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Abstract

A local limit theorem is proved for sample covariances of nonstationary time se-
ries and integrable functions of such time series that involve a bandwidth sequence.
The resulting theory enables an asymptotic development of nonparametric regression
with integrated or fractionally integrated processes that includes the important prac-
tical case of spurious regressions. Some local regression diagnostics are suggested for
forensic analysis of such regresssions, including a local R? and a local Durbin Watson
(DW) ratio, and their asymptotic behavior is investigated. The most immediate find-
ings extend the earlier work on linear spurious regression (Phillips, 1986), showing
that the key behavioral characteristics of statistical significance, low DW ratios and
moderate to high R? continue to apply locally in nonparametric spurious regression.
Some further applications of the limit theory to models of nonlinear functional re-
lations and cointegrating regressions are given. The methods are also shown to be
applicable in partial linear semiparametric nonstationary regression.
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1 Introduction

In a now-famous simulation experiment involving linear regressions of independent ran-
dom walks and integrated processes, Granger and Newbold (1974) showed some of the
key features of a spurious regression — spuriously significant coefficients, moderate to high
R? and low Durbin Watson ratios — and argued that such phenomena were widespread in
applied economics. Of course, concerns in economics over the potential for spurious and
nonsense correlations in empirical work go back much further, at least to Hooker (1905),
Student (1914), Yule (1921), and Fisher (1907, 1930). The first systematic study of spu-
rious relations in time series was undertaken by Yule (1926) in an important contribution
that revealed some of the dangers of regressing variables with trends. But, following Yule’s
study, the subject fell into dormancy for some decades with no further attempts at formal
analysis.

The Granger and Newbold paper brought the subject to life again with some startling
simulation findings on stochastic trends that quickly attracted attention. The paper itself
was only 10 pages long and soon became accepted as a cautionary tale in econometrics,
warning against the uncritical use of level regressions for trending economic variables.
Looking back now, the simulation experiment reported in the paper seems tiny by mod-
ern standards, with only 100 replications and two small tabulations of results. In addition
to its simulations, the paper contained some recommendations for and warnings to ap-
plied researchers concerning the conduct of empirical research with time series data and
the use of formulations in differences rather than levels for such regressions.! These
recommendations were taken seriously in applied work and were incorporated into econo-
metrics teaching, at least until the mid 1980s, when the concept of cointegration and
the methodology of unit root/cointegration testing exploded conventional thinking in the
profession about time series regressions in levels and led to formal analytical procedures
for evaluating the presence of levels and differences in time series regression equations.

Phillips (1986) initiated the asymptotic analysis of spurious regressions by utilizing
function space central limit theory, giving the first implementation of that limit theory to
regression problems in econometrics and providing a formal apparatus of analysis. The
approach revealed the limit behavior of the regression coefficients, significance tests and
regression diagnostics and confirmed that the simulation findings in Granger and Newbold
(1974) accorded well with the new limit theory. A later paper, Phillips (1998), gave a
deeper explanation of the limit theory and simulation findings, proving that the fitted

! This recommendation on the use of differences has a long history. To control for secular trend effects,
Hooker (1905) originally suggested examining correlations of time differences after having earlier suggested
the use of deviations from average trend (Hooker, 1901). Persons (1910) looked at various methods,
including regressions in differences. ‘Student’ (1914) made a more elaborate suggestion on the use of
differences and higher order differences, which corresponds more closely to the ideas in Box and Jenkins
(1970) and Box and Pierce (1970), which motivated Granger and Newbold’s (1974) recommedations. To
cite Yule (1921): “ ‘Student’ therefore introduces quite a new idea that is not found in any of the writers
previously cited. He desires to find the correlation between x and y when every component in each of the
variables is eliminated which can well be called a function of the time, and nothing is left but residuals
such that the residual of a given year is uncorrelated with those that precede it or follow it”. Interestingly,
Yule (1921) disagreed with this particular suggestion, while at the same time being acutely aware of the
spurious correlation problem.



regressions estimated (and in the limit accurately reproduced) a finite number of terms in
the formal mathematical series representation of the limit process to which the (suitably
normalized) dependent variable converged. This result validated a formal interpretation
of such fitted (spurious) regressions as coordinate regression systems which capture the
trending behavior of one variable in terms of the trends that appear in other variables.
The coordinate approach was investigated more systematically in Phillips (2005).

The present paper extends the asymptotic analysis of Phillips (1986) to a nonpara-
metric regression setting. To develop nonparametric regression asymptotics, a local limit
theorem is provided for sample cross moments of a nonstationary time series and inte-
grable functions of another such time series. The theory allows for the presence of kernel
functions and bandwidth parameter sequences. The approach taken in this local limit
theory draws on recent work of Wang and Phillips (2006) dealing with nonparametric
cointegrating regression, although the results here relate to spurious regression phenom-
ena and are therefore different in character and involve some technical modification of the
methods.

The linear spurious regression asymptotics in Phillips (1986) have the simple interpre-
tation of an Ly regression involving the trajectories of the limiting stochastic processes
corresponding to the variables in the original regression, at least after some suitable stan-
dardization. A similar interpretation is shown here to apply in the case of nonparametric
regression. In the present case, the limiting form of the nonparametric regression at some
point z (in the space of the regressor) is simply a weighted average of the trajectory of
the limiting stochastic process corresponding to the dependent variable, where the aver-
age of the dependent variable is taken only over those time points for which the limiting
stochastic process of the regressor variable happens to be in the immediate locality of x.
Accordingly, the limit theory in the present paper integrally involves the concept of the
local time of a stochastic process, a quantity that directly measures the time spent by a
process around a particular value. As is shown here, nonparametric spurious regression
asymptotics correspond to a weighted Lo regression of the limit process of the dependent
variable with weights delivered by the local time of the regressor in the locality of x. In
effect, the limit is just a continuous time nonparametric kernel regression.

Fig. 1 shows a cross plot of (y,x;) coordinates corresponding to 500 observations of
two independently drawn Gaussian random walks for y; and z; originating at the origin
and having standard normal increments. The cloud of points in the figure shows a pattern
where y appears to increase for some values of x and decrease for others. Patterns in the
data are typical in such cases when a finite number of draws of independent random walks
are taken. The specific pattern depends, of course, on the actual time series evolution
of the processes. The particular pattern shown in Fig. 1 is much more sympathetic to
broken trend modeling and nonparametric fitting than it is to linear regression, as the
kernel regression fit shown in the figure indicates. Again, this is fairly typical with random
walk data. Accordingly, the potential opportunities for spurious trend break regression
and nonparametric fitting with such unrelated time series are considerable. One object of
the present paper is to explore such phenomena and provide new analytic machinery for
studying such nonparametric regressions with nonstationary data.
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Figure 1(a) Scatter plot and Nadaraya Figure 1(b) Two Independent Random
Watson Nonparametric Regression Walks

The rest of the paper is organized as follows. Section 2 provides some heuristic analysis
and formal discussion using array limits which avoid some of the main technical difficulties
of the limit theory while revealing the main results. Sections 3, 4, and 5 give the main
results on the limit theory, its application to nonparametric spurious regression and some
asymptotics for local regression diagnostics. The latter include some new theory on local
R? and local Durbin Watson statistics. Section 6 concludes and outlines some further
uses of the limit theory and approach given here. Proofs and related technical results are
provided in the Appendix in Section 7.

