On the other hand, parametric linear regression,
which treats all observations as equally important and applies global information in fitting the
regression line, is inevitably subject to potential distortions from tail observations.

This example makes clear that local nonparametric regression has more robustness advan-
tages beyond robustness to specific functional form, for which it is commonly celebrated. As
shown here, nonparametric regression may also display a robustness to endogeneity in a re-
gression by concentrating attention on local information and attenuating tail information that

may be more heavily subjected to endogeneity effects.
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Figure 1: Local level nonparametric (dotted) and linear regression (dashed) estimates of the

true regression line (solid) using the full sample (scatter plot) over all locations.



Intuitively, any regression approach like conventional parametric regression that uses global
information can be subject to distortionary effects from outlying observations. Such behavior
is very well known in statistics. Anscombe (1960) coined the term ‘outlier’, provided a brief
history of the subject, and suggested trimming techniques to attentuate the effects of outliers
in regression based on the insurance analogy of ‘protection and premium’ to guard against
unwanted effects. In the present context, the reason for the outlier effect is that at the limits
of the domain of definition, the observations are more affected by the endogeneity of Xj,
so bias arising from the ends of the domain can dominate a global regression and result in
inconsistency. By contrast, in nonparametric regression mainly local information is used in
estimation so the endogeneity effects of X; in the tail can be well controlled and first order
bias, at least, can be eliminated in local regression. In effect, by concentrating attention on
the cluster of observations around each point, nonparametric regression localizes attention and
removes outlier effects. This heuristic suggests that to recover the true regression line by a
parametric method, a natural approach is to modify the regression by removing the effects of
tail observations. The idea is comparable to that of trimming or Winsorizing the data, on
which there is a large literature in statistics stemming largely from Anscombe’s (1960) study
(e.g. Welsh, 1987; Chen, Welsh and Chan, 2001). In the present context, to use Anscombe’s
analogy, the idea is to provide protection (against the possible effects of endogeneity) by paying
a premium in terms of losing some observations. Kernel regression accomplishes this task
by using data that is effectively in the locality of each individual regression point, thereby
sacrificing an (asymptotically larger) infinity of observations to achieve a local regression fit
and, incidentally in the process, protection from the effects of endogeneity.

The remainder of the paper is organized as follows. Section 2 studies the asymptotic
properties of the OLS estimator (BO, Bl), demonstrates its inconsistency for the fixed L,, case,
and derives the asymptotic distribution of (30,51). Section 3 proposes two new consistent
estimators of (8, 3;) when L, is either fixed or increasing slowly as n — oo. The first is a
spatial Lo estimator which is obtained by regressing the nonparametric local level estimate g (x)
on (1,z), using a continuous number of pseudo-observations on (x,g (x)) where z is spatially
restricted to be bounded away from the two tails. The second is a bias-corrected OLS estimator
of (By, 1) that is based on the spatial £y regression residuals. For both cases, we show that the
resulting estimators are consistent and asymptotically normally distributed. The consistency
rate is parametric in the case where L,, = L is fixed, and m in the case where L,, — 00
as n — 0o. Section 4 reports some simulation evidence and Section 5 concludes. Proofs of the

main results are given in Section 6.



2 Limit Theory for Parametric Regression

To study the asymptotic properties of the OLS estimator (BO,Bl), we make the following

assumptions.

Assumption 1.
(i) (wi,uzi), i =1,--- ,n, are independent and identically distributed (iid).
(i) E (u;) = 0, and E(u?) = o2.
(iii) E (ugi) = py, and Var(ug;) = o2.

The above assumption is fairly standard in cross-sectional regression, although we do not make
allowance for unconditional heterogeneity in (u;, uz;). Note that it is not assumed that the
mean of u,; is zero, and conditional homoskedasticity is not assumed for the error term wu; in

the structural equation.

2.1 Inconsistency of (BO, Bl)

Under Assumption 1, we first derive the probability limit of the OLS estimator 31 and show that
it is inconsistent for 5; when L,, is fixed. The probability limit of Bo follows straightforwardly.
Write

-~ n~iS X; - X U;
B1=051+ 1Zzn1 ( _) 5 (2.1)
n~ Y (X - X)
First, by the definition of {y,} and the WLLN, we have
1 n
-3 (x,-X)°
n 4
=1
1 &1 Lya 2
= m? (2m+ 0, 2, @’y £ (et =) + 5 1) Zmﬂig (i = )
= 1
2m? (2m + 1) 2m+1 Za o +or (1)
L2 9
= {1+o( )} +oz+op (1), (2.2)

where %, = n1 3" | uy;, and the third line follows from the WLLN and Chebyshev inequality

provided Mm/L? — oo as n — o00.!

1 : — L L —
Lettlng T, = m Z;nz—m % ZiEA (Ufi - lu’r) = WVH»LU Z;nz—m % ZiEAa (uIi - uz) ) then

E(Tn) =0, and Var(Ty) = a’os =0 (szn) =o(1).

2
Ly Zm
Mm2(2m+1)2 a=—m



Next

1 1 Ly«
"Bk MZ< )
m n
= 2m+1 Z ZA au; + — ;umuz ;uz

- 2m Y Z Z i + F (ugiu;) +op (1).
a=—m cAq

Consider the first term in the last expression. Let T, = ﬁm P ﬁ Y ic A, u;. Then
E (T1,) =0 as E(u;) =0, and

L? 1
) = g (5 5 )

a=—m 1€Aq
L2 2 m 12
— n ) —o(1).
AMm? 2m+12a2_:ma (Mm> ot
Hence T3, = op (1) and
1 ¢ —
~ > (Xi = X) ui = E (ugius) + op (1). (2.3)
i=1
Combining (2.1), (2.2) and(2.3) yields
- E (ugiu;) + op (1 E (ugiu;
Br=pyt gz tor@) g Bt ooy, 2
L 2 Ly 2
Tl +o()}+07+0p(1) Tt os

thereby giving the following result.

Lemma 2.1 Suppose Assumption 1 holds and Mm/L? — oco. Then

Bu=py + ) o 1)
5V) o2

The following remarks explore the implications of the above lemma, considering the two

cases where L, = L is fixed and L,, — oo as n — oo.

