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Abstract. Consider S, = 25:1 Xj, where Xy = 372 ciép—j, k > 1, with §;, —oo <
j < 00, iid belonging to the domain attraction of a strictly stable law with index 0 < o < 2.
Under certain conditions on ¢;, it is known that for v, = nf7,, 0 < H < 1, with 7, slowly
varying, 7, 'S converges in distribution to a fractional stable motion. In addition, if f (y)
is such that [ (|f (y)| + |f (y)|2) dy < oo, then for 3, such that 5, — oo and % — 0 (in
particular 3, = v,), % S f (%Sk) converges in distribution to LY [*  f (y) dy, where
LY is the local time of the fractional stable motion. In this paper we obtain further results,
motivated by asymptotic inference.

We obtain the convergence in distribution for %" Yo h <f—:5k, 7—25k+r>, r > 1, as well

as for 22370 f <§—:Sk> o (wy) and 22377 b <§—:Sk, 7—:5k+r> o (wk) o (Wger), 7 > 1, for
suitable f(x) and h(z,y) and for suitable o (wy), where wy, = Z?Z_m dj—;n; such that
(&5,m;), —00 < j < oo, are iid with E [n}] < oo but possibly with E [n;] # 0. For h(z,y),

the limits are different for the cases (5, = v,, f—” —0and &= - .

If in addition [*°_f(y)dy = 0, then when 1/3 < H L 1 (which cannot be relaxed),
V231 f(Sk) converges in distribution. Similarly but when possibly [* f (y)dy # 0,
the same is true for \/2= "7 | f(Sk)ws, where wy is as before but with E [;] = 0.

All the above convergencies are also shown to hold jointly.
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1 INTRODUCTION

Consider a sequence &, —00 < j < 00, of iid random variables belonging to the domain
of attraction of a strictly stable law with index 0 < o < 2. We recall that this is equivalent
to the statement that for a suitable slowly varying function 9,

[nt]

e (ne6,) S L8 Z, (1), t >0, (1)
j=1

where {Z,(t),t > 0} is an a-stable Levy motion, that is, has stationary independent

increments such that, for each 0 < ¢t < oo,

o~ tlul® (1-iB sign(u) tan( %5 ) ) if a#1

e~ tlul if a=1

E[emz‘l(t)] _ {

with |3] < 1. (Above and in the rest of the paper, the notation Ja signifies the conver-
gence in distribution of random processes in the sense of convergence in distribution of all
finite dimensional distributions.) For the details of the above statement, see for instance
Ibragimov and Linnik (1965, Chapter 2, Section 6) or Bingham et al (1987, page 344).
Note that this definition of strict a-stability for the case a = 1 differs from the usual one in
that we take the skewness parameter 3 to be 0. When o = 2, Z,(t) becomes the Brownian
Motion with variance 2.

Now consider the linear process
o0
Xy = chﬁk—j, k=1,
§=0

where §;, —00 < j < 00, are as earlier with index 0 < o < 2, and ¢;, j > 0, with ¢ = 1,

are constants. Let i

j=1
Under suitable conditions (specified in Section 2 below) on the constants ¢; it is known
that for a suitable H, 0 < H < 1, and for normalizing constants of the form

H
Yn =N " Tp

with 7, slowly varying, the process

1 dd
’Y_S[nt] f:> Aa,H<t>7



where the limit {A, g (t),t > 0} is a Linear Fractional Stable Motion (LESM). It is defined
by

Agn(t) = a/o {(t T A (—u)H*/“} Zo(du) + a/ot (t —u)" Y Z,(du)

if H+# 1/a, and
Aou(t) =2, i H=1/a

where a is a non-zero constant and {Z,(t),t € R} is an a-stable Levy motion, taken to be
Z(t) as defined earlier for 0 < t < oo, and for —oo < t < 0, it is taken to be Z,(t) = ZX(—t)
with {Z*(u),0 < u < oo} an independent copy of {Z,(u),0 < u < co}. See Samorodnitsky
and Taqqu (1994) for the details of LFSM.

Note that when H = 1/a, the restriction 0 < H < 1 reduces to 1 < o < 2. When
a = 2, the LFSM reduces to the Fractional Brownian Motion.

Now let f(y) be a function such that [ (|f (y)| + |f (y)|2) dy < oo. Further let 53, be
constants (here and throughout the rest of the paper) such that

Bn — oo and @ — 0. (In particular one can take /3, = 7,.)
n

Then, under certain further restriction on the distribution of &3, it is shown in Jeganathan
(2004, Theorems 2 and 3) that

B - (B .
e (s) = [ sow

where LY is the local time of the LFSM A, y(t) at = upto the time t.

In this paper further results motivated by large sample inference in certain nonlinear
time series models are obtained. The first main result directly related to the preceding
convergence states that (Theorem 1 of Section 2) under suitable restrictions on the function

f (z,y), for any integer r > 1,

Bodn . (Bn. B L0 [ E[f(z, 2+ S, dx if By = m
Pn Pn o Dn O o
n ;f (%Sk’ %Sk*’") —q LY [ f(z,2)da if 2 0

0 if B2 5 .
Tn

Next let v, > 1 be integers, possibly v, — oo as n — oo such that “* — (. Define

k

Wy, = Z dp—m; = M + dinmr—1 + ... + dypy—1Mk—vy+15 (2)
j:k_l/n"rl



where (£;,7;),—00 < j < 00, are iid (¢, are as before) and

S [y max (1, |g ()]) < o0 where g (j) = 3 v 3)
Jj=0 i
Then we show that the quantities

% ;f (%S}c) o (Wk,un) and % ;]E <%Sk, %Sk+7q) o (wk,yn) ol (wk+7“,l/n)7 r > 17

converge in distribution with suitable limits, if o (z) is continuous and, for some ¢ > 0,
|0 (W) < C + Clwgy, [T with E [9}7] < oc. (5)

We note that the preceding convergence holds also when wy, ,,, in (4) is replaced by Z?:wo di—in;
(Theorem 3) or more generally by a suitable multilinear sum, see the Remark 3 in Section
2 below.

The fourth main result (Theorem 4 in Section 2) includes in particular the result that

if for a function f (y) the restrictions

/|f(y)|idy<oo,i: 1.2.3.4, (6)
/_OO lyf (y)| dy < oo, (7)
/_Oof<y>dy—o,
%<H< 1

hold, then

\/% > f(Sk) = Wy/oL} (8)

where W has the standard normal distribution independent of the local time L9, and b is
a nonnegative constant having an explicit expression in terms of the distributions of Sy,
k > 1. We remark that the restriction % < H < 1 probably cannot be relaxed because
it cannot be relaxed in the continuous time version of (8), see Jeganathan (2006c). The

convergence (8) may be viewed as an analogue of the central limit theorem if the convergence



S f(Sk) = LY [7 f (y)dy is viewed as an analogue of the law of large numbers.

In obtaining (8), as well as the convergence (11) below, we shall further assume that
When o =2, E[§]=0and E [£]] < cc. (9)

The convergence (8) is known for the random walk case Sy = Z;C:l §;, see Borodin and
Ibragimov (1995, Theorem 3.3 of Chapter IV). For the symmetric Bernoulli random walk
case, it was originally discovered by Dobrushin (1955). But note however that many of
the structural simplifications available in the random walk case (for example the fact that
Sy — Sk is independent of Sy, and has the same distribution as that of S;) are not available
for the present case.

Next, let wg,, be as in (2) but with
E[m]=0, En] <oco and E[lmé&] < oc. (10)

Then the fifth main result (Theorem 5, Section 2) will include the convergence

, /% 3 F(SH)wha, = W /0L (11)
k=1

(and the same with wy,, replaced byZ;?:foo di—;n;), where f(y) satisfies (6) and (7) but
now [*°_ f(y)dy = 0 need not hold, that is, possibly

/Zf@ﬁ@%ﬂ

The constant b* in (11) will have the form similar to that of b in (8).

As far as we can determine, the convergence (11) has not been known previously, even
for the random walk situation S; = Z§:1 & with wy,,, = M.

Note that the requirement F [|n;&|] < oo in (10) implicitly requires certain moment
condition on &;. It is satisfied when a = 2 because then E [£}] < oo (see (9); E [n}] < oo

already by assumption). It is also satisfied, using Cauchy-Schwarz inequality, when
E[|n1|ﬁ} < oo for some 1 <y < a when 1 <a <2.

The convergence results in Theorems 1 - 3 and 5, together with the joint convergence
with other quantities are needed in obtaining the asymptotic behavior of least squares or
similar estimators in certain nonlinear time series models (Jeganathan and Phillips (2008)).
The convergence results (8) and (11) are closely related in that the proof of (11) will use
similar ideas involved in (8), though unfortunately (11) is not directly deducible from (8).
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The plan of the paper is as follows. The required assumptions as well as the statements
of the main results are stated in Section 2. The next two sections 3 and 4 give the proof of
Theorems 1 - 3. In Section 5 it is noted that the convergencies (8) and (11) can be related
to a form of a martingale CLT. (Such a relationship to a martingale CLT is implicit in
Borodin and Ibragimov (1995) though the methods employed there are tied in many ways
to the iid structure of the random walk case S, = Z?Zl &; treated there.) The proof of the
Theorems 4 and 5 will then consists of the verification of the conditions of this martingale
CLT, which verification is done in Section 6, based on the earlier Theorems 1 - 2 together
with additional arguments. The Appendix (Section 7) contains the statement and the proof
of a version of martingale CLT used in Section 5 that may be of independent interest.

It is convenient to mention some of the notations here that will be used throughout
the paper. In addition to the 4 introduced earlier, the convergence in distribution of a
sequence of random variables or random vectors will be signified as usual by =>. As above,
LY will stand for the local time of the LFSM A, g(t) at = upto the time ¢. Throughout
below we let

Y (\) = E [e?4].

For any Borel measurable function f(y) with [ |f(y)|dy < oo, f()\) stands for its Fourier

transform, that is,
Fov= [ estay
Corresponding to the coefficients ¢; in X, = Z;io c;i€k—j, we let

90) = 0 if 7 <0.

The normalizing constant b, = n'/®§,, (where 4, is as in (1)) will be used exclusively in the
sense of (30) below. Similarly 7, will be used in the sense of (16) or (31) below.
Throughout the paper the notation C stands for a generic constant that may take dif-

ferent values at different places of even the same expression in the same proof.

2 ASSUMPTIONS AND THE MAIN RESULTS

One of the following two mutually exclusive conditions will be imposed on the coefficients

c; of the process X, = Z;’io c;j§k—j, where recall that co = 1.

(A1) (The case H =1/a,0< H < 1).
Z|Cj| < oo and chséO.
=0 =0
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In addition

sup |je;| < oo. (12)
i>1
(A2) (The case H # 1/a, 0 < H < 1). ¢; = jH 17V, with H # 1/a, 0 < H < 1,

where u; is slowly varying at infinity, satisfying

ch:0 when H —1/a < 0. (13)

=0
In addition, there is an integer Iy > 0 and constants C; and C5 such that

l+j1

0<C; < <Oy forall0<jy,j2 <[l/2] and | > . (14)

ul,p

We note that the restriction (14) is automatically satisfied if «; is monotone in j, because
of the assumption of u; being slowly varying. For instance if w; is nondecreasing, then
1< 2L < M2 when (0 < jy, jo < [1/2], where “72 — 4 as | — oo. (We do not know if the

— Ui—jg Ui/2

monotonicity of u; can be assumed without loss of generality, in which case the restriction
(14) then holds automatically.)

Note that if (13) is violated, then the case ¢; = jH~1"Y%y,; with H — 1/a < 0 comes
under (A1). Also it is implicit that u; # 0 for all sufficiently large j.