2 Heuristics

To motivate and interpret some key results in the paper, this section provides heuristic
explanations of the limit theory. The simple derivations given here involve sequential limit
arguments that avoid many of the technical complications dealt with later that arise in
kernel asymptotics for nonstationary time series.

The object of interest in nonparametric regression typically involves two triangular ar-
rays (Ykns Thn), 1 <k <n,n>1 constructed by standardizing some underlying time se-
ries. We assume that there are continuous limiting Gaussian processes (Gy(t), G (t)),0 <
t <1, for which we have the joint convergence

(y[nt},nv x[nt],n) = (Gy(t)’ GSC (t)) ’ (1)

where [a] denotes the integer part of @ and = denotes weak convergence. This framework
will include most nonstationary data cases of interest, including integrated and fractionally
integrated time series. The main functional of interest S, in the present paper is defined



by the sample covariance
n
c
Sp = = Zyt,ng(cn l'k,n)v (2)

n
k=1

where ¢, is a certain sequence of positive constants and g is a real function on R. The limit
behavior of S,, when both ¢,, — oo and n/¢, — oo is particularly interesting and important
for practical applications as it provides a setting where the sample function depends on
both a primary sequence (n) and a secondary sequence (c,) which both tend to infinity.
This formulation is particularly convenient in situations like kernel regression where a
bandwidth parameter (h,,) is involved and whose asymptotic behavior (h,, — 0) needs
to be accounted for in the analysis. The form of S, in (2) accommodates a sufficiently
wide range of bandwidth choices to be relevant for non-parametric kernel estimation. In
most applications the bandwidth arises in a very simple manner and is embedded in the
secondary parameter sequence ¢, for instance as in ¢, = v/n/hy,.

Accordingly, the present paper derives by direct calculation the limit distribution of
Sp when ¢, — oo and n/c, — oo, showing that under very general conditions on the
function g and the processes y;,, and x,

0 1
S, = / g (s) ds /0 G, (v) dLc, (p.0). (3)

where Lg, (p, s) is the local time (defined below in (9)) of the process G, (t) at the spatial
point s. When the function g is a kernel density, the ‘energy’ functional ffooo g(s)ds=1
and the limit (3) is then an average of the limit process G, taken with respect to the local
time measure of G, at the origin. This result relates to work by Jeganathan (2004) and
Wang and Phillips (2006), who investigated the asymptotic form of similar sample mean
functionals involving only a single array x ,. Some other related works that involve limit
theory with local time limits can be found in Akonom (1993), Borodin and Ibragimov
(1995), Phillips and Park (1998) and Park and Phillips (1999, 2000). Another approach
to developing a limit theory for sample functions involving kernel densities has been
developed by Karlsen, Myklebust and Tjgstheim (2007) using null recurrent Markov chain
methods.

A typical example of .S, in the econometric applications that we consider later has the
form of a sample cross moment of one variable (y;) with a kernel function (K (-)) of another
variable (x;). This sample moment may be written in standardized form corresponding
to (2) as

B N N S L) ),
S”_nhn;ytK< hn )‘ﬁhn;ﬁK hn

n
Cn T
= — E Yen K (c <:Ut, — >> ,
n = " " " LD

with ¢, = V/n/hn, Ye.n = Y/, Ttn = x¢/y/n, and where h,, is the bandwidth parameter.
When (Yj]ns Znn) = (By (), Bz (+)) , so the limit processes are Brownian motions, and



when ffooo K (s)ds = 1, the limit behavior of S,, for fixed z is given by

1
S, = /0 B, (p) dLs, (p,0). (4)

This limit is simply the average value of the trajectory of the limit Brownian motion
B, (p) taken over time points p € [0,1] where the limit process B, sojourns around the
origin. Result (4) and its various extensions turn out to play an important role in kernel
regression asymptotics with nonstationary series.

The limit distribution of S,, in the situation where ¢, is fixed as n — oo is very different
from that when ¢, — 0o and n/¢, — oco. For example, when ¢, = 1, it is well known that

1
n

n 1
S Ying(wan) = / G, () g(Gor (), (5)

k=1

by virtue of weak convergence and continuous mapping under rather weak conditions
on the function g. Various results related to (5) are well known — see Park and Phillips
(1999), de Jong (2004), Potscher (2004), de Jong and Wang (2005), and Berkes and
Horvath (2006)). However, when ¢, — 0o, not only is the limit result different, but the
rate of convergence is affected, the limit theory is much harder to prove, and the final
result no longer has a form that is directly associated with a continuous map.

The following heuristic arguments help to reveal the nature of these differences. Note
first that by virtue of the extended occupation times formula (see (11) below), limits of
the form given in (5) may also be written as

1 fe'e) 1
| awaGoni=[" g0 [ 6w 00, (6)

where Lg, (p, a) is the local time at a of the limit process G, over the time interval [0, p),
as discussed in Section 3 below. Since the process L, (p, a) is continuous and increasing
in the argument p, the integral fOT g(a)dLg, (p,a) is a conventional Lebesgue-Stieltjes
integral with respect to the local time measure dLg, (p,a). Next, rewrite the average S,
so that it is indexed by twin sequences ¢, and n, defining

n
C
Sm,n = ?m kzlyt,ng(cm xk,n)y (7)

and noting that S, , = S, when m = n. Thus, the limit of S, is the diagonal limit of
the multidimensional sequence S, ,. The limit may also be obtained in a simple manner
using sequential convergence methods. In particular, if we first hold ¢,, fixed as n — o



and then pass m — oo, we have from (5) - (6)

mn:>cm/G Gz(t))dt as n— oo,

—cm/ 9(Cms / G, (p) AL (p, 5)ds
/ /G )dLe., (p, )da = S

= / g (a) da/o Gy (p)dLg, (p,0), asm — oo. (8)

It follows that (8) may be regarded as a certain limiting version of S, in terms of the
sequential limits Sy, = Smco = Soo,00- The goal is to turn this sequential argument
into a joint limit argument so that ¢, may play an active role as a sequence involving a
bandwidth parameter, thereby including functionals that arise in density estimation and
kernel regression.

Observe that the limit (8) involves the local time process Lg, (p,0) where the origin
is the relevant spatial point. An extended version of (8) involving different localities for
G, arises for functionals of the type

n
C
== Ytng (cm (xt,n - CL)) ,
mn
t=1

where the sequence x;,, is recentred about a. Correspondingly, we then have in the same
manner as (8)

o0

1 1
S = 6 || Gy @) (en (o) =) dp = [ g(en0-) [ G, () dLc. (1) ab

= / / Gy (p)dLg, <p, + a) ds, using s = ¢, (b—a)
= [Ty [ 6w e, w0,

where the local time process L¢, (p,a) is now evaluated at the spatial point a.
We next proceed to make these results rigorous in terms of direct limits as n — oo,
corresponding to the diagonal sequence S, = S, 5.