Remark 1. In the first case (L, = L fixed), Bl has the probability limit

. ~ F (ugu;
phmn—woﬁl = 61 =+ L2(—m;)7
12



and is inconsistent unless E (ugz;u;) = 0, viz., X; is exogenous. For §,, we have

Bo—Bo = X (Bi-B)+n 'Y u (2.5)
=1
T T HaTp o
Tzt 0%

SO Bo is inconsistent for 3, unless either p, = 0 or E (uyu;) = 0. Hence, the parametric
estimator ¢ (z) = B, + B,z is inconsistent for g (z) = B, + B,z at all points except © = 1.
By contrast, according to Theorem 1.1, the nonparametric estimator is consistent for all z

satisfying certain domain restrictions.
Remark 2. In the second case (L, — c0), the OLS estimator Bl is consistent for 3, as

12F (umul)

{14+ 0p (1)} —p B,

due to the strengthening signal in the regressor as L, — oco. This result, together with (2.5),
implies that Bo is consistent for (3, and so the parametric regression estimator of g(x) =
Bo + B1x is also consistent However, if L, diverges to infinity slowly like L,, = logn, the
estimation bias may disappear at a very slow rate. For inferential purposes, we now derive the
limit distribution of (B, 3;).

2.2 Limit distribution

To find the limit distribution of (BO, B,), we add the following assumption.

2+5] 2+6]

Assumption 2. Ef|u;] < 00 and El|ujgl < oo for some & > 0.

Let 0 = (8, 1) and 6 = (B, B1)- Let X; = (1, X3) , X = (X1, -+ . X)), u = (ug, - ,un),
andy = (y1,--- ,yn)". Define D,, = diag(1, L),

1 %h 0_2 E(umuf)
I'= lim (2 and = lim Ln
n—oo \ Kz L o M ’ n—oo E(ugiu?) a? + Var (uziu;)
L., 12 2 Lo 12 LZ

After centering, the limiting distribution of 0 is given in the following theorem.
Theorem 2.2 Suppose Assumptions 1-2 hold and Mm/L? — co. Then
VD, (0-0- (XX) " B (X)) -4 N(0,07'Qr" ). (2.6)

Remark 3. Straightforward calculations show that

oy —1 o) = E (ugiu;) -X
oy s - s ()

9



and
r'or! = lim ¢, ( i Sz )
n )

n—00 W12n W22n

1 o2
where ¢, = 75 + LJ%,

o2 2F (uil) o? + p2o? —2u, B (umlu%)
Wiltn = T T

144 1212
2
N [E (u2,)]” 0® + p2Var (ugiu1) — 2u, B (u2)) E (ug1ui)
L ’
Wiy — 0_2 _ s n Var (ugiuy) — 2p, (leu%) B E (u%l) ,uI<727 and
12 12 2 L3
3 o N Var (ugiuy) + p50° — 201, E (ugiuf) o? | Var ((ue1 — pg) u1)

An immediate implication of Theorem 2.2 is therefore that

~ X E (ugiu . _
vn (ﬁo —Bot+ —= (Uarur) 2) —4 N <0,n1520 Cn2W11n> : (2.7)
nty (Xi - X)
~ FE(uziu . _
Lnv/n </81 b= n( ) — 2> —q N (O’JLH;O cnzwzzn), (2.8)
nty i (Xi - X)

If L,, — oo as n — oo, then the above calculation simplifies and

—1 -1
1 2 1 1
r-lor-l = ? o 0 ? — o2 0.
0 15 0 % 0 0 12

In this case, the intercept estimator, after centering, is asymptotically independent of the slope
estimator, and the the slope coefficient estimator has a faster convergence rate, due to the
stronger signal in the regressor. In contrast, in the fixed L, case, the two estimators are
asymptotically dependent, have the same rate of convergence, and the range of location shifts

contributes to the asymptotic variance formula in (2.6) in a complicated way.

Remark 4. In spite of the O (y/n) convergence rate for the intercept estimator and the
O (Ly+/n) convergence rate for the slope estimator, the result in (2.6) does not seem useful
for inferential purposes because the bias term in (2.6) does not appear to be estimable at the
required /n/L2 -rate (for the intercept parameter) ory/n/Ly-rate (for the slope parameter) to
be eliminated (recall from (2.2) that n=* "1, (X; — 7)2 = Op (L?)). 1t is worth mentioning
that the residuals {u; } from the OLS regression are useless in constructing a consistent estimate
of E (X;u;) because of the orthogonality of ; and X;. One may consider consistent estimation of
E (X;u;) by estimating the model first via the local level (or local linear) nonparametric method
at interior points and then obtaining the nonparametric residuals from the structural equation.

Unfortunately, this approach usually requires uniform consistency of the local level (or local

10



linear) estimate over the whole support of the regressor, which seems extremely difficult here
given the fact that the variance of the regressor is expanding as the sample size increases or
that the nonparametric estimates are only consistent at points within a subset of the interior
of the support of the regressor for the fixed L,, case.

Instead, the next section proposes two alternative methods to achieve \/n/—Ln—consistent es-

timation of (8, ;) by direct use of the nonparametric level estimate in a parametric regression.

3 Spatial £ and Bias-Corrrected OLS Estimation

In this section we propose two methods for consistent estimation of (8, 3;) . The first method
is a spatial Lo regression and the second method involves bias-corrected OLS estimation. The
Lo method treats the linear regression function as unknown, estimates it nonparametrically by
g (x), and then regresses g (x) on (1,x) to estimate the unknown parameter (5, 3;) by mini-
mizing a spatial Lo criterion function, using a continuum of pseudo-observations on (x,g (z))
where x is restricted to be bounded away from the two tails. We prove that the resulting Lo
estimator is \/Tm-consistent, where L, can be either fixed or pass to infinity as n — oo. In
either case, we show that the OLS bias terms are corrected by using the residuals from the Lo
regression, and the bias-corrected OLS estimators can only attain an O(\/n/—Ln) consistency

rate, which is inherited from that of the Lo estimates.