Remark 1. A motivation of the condition (A2) is what has been called a Fractional
ARIMA model with stable innovations, a detailed discussion of which can be found for
instance in Samorodnitsky and Taqqu (1994, Section 7.13, page 380). In a simplest case of
this model, X}, takes the form

Xp=(1-B) "¢ = ch (—d) B'&, = ch (—d) &y (15)

where B is the back-shift operator B¢, = &_1. Here we have used the formal expansion
(1-B) "= > 2o ¢i(—d) B, so that using Stirling’s approximation,

I'(j+d I : .
F(d)(%(jjl) NF(d)jd lasj — 00 ifd#0,-1,
where I' (.) stands for the gamma function, and ¢; (—d) =0 for j > dif d =0, -1,

Hence if we take H = d + %, the condition (A2) is satisfied, including (13) because
H — é < 0 is the same as d < 0 and hence

cj(=d) =

io:c] = (1—z) =0 (d<0).

Jj=0



In addition, when 0 < H < 1, the series (15) converges with probability one (see Samorod-
nitsky and Taqqu (1994, Theorem 7.13.1, page 381)). M

Now let
(Z;io cj> nt/es, if (A1) is satisfied

(16)
nfu,d, if (A2) is satisfied,

Tn =

where J,, is as in (1) and u,, as in (A2). Then it is known that when (A2) is satisfied, the
process ¥, * S £ Ao u(t), H # 1/a, and similarly when 1 < o < 2 and (A1) is satisfied,

Y St Eid Z4(t). (See for instance Kasahara and Maejima (1988, Theorems 5.1, 5.2 and

5.3)), Astrauskas (1983) and Avram and Taqqu (1986).) In view of our convention that
Aoi1/a(t) = Za(t) when 1 < a < 2, the preceding statements will be combined in the form

_ dd
Tn IS[nt} f:> Aa,H(t)v
with the understanding that when (A1) is satisfied the limit is Z,(t) with 1 < o < 2.

To proceed further, define the functions, corresponding to a given real valued function
h(yi,...,yx) defined on R¥,

My, (y1, s y) = sup{h(ur, ...,ug)  |lu; —yi| <, j=1,.. .k} (17)
My (Y1, oY) = Inf{A(ur, oug) = Juy —y;| <m, g =1, k}.

Throughout below, we shall employ the following classes of functions.

Class G;. This is the class consisting of all Borel measurable real valued functions f ()
defined on R such that

Jr@l+15 @) de < o
|

Class G,. This is the class consisting of all Borel measurable real valued functions f ()
defined on R such that

/ <M\f|m($) + (Mm,n(x))z) der < oo foralln>0
and

/(Mf,n@) (@) dr — 0 asn— 0.
|
Class H;. This is the class consisting of all Borel measurable real valued functions
f (z1,...,x;) defined on R¥ such that

A 3
/|f(x1,...,xk)|zdxo...dxr <oo, 1=1,2, / (/ |f(x1,...,xk)|2dxk> dry...dxg_1 < 00.
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|
Class H,. This is the class consisting of all Borel measurable real valued functions
f (z1,...,7x) defined on R”* such that

- :
/}M|f|7,7(x1,...,xk)’ dxg...dx, < oo, i=1,2, /(/‘Mﬂ,n(xl,...,xk”?dxk) dry...dxr,_1 < 00

for all n > 0 and

/(Mf,n(xl, vy ) — Mg (21, .., 28)) dr — 0 as n — 0.

]

We are now in a position to state the results. Throughout below, and without further
mentioning, the requirements (Al) and (A2) are assumed to hold. Also recall that the
constants 3, are such that 3, — oo and Bn—” — 0.

Theorem 1. (I). Assume that 0 < H < 1. Further assume that

/ |E [¢24] " dA < oo (18)

Let the function f(xo,...,x,) be in the class Hy, and for the case % — 0 assume in

addition that f (zo,...,x,) is of the product form f(xq,...,x.) = fo(xo)...fr (z,) with each
fi (x) in the class Gi.Then for any 1 < iy < ... <i,,

_an (_nsla_nSl+i1a-‘-7_nSl+ir) = LY [ f(z,2,..,2)dx if 8o 0
n =1 Tn Tn Tn . gn
0 if 22 — oo,
Tn

where the constants 3, and the local time L? are as before.

(II). Assume 0 < H < 1. Suppose that the function f(xq,...,x,) is in the class Ha.
Then the preceding convergence holds also when (18) is relaxed to the Cramér’s condition

lim sup |E [ei’\&” <1 (lim sup |E [ei)‘&” = 0 in the case bn — 00).

[Al—o0 [A]—00 Tn

(19)

|

We note that for the case 5—: — 0, the Statement (I) requires the product form
f(xo,...;xr) = fo(xo)...[r (x,), which is not the case in Statement (II). Also note that
(19) is very much weaker than (18) but the Statement (II) assumes that f (zo, ..., z,) is in
the class Hy, which is restrictive than the class Hi, but is still reasonable for statistical

applications. In this sense Statement (II) is quite satisfactory.

9



Note that, using Plancherel’s theorem,
/ Elf(x,z+ S, ...+ S;.)]dx = _/f iy fhy s ) B [ (Si1+...+sir):| du.

Remark 2. It can be seen from the proof of the Theorem 1 that it extends to the joint

convergence in distribution of

(@Z f (&S,, Bug &S%) il q>
n =1 Tn Tn

n

when the functions f; (xg,...,z,), 7 = 1,...,q, satisfy the conditions of Theorem 1. The
same remark applies to Theorems 2 and 3 below. W

To state the next result, let

Wy = Z dip—;n;  (coeflicients d; are as in (2)). (20)
j=—00
Theorem 2. (I). Assume that 0 < H < 1 and that (18) holds. For the linear process
Wi, asin (2) satisfying (3), let o (wy,,) be as in (5) with o (x) continuous. Further assume
that the constants v, satisfy “* — 0.
Then, for any fo (x) in the class G,

% ; fo (%Sl) (wl ,,n) — LO wo /fO (21)

where wy is as in (20). Further, for any f (xo,...,x,) as in the Statement (I) of Theorem
1 and for any 1 <4y < ... <,

by (ﬂ" St 2 Sy s) 0 (@10,) 0 (i) 0 (i)

Tn Tn
=1
L9 [ F (=it ttscos 1) B 0 () 0 () o0 () €050 e if B, = 5,
= LVE [0 (wo) o (wiy) -0 (wy,)] %ff( [y fly ey 1) dpi if 5—” — (22)
0 if g—z — 00.

(II). Assume 0 < H < 1. Suppose that (18) is relaxed to (19). Then (21) holds for any
fo () in the class Gs.

Further, for any f (xo, ..., z,) in the class Hy and for any 1 < iy < ... < i,, the conver-
gence (22) holds. |

Remark 3. Without going into the details we mention that Theorem 2 extends also,

as will become clear form its proof, to the case when o (wy,,, ) is replaced by the multilinear

10



sum €, = Zz:kﬂ/ﬁl qu:kfyﬁl Ay—iy,... k=i, P (77171-1, ...,nw-q) for a suitable , where
the vectors (11;,...,7,;), —00 < j < oo, are iid such that (assuming without loss of
generality that ¢ (21, ...,z,) is symmetric) E [|¢ (M1, ..., 1,1, Ti» ...,nq,q)|2] < oo for all
2<i<q+1,and

k k

S D diy, | max (1,]g (i2)]) ... max (1, |g (i1,)]) < oo
i1=k—vn+1  ig=k—vn+1

Without mentioning the detailed conditions, we note that the Theorem 2 holds also when
0 (Wk., ) is replaced by o (€2,, ). The same remarks apply for the next Theorem 3 but
perhaps it would be better to leave the precise forms of the required conditions (as suggested
from the proof) to the specific situations at hand. |

The next result gives additional restrictions under which (21) and (22) hold even when
Wiy, and wpy,,, in the left hand sides are replaced by w; and wi, defined in (20). As will
become clear later, Theorem 3 will follow as direct a consequence of (21) and (22).

Theorem 3. In addition to the assumptions in either the Statement (I) or the State-
ment (1) of Theorem 2 above, assume that o (x) is p times differentiable for some p > 1
such that |o® (z)| < C, E Ua(j) (wlﬁyn)|2] <Cforl1<j<p-—1and E Um|2p} < 0.

Assume further that the constants v, satisfy the additional restriction

Bu Y &2+ Em]V/Ba Y |di| — 0. (23)

Jj=vn Jj=vn

Then the sum %” S fo (5—:50 o (w;) (where w; is as in (20)) also converges in distribution
to the same limit in (21).

The sum %” S f (%Sl, %S”’”) o (w) o (wisr) also converges in distribution to the

same limit in (22) under the stronger conditions E “cr(j) (Wl,vn)ﬂ <Cfor1<j<p-1
and E [|n1|4max(q’p)} < o0 (recall |o (z)] < C'lz|?) and the other remaining conditions the
same as in Theorem 2. [

To state the next Theorems 4 and 5, we introduce

Class Gs. This is the class consisting of all Borel measurable real valued functions f ()
defined on R such that [ (Mm,n(.r))i dr < 00,1 =1,2,3,4, for some n > 0 (where M, ()
is as in (17)) and

/(MM(:C) — () de < Cly|*  for somen >0and 0 <d<1. (24)

11



The requirement (9) is assumed to hold in addition, without further mentioning, in
Theorems 4 and 5 below.
Theorem 4. (I) Assume 1/3 < H < 1. In addition to (18) assume further

/ IA]? |E [e41] |p d\ < oo for some p > 0. (25)
Let f (z) be Borel measurable such that (6), (7) and

/f (y)dy =0 (26)

hold. Further, let h(y) be in the class Gi. Then

1 e "
(7—%,%Zh(sw,,/%Zf(Sk)) L2 (Aa,H<t>,L? / h(y) dy, W bL?>,
n k=1 k=1

where LY is the local time as before, W is standard normal independent of the process
Aou(t) and

0<b= %/)f(ﬂ)f (1 +2§;E [e—wsr}> dp < oo.

(IT) Assume 1/3 < H < 1. Further assume that (19) hold and that f (x) as above but
instead of (6) assume that it is in the class Gs. Further, let h(y) be in the class Gs.

Then also the convergence in distribution in the Statement (I) holds. W

We note that the requirements on the functions f (z) and h (z) in the Statement (II) are
stronger (though still mild) than those in the Statement (I) but the Statement (II) assumes
only the Cramér’s condition (19) (regarding the restrictions (18) and (25) of the statement
(I), see the Remark 4 below). Also note that the marginal convergence of 2 %" | h (Sk)
in the preceding statements are particular cases of those in Jeganathan (2004), see further
Proposition 14 in Section 4 below, from where it follows that they hold for all 0 < H < 1,
that is, the restriction 1/3 < H < 1 is not required. Further, in view of the next paragraph,
the restriction 1/3 < H < 1 in Theorem 4 cannot probably be relaxed.

See Jeganathan (2006¢) for the continuous time analogues of Theorem 4, in the forms of
generalizations of the appropriate results in for instance Papanicolaou, Strook and Varad-
han (1977), Yor (1983) and Rosen (1991). Note that these generalizations do not follow
directly from Theorem 4. The reason is that in the method employed in the present paper
the central limit phenomenon is involved at two different levels, one at the familiar level of

the partial sum S}, itself, but another at the level of the partial sum of f(Sy) themselves.

12



For later purposes we note that because }E [ei’\gl] ‘ <1, (25) entails
/ !E [ei’\gl} }p d\ < 0. (27)

(This is also implied by (18) for p > 2.)

Remark 4, on the restrictions (18) and (25). Though these restrictions are not
involved in the Statement (II) of Theorem 4 (and Theorem 5 below), we now indicate that
from the point of view of statistical applications indicated earlier, they are not very restric-
tive. The restriction (18) entails that the Lebesgue density of the distribution of &; exists
(Kawata (1972, Theorem 11.6.1)). If we denote this density by ¢ (x), then ¥ (\) = @ ()
(recall ¢ (\) = E [¢”¢1] ) and, by Plancherel’s theorem, [ |3 (\)|*dA = 27 [ | (z)|* d.

Now suppose that the preceding density ¢ (x) has a distributional derivative ¢’ (x) such
that ¢’ (x) induces a finite signed measure (which will in particular entail [ |¢’ (2)|dz < oo
). Then it can be shown that & (\) = i@’ (A\) A~! where ¢’ (\) is the Fourier transform of
(the signed measure induced by) ¢’ (z). (This follows from standard facts about Fourier
transforms and distributional derivatives, see for instance Rudin (1991).) In this case, in
addition to (18), (25) holds for p = 5 and hence for all p > 5.