3 Local Limit Theory

The local time {L¢(t,s),t > 0,s € R} of a measurable stochastic process {((t),t > 0} is
defined as

Lelt,) = lim (1/22) [ 141C () = o] < e} (9)



The two dimensional process L¢(t,s) is a spatial density that records the relative time
that the process ((t) sojourns at the spatial point s over the time interval [0, ¢]. For any
locally integrable function 7'(z), the equation

/ T¢(r)]dr = /00 T(s)L¢(t,s)ds (10)
0 —00

holds with probability one and is known as the occupation times formula. An extended
version of the occupation times formula (10) which is useful in our development in this
paper takes the form

/OtT[hC(T)]dT = /Z ds /OtT(r, s)dL¢(r, s), (11)

(see Revuz and Yor, 1999, p. 232). For further discussion, existence theorems and proper-
ties of local time processes we refer to Geman and Horowitz (1980), Karatzas and Shreve
(1991), and Revuz and Yor (1999). Phillips (2001, 2005) and Park (2006) provide various
economic applications and empirical implementations of local time and associated hazard
functions.

As in Section 2, let x¢,,, and yt,, for 0 <t <n,n > 1 (define zp,, = 0 and yo, = 0)
be random triangular arrays and let g(x) be a real measurable function on R. We make
the following assumptions and use the notation

Qu(n) ={(lk):nn <k <(1-mn)n, k+nn<1<n},

where 0 < 7 < 1, following Wang and Phillips (2006).

Assumption 2.1. g(z) and g*>(z) are Lebesgue integrable functions on R with energy
functional T = [ g(z)dx # 0.

Assumption 2.2. There exist stochastic processes (Gy(t), Gy(t)) for which the weak
convergence (:zr[nt]’n,y[ntm) = (G(t),Gy(t)) holds with respect to the Skorohod topology
on D[0,1]2. The process G (t) has continuous local time Lg(t, s).

Assumption 2.2*. On a suitable probability space (2, F,P) there exists a stochas-
tic process G (t) for which supg<;<; ‘z[nt],n — G(t)| = 0p(1) where 2y, = (T, yt,n) and
G (t) = (Gx(t), Gy(1)) -

Assumption 2.3. Forall 0 < k <l <mn,n > 1, there exist a sequence of (re)standardizing
constants dy ., and a sequence of o-fields Fy, , (define Fon = o{¢, 2}, the trivial o-field)
such that:
(i) for some mqo >0 and C > 0, inf(; pyeq, () dikn = 1" /C as n — oo;
(11) xyrn are adapted to Fy, n and, conditional on yy, and Firn, (Tim — Tkn)/di ks has
a density hiy ,(z|y) which is bounded by a constant for all x and y, 1 <k <1 <mn and
n>1, and
sup  sup sup [y (uly) — b, (0)] = 0p (). (12)
(1,k)€Q, [/ (2m0)] [ul<s ¥

when n — oo first and then § — 0.



(ili) Yr,n/dk,0,n has a density h%707n(y) which satisfies ‘h%707n(y)‘ < h(y) for some h(y)
for which [ y*h (y)dy < oc.

As discussed in Wang and Phillips (2006), Assumptions 2.1 and 2.2 are quite weak
and likely to be close to necessary conditions for this kind of problem. Assumption 2.2
involves a joint convergence condition on the process z;,, whereas Wang and Phillips
(2006) place the convergence condition solely on x; , because in the context of an explicit
(cointegrating) regression model the properties of the other variable follow directly from
the model.

As for Assumption 2.3, we may choose Fj,, = 0(Z1n, ..., k), the natural filtration
for 4 ,, and the numerical sequence d; 1 ,, is typically chosen as a standardizing sequence
so that, conditional on Fy, p, (%1, — Tk n)/dik,n has a limit distribution as [ —k — oco. For
instance, if z; ,, = 22:1 €j/+/n, where €; are iid random variables with Fe; = 0 and Fe} =
1, we may choose F, ,, = o(€1, ..., ;) and dj ., = VI — k/+/n. Assumption 2.3 (ii) requires
the existence and boundedness of the conditional densities h}, , (x|y). This assumption is
very convenient in technical arguments. As shown in Corolléfy 2.2 of Wang and Phillips
(2006), Assumption 2.3 (ii) holds when xj, is a standardized partial sum of a linear
process under weak summability conditions on the coefficients and with 7¢d innovations
whose characteristic function is integrable, without conditioning on a secondary sequence
Ykn- Obviously, Assumption 2.3 (ii) holds in precisely the same framework when yy, ,, is
an independent process and extension of those conditions to a multivariate linear process
seems relatively innocuous. On the other hand, assuming the existence of the conditional
densities of (2, — Zkr)/di i n rules out cases where the constituent variables are discrete.
While it seems likely that the results may hold under a weakening of the assumption to
allow for such cases, this has not been proved. Assumption 2.3 (iii) is a simple dominating
second moment condition on the density of yj ,,/di 0. Again, this seems like a reasonably
mild requirement and may be strengthened further when higher order sample moments
are involved, such as in

Cn

n
Sp = . kz_lyf,ng(cn Th,n),

for some integer p > 2.

Assumption 2.3 presumes that the same (re)standardizing sequence dj i, applies for
both z;, and y;,, which helps to simplify the conditions and the proof of our main
results. This assumption will be sufficient for our purpose in the present paper and
will often be satisfied because the observed time series x; and y; have similar generating
mechanisms. However, we can also allow for individual specific (re)standardizing constants
(say, dfy ,, d?kn) With some modification of the statement and proof of the result and
under some further conditions on (d, ,,,d;, ), the limit theory given below in Theorem
1 can be shown to continue to hold. But a full extension along these lines is not needed
for the present paper.

The main result needed to develop a regression theory in the present case involves
sample covariances between y; , and integrable functions of the scaled versions c,x¢, of
Z¢n. The latter are designed to include kernel functions whose bandwidth sequences are
embodied in the sequence c,,.



Theorem 1 Suppose Assumptions 2.1-2.3 hold. Then, for any ¢, — o0, ¢p/n — 0 and
r € [0,1],

[nr]

7Zytn9 Cn Ttn :>T/ G dLGa:(p7 ) (13)

t=1

If Assumption 2.2 is replaced by Assumption 2.2%, then, for any ¢, — oo and ¢, /n — 0,

0<r<1| M

[nr
sup Zytng Cn Ttn _T/ G dLG (p,O) —p 0, (14)

under the same probability space defined as in Assumption 2.27%.

Remarks

(a) For a # 0, we have the following useful extension of (13)

[nr]

S g o rn =) = 7 [ Gy (p)dLc. . (15)
t=1 0

which gives the limit behavior of the sample moment when z;,, is in the neighbour-
hood of some point a. The limit (15) is expressed in terms of an integral of G, with
respect to the local time measure of the limit process G, around a. The proof of
(15) follows in precisely the same way as (13).