3.1 Spatial £, regression

Noting that the local level estimate g () is consistent for g (x) = 5,+ 1« in the interior of the
regressor support, we propose to estimate the unknown parameter 6 = (3, 61)' by minimizing

the following (spatial) Lo criterion

o~

b
S (BoBr) = / G () — Bo — fr2)? F (z) da (3.1)

where a and b are finite integration limits that serve to truncate observations in the two tails,
f(z)=N"1 S Kp (x — X;) is a pseudo-estimate of the “density” of X;, and N = 2mM/L,,
signifies the effective number of observations used in the nonparametric estimation, which does
not need to be observed in practice for implementation. Note that f(:ﬁ) is a weight function
that serves to avoid division by zero and to perform trimming in areas of sparse support,
and [a,b] defines a compact set on which the nonparametric estimates g (x) are used in the
estimation of (8, ;). Clearly, (3.1) provides a trimming operation implicitly via the local

nature of the estimate g (x) and explicitly via the use of the (truncated) domain [a, b].

11



The minimizer of (3.1) 8 = (B,, 3,)" is given by

G S F@de  [)of (@)de [ f@)ds
Paf@)de [Pa2f (z)de
To develop the limit theory, we make the following assumptions.

Assumption 3. The probability density function (p.d.f.) f(-,-) of (w;,uy;) exists. f(-,-) has
second order partial derwative fif (u,uy) with respect to uy such that f5 (u,uy) is continuous
in ug and [ [|ufy (u,uy)| duduy < oco. The marginal p.d.f. of g, fu, (-), has second order
continuous derivatives such that [ ’f&x (p)‘ dp < 00, and [ ’f&’w (p)‘ dp < oc.

Assumption 4. Either one of the following conditions holds:

(i) The error term wuy; has infinite support such that there exists a majorizing function
Cy () and a diverging sequence ¢, = ¢ (Ly) such that | f:oi" f(u,uz) dum—l—ff: f(uyug) dug| <
ey 1O (w) with ¢t = O (k%) and [%_|u| Cf (u) du < co. Ly, — 00 as n— 00, and fu, (Ly) =
O(h?) as L, — oc;

(ii) The error term ug; has compact support, i.e., uy; € [u,u] a.s. for some finite numbers
w and w. Ly, is either fized or tends to oo as n — oo. If L, = L is fized, L is sufficiently large
that © € (—L/2+w, L/2+ u) for all x € [a,b].

Assumption 5. The kernel function K (x) is a uniformly bounded, symmetric p.d.f. such
that [ 2K (z) dz < oo.

Assumption 6. As (M, m) — oo, Mm/L? — oo, Mmh*/L, — 0, Mm=3L3} — 0, and
N=2L, —0.

Assumptions 3-4 are comparable to Assumptions A3 and A7-A9 in PS. Assumption 5 is
standard and the symmetry assumption greatly simplifies derivations. Note that we impose
undersmoothing (Mmh?*/L,, — 0) on the bandwidth in Assumption 6. The last requirement

in Assumption 6 is needed to verify the Liapounov condition.

Theorem 3.1 Suppose Assumptions 1-6 hold. Then

VN —6) —4 N(0,6°Q7"), (3.2)

. b27a2
here Q = b—a 5
where Bea? b3 ad .

2 3

Remark 5. Despite the nonparametric convergence rate of the regressand g (x), Theorem
3.1 indicates that the L9 estimate 0 is v/N-consistent. It achieves the parametric \/ﬁ—rate of
consistency for the case of fixed L,, and its rate is only slightly worse than the parametric rate
in the case where L, is an increasing slowly varying function at infinity. In addition, 0 is not

subject to any non-negligible asymptotic bias term. To obtain these results in Theorem 3.1, we

12



have applied two tricks implicitly. First, undersmoothing is required to eliminate the O (h2)
bias terms from the first stage nonparametric regression estimate of g (z). This is standard in
the nonparametric or semiparametric literature when the first stage nonparametric estimates
are used in a second stage parametric or nonparametric estimation. Second, to reduce the
variation of the nonparametric estimates, we have used integration in the Lo regression. The
smoothing operation of integration helps to produce the (nearly) parametric convergence rate
of 0 despite the slow nonparametric convergence rate of g (z). The mechanism is analogous to

that of average marginal effect or derivative estimation.

Remark 6. Even though the structural error terms may be conditionally heteroskedastic,
the asymptotic variance of [ only depends on the unconditional variance o2. For inferential
purposes, we need to choose (a, b) in the Ls regression and estimate 0. Let u; = y; —BO —BlXi.
We can estimate o2 by 52 = % S u?. It is straightforward to show that 52 is consistent for
o2. With this estimate, in principle one can obtain a consistent estimate of the asymptotic
covariance matrix of /N (5— 0) using 52Q . But since N is not observed, this last estimate is

not directly applicable in statistical inference. One approach is to replace ) by its consistent
b P b
0, = fa f(z)dx fa xf (v)dx
n b b N
[ af(x)dx [ 2?f (x)dw
because the quantity N that appears in the definition of f(x) = N1Y" | Ky (z— X;) and

also in the scaling of the estimate, v N (5— ), will cancel in inference. More explicitly, consider

estimate

testing the null hypothsis Hy : R§ = 7, where R is a full rank k x 2 matrix and r is k x 1 vector.

Using @), we can construct the following Wald statistic as usual
W, =35 2(RO—r) (NQ,) (RO — ),

and without knowledge of N.