This is the case for instance when ¢ (x) is suitably piecewise differentiable. As a sim-
ple example suppose that ¢ (z) = %H[—m] (x), the density function of the random variable
uniformly distributed over the interval [—1, 1]. Then the corresponding distributional deriv-
ative ¢’ (z) = —1 (81 (z) — 0_1 (x)), where 4, is the Dirac delta function. M

In addition to the condition (3), we need a further condition for the next Theorem 5:
o0 1 [e.9] ) . '
E — g |d;|” < oo (coefficients d; are as in(2)). (28)
Vr <
=1 j=r

This is not very restrictive. For instance, if |d;| < Cj~2+H  then Doy |d;|* < Cr=2+2H g0
that noting v, = rfk, for a slowly varying x,, (28) will be of the form > >, \//@;17“7**rH <
0.

Note that in the next result E [;] = 0. Without going into the details we mention
that the linear sum wj,, in the next result can be replaced by a suitable multilinear sum
mentioned in Remark 3 above when E [¢ (011, .., =11, iy ---s Nq,q)] = 0 forall 2 < i < g+1.

Theorem 5. In addition to the preceding requirement (28), suppose that all the as-
sumptions in either one of the Statements (I) or (II) of Theorem 4 hold, except that now
possibly

/f(y)dy#O-
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Let the sequence wy,, be as in (2) with ny satisfying (10) (in particular E[m] = 0 ) and

with the constants satisfying *> — 0. Then

1 n = n &
(7—% YRS/ %Zﬂsuwz,yn) £ (Aa,Hu),L? / h(y) dy, W b*L?) ,
" =1 =1
where
* 1 n 2 - —iuSy
0<0*= %/‘f(u)‘ (E [wi] +2;E [wowre ns ]) dp < o0.

The preceding convergence holds also, under the above same conditions, when the sum
VYL f(S) Wi, inwvolved in the left hand side is replaced by /2= 37", f (Si) wi, where

wy s as in (20), provided v, satisfies the additional restriction

nid?—ﬂ).

J=vn
[ |

The final statement in Theorem 5 follows from the convergence in the first part for
exactly the same reason that the Theorem 3 follows from the convergencies (21) and (22).
Note however that the above restriction n Z;‘;Vn d? — 0 is stronger than that in Theorem

3.
As noted earlier, Theorem 5 has not been known previously, even for the situation
Sk = Zle &; with wy,, = ng. Its possible continuous time versions in some specific forms

have also been unknown.

3 SOME PRELIMINARIES

To begin with recall the fact that & belongs to the domain of attraction of a strictly
stable law with index 0 < a < 2, in the sense of Section 1 above, means in particular (see
Ibragimov and Linnik (1965, Theorem 2.6.5, page 85)) that, for all u in some neighborhood
of 0,

U (u) = B[] =

€*|u\aG(\u|)(17iﬂsign(u)tan(%)) if Oé7é1
o lulG(ul) it a=1

with || < 1, where G(u) is slowly varying as u — 0. In particular there are constants
17 > 0 and d > 0 such that
o ()] < e M"GWD for all Ju| < 7. (29)

In addition, if one lets
b, =inf {u>0:u"G(u) =n""},

14



then b v nG(b; ') as n — oo, and in (1) one can take 8, v Ga (b 1), so that we henceforth

assume for convenience that d,, in (1) and the above b, are such that

a(boY) = nad,. (30)

n

See for instance Bingham et al (1987, page 344) for the details of these facts. Then note
that, (15) takes the form

(Z;io cj> b, if the condition (A1) is satisfied

(31)
nH=%u,b, if the condition (A2) is satisfied.

Yn =

The following result is essentially well-known, and we supply its proof for completeness.
Lemma 6. Let n be as in (29) and b, be as in (30). Let r; be integers such that for

some integer jo > 0 and a constant C' > 0,
k; > Cj  for all j > jp. (32)
Then for every 0 < ¢ < « there is a constant a > 0 such that
[ (A )| < Cem™° for all |A] < by, j > 1.

Further, if the Cramér’s condition imsupy—oo |1/ (A)| < 1 holds, then for every § > 0
there is a 0 < p < 1 such that
sup ¢ (A1) [ = sup |o ()| < Cp/ forall j > 1.
|A|=6b; |u[>8
Proof. According to (29), |¢ ()\bj_l)rj < e~ G(AT) for all |A| < nbj. There-
fore we first recall a bound for b;*G (|| bj’l) for all sufficiently large j.

According to Potter’s inequality (see Bingham et al (1987, Theorem 1.5.6, Statement

(ii), page 25), for every 6 > 0 there is a B > 0 such that IgEg | < Bmax{(z/y)’, (x/y)~} for
1
| < Bma(IA 1370}, Bocause max{Af A7} =

IA]” if |A] > 1, it then follows from (30) that there is a j; such that

all z > 0,y > 0. In particular

b°G (IA|b;Y) > B A 7° forall j > j; and A > L.
Therefore, by (29), for every 0 < ¢ < « there is a a > 0 such that

o (Ab; )| < et GINT) < om N forall 1< (A < by, § >

15



where j, = max (jo, j1) (jo as in (32)). On the other hand, if j < js,
W (Ab;l)}nj < 1 = enbil® galnbil® < (Q@X‘fa'”bﬁ'c) e for all |\ < nbj, 7 < ja.
7<ja
Further,
|1/1 ()\bj*l)‘ﬁj <l=eet<ee ™ if|A<1,5>1.

Hence the proof of the first part follows from the preceding three inequalities.

Regarding the second part note that the Cramér’s condition involved is equivalent to
the statement that for every d > 0, there is a 0 < 7 = 7(5) < 1 such that sup >, [t (V)] <
7 < 1. Hence the second statement follows, completing the proof of the lemma. N

The following consequences of Lemma 6 will be used below. First, for any x > 0,

" A
[ onre(s)
{IM<nb} l

using the first part of Lemma 6.

/2]
d\ < C/ NFer M dx< O, 1>1, (33)

Next let Iy be such that for some 0 <y < 1, [[/2] —p > [Iv] for all [ > [, where p is as
in (25). Then, for any § > 0 and 0 < k < 3, using the second part of Lemma 6 and using
(25) (when k = 0, only (27) is required),

N

Jos 1 5)
{IA[>6b} !

l K )‘

< Cp AT { -
(N[>} by

for some constant 0 < p, < 1.

(/2]
dA

p
d\ = C’plblH“/ IN" [ (W)PdX < Cpl, 1>, (34)

We shall also need to use the next inequality, a direct consequence of Holder’s inequality.

Lemma 7. For any functions ¢; (u) : R¥ — R,i=1,...,q,

/Qmmndusg(/|soi<u>|qdu);,qz L

By replacing |¢; (u)| by € (w)|*?|p; (u)] in this inequality, we also have

/ |£<u>|zﬁl|soz- (u)] du < H ( [l <u>rqczu)1/q, 1 (3)

We now state one consequence of this. First note that, when (A2) holds,
J

g(j):ZCSNCjH_l/aujv J — oo.
s=0

16



(Note that in the case H — 1/a < 0, the requirement » 7 ¢; = 0 (see (13)) is invoked
here.) Therefore the requirement (14) on u; holds for g (j) also, that is, there is an integer
lo > 0 such that g (I) # 0 and constants C; and Cy such that

4
0<CH§‘gLilQ < (Cy forall 0<j,js <[l/2]
9<l - J2)
for all I > l,. This also entails that, recalling that v, = 7 ~1/*y;b; so that ; ‘g( M= ZH‘;EQ;W
% , there is an [y and positive constants D, and Ds such that
0<D1—b|fy( )|<D2 for [I/2] <q <1, 1>l (36)
119 \q

Then, for § > 0 such that D;'d = n with 7 as in the first part of Lemma 6, we have for

[ >1lpand k>0,
¢<)\9(J))‘d>\
M

/{A|<5bz}

l

1o (e [, I

J=[l/2]+1
! S (/2] 7
< ]l </ w(A—g w) dA) by (35)
j=[1/2]+1 {IM<dbr} N
1
’ Lin -2\ T
A
- A (' S e () CM)
et IO Hsgtmalon} !
VN |12
< D;“/ MIW(—) dA< C, 1>y, by (33) and (36). (37)
{IN<Dreb, } by

In the same way, using (34) when (25) holds, there is an Iy such that for every § > 0,

0< k<3,
A
dx < C A" —
( >‘ = /{|/\>D215bl}| Y <51>

1—[1/2)
/{A|>5bz}
In addition, noting that ¢ (0) = 1 and |¢ (A)| < 1, for any constants v;, w;, h; such that

d\ < Cp', 1>,
(38)

where 0 < p < 1.

ming<;<, |wy| > 0 and ming<;<, |v;| > 0, we have for 0 <1 <

2
A\ R 2
max ¢<wl—>’ (f(m—h,)‘cu < max /(w wiN) F (o — hl)‘d)\
1<l 1<lg
<
< r;g}gc‘ww”/w Far [ [Fof av<e, (39)
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where we have used (18) and the fact [ )f( ‘ d\ =27 [ |f (2)]? dz < oo. |

In the context of the Statements (II) of Theorems 1 - 5, under the Cramér’s condition
(19), we shall use a certain smoothing device. To state it, let  be a positive number and

K, be a probability measure on R satisfying

Ky({w: o] <mp) = 1.
Then K,, X ... x K,, is a probability measure on R*. Let h(zy,...,x)) be real valued
functions on R¥ such that M, (21, ..., z)) is integrable with respect to p. (Here M, ,(z)
as well as my, () used below are as defined in (17).) Then clearly, for any finite measure
w on R*. Let

/h (1, .o, Tg) dw (21, ..., Tk)

> [ mpy (21, 2p) d (w* (K X oo X Ky)) (@1, ., 2g)

< [ My (21, ey p) d (w * (K X oo X Ky)) (21, .0y ) (40)

where * stands for the convolution. The probability measure K, here will be chosen such

that its characteristic function [/(? (\) satisfies
K, )] < Coxpf-(aln)"2) (41)

for all real A, where C' is a constant (independent of 7). This is possible in view of Bhat-
tacharya and Ranga Rao (1976, Corollary 10.4, page 88), where K, is used extensively as
a smoothing device.

Now, similar to (38) we have for every x > 0 and for [ > I,

ol )
o L (forl(e)le)™

j=[1/2]+1
O ‘ > Dy > 0, see (36). Note that (42) is true
for all [ > 1 because the left hand side is bounded by

Y )\ 5 1+k 5 1+k
/ A" | K, <—) ’ d\ < C (—l) < Cp oy ( l) for 1 <1< Ip.
{IA>8b,) gl U n

Similarly, because in addition ‘I/(\n ()\)‘ < C and similar to (37) using (33), we also have,

( %)H@(%)'dxgc > 1. (44)

18

1+k
scpl@) L0, (42)
n

where we have used (41), together with

(43)

for every k > 0,

/A|<6bl} H)




It is important to note that (42) - (44) do not invoke the restrictions (18) and (25).

We next obtain some inequalities that will be used later on. For this purpose we note
F(A) = F(A)| < C A= Ay|. Now (26) entails
that f (0 = [*_f(y)dy = 0. Hence ‘f ‘ < C|\|. We also have ‘J/‘"\()\)’ < C using
11 ()] dy < 00. Thus,

that, using the condition (7), we have

’f()\)‘ < Cmin(]A[,1) under (6), (7) and (26). (45)

Further, corresponding to My, (x), though ffooo My, (y)dy # 0, we have

~

31000 = FO] < [ (pofa) = sla))da <Clal’ unden (29)

The preceding two inequalities imply

‘@(A)‘ < Cmin(|A,1) +Clgl*  under (6), (7), (24) and (26). (46)

To obtain further preliminaries, we next introduce a decomposition for .S, which will

be repeatedly used throughout below. Recall that

0

Sk=> (9(k—j)— §]+Zg )&,

j=—c0

where recall that ¢ (j) = Zi:o ¢s. The indicated decomposition is

S = Sk,l + Sl;k,lv 1 <1<k, (47)
where
0 k1
Ski=Y_ (g(k =)= g(=iN& + Y _ gk — j)§
j=—o0 j=1
and

k

-1
Sti=Y_ glk—0&=>_9(0) &
q=0

j=k—I+1

Here it is important to note that
Sk, and Si; are independent.