(b) Higher order sample moments have similar limit behavior under suitable integrability
conditions in place of Assumption 2.3(iii). For instance
c [nr] r
= Y9 (en (wn —a) =7 / Gy (p) dLg, (p, a), (16)
t=1 0

and, more generally, for any locally integrable function f

[n]

Zf ytn Cn xt,n_ :>7-/ f dLG (p, ) (17)

Then, for the constant function f (y,) = 1, we have the scaled local time result

[n7]
Cn

- gg (cn (Tt —a)) — T/O 1dLg,(p,a) = 7Lg, (7, a), (18)

given earlier in Wang and Phillips (2006). Again, these results may be established
in the same way as (13).

10



(c) Theorem 1 has quite extensive applications in econometrics that include spurious
nonparametric regressions, nonparametric cointegrated regression models, and para-
metric cointegrated regressions. The next section provides a detailed study of the
spurious nonparametric regression application and later work will consider other
applications. Also included in the range of applications are cases where a functional
relationship may exist between the limit processes, such as Gy (t) = f (G.(t)). We
may then write the limit in (13) as

- "Gy (p)dLe, (p.0) = 7 / " F(Galp)) dLe, (0.0) = 71 (0) L. (r,0).

When z;,, ~ a as in (15), we end up with the corresponding limit

r [ G wite =7 [ £G0) Lo, 0.0) = (@ La.(0)
0 0

Of course, when x; and y; are cointegrated I (1) or I (d) processes, we have a simple
linear relationship between the Gaussian limit processes of the form G (t) = G4 (t)
for some fixed parameter . In that case, the limit result (15) gives

T /07" Gy (p)dLg,(p,a) = TfaLq,(r,a). (19)

Combining (19) with (18), we get the following limit of the nonparametric (cointe-
grating) regression function

ThaLg,(r,a)
7L, (r,a)

= Ba,

which reproduces the linear cointegrating relationship in neighbourhoods where
G, (t) ~ a. That case was studied in Wang and Phillips (2006), who also provided
the limit distribution of the kernel estimate.
4 Nonparametric Spurious Regression
Suppose (y¢, x¢) satisfy Assumptions 2.2-2.3 and the nonparametric regression
yr = g (z1) + 0 (20)
is performed, where § is the Nadaraya-Watson kernel estimate
Sk (52)
S K (55)

for some kernel function K, with Kj,(s) = + K () and with bandwidth parameter h = h,,.
We assume that K satisfies the following condition and h, — 0 as n — oo.

n
g(z :argmginZ(yt—g)QKhn (x¢ — ),
t=1

11



Assumption 3.1. The kernel K is a non-negative real function for which ffooo K(s)ds =
1, [ K(s)?ds < 0o, and sup, K(s) < oo.

Let d,, be a standardizing sequence for which d,, — oo asn — oo and y;,, = d,, 1yt and
Tpp = d,, 124, For example, when both z; and y; are I (1) time series we have d,, = \/n.
Set ¢, = dy,/hy, and assume that ¢, /n — 0 which requires that nh,/d, — oo, so that h,
should not go to zero too fast. Also, ¢, — 0o requires that h,, be of lower order than d,,.

Theorem 2 Suppose Assumptions 2.2, 2.3 and 3.1 hold. Let d, be a standardizing se-
quence for which d, — oo as n — oo and for which y;, = d; Yy and Tpm = dlzy satisfy
Assumption 2.2. Then, for any h, satisfying nhy/d, — oo and d,/hy, — o0,

LG, (p)dL ,0
N
n 9\ Iy Gy(p)dLg, (p.a)
ch(l,a)

. (21)
for x = d,a, with a fized

Remarks

(d) The limit (21) is the local weighted average of G (p) taken over values of p € [0, 1]
where G (p) sojourns at a. The limit may be expressed as the mean local level from
a continuous time weighted regression, viz.,

Jif Gy (9) dLg, (p, a)
LGw(l, a)

1
—argmin [ {6, () - o} dLe.(p.0) (22
0

Here, the locality is determined by the weight in the spatial measure dLq,(p,a)
which confines attention to the locality G, ~ a. The latter simply serves as the
relevant timing device for the measurement of the average and may be interpreted
as a continuous time kernel function.

(e) Theorem 2 implies that §(z) = O, (dy), so the local level regression coefficient di-
verges at the rate d,,. When y; and z; are I (1), this means that g (z) = O, (v/n),
which corresponds to the order of magnitude of the intercept divergence in a linear
spurious regression (Phillips, 1986). Thus, there is a correspondence in the limit
behavior between linear and nonparametric spurious regression. This is explained
by the fact that whatever regression line is fitted, a recurrent time series like y; visits
every point in the space an infinite number of times, so that the order of magnitude
of the level (or intercept in a regression) is the same as that of yp,.), viz. Oy (y/n) for
an I (1) series. Thus, the heuristic reasoning for divergent behavior in the regression
is the same in both cases. In effect, when x; sojourns around some level x = d,a for
some a (behavior that is mimicked by the limit process G (p) sojourning around
a), y; may be taking any value in the space (because z; and y; are not cointegrated)
and since yj,] = Op (dy) the corresponding level of y; is Oy (dy,) also, thereby pro-
ducing a local regression level which has this order asymptotically. More explicitly,
suppose z; and y; are not cointegrated and satisfy y; = Bx; + uy where u;,, = d,; Lo
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satisfies (Zp)ns Upnn) = (G (-), Gy (+)) for some nontrivial Gaussian limit process
Gy. Then, as n — oo, Theorem 2 implies that

fo p)dLc,(p,a)

1A
d, g (dna) = Pa+ LGZ,(LG) ,

whereas in the cointegrated case d,'g (dn,a) —, Ba because Gy (p) = 0, giving a
constant limit that reproduces the local form of the cointegrating relation.

(f) If, in place of (20), we run the linear spurious regression
Y = &+ Bay + by,

then the corresponding intercept limit theory is

1 1
dnla;»/o Gy—g/o Gy =, (23)

where £ = fol GyG./ fol G2. The limit (23) is simply the intercept in a global con-
tinuous time regression of Gy on G, over [0,1], so that n and ¢ satisfy

1
(1.) = argmin [ (G, (r) = a =G ()} dp. (24)

Thus, (22) gives a local level limit version of the global regression limit result (24).

(g) Theorem 2 does not require that h,, — 0. Instead, h,, simply needs to be of lower
order than d,, so that ¢, = d,/h, — oo, and h,, should not go to zero too fast so
that n/c, = nhy,/d, — oo, thereby satisfying the conditions of Theorem 1.