Remark 7. For the integration limits, we recommend choosing a = Fy'(\) and b =
Fy' (1 —)) where Fi' (\) denotes the sample A-th quantile of {X;} and A € (0,0.5) , although
there is no reason for symmetric truncations in the two tails. Since in the extreme tails the
nonparametric estimates g (z) are highly distorted, so we recommend A > 0.05 depending on
the number of observations n. The larger A, the greater the proportion of observations that are
trimmed and the greater the efficiency loss that results. We therefore do not want to trim too
many observations and recommend A < 0.30. In the simulations below, we study the effect of
the truncation parameter (A) on the Lo and bias-corrected OLS estimators. We find that for
sample sizes n = 500 ~ 2000, the choice A = 0.15 works fairly well. It is worth mentioning that
in the above theory, we only establish the asymptotic result for fixed (a,b). We conjecture the
theory also works when one allows the integration range to expand slowly as n — oo, under

suitable controls on the rate of expansion.
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3.2 Bias-corrected OLS estimation

We now propose a bias-correction procedure for the OLS estimator of § = (8, ;) in the linear
structural equation (1.1). Let ¢ =n"1>"" | 4;X;. We define bias-corrected OLS estimators of
By and B, respectively, as
Xec ~ -~ c
nt 3y (Xi— 7)2 e e = n T (X — 7)2.
Due to the \/n/—Ln—rate of convergence of § = (BO,Bl)’ , the Ly residuals u; only converge
to the true structural errors u; at a \/n/Lp-rate (viz. 4 —u; = Op(\/Ln/n)). As a result,
n~IS 0 X — E (wiug) = Op(y/L3/n) due to the fact that n=t > | X2 = Op(L2), which
is not the op(L,,/+/n) rate required for the complete removal of the bias of the OLS estimator
6 = (By,31) in (2.7) and (2.8). This indicates that 6, = (8., 31.) does not have the same
standardization and asymptotic variance as 0.

Nevertheless, after re-scaling, we can show that /H\C is M—consistent for 6§ and it is

asymptotically normally distributed with variance that can be easily estimated. The following

theorem establishes the consistency and asymptotic normality of 56.

Theorem 3.2 Suppose Assumptions 1-83, and 5-6 hold. (i) If Assumption 4(i) holds or 4(ii)
holds with L, — oo as n — oo, then VN(8, — 0) —4 N (0,0, where

U = 2¢22 He —He
—Hy 1

and ¢*2 is the (2,2) element of Q.
(ii) If Assumption 4(ii) holds with L, = L fived, then VN (0, — 0) —q N (0, %), where

L1 ! 1
v=plrp, r=0( " " ) B= el
L dQ e My T3 + E(u3;)

and ¢ = (., cp) with ¢, = % + E(u2).

Remark 8. Despite its potential slower convergence than the OLS estimator /9\, Theorem 3.2
indicates that the estimator [9\0 is \/m—consistent for #. For inferential purposes we need
to estimate the asymptotic covariance matrix W. Since L,, is not observed in practice and the
researcher may not know whether L, is fixed or tends to co as n — 0o, we propose an estimator

of U that is consistent under either scenario. In the Appendix, we show that

GICUR L (R TIE
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where B,, = n ' X'X,

- Z o VN
Xz,X2) @-0) ) \ @VN@O-0) |’

and ¢ = n1 S (Xi,XiQ),. Let w;e = y; — BOC — BlCXi. Theorems 3.1-3.2 suggest that
we can consistently estimate the asymptotic variance of v Nn~! S u; and VN(0 — 6) by
Nn=23"" 42 and n=t Y"1 42.0Q;,'C, respectively.? To estimate the asymptotic covariance
between vV Nn~ 13" u; and ¢V N(O — 0), we need to use the Bahadur representation of
VN (0 — ) given in the Appendix:

n
VNG-0) =3[ 5 )+ or (),
i=1 £i2
where &;; and &;5 are defined in (6.11)-(6.12). Due to the automatic correction of endogeneity

bias in nonparametric estimation and the use of undersmoothing, centering in the definition

of ¢;; and &;, is not necessary. This representation motivates us to estimate the asymptotic
covariance between v Nn '3 w; and @V N( — 6) by

~

n
Toaz=n""Y il (6, ),
=1

n b ~ b ~ =z b ~ b ~
where &;; = ¢'! [} KigUicdz +¢"? [ 2 KiglUicdz, &5 = ¢*! [ KigUicdz +¢*? [ 2 Kiglicda, Kip =
Kp(X; — z), and ¢* is the (s,t) element of Q~!. Plugging these expressions for &;; and &;,
directly into Yn,lz yields the simplification

/

n b
ZAQA’Q ( Kipdz, / a:Kmd9c> .

Again, for the same reason as that used to obtain the asympotic variance of v N (5 —0) in
Remark 6, we need to replace Q by @), in practice. It follows that we can estimate the

asymptotic variance-covariance matrix ¥ by

T —1~7 -1
v, =B, YT,.B,
where R
-2 n ~92
'/f _ Nn Zi:l Use Tnc,12
ne — A -1y 2901~ |
The 12 nTh Y il U ¢

A~ !
and Y,c12 = n 122_ AQA’ (f K. dx, fb J}Kmdl‘) . It is straightforward to show that
v, —, ¥, and statistical inference can be conducted as usual without observing N. Thus we

have the following corollary.

2Here we use Q, in place of Q for the same reason stated in Remark 6.
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Corollary 3.3 Under the conditions of Theorem 3.2, \Tln —p W

Remark 9. Even though we only focus on the linear structural equation model as specified
in (1.1), it is straightforward to extend our theory to the general nonlinear structural equation
model. For simplicity and in order to apply the result of PS directly, we focus on the case of

one endogenous regressor. Suppose {y;} is generated according to

where ¢ (+,0) is known up to the finite dimensional parameter 6, and the endogenous regressor
X; satisfies (1.2) and (1.3). It is straightforward to show that the nonlinear least squares
(NLS) estimator 0 of 0 is inconsistent. As before, the nonparametric local level estimate g ()
of g(x) = g (z,0) is still consistent for a large portion of the domain of the regressor. Then,

the unknown parameter 6 can be estimated by minimizing the following (spatial) Lo criterion

b o~
50 (0) = / () — 9 (.60))* F (x) da. (3.4)

just as before. Let 0 denote the solution to the above minimization problem. Following the
proof of Theorem 3.1, we can show that 0 is \/n/—Ln—consistent for 6 under some regularity
conditions. In addition, it can be established in an analogous way to that of Theorem 3.2
that the NLS estimator, after bias correction, is also\/n/—Ln—consistent for 6. The details are

straightforward and are thus omitted.