In addition note that the marginal distribution of S} ; is the same as that of T; = S gl =)

The second part of the next Lemma 8 will be used only in Theorem 4, in which 3,, = ~,.
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Lemma 8. If either(18) and ‘f()\)’ < C hold or (19) and max <’]\7f\n N1,
C for all n > 0 hold, then

I E

‘ {f/nf (Sk+l)} ‘ < %% for all [ > 1.

n I Mn

Further if j?(/\)‘ < Cmin (|A\],1) hold and either (18) hold or (19) and (24) hold, then
Bn Tn
—f(Sk) || < C’ 5 for all I > 1.
Here recall that Ey, k > 1, stands for the conditional expectation given {fj,j < k}.
Proof. First assume that (18) holds. Then using (47) and noting f (y) = f e~ f
we have
/ (ﬁ" S> =5 / e P Skt S F(3) dx
Tn 27

Therefore, because Sy and Sy, are independent with Sy being a function of {;,j < k},

S]] < S5 Sl \f(m)\
ﬁo NN

_ Cm
B %Bn/‘f (@m)

Moo ()]

—i2 s
where we have used ‘E [ " ’””” =

Now, in view of (37) - (39), we have

C if [F(\)|<C
[P Gl ()< <
E— < C In
B " = Zﬁcj 4 lf‘f ‘<C’min(|)\|,1)

using 0 < p < 1. This gives the lemma when (18) holds.
We next show that the preceding bound holds under (19) also. According to (40),

s | [ o (5 50 [ s (G 5000 |

n P)/TL
for all > 0, where V;, has the distribution K, (having the characteristic function (41))

and is independent of {{;, —oco < j < oo}, in particular independent of Sii;. The same

(IR Gl

arguments above then give

ﬁ

[ (G s )| <552 [ (325)
n q=0
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In the case ’]\7;7 (/\)) < (', we have using (42) - (44),

115 G2 o (22 2o

In the same way when ‘f()\)) < C'min (JA],1), using (46) we obtain the bound

1 G ()[R ()l < (S o) (3)

1
C Cyn\?
—— by choosing n = (——)
Y1 Bn Vi B

=0

H

=0

The preceding bounds hold also when my, (—%) is involved in place of ]\Yf\ " (%%) [ |

The analogue of the second part of the preceding Lemma 8 for |Ey [w (Sk1, Skt14+)]| (for
the case (3, = 7,) will be obtained later and used in the context of the proofs of Theorems
4 and 5.

Next, similar to the inequality in the first part of the preceding Lemma 8, we obtain
E, [w (%SHI, fj—szHJﬂ.)] ‘ These inequalities will be used below, in
particular in the proofs of Theorems 1 and 2.

Recall that Sk = Spyg + Siyyy and Skyivr = Skvivritr + Shiiiriie see (47). Here

an inequality for

(Sk4105 Skiarisr) is a function of {¢;,j < k} and is independent of (Si;;, Skyipipr)- In
addition, the distribution of (S}, ;. Sk i) is the same as that of (1;,T;1.). (Recall
T, = Zj 19 (1 —7)&;.) Therefore, as in the proof of Lemma 8, we have

n n —1 1 —3 2571, .
Ey, [f (ﬁ Shtts — & +l+r)H /‘E A A Tl*]
Tn In

‘f(Al, Az)‘ Ay ds.

Here
l I+r
M+ ATy = Z(Alg(l_j)+)\29(l+7”—j))fj+ Z g (L+7 = )&,
j=1 j=l+1

where the first sum on the right hand side is independent of the second sum. Therefore

E [emMTimhelier] — (Hw —A19(j) — Xag (7 + J) ) (H1/) 9 (j1) A2) )

Jj1=0

Substituting this above, using the notation

g(j,r) =g +7)—9()
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and making the transformation (A; + Aa, A2) —— (A1, A2), we obtain

‘Ek: {f (fn Skt fn Sj+l+7~)”
-1 r—1
/ (H v (—%m( )= 2hag <j,r>)D 11
=0 n n J1=0
1 ﬁ 2 -1
MY <5n) / jzl[;m S/
r—1
< |1
s=[r/2

(R e

where we have used the fact that Hl Ll (V)] < H Jo [¥ (A)]. Making the transforma-

tions

IN

(G <—9 (J1) %)\2)

" (—M _ 2, r))‘

\f (A1 — Ao Ao)| dad,

]

1
Ao =pe and A — >\2——9 (]7 ) M1,
the last bound takes the form

9()
G L (I (o)
L9l

f(ﬁn (% %g(‘i)u2 M) g:ﬁ)‘dmdm’ (50)

Here note that the right hand side is nonrandom.

ulg J)>' 1:[1

J1=[r/2]

X

We also have, in view of (4),

n n

Ep | f | —Sk+ts — Sktitr p :
g > Ey \myy (T:Sk—&-l + Vn ; 7” Sk+l+r + Vn )] ;

where Vn(l) and ‘/,7(2) are independent random variables with the same distributions K,,
independent of (7,7;:,). Hence the same bound (50) holds also when f(/\, ) involved
there is replaced by

1 )| |, )] max (|35 O )| 7 (i) (51)

From these bounds we now obtain the next Lemmas 9 and 10 for f (zg, ;). Note that

in the cases (3, = v, and f—” — 00, the second inequality follows from the first but not in

5—: — 0. For the second inequality in the case 5—: — 0 and under (18), we take

f (o, 21) = fo(w0) f1 (71).

the case
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Lemma 9. Let f (xg,x1) be such that either max ()]\/4;7 ()\,u)’ Mg (A ,u)|> < C and
(19) hold or j?()\,,u)‘ < C and (18) hold. Then

2
‘Ek {f (ankﬂ, 6nSk+l+r):| ‘ < c (ﬁ> for all I,7 > 1.
n n Y \ Bn

Further (taking f (zo,x1) = fo (x0) f1 (z1) for the case 5—2 — 0 under (18)), forr > 1,

Ey {f <ﬂn5k+la &Skﬂwﬂ ‘ < g;—" for all [ > 1.
n n Vi Pn

Proof. Consider the first inequality. For the case where (18) holds, it follows from (49)
and (50) using (37) - (39).

For the other case, as noted above the same bound (50) but with f()\, ) replaced by
(51) holds. Because max (‘J\/ff\n (A, ,u)‘ Mg (A u)|> < C, the resulting bound is bounded

by
2 -1
1 (ﬁ)/ H Mlg ' (]1)“2)’
YiYr ﬁn Vr
[l/2 1= [r/2]
g(J

= [ Tn [ M1 , T 711 ,U2
" (ﬁn ('n va() " By ) | HAH (52)

where, following (42) - (44), we have when [ > 1,
s (u19(9)> ‘ din
"

I GGam )

X

-1

I

J=[/2]
' =7
oo ([5G
i n wg(d) Ve
< C+Cp i Bn < C (by choosing n = Bn) (53)

because (using (41)) [ ‘]/(\,7 <g“,1 4 96, ﬂ)‘dﬂl — f‘[/{\n (ZTZg(M

— 2 Bn
(4)bi 'YTQ(])M Ir ;bl> ) d'ul S ¢ "Il Tn '
Hence (52) is bounded by

C (\ [|= (1] T C (1)
Tn Fz d -
MY (ﬁn> ! <7) ﬁg[m] w( 9 () 7)‘ 1= S (m)

using arguments similar to the above. This completes the proof of the first part of the

lemma.
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Regarding the second part, as noted earlier it follows from the first for the cases 3, = v,

and f—” — oo. For the remaining case, first consider it under (18), so that by assumption

f (w0, 21) = fo(x0) fi (21), and hence J(A,p) = Jo(N) Ji (). Using [T}z [0 (V)] < 1
further, the bound (50) is bounded by

G LI (o3 G (s S 5)) 3 ()

i=[l/2] (54)

(i g(r) _@))A(ﬁ&)‘
(ﬁn( e ) ) B )|

Yrg(J
Yot g(j,7) =
(& v G T MQ) fi(pn)

« ol ] (2 )]

where we use ’f fo (7" moy 9Un),,, m)‘ dpy = ‘f fo (12 ‘ dpiz. Substituting this in (54),

Here we have

Bn%'

dpiz

n

Bn M 9(4)

we see that the bound in (54) is bounded by 2 > <,8_n> J < 1= 1l/2 ‘77/1 (“lg J)> D duy < %Za_:
This gives the second part under (18).
For the second part under (19), we use the same method above but with the role of

fo(\) f1 (1) now played by f{; (\) }/(\n (). This completes the proof. W

We next consider further generalizations of (49). Similar to (49), and in exactly the

same way as in (50), one obtains (recall g(j,7) = g(j +7r) —g(j) )

(2n)* | E [f (5”&, LY 5”Sl+r+q)” <
it Tn Tn
¢ (ﬁ) / ﬁ " (Mlg(jl))' ﬁ " <M29 (]2))‘ ﬁ W <M39 (]3))'
Y Yq \Bn A Vi - Vr - Yq
J1=[1/2] J2=[r/2] Js=lq/2]
A1 )\2) Tn ()\2 )\3) In /\3)‘
A2 Onfl2 738 dpndpadys, 56
(ﬁn ( B \ 7 By, )| Hamads (56)
where
A1+ )\2—%901.7 T) + )\3—%9(]1 +h Q) Hi, A2+ )\3—%9(‘72.’ Q) = g and A3 = p3
Yr9(j1) Y49(j1) Y49 (J2)
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In the same way we have

(2m)* E{f <5"Sz,5”sz+r,f"sz+r+q, SHW,H)H

i G I () T ()

=1/ j2=Ir/2]
I 11

<M39 Ja > s (mg (h))‘
ja=la/2] T ja=ls/2) s

ﬁ_ﬁ Do (A2 As) dm ﬁ_ﬁ %M

Vzg J1,7) 19(1+7,9) ng(it+r+gs) _
At Ao WG T )‘( 5;(]1) +()\ )g(Jl)’Y et
¥rg(j2,q ¥rg(jetq,s
ot zf + M =

w g 73 S)
At MGy, = Hs M=

s—1

where

As a consequence of (57), we obtain the next lemma, analogous to Lemma 9 for the
case f (xg, 1, %2, 23). As in Lemma 9 the second part follows from the first for the cases

B = 7, and f—: — 00. Also, for the second part in the case f—: — 0 and under (18), we

take f(zo, 21, 22,73) = fo (20) f1 (1) fo (22) f1 (23).
Lemma 10. Let f (zg,x1,%2,23) be such that either ‘f(Uo,Ul,Ug,Ug)) < C and (18)

hold or max (‘]\7;7 (’UQ,Ul,’Ug,Ug)‘ , |77/”Lw\7, (Uo,Ul,UQ,Ug)D < C and (19) hold. Then
‘E [f (5 S, 00 Py ﬁ—szwqﬁ)} ‘ < (1) for all 1,7, g, s > 1.
g n n Tn NYr Vg Vs Bn

Further (taking f (zo, 1,2, x3) = fo(x0) f1 (21) fo (x2) f1 (x3) for the case 5—: — 0 under
(18)), for each fized r > 1 and s > 1,

‘E[f (5 s, 00y Py Sl+r+q+s)” s—(l> for all 1,g > 1.
Y Tn n Tn Mg Bn

Proof. The proof of the first part is obtained from (57) in exactly the same way the first

part of Lemma 9 was obtained from (50).

The proof of the second part is also similar to that of the second part of Lemma 9.
Under (18), we use (57) with f(vo,vl,vg,vg) = fo(vo)ﬁ (Ul)fg (U2)f3 (vg). Similar to
(55), we have [ )fl ( 74> }f ([:in <>‘3 — ’\4))‘du4 < C’ﬂ—s Substituting this in (57),
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and using H g ¥ (M) < 1 and H (52 1Y (M) <1, (57) then gives the bound

P2 ) (B S
) S ()

(/2] 3=[q/2]

WG G A G ()t

Similar to (55), we further have [ ‘ﬁ) (g—z (ﬂ — ﬁ)) h (M (ﬁ — ’;—Z’)) ‘ dpg < C%.