(h) Theorem 2 also covers the case where there is a functional relationship between the
limit processes G, and G, as discussed in Remark (c). Suppose, for example,
that Gy (p) = f (G4 (p)) for some locally integrable function f. If the standardizing
sequence for y is dypn so that yn = d, Ly, then as indicated earlier we have the
same limit behavior as in (21) and this becomes

)dLg, (p, )dLg, (p,
i > hODEebd LI GO lep _

Thus, d, ;g (#) —p f(a) and the nonparametric regression function correctly re-
produces the functional relation between the limit processes at the spatial point
a. When g, is linearly cointegrated with z; and of the same (possibly fractional)
order, nonparametric regression at & = d,a produces d, g () —p Ba = LG, Go=a "
thereby giving the local form of the cointegrating relationship when G, = a, as
already noted in Remarks (c) and (e).

13



5 Testing and Diagnostics

We start by introducing the concept of local residuals from the nonparametric regression
(20). These are the residuals o; in (20) that occur around certain points such as those
where x; is in the vicinity of d,a. Local residuals are useful in developing local versions
of significance tests and residual diagnostics. The latter can be used to monitor the local
behavioral characteristics of a nonparametric regression. At present, there seems to be
no literature on local nonparametric regression diagnostics even for stationary regression
models.?2 We therefore introduce two new diagnostic statistics here: a local R? to measure
fit and a local Durbin Watson ratio to assess specification. These correspond to the
diagnostics considered in Granger and Newbold (1974) and Phillips (1986).
Local residuals may be written as

ﬁt|xt~dna = (yt - g (xt))|xt~dna 9

where the affix x; ~ d,a signifies that the residuals to be taken are those that arise
when z; is in the vicinity of d,a. The localization may be accomplished in the practical
construction of statistics by the use of a kernel. More precisely, we define a local residual
sum of squares as

I
$71na) = - > 67 Kn, (x — dna) (25)
t=1

where the kernel function now performs the localizing operation. The following lemma
gives some preliminary limit theory for 5% dna)’

Lemma A Under the conditions of Theorem 2 as n — o0
) . [!
w0 = [ e2)da, (ra). (26)
n 0

where Cy (1) = Gy (r) — [5 Gy (p) dLg, (p, a)/Lg, (1, a).

Remarks

(i) The limit process C, (7) in (26) is the limiting form of the standardized localized

residual process 9, /d”|m[ ~dna” As is apparent in its form, C, (r) is simply a

demeaned version of the process GG, where the mean extracted is the average level
of Gy when G, ~ a.

*For instance, standard econometric treatments (e.g., Horowitz (1998), Pagan and Ullah (1999),
Yatchew (2003), Li and Racine (2007) and Gao (2007)) make no mention of the idea of local diagnostic
testing. After this paper was written the author discovered that Huang and Chen (2007) defined a local
R? in a similar way to (30).

14



(§) The limit (26) may be rewritten as follows

Aug“”“%“w—ﬂuﬁvmh%m@_{k L;ﬁzm>}

1 1
= / Gg (r)dLg, (r,a) — / G; (r,a)dLg, (r,a) (27)
0 0

which provides a decomposition of the local residual variation (or sum of squares)
fo C? (r)dLg, (r,a) into the local total variation fo G2 (r)dLq, (r,a) minus the
explalned local variation

2
' R 6w dLe, w0}
/0 G, (r,a)dLg, (r,a) = LGx(la o , (28)

where G fo p)dLg,(p,a)/Lg,(1,a). The expression for the explained
local Varlatlon fo GZ T, a) dLg, (r,a) is based on the continuous time local regres-
sion (22). Thus, (27) is a continuous time localized version of the usual least squares
decomposition, where the localizing effect is generated through the local time mea-
sure dLg, (r,a). Observe that the fitted local mean G (r,a) is constant in 7 and
depends only on the spatial point a. In effect, éy (r,a) is the predicted level of G, (1)
delivered from the continuous time regression (22) when G, ~ a and this ‘mean’
level does not depend on r.

To compute a ‘standard error’ for § (x) at x = y/na, we assume empirical usage of the
standard asymptotic variance formula in a nonparametric regression (based on stationarity
assumptions). This has the usual form (e.g., Hirdle and Linton, 1994)

st KE2 &
By = o s e = [ K (9)ds (29)
Zt:1K< o ) e

In order to assess local ‘significance’ we use in (29) the local residual variance esti-
mate s?ﬁ) = n 13" 92Ky (v; — x) in place of the sample residual second moment

n~t Yoy 92. Then, as in conventional linear regression, we assess local statistical sig-
nificance in terms of the t- ratio ;) = § () /54(a)-

Local regression diagnostics for (20) may be developed in a similar way. Primarily, we
shall consider local R? and local Durbin Watson (DW) ratio statistics, corresponding to
the analysis of global versions of these diagnostics in linear spurious regression in Phillips
(1986). Local versions of R? and DW may be defined as follows:

2 i = §(20)* K, (w4 — dya)
Rn (dna) - 1 Z?:l thKhn (:Ut _ dna) Y (30)
n ~\2

Z?Zl /IA)tQKhn (CCt - dna)
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R? (d,a) measures the goodness of fit of the nonparametric regression locally around
x ~ dpa. The statistic DW,, (d,a) is a local variance ratio measuring the extent of local
serial correlation in the residuals measured around x ~ dja. The limit theory for these
local diagnostic statistics and the local nonparametric regression t- test is given in the
next result.

Theorem 3 Under the conditions of Theorem 2, as n — oo,

1 Jo Gy (p) dLg, (p, a)

———t5(da) = (32)
i L ) ”2{fo C3 (1) dLa, (r.a) )
2
p)dLg, (p,
R () = <f° c-(0.0) , (33)
(1,a fo Y2 dLa, (p,a)
DW,, (dna) —p 0. (34)

Remarks

(k) Evidently from (32) the ¢- ratio diverges, so the nonparametric regression coefficient
g (dpa) will inevitably be deemed significant as n — oo, just as in the linear regres-
sion case. The divergence rate is \/nh,,, which (at least when h,, — 0) is slower than
the divergence rate (y/n) of the regression ¢- statistic in linear spurious regression
(Phillips, 1986).

(1) The local coefficient of determination R2 (d,a) converges weakly to a positive random
variable distributed on the interval [0, 1] since

(/01 Gy (p)dLg, (p, a)>2 < Lg,(1,a) /01 G, (p)*dLg, (p, a),

by Cauchy-Schwarz. Using (27) and (28), the limit of R? (d,a) can also be written
in the simple format

fO dLGz(pv )
fO dLGz(p7 )

of the ratio of the explained local variation fo Gy (p)? dLq, (p, a) to the total local

variation fol Gy (p)? dL¢, (p,a). This limiting ratio is the local R? associated with
the continuous time weighted regression (22). By comparison, in a linear spurious
regression of y; on x; the limiting form of the R? statistic is

(hec)  pe
(he2)(he2) hoai

R? =

n

(35)
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where G, = {(J; 6,G.) / (Jy 62)} G, and G, = G, = [} Gy and G, = Go —

fol G, are demeaned versions of Gy, and G. The limit (35) is the R? associated with
the continuous time global regression (24) and is the ratio of the global explained
variation to total variation in G.