4 Simulations

This section reports a small set Monte Carlo experiment to evaluate the finite sample per-
formance of the L5 and bias-corrected OLS estimators. Data is generated according to the

following data generating process (DGP):

Yi = /BO—’_BlX’i—i_ui? /602105 /812_17
al,
2m
Uy = 0 (Eyi + 7 (uzi — 10)) / (1 +'Y2)

Xi = pal{i € Au} + ugiy po = L a=-—m,—m+1,--,m,

1/2, o = Sy,
where €,; are iid N (0,1), ug; are itd N (10,1) and independent of €,;, and Sx is the sample
standard deviation of X;. By construction, the signal to noise ratio is maintained at unity
throughout the simulations in order to enhance comparability across experiments. Simulations
are performed for v = 0.32 (weak endogeneity, corr(u;, uz;)= 0.3) and v = 2.07 (strong endo-
geneity, corr(u;, uz;)= 0.9), and for the sample sizes n = 500, 1000, and 2000. We generate
the location shift points u, as 2m + 1 evenly spaced points between [—logn,logn|, where

m = [n/3] and [-] denotes the integer part of the argument.
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We consider the three estimators discussed in previous sections, namely, the OLS estimator
(BO,Bl), the Ly estimator (S, 3;), and the bias-corrected OLS estimator (BOC,BR). For the
latter two estimators, we need to choose both a kernel and bandwidth. We use the normalized

Epanechnikov kernel (with variance 1),

K (u) = 2 (1 - éu2> 1 (\u\ < \/5) . (4.1)

Two methods of bandwidth selection were considered: (i) rule of thumb (ROT) setting h =
Sxn~/3 where Sx is the sample standard deviation of {X;}; and (ii) least squares cross-
validation (LSCV) to find a preliminary bandwidth hg (which converges to 0 at n~'/% in
the stationary regressor case) for calculating g (z) and then re-normalize this bandwidth as
h = hon'/5n=1/3 to achieve the undersmoothing required for the £o and bias-corrected OLS
estimators. Simulations show that results based on the LSCV are similar to those based on
ROT. The LSCV is much more costly in terms of computation time, so only the ROT results
are reported in what follows.

Figs 2 and 3 report bias (Bias), standard deviation (Std dev) and root mean squared error
(Rmse) for the three estimates of the intercept and slope parameters, respectively. On the
horizontal axis is the truncation parameter (\) that indicates the integration lower and upper
limits of the £y estimators given by Fy'(\) and Fy' (1 —\), respectively. The number of
replications is 10,000. The top panel of Figs 2 and 3 reports the bias for each estimator. Under
both weak and strong endogeneity, the OLS estimator has non-negligible bias, and the £y and
bias-corrected estimators have much smaller bias than the OLS estimators for all values of A.
As expected, when A is small, the latter two estimators are still subject to the distortion of the
endogeneity effect of X; in the tails. But as A increases, endogeneity bias dies off quickly. The
middle panel of Figs 2 and 3 reports the standard deviation of each estimator. Unsurprisingly,
the OLS estimator has the least Std dev and the bias-corrected OLS estimator has the largest
Std dev. Also as expected, the larger is A, the less the number of effective observations used
in obtaining the Lo and bias-corrected estimators, and the larger the variance of the £, and
bias-corrected estimators in consequence. The bottom panel of Figs 2 and 3 reports the Rmse
of each estimator. Interestingly, in the case of weak endogeneity, the L2 and bias-corrected
estimators outperform OLS in terms of Rmse only for a small degree of truncation. As A
increases, the increase of the Std dev of the £ and bias-corrected estimators can dominate the
decrease of bias. In sharp contrast, in the case of strong endogeneity, the L2 and bias-corrected
estimators dominate OLS in terms of Rmse for all values of A under investigation.

To see the effect of sample size on the various estimators, Table 1 reports the Bias, Std
dev, and Rmse for different numbers of observations (n = 500, 1000, and 2000), where the
truncation parameter A takes the value 0.15. The number of replications is 100,000. From
Table 1, we see that the endogeneity bias of OLS remains largely unchanged when the sample

size is doubled or quadrupled. This is true despite the fact that the support of the location
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(a) Weak endogeneity (b) Strong endogeneity
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Figure 2: Bias, Std dev, and Rmse of various intercept estimators with n =500 observations.
OLS estimator (solid line), Lo estimator (dashed line), bias-corrected OLS estimator (dotted

line). Corr(u;, uy;) = 0.3 and 0.9 for weak and strong endogeneity cases, respectively.
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Figure 3: Bias, Std dev, and Rmse of various slope estimators with n =500 observations. OLS
estimator (solid line), Lo estimator (dashed line), bias-corrected OLS estimator (dotted line).

Corr(u;, ugz;) = 0.3 and 0.9 for weak and strong endogeneity cases, respectively.
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Table 1: Comparison of finite sample performance of various estimates

n = 500 n = 1000 n = 2000

Estimators Bias Std devn Rmse Bias Std dev Rmse Bias Std dev Rmse

Weak endogeneity
BO -0.774  0.473 0.908 -0.709  0.341 0.787 -0.654  0.244 0.698
EO -0.076  0.731 0.735 -0.037  0.532 0.533 -0.020  0.382 0.383
Boc -0.086  0.975 0.979 -0.041  0.683 0.684 -0.023 0.473 0.474
23\1 0.078 0.045 0.090 0.071 0.032 0.078  0.066 0.022 0.070
Bl 0.008 0.071 0.072  0.004 0.051 0.051  0.002 0.037  0.037
Blc 0.009 0.097  0.098 0.004 0.067 0.067  0.002 0.047  0.047

Strong endogeneity
BO -2.290  0.461 2.336  -2.093  0.334 2.120 -1.932  0.239 1.947
EO -0.210  0.681 0.712 -0.106  0.501 0.512 -0.058  0.361 0.366
BOC -0.244  0.902 0.934 -0.117  0.638 0.648 -0.066  0.446 0.451
23\1 0.232 0.044  0.236 0.211 0.031 0.213 0.195 0.022 0.196
Bl 0.022 0.066 0.070  0.011 0.048 0.049  0.006 0.034 0.035
Blc 0.025 0.090 0.093 0.012 0.063 0.064 0.007 0.044 0.044

Note. Corr(u;, uz;) = 0.3 and 0.9 for the case of weak and strong endogeneity, respectively.

shifts is expanding. But since the support expands slowly as n increases, so too is the reduction
of the bias of the OLS estimator. In contrast, both the £o and bias-corrected OLS estimators
have substantially smaller bias than OLS. As the sample size increases, the bias of the latter
two estimators continues to decrease. As expected, the variance of the Lo and bias-corrected
OLS estimators are larger than that of OLS. In terms of Rmse, the Lo estimator generally

dominates the bias-corrected OLS estimator which in turn outperforms OLS.