X

M Tr Bn \
Substituting this in the right hand side of the above inequality we see that its left hand
side is bounded by
q—1

G LI T (e o= ()

[1/2] jz=[a/2]
Under (19), in the same way as in the proof of Lemma 9, the same method above is used,
with the role of fj (vo) f1 (v1) fa (v2) f5 (v3) being played by K, (vo) K, (v1) K, (v2) K, (vs),
completing the proof of the lemma. W

This proves the second part under (18).

The inequalities in the preceding Lemmas 9 and 10 will help to deal with the sums of
the form ) f (Sk) involved in Theorems 1 and 4. We next obtain similar inequalities that
will help to deal with the sums of the forms ) f (Sk) o (wk,) and > f (Sk) wk, involved
respectively in Theorems 2 and 5. The main idea consists of reducing the situations to
essentially to those of Lemmas 8 - 10. We start with the analogue of Lemma 8.

Lemma 11. Let the linear process wy, be as in (2) and (3). If the assumptions of the
first part of Lemma 8 hold with f replaced by |f|, and if o (w,) is as in (5), then

ol (2o <2

< —— foralll>1.
" Bn

Further, if the assumptions of the second part of Lemma 8 hold, together with the condition

Em] =0 and E [|m&]] < oo, then

< for all [ > v and for all § > 0.

{inf (SkJrl) W1, y}

n

C Y
—
1 Pn

Proof. Let us consider the first part for the case o (wy,) = wy, and then indicate that

| <

essentially the same proof holds for the general case also. We have F H f (%SO Wi,y
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Sty | B [Ing] |1 (28 |] becansew, = 25, 41 di . Consider B [Ing| | £ (2251
where recall that ‘f ('j—:SkH)) =5 fe_i’\%slm (\) d\. Suppose that j < 0. Then (recall
S; :Sl,l'i_szl )

B (I e %]

= | B [lml e 5]

—ixEn g
‘E[e n l,l] ,

where ‘E [|7]j\ e_iA%S“H < C if En;|]] £C. Thus
’E [|nj] eiM%Sl” <C ’E [efi’\%slﬁl” when j <0.
In the same way (recall Sf; = 22:1 gl —4)&)

‘E [|77j| e_i)‘%sl} when j > 0.

<C ‘E |:e_i)‘% Zézl,iyﬁj g(l—i)fi]

COIE

Therefore, using the same arguments of the first part of Lemma 8, we have F [

Cn  Thus
|

Vi 571 :
establishing the first part of the lemma for the case o (W) = Wi .-

Bn )m Cn C Y
fl—S < -2 d;| < =12,
njf <’7n : _Wlﬁnjzo| j|_’7lﬁn

}S i |14

j=l—v+1

ol (29)-
Tn

For the general case when |o (wy,)| < C'|wg,|?, ¢ > 1, we have

EHf(&sl)awy)]g i i |dk_i1\...\dk_iq\E[(|ml|...|mq|)‘f(%&)ﬂ7

ir=k—vn+1  ig=k—vp+1

n; f (5—251) H holds true
f (%Sl) H also, so that the first part of lemma is proved.

and as can be seen easily that the bound obtained above for E [

for B [(|77“\ ‘mq‘)
For the second part, we have E}, [ﬁ" f (Sk+1) wk+l7,,] = Z?illv}lfxﬂrl det1— Bk [njf (f—:SkH)] .

Tn
Because | > v, we have k +1 — v + 1 > k and hence j > k. Hence, Sj4;; and (nj,S,’;H,l)

are independent in the identity Sk, = Sk + SZHJ, so that, as in Lemma 8,

Ey [njf (%SM)H = %/‘E [nje—m%szﬂ,l}

Here, noting that S;,;; = Zfi,iﬂ gk +1—j)¢;,

’f(x)‘ d).

y ﬁ’IL *
2 e85

< ‘ E [njefix%gwﬂfj)sj]

‘E |:77 ,efi)‘% Z?;L,Lrl‘iij g(k+lfi)§i:|
J

Y
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with
‘E [773 —l/\&'g(/wrl =3¢ }

Thus, using the same arguments of the second part of Lemma 8, but with the role of

|g(k: +1—j)| using E[n;] =0, E|n;&]] < oo

’f()\)‘ < C'min (|A],1) now played by the preceding inequality and ‘fA(/\)‘ < C, we have
’E [Wf( Sk+l>” < C ! 3 |g(k + 1= j)|. Therefore

6 k+1 6
‘E |:T]]f (_nSk+l> Wk+l,1/:| S Z |dk+l_j| E |:7]jf ( nSk+l):| ‘
Tn j=ktl-vt1 Tn

l

1 v . L v, :
C——= |di—j||g(l = j)| < C——, using (3).
% Bn j_; P V% Bn

This proves the second part, completing the proof of the lemma. [ |

Next, using the arguments of the proof of the first part of the preceding Lemma 11,
it is clear that the following statement holds, where note that the conditional expectation
E) [.] of Lemma 9 is replaced by F[.].

Lemma 12. Let 0 (wg,) is as in (5). Then under the same conditions in Lemmas 9
and 10, the bounds in Lemmas 9 hold true also when Ej, [f (%S;Hl, %Skﬂw)] in the left

hand side is replaced by E [f (%Sl’ TZSHT) o(wiy)o (wlw,y)}, and similarly the bounds in
Lemma 10 hold true when E [f (5—”557 7—"Sl+r, 5—”SZ+T+q, f—:5’1+r+q+s>} there is replaced by

E |:f <Bn S Br. SZ+T7 Tn Sl+r+q7 Sl+r+q+s> g (Wl 1/) (wl—i-r,u) o (wl+r+q,u> o (Wl+r+q+s,u>

4 PROOF OF THEOREMS 1 -3

For simplicity we shall restrict to % S f (%Sl, %SlH) in Theorem 1. Then, letting

ol - [

Nk = |n—| — |n

m m

and noting >, f < ng,, L - Sl+r> Do ok ( [n—]+l> &S[n%]HM), it is clear
that Theorem 1 follows from the next Propostion13.

throughout below

Proposition 13. Let the function f(zo,x1) be as in Theorem 1. Assume that the
assumptions of Theorem 1 are satisfied. Then, as n — oo first and then m — oo,

Bn = 3, B,
£ (S 2]

k=1 I=1
- LY ffooo fo(z) f1(x)dx if 5—: — 0

0 if B2 .
Tn
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In addition, as n — oo first and then m — 00,

{ sz( nk-1 +zv%5[nk;1]+z+7«)

k=1 l=1

2
B N~ B Bn
T 2 2 By [f (#[ k,,mv#[nmﬂwﬂ} -0 (59)
k=1 I=1

The proof of the preceding result will contain the proof of the following result
Proposition 14. (I). Suppose that (18) holds and that the function h(z) is in the class
G1. Then, as n — oo first and then m — oo,

B o~ 2 B
233 B |1 (s

n

]H)] — 1 (0) LY

In addition, as n — oo first and then m — oo,
m  Nmk ﬁ 2
w22 (4 (Gsmn) = o [ (o)) | -0
k=1 I=1

ﬁanh<§:Sl) :>h(())L0 as n — 00.
1

(II). Suppose that (19) holds and assume that h(x) is in the class Go. Then also all the
conclusions in the preceding Statement (1) hold.

Note that 7 (0) = [ h(z)dx. The conclusion 22577 b <%Sl> — % (0) LY in Propo-
sition 14 is already known, see Jeganathan (2004) but we shall need below the other con-

clusions for the case h(x) = f%*(z). Note that for this case, by Plancherel’s theorem,
~ 2
h(0) = J2(0) = [ f* (@) dw = & [ | F (1)

Slmllar to Theorem 1, the next Proposmon 15 will give Theorem 3.

and hence

Proposition 15. Let the functions fo (xo) and f (zo,x1) be as in Theorem 2. Assume
that the assumptions in the Statement (I) or those in the Statement (II) of Theorem 2 are
satisfied. Then the conclusions of Proposition 14 hold also when fy <S[n@]+z) WlnE=t] 10,

1s involved in place of h (S[n@]H). Similarly, the conclusions of Propositions 13 hold when

f (S[n%]ﬂ, S[n%]+l+r> W b=1] 41,0, Wln Bt i is involved in place of f (S[n%]ﬂ’ S[n%]+l+r>'

We now proceed with the proofs of Proposition 13. The required modifications needed

for the proof of Proposition 15 will be described later on in this section. First we need to
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introduce some preliminaries. First recall from (47) that

q
Sprstlra = Sppsfraa + 2290~ i)
j=1

where note that S[n@]ﬂq

lections {fj c—oo < < [n%]} and {55 1] > [n%} }, which collections are independent

and 25:1 glg—17)¢ [nh=1]y, are functions of the respective col-

of each other and do not depend on ¢. Further {22:1 g(l—17) f[ k1] 1<iI< nmk} has
the same distribution as that of {7};1 < 1 < ng,,}, where

l
=Y gl—j)¢
j=1
Hence one can write
Bn Bn
E[nk;f] [f (%S[n’%l]ﬂvﬁs[n’%l]ﬂw)]

Bn 671
= E{f (y1+—Tz,?/2+—Tl+r '
Tn n (yl,y2)=<§z S[ k— 1]+u gz S[ k_l]+l+'r,l+r)

Letting, for any 0 < k,, <! (k, will also be allowed to tend to oo appropriately),

l—Kn l—Kn

To= 9l— ) Trw =Y g(l+7 = )&,
7j=1 7j=1
we have
l+r
Z gﬂ’ E+T_ nlr Z l+r—j§
j=l—kn+1 Jj=l—kn+1

(Note that Ty, and T}y, . depend on k,,.) Hence, we have for any 0 < &,, <1,

n

(2m)’ E lf (y1 + 5 11, y2 + fnle)]

e~ M1—iny2 B [e—ik%ﬂ—i#%jﬂwr} /&}()‘aﬂ) d\dp

—i)\yl—z',uygE [ i(A+p) g’z T - Zﬂﬁfn<T;l,r_T;l)i| E [e_i/\%(Tl -T; ) Zuﬁin(TH'T nl T)i| _]/c\()\, /J,) d/\d/L

Il
tb|,_\\

/) ﬂw~WQWE{‘”ﬂ“%r mﬂ}E&ﬂW@wr%w%mwﬂmrﬂﬂm}

— — U, ,u) dM\dp. (61)
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Now (recall g(j) =01if j <0)

E _672' a%n (Tl -y ) *i/‘(ﬂ+r*T$z,r*Tl+Trfz )]

— g i (n-ry)- M—"zgz,,mH<g<l+rfj)fg<zfj)>aj}
: r—1
= F e_iv%(Tl_T*) T DY wm1 (Cr1—jtoteryr - J)gﬂ] Hib (—&g (4) M) )
L ; Tn
7=0

where and throughout below we let
c; =0 for j <O0.
Similarly

—ixTar_; Lo (T, Ag(j 571
E |:€ /\’yn lu”yn nlr :| H w ( — 7 ( ]+1 -+ .. +CJ+T)) .

n
J=kn

Hence

‘E {ei)‘ b=l (T - Tnl'r):| E [eii%n(Tl o) =in S (Trr =T, =TT )]'

Ag(j n
¢<%— 5 (]+1+ +Cj+r)>

I

r—1

I1

" j1=0

n

0 (—%g (J1) u) ‘ . (62)

With these preliminaries, we now consider the proof of Propositions 13 through a series
of steps. In order to state and prove the first step, we need the following result, which
describes the intent of the condition involved in the class H;.

Lemma 16. Let f(xo, ..., z,), 7 > 1, be such that [ ([ | f(zo, ..., )| dxr)% dxg...dz,—1 <

0o. Then
%
/(/"f Loy -y T ‘ dl’r) dﬂ?o...dﬂfrfl.