(m) The DW statistic tends to zero, just as in linear spurious regression. In the present
case, this behavior indicates that the serial correlation in the residuals of (20) has a
dominating effect in the vicinity of every spatial realization of x;. As in the case of
linear regression, we might expect this behavior to be helpful in diagnostic analysis
of the regression.

6 Conclusions and Extensions

The present paper extends the analysis of Phillips (1986) to nonparametric regression
fitting. The results show that all the usual characteristics of linear spurious regression
are manifest in the context of local level regression, including divergent significance tests,
local goodness of fit, and Durbin Watson ratios converging to zero. There is therefore a
need for local diagnostic procedures to assist in validating nonparametric regressions of
this type. Some global tests for nonlinear cointegration have recently been developed for
parametric models. For example, Hong and Phillips (2006) developed a RESET test for
nonlinearity in cointegrating relations and Kasparis (2006) developed a CUSUM test for
functional form misspecification in cointegration.

To complement procedures of this type, it would be useful to have tests for local
(possibly nonlinear) cointegration in a nonparametric context. The test possibilities are
vast, as in the case of linear cointegration, and deserve extensive study. For instance, local
versions of the residual based test statistics that are in common use for testing the null of
no cointegration may be constructed, one example being a suitably designed modification
of the local residual variance statistic (25) whose asymptotic behavior will differ according
to the presence or absence of local cointegration. The detailed study of procedures such
as these for validating local cointegrating behavior is left for later research.

The local limit theory given in (13) has various applications beyond those presented
here. For example, in nonlinear regression models and partial linear regression models
where the data are nonstationary, the limit behavior of various sample cross moments
must be evaluated. These moments often involve certain integrable functions of nonsta-
tionary series and other nonstationary series, such as n=! Yoty f (@) yr where f satsifies
Assumption 2.1 and both x; and y; are nonstationary. Suppose z; and ¥, are standard-
ized by d,, — oo, so that (:L‘[n.},n, y[n.]m) =d,! (x[n.],y[n.]) satisfies Assumption 2.2. Then,
setting ¢, = d,, in (13), theorem 1 yields the following limit behavior

[nr] [nr]

Y w o > () i = / Z f (a) da /0 "Gy () dLa, (0.0).  (36)

Results of this type are particularly useful in considering parametric nonlinear regressions
and in developing a limit theory for partial linear cointegrating regressions.
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To illustrate, suppose x; and z; are I (1) processes and y; is generated by the partial
linear system

ye = B'ar 4+ g () + v, (37)

where g satisfies Assumption 2.1. Model (37) is a semiparametric cointegrated regression.
The behavior of y; is dominated by the linear component §'z; in (37) because g atten-
tuates the effects of large z;. Accordingly, (37) may be regarded as a linear cointegrated
system which is systematically perturbed by the presence of g (z;). The nonparametric
element g (z;) has an important influence on estimation and inference even though its con-
tribution is of a smaller order than the linear component. In particular, if we ignore the
nonparametric component in (37), the least squares estimate B of 3 obtained by regress-
ing y; on x; is easily seen to have the following limit theory under conventional regularity
conditions (e.g. Phillips, 1988; Phillips and Solo, 1992) and using (36)

n(B-5) = (/OleBQ_l{/_oogw)da/OIBx(p)dLBz 0+ [ Beam A b,

[e.e]

(38)
where B, is the limit Brownian motion of the standardized partial sum n~1/2 21@1 Vg
and Ay, = > 37 E (Azyveys) . Thus, the conventional second order bias of least squares
regression is augmented by an additional bias term arising from the presence of the non-
parametric element in (37) via the sample covariance n=! 3% | g (2t) z+, whose limiting
form is delivered by (36) above. Standard cointegrating procedures like FM regression
suffer from the same second order bias effect. These difficulties are resolved by appropriate
nonparametric treatment of g in the cointegrated system (37). The details are currently
under investigation and will be reported in subsequent work.

7 Notation

= definitional equality ['] integer part
1 {} indicator function — s, almost sure convergence
Op(l) tends to zero in probability — convergence in probability

0a.s.(1) tends to zero almost surely =, —p weak convergence
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8 Appendix: Technical Results and Proofs

We start with the following result.

Lemma B Let

L Tl == Zyt n/ Cn (T + = + ze)] o(2)dz,

1
21

o) = e { - 1),

and ¢(z) = ¢p1(2). Then, for each € >0

LY) (x) — </OO g(s) d8> ;gytméf)e (zen + ) = 0p (1) (39)

uniformly in r € [0,1] and = as n — oo and ¢, — 0.

Proof of Lemma B. The proof follows Lemma 7 of Jeganathan (2004). We can set € = 1
and consider

[nr]

Lff)l = Z Yt n/ (en(@ep+x+2)0(2)dz

[W]

Cn o0
= yt,n/ g (Cns) o} (8 — Tgp — LE) ds.

n
t=1 -

Define Gy, (z) = [*_ cag (cpu) du = [*7" g (s) ds so that dGy, (z) = ¢ng (cn) da. Further,
define G (z) = [%_g(s)ds for x > 0 and G (z) = 0 for z < 0. Then, G, (z) — G (z) at
all continuity points of G as n — oo, and G (b) — G (a) =0 if 0 & (a, b].

Note that

[nr
Li Zytn/ O(s—xppn —x)dGy (s).
Hence for any v > 0 we have
[nr] [”7"]

Lr _*Zytn 5 xt,n_ Zytn ¢ S_mtn_m)dGn(S)-

\<U [s|>v

19



Now

1 n
<= |yl (s — 24y — ) dGy (5)
n =1 [s|>v
1 n
S - Z |yt,n’ ¢ (8 - mt,n - x) Cn ‘g (Cns)’ ds
n =1 [s|>v
1 — U
— 2 lwal [ (- o) ol
n —1 |u|>cnv Cn
1 n
< *Z|yt,n’ 9 (w)|du =0, (1),
n =1 lu|>cnv

because ¢, — oo and ¢ is bounded. Thus

[nr]
LT —nytn O(s—xpp —x)dGy, (s) =0, (1)

ol [s|<wv

uniformly in r € [0, 1] . Next, by partitioning the interval [—v, v] with a grid {sy,; : i = —m, ..., m}
such that sup; [Sm,i — Sm.,i—1] < %” — 0 as m — oo, and

Sm,—m = —U < Sm,—m+1 < oot < Smm—1 < Smym = U,

we have

[n'r m [nr]

Sm,i+1
Z Ytn 5 Ttn — $) dGn (5) - Z Zyt n¢ Sm,i — Tt,;n — -T) / dGn (5)
Sm,i
[m“]

|s|<v i—m
< Ci* Z ’yt n‘ A|<v dGn (S) .