5 Concluding remarks

The present paper explores a paradox where the greater use of correct prior information on a
model can be detrimental in regression. The explanation for this paradox is that even when we
use additional correct information about the specification of a model, that information may still
not be complete and, in consequence, may distort regression results. In the example studied
here, the correct additional information used is considerable and is the full functional form
specification of the model. Nevertheless, the omitted information (endogeneity) that makes
the model specification incomplete is very important and leads to inconsistency in parametric
regression.

In such situations, it is very interesting that partial information can be successful where
more complete information fails. In applied statistics, it has long been known that controlling

for outliers in regression can help to achieve robustness. What the results of the present pa-
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per show, is that nonparametric kernel regression naturally utilizes this mechanism to great
advantage in structural regression. More specifically, kernel regression has a considerable ad-
ditional advantage beyond its usually touted advantage of robustness to (unknown) functional
form. Local nonparametric regression also provides robustness to endogeneity in the regres-
sor when there are systematic influences that assure identification, such as location shifts or
nonstationarity in the data.

It is also possible to obtain consistent estimation by parametric methods in such cases. In
particular, spatial L regression is shown to successfully remove endogeneity bias and inconsis-
tency by bounding the domain of the regression. This approach is analogous to the treatment of
outliers — it provides protection against possible effects of endogeneity in parametric regression

by paying a premium through the loss of tail information in the data.

6 Appendix: Proofs and supplementary technical results

6.1 Proof of Theorem 2.2
Noting that v/7(0 — 0) = (nX’'X) "' n~1/2X"u, we have
VD, (0 -0 - (X'X) ™" B (X))
— (D' XKD T D2 (X u—E (X' )

We prove the theorem by showing that

—1 —1~rt —1 . 1 Lr_Ll“x
I'y=D,'n " X'XD," —, lim o L B2y | =T (6.1)
and
A, = D;'n™? (Xu—E (Xu ) —4 N (0,9), (6.2)
where
o2 B(us1ui)
Q= lim Ln
n—oo B(uz1u?) o2 + Var(ug1u1)
T, 12 I2

First, by the fact that X =, —, u,, and (2.2), we have

LY X2 = LY (G- X)X
=1

i=1
1, o2 1 E(uly)

- 4% 1) = — 4 2 \a1) ).
12+L%+L%+0P() B 2 +op (1)

Thus (6.1) follows. To show (6.2), by the Cramér-Wold device it suffices to show that for any

w = (w1,ws) with |Jw|| = 1, we have

w’An — n*1/2 Z {Wlui + ng;Ll [Xlui —F (quz)]} —qa N (O,w'Qw) . (63)
=1
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By construction, F (w’'A,) = 0. We now calculate the asymptotic variance of w’A,,
n
Var (w'4,) = n~t Z\/ar (wru; + woL 1 [ Xu; — E (Xiui)])
i=1

n n
= w%ag + 2w1w2L;1n_1 Z E (quf) + w%LTan_l Z Var (X;u;)
i=1 i=1
— W Qw,

because L, 'n 13" | F (Xju?) = L, E (ugu?) , and
1 n

- 2m+1 @m+1)L2 Z ZVM((

—-m zGA

V)

Lo
- 2m + 1 L2 Z Z { 4m2 02 + Var (umuz) + T7;L FE [umug]}

16A
- o? m(m+1)(2m+1) N Var (ugiu;)
 (2m+1)2m2 6 L2
. 0_2 + lim Var (ugiu;)

12 n—ooo L?
Let &, = n=1/2 {wlui +wal M [Xu; — E (quz)]} . By the C.. inequality,

n
246
i=1

1 - - 2+6
= a2 > B |wrui + wa Lyt [Xous — E (X))
=1

2 +6 —1|2+9 246
a7 2 { Bl a1 B X — B (X))

IN

210 oy 0 P 245 2+5 23+ 94
< ZEWI MQZEMWH

= O(n™?) +O((mM) %) =0(1).
Then (6.3) follows by the Liapounov CLT.

6.2 Proof of Theorem 3.1

For notational simplicity, let K;, = K, (X; — ). Define

O = ( ff f;a:]i(x)da: )
" fa#() JP a2 f (x) de

We first prove some lemmas that are used in the proof of Theorem 3.1.
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Lemma 6.1 Let ©;, = ff x]f(x) dx for 7 =0,1,2. Then

(i) By = 222 5(1),

(ii) Var(©j) = O (Hi7 + 25 ) = 0 (1) for j =0,1,2.

Proof. Recall N = 2mM/L,, and f(x) = N-'3"" | K, (X; — ). By the Fubini theorem
and Taylor expansion,

EO©j,
Ln
= %m Z//wJK ) fu, (& — o + hz) dzdz
Ln h? Mz j
= % Z h fum x—ua)d:p+ Z € fz w_ﬂa)dx‘i‘Rjn(GA)

where R, = % o f [ [2722K (2) [fil (& — po +whz) — [ (z — pa)] (1 — w) dwdzda

is the remainder term. Noting

m Ly/2 %)
L—mzfm—ua) ~ [ tee-ndo— [ fu@-ndp=1.

a=—m n/2 -
Ly,/2 00

2 Z (= pa) = / fu, (x —p)dp — fa, (@ —p)dp < o0,
m a=—m+1 Ln/2 —o0

it follows that the first term in (6.4) tends to

b i+1 g+l
| e ==, (65)
a

the second term in (6.4) is approximately

oo b
Ry (K) / £ (p) dp / vide = O (h?),

and Rj, = o (h2) by dominated convergence.
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Now, by Jensen’s inequality, the Fubini theorem, a change of variables, and since (u;, tz;)

is iid, we have

Var (0,,)