In particular for f(xg,x1) as in the Statement (1) of Theorem 1,

Sup/‘f A+ cp, u)’ du</(/|f(w,y)|2dy);dx§0-

Proof. We have by definition

Sup /)f )\07-' r— 27)\

A0, Ar— 1€

f 7“ 27 r—1 1 Cl, ﬂ)
— / iXoxo+...+iA, 2mr—2+i()\r—1+C,u)xr—1+iux7-f(l,o T )da:o dr
y ooy Ty .4,

ether {/ Dozote A —1Tr—1 f (g, — cxr_l)dxo...dxr_l} dx,.
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Then by Plancherel’s theorem, for each \g,...\,_1, ¢,

2

/ J/C\()\(h '-')\r727 )\7“71 + Clt, ,LL) dﬂ

2

= / /e”\”““'“)‘r‘m‘lf(xo, ooy Ty 1, Ty — CTp_1)dTg...dTr 1| d,

1/2
/ /‘f(l'[),---,xr1,$T—C$T1)‘2dl’r

dxo...dﬂ:r,l
1/2
- / < ‘f('r()w"ax?“—lvxr)’Q dfljr) d.TO...dﬂfr_b

where in obtaining the inequality we have used the generalized Minkowski inequality (see
for instance Folland (1984, page 186)). This proves the result. W

IA

Below in Lemmas 17 and 18, recall that in the Statement (I) of Theorem 1 for the

% — 0 it is assumed that the function f(zg,x;1) is of the product form f(zg,x1) =

fo(wo) fr(z1).

Lemma 17. Let f(xg,x1) be as in Proposition 13, and assume that T

case

and T (see
(61), defined previously, correspond to 2k, < [nd], 0 < § < 1. Then the next two statements
hold (recall T; = 22:1 g(l—9)¢& )

(I). Suppose that (18) holds. Let R, (y1,ys,a,0) be the difference between

L,r

(ZW)Q% Z E{f <y1—|—&Tl,y2+&Tl+r>} (63)
I=[nd]+1 Tn Tn
and
1 - AT Bn [ .
n Z / U" ()\7 My Y1, y2) E |:€_Z>\A”’Ll_zu"ﬁVn(T"lv7'_T"l):|
nl:[n5]+1 {lul<a,|\<a}
< B |:€*i,y%(TL*TJZ)*Z’M%(TL+1*T;Z’T—Tl+T;l):| f(ﬁi o M) I 00
where
Un ()\7 My Y1, y2> = G_iﬁyl_i”‘(yQ_yl).
Then

lim lim sup (Sup IR, (y1, Y2, a, 5)|> =0 for each § > 0.

a—oo n—00 \Y1,y2

(II). Suppose that (19) holds (instead of (18)). Let ‘/;7(1) and 1/;7(2) be independent ran-
dom variables with the same distributions K,, independent of (1, T}1,). Consider (63) with
B [Mfm (?Jl + %Tl + Vi g+ %E—i—r + Vn@))] in place of E [f <y1 + g—ZTl; Y2 + %le)]
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and (64) with My, ( — 1, u) K, (/% - u) K, (1) in place OffA(/%n — u,u>- Let Ry, (y1, 12, a,8,1)
be the difference between these two. Then

lim lim sup (sup |R,. (y1, Y2, a, 9, 77)\) =0 for each §, n > 0.

a0 p—oo \y1y2
The same holds when my,, is involved in place of Mjy,,.

Proof. First consider the Statement (I) under (18). Note that (63) involves the
left hand side of the identity (61). Further when in (64) the | (lul<a.r<a} 18 TePlaced by
Ji2, it reduces to that involving the right hand side of (61). Therefore the difference
R, (y1,Y2,a,90) in the Statement (I) of the lemma is simply the same as (64) but with the
integral f{\u\ga,\/\ga} replaced by the f{luléa,lMSa}c’ where {|u| < a, |\ < a}® stands for the
complement of {|u| < a, |\ < a}.

For notational simplification, we treat the case r = 1. Then, using (62) and noting
that [ ()] < 1, [Un (A o1, 92)] < €, and {ju| < a,[A[ < a}® C {lu] > a,[A] < oo} U
{|n] < a,|A| > a}, we have

|R7l (y17 Y2, Q, 5)|

n -1 .
1 Bn Ag(J Bn
< - / w( u)f(——uu) Hw(ﬁ— 1G4
1= na) 41 7 ml>a.| | <oo}Uf|ul<a,|A|>a} Tn n = Tn Tn

Note that Hé;L
[1/2].

We first deal with the integral over {|u| > a, |\| < co}. Using (35),

-1
/ ¥ (—&u) f <— = I M) IT v (Ag 6"cj+1> dAdp
{lul>a.|x|<o0} B Tn

J=1/2]

v (Ai’/—flj) — /ﬁ”cﬁl)‘ < Hl ll/2 ‘w (’\g J) ,uﬁ"cﬁl) ‘ because k,, < [nd] /2 <

1
S H Nll-i[lm] < max Nlj,

J
i/ [1/2]<j<i-1
where
B" )‘g] ﬁn 17[1/2]
Nlj = / '¢( f My U ¢ ()—M—Cj_H d/\d/i
{ul>a, | <oc} 5n Vn Vn
1-[1/2]
= 5o S B”H”” i) ()
= : ——u ) |\ = u+u—,u (0 dAdp,
[9() 01 J > anj<oo} Yn Bn g(j)bi

making the change of variable 205) /ﬁ" ¢j+1 — =. Here note that [

: SO
(see (33) and (34)) and

< C'2* using max[l/2}<]<l |g( 5 < C (see (36)). Therefore,

Ig(a)lb —

Ny <CQy (a) ﬁa
M
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where

Q. (a) = max sup/
(@) n<i<n v J{ju>a}

Now note that

Jyal? (220 7 (o
< J V—u+u%,ﬂ> Qd/ﬂ" [[Wﬁna}l W ()| dps

1/2
< C(m /{ ey P00 du) , (65)

where in obtaining the last inequality we have used Lemma 16. In the case 3, = 7,, the
factor % f{\u\>%a} 1 (11)|? dye in the preceding bound reduces to f{\u\>a} [0 (1)|* dpp — 0 as
a — 00, and in the case 5—: — 00, it is bounded by 3* [ (W) du < C3t — 0asn — oo.

In the case % — 0 recall that under (18) we have f(zo,x1) = fo(zo)fi(x1), so that
f()\, W) = f (A) h (). Hence, using ‘zﬁ (—%u)‘ < 1 and the Cauchy-Schwarz inequality,

/ ¢<—&u)f( —u+ucj—+.1,u>'du
{|p|>a} Tn g(])

oV — ]—_H 2d
\// f e (.])) M/{u>a}

) 1/2
</ du) — 0 asa— oo, (66)
{lp>a}

~ N2 : ~ 2
where we have used [ )fo (1/ — U+ ;f;&;)’ dp = % i ‘fo (M)‘ <C.
Thus

IA

fi ()

dp

IN

f1 (1)

lim lim sup @, (a) =0 (67)

A
1/} ( i(J) :U’Cj—&-l)

0 (Ai—if) - uch) ‘ because k,, < [nd] /2 < (/2. Hence in the same way as earlier

Now consider the integral over {|u| < a,|A\| > a}. We have Héj{

[nd]
Hj:[[ntﬂ/?]
the integral over {|u| < a,|\| > a} is bounded by max{,s)/2<j<ms) N2, Where

N,. — _n AN AT N
2j /{MGWM} (0 < %u) f (ﬁn u,u> (G ( H—Cj+1

Tn Tn
a A [nd]—[[nd]/2]
< o Q?l/) ‘ (———) d\
Vi {IN>dna—Ene,} bine)
34

<

1-(1/2
d\dp




with

en = abp,s)  max |cj+1| and d,, min "
[[n6]/2]<j<[n [[né]/2}<ﬂ<n5 1 g(j )|b[n5}

(o) 7t

Similar to (65) and (66) (note that Q) = @, (0) except that Q7 involves max(ps)/2<j<ns]

and

Q= max  sup du.

[[nd]/2]<j<né] v

whereas @, (a) involves maxp,s<;j<n ), we have

Cc if g, n O 5” —0
sup Q; < = |
o if 52— 0.
Bn Tn
Further note that d,, > d > 0 for some d > 0 (see (36)). In addition e, — 0. To see
this, assume for simplicity that b, ~ na, and cj ~ g7 ~1=% in the case of assumption (A2).
Noting that H — 1 — é < 0, we then have e, ~ Cnfl=!. In the case of Assumption (A1),
we have |e,| < Cna~! where L 1< 0because 1 <a < 2.
Then, in the cases (3, = v, or 5—;‘ — 0, there is an ng such that {|)\\ > d,a — —en} C

{IA| > dna —e,} C {|A| > 4a} for all n > ng. Further, using (33) and (34)

A
J ()
{|A\|>dna—en} [nd]

where 0 < p < 1.
Thus |R,, (Y1, Y2, a,0)| is bounded by

[né]—([nd]/2]

d\ < C / e~ M\ + Cpndl,
{IA>%a}

o T

c n - 1 . n
C (Qn (a) + /{ \ e~ g\ + C’p[”51> o Z — in the cases (3, = v, or Bn — 0,
A>2a

and by

f}/n n 1 . /BTL
ClQ., +C— — in the case — — oo.
(Q (@) + Bn> Z Vi Tn

for all n > ng, which in view of (67) and the fact 2= 37" 15, < €, completes the proof of
the first statement.

For the Statement (II), the Vy; for the present situation will be the same as earlier but
with fA()\,u) replaced by Mf\n (A, ) [?n (A) I/(\n (). We also have ‘w <—5—”u)‘ < 1. Hence

Ny < C—/ ‘Mf, (— svatill U o Uy M)‘
’ N Sgpsan<o | )bi g(])

(A Cjat 1-[t/2]
K, | — —p+p2= ) H;z)() d\dj.
! (Bn 9(j)by 9(7)
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In the right hand side, the integral over {|u| > a, |A\| < b7}, 7 > 0, is as in (33) bounded
by, using ‘[/(; ()\)‘ < C and using Lemma 16,

_ 2 1/2
supC/ Mf,n( u+u]—“,u>“K )dﬂ<0</ du)
v ey 90 {lul>a}

The integral over {|u| > a, |A\| > b7} is as in (34) bounded by, for some 0 < p < 1,

Ky (1)

e | 'f? (ﬁ AN u@) 5, (u)‘ i < € 0 < a2 gy < <

. ) 1/2
Thus, M; < C’ K, (p)| dp —|—Cp>[kn5] for all [nd] < j < n, for some 0 < p, < 1.
{lul>a}

In the same way, the Nj; for the present case is bounded by the same bound obtained earlier.

This proves the lemma. W
In the next lemma let

E [e5] in the case 3, = 7,

m(p)=<¢ 1 in the case 5—" — 0
0 in the case % — 00.