Here and below C' is a constant whose value may change in each usage. Also,

m [m“]

Z Z Yt, n¢ Smyi — Ltn — $) /sm‘,H—l dGy, (8)
i [ Sm,it1
- Z Zytn¢ Sm,i — T t,n_l')/ .+ dG(S)
m [nr] Smiit1
<C Z Z\ym\ / d(Gn(s)—G(s))‘.
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Observe that f;m;"“ dG (s) =0 for all 0 < Sp,i < Sm i1 and sy < Smit1 < 0. Hence,
as m — 0o, we have

[nr]

72%,1 3 { 6 (S — Tin — ) /m’"+ i (S)} _ </°O g (s) ds) S (w240, (1),

i=—m - t=1
uniformly in 7 € [0, 1]. It follows that

[nr]

sup Lnf)l(x)—</oog > Z%nﬁb (740 + )

Xy —00

3

1
< (C- [Ye.n| Q (v,m, M),
nia
where
v m Ym,it1
Q= [ lgldns 2| [ aG@]+ 3 | [ dGn -G o)
lu|>cnv m | J|s|<v im—m | ym.i

Evidently,

lim lim lim @ (v,m,n) =0,
V—00 M —00 N—00

thereby giving the stated result. =

Proof of Theorem 1. Define

[nr] [nr] 0o
Cn r Cn
L) = - > Yk (cnrn), LY = - ykn/ glen (Tppn + ze)] ¢(2)dz,  (40)
k=1 k=1 e

where ¢(z) = ¢1(x). Lgl may be regarded as a locally smoothed version of Lo using the
normal density ¢(x). This version is useful because it leads to a further approximation
which is amenable to the use of a continuous mapping.

It follows from Lemma B that, for any ¢ > 0,

[nr]

N T
L%% - ﬁ Zyk,nqbe(xk,n) = OP(1)7 (41)
k=1

uniformly in r € [0, 1]. Hence, Theorem 1 will follow if we prove that

lim lim sup E[L{" L%’;y = 0. (42)

€—0n=009<r<1
Indeed, it follows from the continuous mapping theorem that, for Ve > 0,

[nr]
T 1 1
k,n¢e(xk,n) = /O y[np],n¢6(w[np],n)dp - 5y0,n¢€(0) + Ey[nr],ngbe(mn,[nr])

k=1

1
b /0 "Gy (1) 6e(Cn(p))dp. (43)
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Next, using the extended occupation times formula (11) and the fact that the local time
process Lg, (t,s) is a.s. continuous, we find that

/ Gy (1) 6(Galp))dp = / ds / Gy () 6()dLa, (b, )
/ ds / G, dLGI(p, s)
/ da / G, (p) d(a)dLe, (p, ca)

_ / o(a)da /0 Gy (p) AL, (p,0) + 0a..(1)

= /OT Gy (p) dLGz (p, O) + Oa.s.(l)a (44)

as € — 0. Combining (44) and (41) we have

L) —p T / Gy (p) dLa, (p,0),
0

as n — oo and € — 0.
Thus, it remains to show (42). To do so, we use a similar argument to that of the
proof of Theorem 2.1 of Wang and Phillips (2006).Define

Xin(2) = {glenzin] = glen(@rn + 26)]},
Yin(2) = Yk Xi n(2).
By definition (40) and since [0 ¢(z)dz =1 we have

0o [ror] o
r r Cn C”
L;) - L%Z = / . E yk,nXli,n (2) p(2)dz = / E Ykn
—00 =1 %

and we may proceed as in Wang and Phillips (2006) who prove the result without the
variable yy ,, i.e. with Y7 (2) replaced by X} (z). We have

0 [nr]
sup E|LM — L) S/ n sup E ZYkn o(2)dz. (45)
0<r<1 ' —o0 M 0<r<1t |1

Recall that zy, ,/dk 0, has a conditional density A}, 0. o (z|ly) and yi n/dg0,n has a density
h% o.n(), both of which are bounded by a constant for all  and y, 1 <k <nand n > 1.
It follows that, for all z € R and 1 < k < n, and a generic constant C,

B Y5, (2)] = n / / 19.(en dion @) — g en (dron = + 2€)]| b 0. (2192 o ny] AL o (5)dy
<C’/ u—i—cnze)\du/ ]y|hk0n( )dy

< 20/ |du/ | h(y)dy < oc. (46)
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since ‘h%}o’n(y)) < h(y), [T |yl h(y)dy < oo, and [*_|g (u)]du < co. Thus,

[nr]

|2 s BJY Yin(2)] ol

o T
o Mo<r<t |1

[nr]

<[ sw 3 B[V o)
k=1

—oo M 0<r<17—

= [ oS B o)
% k=1

<20 [ " g ()| du / "yl h(y)dy < oo. (47)

—00

This, together with (45) and the dominated convergence theorem, implies that to prove
(42) it suffices to show for each fixed z that

9 [nr] 2

Cn €
An(é) = ﬁ 02:21 E kzl Yk,n(z) - 07 (48)

when n — oo first and then € — 0. With some modifications, the proof of (48) follows
the proof of theorem 2.1 in Wang and Phillips (2006). We rewrite A,, as

02 [nr] ) 202 [nr] [nr]
An(e) = 5 Oigglz E Y5, (2)] + ﬁogglz > E [Ya(2) Y5 (2)]
Sl = =" k=11l=k+1

= A1n(€) + Agn(e), say.

First, since g?(x) is integrable, by a similar argument as that leading to (47), we have

R L P ¢ 12
A1n(e) = ngOi}El;E Y. (2)]" = 2 ;E [V (2)]

2 N 0 00
C
=23 [ o(enduone) - glen (ron s+ ) b g (wly)do dio sl B (5)dy
k=17 700 7>
[e.0]

Cndk,O,n o
< A0 [ g ) gt coze)du [ Iy b, (0)dy

n _
4Acydpon [ o
< entkon [Ty @ du [y h)dy -0

as n — oo because [*°_|g (u)|*du [*°_|y|* h(y)dy < co and C"d% <% —0.
We next prove that limeolim, o Agy(€) = 0, and then the required result (48)
follows. First, note that

E Y5 (2) Y (2)] = B [V, (2) E{Y5(2)| Fin }] - (49)
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Let Q, = Q,(¢"/(m0)) where, as defined earlier,
Q) = (k) mm <k < (1—m)m, k+qn<l<n}, for0<n<l.