= 4m2M2ZVar</ 2/ Ky (X —w)dw)
= m2M Z Var </ ijh(ua—i-uxl—x)dx)

a

< 4m2M Z //g;ﬂxJE Kp (g, + uzp1 — ) Ky (g, + ug1 — 2)] dedz
12 » ) i
N 4m2nM Z / / x]xj/Kh(ua"i_uCCl_x)Kh(:ua"i_uxl_ff)fum (1) dttgy dad
T —1T B
- 4hm2M //xeJ/K < )fugL (x—ua—i-hz)dzdxdac
- i [ (2) K | =+ Z Fun (& = o) dzdadZ + O his
2hmM a Ja Uac « mM
~ gy | [ [ (s T s 000+ 0 (12
~ 2hmM v 2) K |2+ —— ) dedwdZ{l+o —
O ey [K@K dedodz + 0 (1
= QmM//( ) (x+ v)/ (2) K (2 — v) dzdvdz + (mM)
n hL2
B O(mM mM>
]

Lemma 6.2 Let =j, = f N-1/2 S 2l (X; — o) Kigdx for j =0,1. Then Zj, = op (1).

Proof. By the Fubini theorem and Taylor expansion,

- ML, b )
E (:jn) = om Z / FE [gjj (tg + uz1 — ) Kp (pg + g1 — x)] dx
ML, < b ,
- \/;a_z_ /a /QUJZK (2) fus (T — pio + hz) dzdx

= h2 27;34;@( {/ ijm Z (T — py dac{l—i—o()}}

) =—m
_ 2N / Pz / £ (p)dp{1+0(1)}
= o(l).

Analogous to the proof of Lemma 6.1(ii), we can show that Var(Z;,) = O (h?) = o(1). The
result follows from the Chebyshev inequality. m
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Lemma 6.3 Let f (u) denote the p.d.f. of u;. Suppose Assumptions 3 and 4 hold. Then

Jug S 1 (= o) = f ()] du= O((m/ L)+ 1),

a=—m

Proof. The proof follows from that of Lemma 6.1 in Phillips and Su (2009). The main
difference is that 2m/L,, here plays the role of m” in Phillips and Su (2009). m
To prove Theorem 3.1, noticing that if g (z) = 5y + 5, then

b o~
/ §(2) f(2) da
b n
= / Nﬁlth (X,—x)y,da:
a i=1
b n
= [N Kl Bt By (K- o) ) da
a i=1

b b b n b n
- 50/ f(x)dz + ,31/ of (x)de + 61/ NS (X - 2) Kigda +/ NN Kipuide,
@ a a i=1 a i=1
and similarly
b ~
[ a1 @7 @i
b b b n b n
= 50/ xf (x)dx —l—ﬂl/ 22 f (x) dx —1—51/ Nﬁlzx(Xi —z) Kjpdx +/ N1 Zmeude
e a a i=1 a i=1
It follows that
VN (0-0)

b Ar— n b Ar— n
= 50" Jo N7V (Xi-w) Kigda +Q;° Jo N7V Kiguda (6.6)
ten fb N7Y250 o (Xi-v) Kjpde " fab N=Y25"  aKiuda

a

By Lemma 6.1,

b—a b25“2
Qn_>p<u M)ZQv (6'7)
2 3
where det(Q) = (b—a)* /12 > 0 as b # a. This, together with Lemma 6.2, implies that the
first term in (6.6) is op (1) . We are left to show that the second term in (6.6) is asymptotically
N(0,0%Q7Y).
Let w = (w1, w2)’ be such that |jw|| = 1, and define

b ar—1/2 \n . noopeb

N oy Kiguide

0. —u fa i=1 izt :N71/2§ :/ (w1 + wor) Kiguid.
" ( PNV eKude ~ J, e
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We complete the proof by showing that E(0,) = O (N 1/ 2h2) = 0(1) by Assumption 6, and
O, — E(0,) —4 N (0, a2w'Qw) . (6.8)

By a change of variables, the Fubini theorem, Lemma 6.3, and Assumptions 1(ii), 3 and 6, we

obtain

E©, = @ i /bE[(w1+w2$)Kh(Ma+um1—x)uﬂdaf
= FZ/// (w1 +wex)uK (2) f (u,x — py, + hz) dzdu dz

a=—m

— ﬁ/ (W1+W2x)/K(z){/ui—;aimf(u,x—ua—i-hz)du}dzda:
— \/_/ w1 + waz) /K { (m/Ln)~ 2+h2>+/uf(u)du}dzdx

= VNO ((m/L) 2+ 1) =o(1).

Next, letting w (x) = w1 + wax, we have

Var (0,,)
n b
= N1 ZVar <u1/ (w1 + wax) Kmdm)
- %azm/ / ) uiKp (fig + st — ) K, (g + ug1 — 7)]dodZ + 0 (1)
- 2L—T7;L a_m/ / w (Z) //uQKh (g + g — ) Kp (pbg + sz — T) f (U, uy) dugdudzdz 4+ o (1)

_ ﬁ // (;}’)//uQK(z)K(z—i—w;hf)f(u,a:—ua+hz)dzdud:rdfé+o(1)
_ // (5)//U2K(Z)K<z

_ 02/ / w(x)w(i)/K(z)K<z+xh
= //:bx w (z + hv) /K K (z —wv)dzdv dz+ o(1)

= 02/ (w1 +wez)? da + 0 (1) — 02w Qu,

)Qm Z f(u,z — p,) dzdu dxdx + 0 (1)

— a:) dz dxdz + o (1)

where we have used the fact that £z w S fur—py) — [ f(u,x—p)dp = f(u). To

show the asymptotic normality of @n E (©,,), by the above variance calculation and the
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independence of (u;,uy;) across i, it suffices to check the Liapounov condition. Let Z; =
Z; — E(Z;), where Z; = N~1/2 f (w1 + wex) Kizu;dx. Then by the C, inequality,

n 244

XH:E |7z\2+6 < 9146 \r—(1+6/2) ZE
] =1

L ol+d —(14+6/2) Z
i=1

b
uz/ (w1 + wor) Kipdx

b 246
E [ul/ (w1 + wax) Kmdx]

= Lp1+ Lyo.
First,
I 246
Ly = 21ton—9/22n x) K (phg + Uy — ) dx f(u,uy) dugdu
2m —~
L, 246
< N~ 5/2 Z //\u]2+5 / Kp (g, +uy —x)dz|  f(u,uy) dugdu
(l_fm
6/2 Ln 2+5
< ¢ N~ Z |ul (u, ug) dugdu
a—fm
Ly (2 1
_ CgN_6/2E‘u’2+6 Tl(;rnn—i_ )
= O(N"2L,)=0(1),
where c5 = 2119 SUDq< || <p [W (z)[*™° < 0o as |jw]||, a and b are finite. By the Jensen inequality,

Lp2 < Lp1 = 0(1). Then by the Liapounov CLT, (6.8) follows, and the proof is complete.