Lemma 18. Let R, (y1,¥y2,a,9), § > 0, be the difference between

(27T)2 & Z E {f (yl + &Th Y2 + &le)} (68)
(L Tn In
and
1 n i i~
> Un Ot 0,0 B [ ] 7 (=0) F (=) dddpe— (69)
gy i <a N <a}

where Uy, (A, 4, y1,y2) = e BV ) 4o in Lemma 17. Then
lim lim lim sup <sup |Ry. (y1, Yo, @, 5)|) =0.
6—0a—00 n—oo \W1,y2

Similarly (27r)2 %" Yo B []\4]377 <y1 + %Tl + W,(l), Y + 5—:7}+T + Vn(z))] corresponding to
the Statement (II) of Lemma 17, has the same approximation given by (69) but with

My, (—p, 1) Ky (—p) Ky (1) involved in place of f (—pu, ).
The same holds for (27r)2 %” S E [mfm (yl + g_:ﬂ + Vn(l), Yo + %le i vﬁ(2)>]
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Proof. First consider the first statement under (18). Note that the same right hand
side bound in (49) holds for ‘E [ f (yl + f—;‘Tz, Y2 + f—:THT)] also, and hence according to

Lemma 9 we have )E [f (y1 + %Tl,yg + %Tlﬂﬂ < %g—n Hence

[nd]

sup %Z

Y12 —1

Bn B 7y L
E {f (y1+ —T},y2 + ”Tl+)H gc—”z—.
’7 ’7 n ] ’)/l

n n

Clearly this converges to 0 as n — oo first and then § — 0.
Hence, in view of Lemma 17, letting R (y1, y2, a, ) for the difference between (68) and
(64),

lim lim lim sup <Sup |R (yl,yg,a,5)|) =
0—=0a=00  nooo \yi,y2
Therefore, letting R (y1,y2,a,0) for the difference between (64) and (69), it is enough to
show that
lim sup (sup |R* (y1, ya, a, 5)|) =0 for each a,0. (70)
n—0o0 \V1,y2
Note that without loss of generality, we can assume that x,, upon which 7, = and T}

of Lemma 17 depend, is such that x, — oo and “* — 0. Then, because T; — T, and

St g (s) & have the same distribution,

Kn—1
sup P (v, |Ti =Tyl >€) =P (|7 D a(s)&|>e] =0,
né]<i<n —0
where we have used the fact that 41 > Yo (s (5) & converges in distribution and v, v, —
0. Hence
sup E [e—i%(Tl—T*) WZL"('IE+1—T;:Z,T—7)+T;:1>:| _E [e_win(TH,,_T;“—ﬂjLT;l)] ‘ o

IA|<a,lul<a,[nd]<I<n

Now note that

Kkn+r—1

n

In the case (3, = 7,, we then have, in view of

Hw (¢j+ i) 1) = s, (—p)

and (with r being fixed) because x,, — 0,

sup
|ul<a

B e e (| o
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This also gives, for the case B" — 0,

sup
lul<a

E [e‘w%(THT‘TJWTﬁTJl)} - 1’ Lo i
Tn

In the case 5_2 — 00, let 0 < jo < Kk, + 1 — 1 be such that ¢;, + ... + ¢j,——1) # 0. Then,
noting that (18) entails ¢ (u) — 0 as pu — oo,

sup E [e_lu%(ﬂ+T_T;l7T_Tl+T;l>] S sup w (— (Cj() “+ ...+ Cjo—(T‘—l)) &M> ‘ — O
|ul<a |ul<a n
(72)
NOW} P l| = ‘Z] v (Cip1+ i) Let 0 < 7 < a be suitably close to a

such that 3 [c;|” — 0. Then

-1
sup P (|Ty,—Tyl>e) = sup P < Z(Cj+1 + ot cin)é| > 5)
[nd]<i<oco [nd]<i<oo J=Fn
< Cr Z lc;|” — 0, (73)
J=kKn

where the inequality is obtained using for instance Avram and Taqqu (1986, Lemma 1,
Section 3, page 408)). Hence

nl Bn * * T
E |: —iA —zu(Tan—Tnl):| _E |:€—1AW:|

n
=y, or — — 0.
n

sup
IAI<b,| 1| <a,[nd]<I<n

Hence (70) follows (in the case 5—: — 00, note that 7 (—u) = 0 in (69) so that (72) is
sufficient to imply (70)).

To obtain the second statement, in which (19) is assumed, we apply the Statement (II)
of Lemma 17. It is clear that the only place in the above proof that needs to be explained
is (72) for the case ”3: — 00 where the condition limsup,_« |E [¢”$]] =0, obtained as a
consequence of (18), is used. But this restriction is assumed as part of (19) when Z — 00,
see (19). This completes the proof of the Lemma. MW

The preceding Lemma 17 leads to the next statement where we define

() = LG ) o

k—1 H-1/«
m (t  k—1
te / (— GE u> Zo(du) (74)
0

and

() = /0 (t— )% 7. (du). (75)



Note that

k—1 E—1
s (_o) —Aup <_>
m m
Lemma 19. For each integer m > 1,
m Mk
B Bn

ZZE k L [ (_Snkl +l7—5nb +l+r
k=1 I=1 o R, P

converges in distribution to

(%/W(—u) f=pn du) kzm: /Z/ e S B om0 dedx

where 7 (—p) is as in Lemma 18 and S (%=1, L) and T (t) are as above in (74) and (75).
The same holds for 22 37" S™me | Bl [an (’8 S[ bty +V(1) 5—"5[ ]+Z+T+V )]

but the limit will involve 5= [ 7 (—p) Mf’n( I, M)K (— u)K (1) dp in place of 5= [ 7 ( 1) F (=g, ) dp.

The same holds for my, also. Here Vn(1 and ‘/}7 are as in Lemma 18.

Proof. We consider only the first statement because the proofs for the remaining
statements are the same. Also note that in the right hand side of (69) is equal to 0 for the
case Bf — 00 because 7 (—pu) = 0. Therefore we only need to consider the cases 3, = v,
and 52 — 0.

Because Xl—m:% ~ m!~ it is enough to show that, for each m and k,
Nmk
B B
ZE o [ (5 S Ss e (76)

converges in distribution to

(b frenrcena) 5 [ [+ nfeo-

where in obtaining the form of the limit we have used the transformation Amf — \.

Let (y1,y2) be as in (60), that is

(y1,92) = (ﬁs[nkml]ﬂ,h %S[n’“ml]ﬂw,m) . (78)

n n

(77)

With this (y1,y2), let R, (a,d) be the difference between (76) and

1 Nmk

> U Ot ) B [958 3 (=) F () A,
n(2m)" g Jin<aul<a) (79)
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where recall that

—iﬁyl —ip(y2—y1)

Un (A7M7y17y2> =€ .

It follows from Lemma 18 that, for each € > 0,

lim lim lim sup P (|R, (a,0)| > €) = 0.

6—0a—o0 n—00

Therefore it is enough to show that (79) converges in distribution to (77) by taking the
limit as n — oo first, then a — oo and then § — 0.

To obtain the limit as n — oo, note that U, (A, , y1, y2) above involves

1 -
= = —5 & d — :_<S _ — S W )
e o e kLol O (5 PRI A PR AW
We have
5]
St eterser = Sputafer = 2 (s ¥ Cufusa) )
j=—00

and hence, similar to (73), under either of the cases (3, = ~, or 5—2 — 0,

an<l<oo Tn m

Bn
sup P (— ’S[nk_1]+l+r,l+r o S[n%]%l) - €

= sup P & Z(ciﬂ + ..+ ¢ )| >e] —0  foranya, T oco.
an<l<oo Tn il
Further, with S, (£) and T'(t) as defined in (74) and (75),
1 1 fdd k-1t —H
(™ S ot et Y Tt 225 (5 (Tg) ,m T(’f)) :

It then follows (though the preceding convergence is only ELLS ), in the same way as in

Jeganathan (2004, Lemma 8), that (79) with (y1,y2) as in (78) converges in distribution to

1 ' —ixs(k=1 L —idm™ N
T e Uy T PEL O arm  F
AN<a,|p|<a é

for each a and 9§ > 0.
Let A (a) be the difference between the preceding quantity and

1 -~ 1 o0 1 - k—1 t . —-H
) Pl ) du ) — “AS(SRT) B et m T TO | g,
(5 [remFemman) o= [~ [ e ]

(Here m, k and ¢ are fixed.) We next show that A (a) — 0 as a — oc.
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e~ Am ™ Sk () <1, we have

menra@ < ([ 7wl da) A [ |

1 00
([ JFemimlan) [ [ | o] i
{lul>a} 5 J—oo
Now note that

/ E [e*“m_HT(t)Hd/\ < C / P g\ = o H / eI g
{1A1>a} {IA1>a} (IAl>at}

< 05_H/ e~ PN\ = R(a), say,if 6 <t <1.
{|A\|>ad®}

6—iAm_HT(t)] ‘ A\dt

Hence

m (27)2 A (a) (27)° A (a) < R (a) /

— 00

o0

f(=

‘ -~

po10)| 7 ()] dit B (0) / F ()| 1 ()] .

{lp|>a}

where note that
R(a) —0 as a— o0 and R(0) < oc.

In the case 7w () = g, (1) (the case 3, = v,), we have, noting |vs, (1) < |¢ ()],
[ JFemmf i < \//]ﬂ—u,mfdu/ 1 () d
{lnl>a} {lul>a}

0\// ()P — 0 as a — oo,
{|u|>a}

~ 2
where we have used [ ‘f (—pu, ,u)‘ dp < C, see Lemma 16. In the case m (u) = 1 (the case
A (/,c)‘ so that

IN

(18) holds and ﬁ—n — 0), we have ‘f(—u,u)‘ = )ﬁ) (u))

/{MM} f(—u,u)(lw(u)ldu < \//‘fo du -

=y
{lu[>a}

u‘du

fl( ) d,u — 0 as a — o0.
Thus A (a) — 0 as a — oc.
Next note that

é 0
/ / —iASmk % |: 71)\m*HT(t)] dtd)\‘ < C (/ tHdt> </ ec)\|ad)\>
0 —o0

cs'H
<
= 1-H

—0asd — 0.
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This completes the proof of the first part of the lemma.
The proof of the second part is identical by allowing ‘I/(\'n (— ,u)‘ ‘[/(\}, (,u)‘ to play the role

of | F (=t 0| 10 (1) above.
To complete the proof of the first part of Propositions 13, we thus require

Lemma 20.

1 ['[1 [~ . i
p—— Z/ {% /_OO e PmTS(H ) B [e’”‘T ] d)\} dt = LY asm — oo.

Proof. We first show that

6 m [
1 1 —z)\mHS< L ) —i\T'(t
hné lim sup /0 ml_HE E 27?/_ e E [ ] dA

m—00

] st
50)

To see this note that, in view of (74), S (k_l, %) is a-stable with scale parameter oy, such

that

t k—1|"
_+—
m m

(See Samorodnitsky and Taqqu (1994, page 345)). Hence

] < —Z/‘E emsﬁﬂﬂdx

Otmk Z C

m

1 «
il E —c|Al
= m amk/ dA
k=2
< g E ( ) —C\Alad)\ <C
m
k=2

because = > (2 1) < C. Here note that in the sum ) ;" , the leading term corre-

sponding to k = 1 is left out, but for this we have, in the same way as above, noting

H
1 X iamts(0,t t
o o] s el

Otm1 Z C ‘%| )
Hence, noting further that ‘E e —IAT( ] ’ < 1, the left hand side of (80) is bounded by

5 y—H s1-H
C/ (1 + ) dt =C < + (5) , for all m > 1, obtaining (80).
0

mi-H mli—-H

Now consider




where h; (y) > 0 is the density function of 7' (t), i.e.,

1 A~ ~ )
— / e™hy (\)d\ where B, (\) = E [e7 0]

hi (y) = o

Note that for each fixed ¢, {S (52, L) ,0 < k < m} has the same structure as that of
{Aaw (£),0 <k <m}. Hence Jeganathan (2004, Proposition 6) contains the fact that
the difference between the integrand —ty 7" by (—mS (21, L)) in (81) and

m

e I SO S

converges to 0 in mean-square, as m — oo first and then ¢ — 0. In addition it is easy to

see that the arguments in Jeganathan (2004) also give that this mean-square convergence
uniformly over 6 < t < 1. (Note that this is a very specific case so that the steps in
Jeganathan (2004) will take a rather simple and direct form.)

Now, note that —ty S°7 | [ hy (=m™ (y + 2)) e=#'/2dz is sufficiently smooth in y (see
Jeganathan (2004, Lemma 7)). Hence, for each ¢ > 0, it can be seen that (82) can be

approximated, as m — oo, by

1« 1 -1 2
e Z \/%/ht (—mH (S (%,0) +€Z>) e > 2dz
k=1

uniformly over § < ¢ < 1, which in turn is approximated by ﬁ Yoy Wht ( Hg (ﬂ, 0))

as before as m — oo first and then ¢ — 0.
Noting that S (%, O) =ANon (%), we thus have approximated (81) by

11 & - k—1
/5 ml_H;ht (—m Ao (—m >)dt,

which in turn is approximated as before, as m — oo first and then § — 0, by

L & i k—1
[ (e (57) )
R k—1
= WZQ <—mHAa,H <T)) = (/g(y) dy) L) =13
k=1

where g (y) = [ b (y) dt. Note that [ g (y)dy = [, [ s (y) dydt =1 because [ hy (y) dy =
1 for each ¢t. In obtaining the preceding convergence we have used Jeganathan (2004,
Theorem 4). Note that [ ¢*(y)dy < fo [ R (y) dydt < C’fo t~Hdt < C. This completes
the proof of the lemma. W
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Proof of Propositions 13. When (18) holds, the proof of the first part (weak con-
vergence part) follows directly from Lemma 20 and the first part of the lemma 19.