Recall that x, are adapted to Fj ., and conditional on Fy,, and yi,, (€10 — Tkn)/dikn
has a bounded density h; j ,(x|y). We have

00
Cn |E(}/l:€n ’ fk,n)‘ = Cn / / (g [Cnxk,n + cndl,k,nx] - g [Cn(xk,n + ZE) + Cndl,k,n l‘])

'/ / glentin +u) — glen(xpn + 2€) —HL])hf”,m(L
R end

LA

jy)duly| A (v >dy]

<[ / )|V 0, o) do | Y (0)dy
if (1, k) & Q
< O{Ii’;(fmz@m( )ldv) [yl Y, (v)dy R en
1% (fupeyer L9 V@ comialylde) b )dy
(50)
where

v v—t—c,z€
Vv, t :hx x - me- .
(0,1) = W (Cndknw) ( o |y)

Furthermore, as in the proof of (46), whenever |v| < /¢, n is large enough and (I, k) € §,,

‘Ykn ‘ ’V v Cnxkn|y)|]
/ / Glen (dpon @ + 26)] — g (en diom )| [V (0, cn dion)]

thOn( ’y)d[L‘ |dk0ny|hk0n( )dy

s/ / 9o+ cnze) — ()] [V (v, 3ly)| o |y| Ko . (4)dy

< / / DV @, 2ly)] + V(0,2 — enzely) [} dz [yl B o 1)y

<¢ ( / g(@)de +  sup |h;ik,n<u|y>—hf,k,n<0|y>|), (51)
n \Jlol> v ul<Czel/2

where we have used the facts that inf; 1ycq, dign > €'2/C, ¢, — o0, V (v, tly) is bounded,
and [%_|y|hY 0n(y)dy < oo. In particular, the second term in parentheses in (51) occurs
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because |v| < /¢, and |z| < /¢y, so that
UV — X+ Cpz€ vV—x
i (o 0) e (5ol
l,kn Cndl,k,n | l,k,n Cndl,k,n |
T CnZ€ + % (\/ Cn) T 1
hl,k,n ly | — Lkn O(—— 1y
Cndl,k:,n vV Cndl,k,n

o (= 140 ()| ) =t o)

< sup ’hl,k,n(u’y) - hf,k,n(o‘y)’a
|u|<Czel/2

since 1nf(l k) Ak > el?2/C.

In view of these results, together with (46) and (49), we find that for (I, k) € Qp,

B [Via(2)Yin(2)]| = [ [Yia(2) B Y0 (2)1 Fin ]|

C c
< —FEY, < —
< o BV < 5

and, if (I,k) € Qp, using (50) and (51)

B [Yin(2)Yin(2)]|

A €
< — B, (2)] lg(v)|dv
Cn [v|>+/Cn

A [ .
w o [ g BN Ve il ool b )y
Cn J-oco ‘U|S\/Cn

A
<5 |g(v)]dv
n JJof>y/en
A * x x Y
+ 3 |g(v)|dv sup Ak (uly) = Bg O] |yl B, (y) dy
ol<ven

—00 |u|<Czel/2

It follows from (52)-(53) that, with n = ¢'/2/C below,

C2
Azn<e)<2n;( >t )E {Yen(2) Yin(2)}

1>k, (LE) & (Lk)EQn

ZI+— ZZ/ e
—hsnn (k) |>m
C X
+ n2 Z sup sup|hzkn(U|y) hl,k,n(()!y)]
(L,k)eQ, ‘u|<Cze1/2 y

scﬁ+c/ 9)dv+C  sup  sup A (uly) — hn(Oly)

[v|>+/cn |lu|<Czel/2 Y

— 0,
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as n — oo and € — 0, as required. The proof of Theorem 1 is now complete. m

Proof of Theorem 2. Set ¢, = d,,/h,,. By virtue of Theorem 1 and Assumption 3.1, we
have

1 & Ty — X dp ~— dn(%_ﬁ)
S >: ny(w(E-2)
" o=1

hn, nhy — dy, hn,
— yt n <Cn <$t n — > )
01 Gy (p)dLg, (p,0) for fixed x (54)
fol Gy (p)dLg,(p,a) for x = dya with a fixed ’
and
Ty — X I "(x,:_i>
K = K
h Z ( n ) nhy, tZ n
= x
K n n - 7
22 o (i)
Lq,(1,0) for fixed x (55)
Lg,(1,a) for x = dya with a fixed

Joint convergence of (54) and (55) holds in view of Assumption 2.2. It follows that

B nhn D1 YekS (xt x)

dy g () = —
nhn Zt 1 ( ; hn )
Jo Gy@idLe, (00) GI“’LG Cﬁ%}‘ (2.0) for fixed x
= N s
I yL(z dgig (pa) for x = dya with a fixed

giving the stated result. m

Proof of Lemma A. Write s% dna) in standardized form as

S%dna) dTL ° i}t 2
ftue) _ 57 <d> K (1 — dna) (56)

t=1

The standardized residuals v, /d,, have the following local form for z; ~ d,a
( Y g (-’Et))
xi~dpa dn dn
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dn

)
zi~dnpa




whose limit behavior is given by

= Gy (r .
vogena 17 ey

=Cy (1),

which follows from Assumption 2.2 and Theorem 2.
The limit of s% dna)/ d,, is then a simple consequence of (a second moment version of)
Theorem 1, viz.,

n

(2 w5 () 5 (450)

t=1

3

n 2
-2 > <;’Z> K (cn (2tn — a))
= C r)dLg, (r,a), (57)
0

giving the stated result. m
Proof of Theorem 3. From Lemma A, (18) and Assumption 2.2, we have

22 Sgldna) T or—doa
d?’L nhn Zt 1 ( t j(n )
fo 02 r)dLg, (r,a)
Lg, (1, a)

(58)

Then, using Assumption 2.2, (21), (26), and (29) we have

L, 1 g(dpa) 1 dn, d,1g (dya)
/nhn g(dna) \/m Sg(dna) nhn (ﬁ)l/Q {MS% }1/2
nhy dZ2 “g(dna)
d; 19 (dna)
B 1/2
nhn 2
{ng(dna)}
Jy Gy(p)dLg, (p.a)
N L¢g,(1,a)
[ 2L, (g |
LGT(l a)

172
{LG L,a fo C2(r)dLg, (r,a),uKz}

giving the stated result.
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Next, using (16), Lemma A, (27), and Assumption 2.2, the local R? coefficient is

R2 (dna) = Zt 1Y Khn (zt — dpa) — Z? 1@t2Kh (x¢ — dpa)
" pI lytKhn (21 — dna)

N2

by 1 Yin K hy (21— dna) — 370 (i) Kp,, (z¢ — dpa)

dfn Zt 1Yt nKhn (21 — dna)
fo dLGI D, a fo C2?(r)dLg, (r,a)
f() dLG (p7 )
2
R mdie, (ra) _ (o Gy@)idla,p.a)
fol Gy (P)2 dLgc, (p, a) Lg,(1,a fo dLG (p, )

as required.
Finally,

3 (AR Ky, (2 — /na)
Wa (Vna) = 21?—1 0 Kp,, (x1 — /na)

by (4%) i - o)

= 3 ) (59)
L5 (3) K, (@ = doa)
and we need to consider
dy o [ AD
— ( t) Ky, (z¢ — v/na)
(L dIn
Now R R N
% _ (Y Y1) g (z1) _ g (z1-1)
dp, dp, dp, dp dn,
and so, by Assumption 2.2 and Theorem 2, AZ[:’”] — 0 for all € [0,1]. Thus,
dn <~ [ AD )
; Z <d> Kh" (CCt - \/ﬁa) —p 0. (60)
t=1 n

N2
Since % P (ZZ—;) Ky, (v¢ — dpa) = fol C2?(r)dLg, (r,a) > 0, it follows from (59) and
(60) that DW,, (v/na) —, 0, as required. m
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