6.3 Proof of Theorem 3.2

Recall N = 2mM/L,,, and B,, = n~'X'X. Noting that
1 X C 1 Z
ntyl (Xi - 7)2 — it

T (0-0) = e (-0) + —————vie. (T )

we have
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Let w = (w1,w2)" with ||w|| = 1. Define

T, — Jm’B;ln‘lg ( (Xi,Xi;)Li(@— 0) ) |

By the Cramér-Wold device, it suffices to show that
Ty, —a N (0,0 Vw) . (6.9)
We show (6.9) by distinguishing whether L,, is allowed to approach co as n — oc.

Case 1. L, — 0o as n — oo. Noting that vVNn~! =o (n_1/2) , X =n"1 S Ui —p s
Ly2n Py X2 =L 2n ' Y0 (X — X) —FL‘QY2 —p &, we have VNn= 13" u; —), 0,
52.e/52 —p 1 and X/S2 —, 0, where S2 = n 131 (X — X) and S2,, =n"13" X2

Also note that
1 (82, -X
Bl=— [ " : 6.10
" ( -X 1 ) (6.10)

It follows that
- X (X, X2)' (6-0)

R R
T = VA 1w/;S_% ~Xu;+ (X, X2)' (8- 0)
= V/Nn! ZZ:; Si% { w12, — waX) u; + (w2 — w1 X) (X5, Xiz)/ (5 - 9)}

- 22X w (-0 () o
(w2—w17)\/ﬁ(51—51) 9 (Wz—wly)\/ﬁ(;éo—ﬁo>_

= (w2 —wip,) VN <51 51) +op (1)
2 —
—q N (0,02 (w2 _W1MI)2 q22) _ (0 0_2 22,/ ( g fm )w) ’
— Uy
where q22 is the (2,2) element of Qfl :
0 1 12 b3ga3 _b25a2
(b — ) _# b—a =

Case 2. L, = L is fixed as n — oo. By the proof of Theorem 3.1 (see (6.6) and arguments
thereafter),

(0-0) = @ Fenp ),

= Z ( i ) +op (1),

Il
~/
KR
N =
[
KR
N —
[N} [\
N——

12
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where

f—N’1/2 11b',_ . 12b o L

0= q [Kizu; — FE (Kizu;)] dx + q x [Kizu; — B (Kizu)| dx ¢ (6.11)
and

g-:N_1/2{21/b . /b . }
12 q [Kmuz E( Z:Euz)] dl’ + q [Kmuz E( mul)] da? (6.12)

N _lz< XZ,X2)<9—9> )
Then

WR, = wVN (Bl - 51) {nl Zn:XE} +waV'N (BO — ,30) {nl anx} +w VN Xn:u
=1 =1 =1
= (,U2Cx\/N (B]. - Bl) + WZ,LLI\/N (BO - Bo) + Wl\/ﬁnil ZUZ +op (1)
i=1

Let

n
= Z (wgcmgﬁ + wap, & + wlmn_lui) +op(1)
i=1
= En +op (1) ,

where recall ¢, = lim,ocn !> " | E(X?) = % + B(u2). Let ¢ = (uy,cy)' . Note that
E (Rn) =0, and

Var (En)

= ZVar (wgca{ﬂ + w1 + wlx/anlu,)

=1

n n
= W ZVar (caio + 1a€in) + 2wowr Z Cov (C:cfz'z + 1€t \/Nn_lui)

1=1 1=1

—i—wlZVar<\/_n uz>

b b b b
= aQw%c “Le 4 2wowio? L1 {qn / dx + q12/ zdx + ¢ / dr + ¢*? / a:dx}
a a a a

+wic’ L 0 (1)

L~ Lt
2,2 17—1 27 -1 2 2r-1_ 2
— 07wy QT c+ 2wowi0° LT +wioc"LT T =o0"w ( I J0-1c ) w,

where the third line follows from the definitions of £;; and £;5, Fubini, a change of variables,
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and the following two limits:

ZE (‘511 Nn~ uz>
b b
- nil Z E { [qll / {szuz - F (Kz:cuz)] dx + q12/ X [Kmuz —F (Kz:cuz)] dm] uz}
n b n b
— gt ZE {%2/ Kixdm} +¢'2n ! ZE {uf/ ﬂcKmd:c}
= 2m+1 Z /// 2K f(u,z —uq + hz) dzdudzx

+¢'2 (2m + 1) a__zm:/ // K (z T — U + hz) dzdudx
_ - // {zmaz_:mfu:z:—ua)}dud:c{1+o()}
+q"2 L / / {2m _Zf x—ua)}dﬂs{lJrO()}

b
= an“Ll/ dx{1+0(1)}+02q12L1/ zdz {1 +0(1)}

b b
— o?L7! {qll/ dx + q12/ ZL‘dJZ} ;
a a

and, in a similar way,

Y E(&oVNn ;) = nt Y E|¢®? | Kipuide + ¢**u? ba:Kmdac
> 5 (S0 VNnu) Sofe [ | i
1=1 i=1 a

The Liapounov condition follows from the verification in the proof of Theorem 3.1, the fact

that v Nn~! > w; also satisfies the Liapounov condition, and the C, inequality. It follows

that
L—l L—l
R, —q N [ 0,02
L=t JdQ7te
and
L—l L—l
T, =wB; 'R, =g N | 0,0%'B™! B lw].
L=t JdQ7 e
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