Regarding the proof under (19), we have (with Vn(l), V,,(Z) as in Lemma 17)

Bt {f (5— [ mhl’%s[ 1*[“”

S E < k 1 +l ( ) Bn S[nL]+l+T _I_ V(2)>
]' n
ZE mfn< k1+l+V(),f—S[ ]+z+7«+Vn )
Therefore, in view of the second part of the Lemma 18, it only remains to show that

J 7 (=) Mgy (=1, 2) oy (=) By () it — f 7 (—) F (=4t 1) dys a5 1 = 0 and. the same
for my,. To see this note that the left hand side is, for instance when 7 (1) = g, (1),
equal to 27 [ E [Mf,,7 (x + Vn(l), r+ S, + ‘/}](2)>] dx, with

/‘A]\fﬁ,7 <$—|—‘/77(1)7$+S7»+V;7(2)) der < /Mf7277 (x,.’ﬂ—l—sr)dx

< /E (Mo, (z+ VY 2+ S, + V)] da,

where a > 0is fixed. Here the left most side converges to [ f(x, z+5S,)dx asn — 0 in view of
the fact that f(z,y) is the class G, and the right most side to [ F [f (a: + V;(l), x4+ S, + V,(Q)H dx
using in addition the fact that Va(l), S, and Va@) are independent with Va(l) and Va(2) (and
hence S, + Va(2)) having bounded Lebesgue densities (a is fixed). The same holds for
[mgn, <$ + Vn(l), z+ S+ Vn@)) dx but reversing the inequalities. Hence, using a form of

a Lebesgue dominated convergence theorem, it follows that

/E[Mf,n (x—l—Vn(l),x—l—Sr—i-Vn@))} d;z:—>/E[f(a:,x+Sr)]dx asn — 0

and the same for [ E [mm (:1: + ‘/;7(1), x+ S, + %(Q)H dx. This gives the first part.
Regarding the proof of the second part, that is, (59), let

hn (.’170, LEl) = f (&JJO, &‘Tl) .

n n

Note that Z?:f hn (S[nﬂ]ﬂv S[nﬂ]+l+r> _Z?:f E[nﬂ} [hn (S[nﬂ]H’ S[nﬂ]HMH 1<
k < m, form an array of martingale differences, and hence the expected value in (59) is

bounded by

(%)iE <Zh( S[]))

k=1 =1

2 n n  Nmk
< (%) { E [h2 (51, Sisr) +QZZ|E (S, Sitr) hn (Sl+iasl+r+i)]|}'<83)
I

=1 =1 =1
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According to Lemma 9, we have F [hi (5—:51, f—zsm)} =F [fg (f—:SO 13 <5—:Sl+r>] <
% <ﬂ> and hence using > ", % ~ O, we have

Brn
(5) s so(2) (£) 2o -0

Similarly ’E [f <§—:SZ,7—ZSHT> f <5—:Sl+i,§—le+T+i)” < & <—")2, according to Lemma

n

. _ 1-H
10. Using npp ~ 7= and 7y, ~ Yam 7 maX1<k<mZ Vi ~ C’% (%) , so that
2
n Nom 1 1-H
Zl:l ZZ 1k Yvi S C (E) (’}%) - Hence

2 N Mk
( ) DS 1B [ (St Ster) b (St Starii)|

=1 =1

SORCIGIGELOR

This completes the proof. W

Proof of Proposition 14. Under (18), it is implicit in the proofs of Lemmas 17 and
18 that, for each m > 1, the difference between '%” o > E[n@] [h <%S[n@}+l)]

and
Nmk
Z)\'Ynmk [ 1]+l,lE 7,)\nmk T d\
m1 H Z n Z
mk 2m

1=[né] P\|<‘1}

converges to 0 in probability as n — oo first, then a — oo and then § — 0, which in turn
converges in distribution to (0 ) 7 D opet = o fl —ixmTS(5 ) B [e=ATO] dtd), see
Lemma 19. Hence, similar to the preceding proof of Propositions 13 the proof of the first
part under (18) follows by Lemma 20 and that of the second part follows in view of the
inequalities of the first parts of Lemmas 8 and 9. Similarly to the preceding proof of

Proposition 13, the proof under Cramer’s condition in (19) also follows. N

We next present the proof of Proposition 15. The proof will consist of reducing the
situations to the framework of Propositions 13 and 14. We first obtain
Lemma 21. Assume that the integers v, are such that “> — 0, in addition to the

assumptions of Theorem 2. Then for each k =1,...,m,

B . Bn
w38 | () 7 ()

]—>0 as n — 00,

and

% VZHE Hf (%S[ k=1l4p %S[nk;}]ﬂw) o <w[n%]+l,un> g (w[n%]-i—l-i-r,un)

=1

|-
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Proof. According to Lemma 12 (and taking into account the second part in Lemma

9), the left hand side of the second part of the lemma is bounded by C'Z= N g:i% =

cry ~ (222 because Yot~ 2= We have C22 . — () because “n — 0. This
w w v n Yoy
proves the second part, and note that the preceding arguments hold for the ﬁrst part of

the lemma also, using the first part of Lemma 11. W

Proof of Proposition 15. We shall present the proof for the case o (wk,,) = Wk,
because all the arguments below hold when wy,,, is replaced by o (wg,,,)-

First consider the counterpart of Proposition 14. In view of the first part of the preceding

Lemma 21, it is enough to consider 2= 577" | > 1 fo <%S[n%]+l> Wink=1] 41, S T =
oo first and then m — oo.
Recall that w;,, = Zé.:lfynﬂ di—jnj. Also recall that S;y = Sji., + 57, where

Sj+l,1/n and S*

J+lvn

{fo <6” J+l) ij,,,n] = Eq [ G—vn {fo (ﬁn J+l) Wj+l,unH = Eq [hvn <%Sj+lﬂm)] )

are independent. Hence, if j > v,, then for ¢ < j — v,

where
/87'1 * /Bn
hl/n (':C) =F |:f ( +— Y g+, l/n> wj+l,Vn:| =LK |:an,an0 ( Y Vn I/n>:| .
Thus
B B
E[nk;l] |:f0 (%S[nkml]+l> w[”krnl]'*‘l7”n:| = E[nk;l] |:hl,n <%S[nkml]+l,vn>} fOl" l > VUp.
(84)

We have

B (V) = Jo O) B [y, 250 5o0n |

In the case ‘fo (\) (>\)
0 for all M > 0 using the fact 1 =Sy 2. 0 because “»— (. Further note that

[ hy, (x)dz = Elwy,,] [ fol(x dx = hyn (0), where E|wg,,] — E[w]. Furthermore
S[n@] o and S[n@] 4 have has the same structure in addition to having the same
limiting distributions. Hence in exactly the same way as in the first part of Proposition 13,
we have
ﬁn = ﬁn 1 N 2
Z > E 5 Slnt=t) 1 ) Wk 4ap, | = LYE [wo o ‘fo (1)
k=1 l=vp+1 "

Recall that the proof of the second part of Proposition 14 relied on the bounds of the

first parts of Lemmas 8 and 9. The same purpose is now served in the present context by
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the first part of Lemma 11 and the appropriate one in Lemma 12. Thus the counterpart
of Proposition 14 is proved. W
Now consider the counter part of Proposition 13. It is enough to consider, similar to

the preceding proof but now using the second part of Lemma 21,

Nmk /BnS /BnS . 1
Z Z ,7_ [n%}-i—l’ '7_ [ kml]-i-l-i-r [nk,;l]—kl,vnw[n%]—&-l-i-r,un ) r= L
k=1 l=v,+1 n n

Let us first obtain a representation similar to (84). Because r is fixed, one can without
loss of generality assume that » < v,,. Then for j > v we have

Bn o Bn
Ejfu |:.f <_Sja _Sj+r> wj,l/wj+’l”,l/:|

n n

= F Bn Bn

n n n

ﬁn s,
fTV X y yw v+rr+v wl/,uwu+r,1/ .

where

E[n%] {f <%S[nk;1]+l’ %S[nk;l]—&-l—lﬂ') w[nk;l]—&-l,unw[nk;l]+l+r,yn:|
Bn Bn
Blusa) [f (;S[nww ﬁ]ﬂ | (85)

Here we have

—_— —~ r ﬁ — B
fr,zxn ()\7 :U’> — f ()\7 Iu) E wl/n,vnwl/n-i-?’,vne A’vzsﬁn v TS, l/n+'ri|

r I —INEL ST g(un =) & —in 2 ST g(vntr—j);
= f (>\’ ILL) E an,V7Lan+T'7V7L€ o Z ( ) ! 2371 ( ) J

= f()HM)E _WO,VnUJr,VneiM% ?:1_”” 9(= ’7)6]71“7 2i=1-m g(rfj)ﬁj:| . (86)

First consider the analogue of the first part of Proposition 13 for the sum of (85) (recall
that Proposition 13 involves the sum of E[n@] [h <S{nb]+l75[nb]+l+r>:| ). Note that
in the right hand side of (85), S[ 140,

has the same structure as that of S [nt=

has the same structure as that of S[n bot) and

1 +l,

similarly S[ CS L T L] g

To be more specific, in the identities (60) and (61), the roles of T, and T}y, are now
respectively played by

l—vp l—vp l—vp, l—vp
Z g(l—7)& =T+ Z —7)¢; and Z (I+r=5)& = Toy o+ Z g(l+r—73)¢&;,
Jj=1 J=l—kn+1 j=l—kn+1
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where note that the definition of 7y, and T}y, . remain the same as involved in (61).
Further note that the sum that contributed the factor H;;éw (—f—:g (7) ,u) in (62),

1#( B”u)

only for the Statement (I)), is now absorbed in fm,n (A, 1), which has the factor, see (86),

which in turn contributed the factor in the first line of (65) (which was required

\ Bn 0 T &
)E |:U.10 i Wr. Vne_l/\% j=1—vpn 9 g(— )5]_7'#* Zj:l—un 9(7'—])53:|

= Z Z |d—q| |dv—p| | E [nqnp AN D o ﬂfrwfzkmng(rﬁ)&j}
q=—vn+1 p=r—vp+1
- 0 r—1
< ’E [ej—zurﬂfr] Z Z 1yl |dv |
q=—vn+1 p=r—vn+1
-1
+‘E[ej"’“%g(”&_l} > |d—q|+‘E[€_Mﬂn g6 1-inZg(r+1)6 }
qf_l/n“‘
B
< oo (520) o (ron) o (Srown-Sos 0],

It is clear that when the factor in the first line of (65) is replaced by the

W (—f—:ﬂ)

preceding quantity, the conclusion in (65) still holds. Taking the preceding observations

into account, the Lemma 17 holds true.
Now, to see that Lemma 18 also holds, note that the role of (71) is now taken by
Bn

| (— (9(G +7) —g(j)) f—u) = E [e"“*@?—wﬂﬂ(g(’" =e(=3 ”ff)] In view of
(86), we then have

f/n;l(—mu)iljj@D(—( (+7)—90 ))f: )

= f(_u,u) E |:w0V Wry 6*1/1«@(Z§:,Hn+1+7‘(g(?“fj)fg(fj))fj)] X

BZ — 0, this converges to f(— , 1) E [wow,], and in the case £, = v,

’8" — 00 also, it converges to 0.

Clearly, in the case
it converges to f( 1t 1) B [wow,e~#5 ] In the case
To see that this last claim is true, note that

‘ E [WO P (a1 (90— == ))53-)} ‘
‘E |:w0,mwr m€ M@(Z§:7N”+1+T(g(r_j)_g(_j))gj)] ‘ + |E Hwo,ynwr,un — Wo mwrmm

where, noting that (wg m,wrm) is a function of (§_,,11, ..., &),

‘E |:CUO mwrme_iu%<zjffnn+l+r(g(7" 3)—9(=3))&; ”

< |E [|w0,mwr,m|]| '1/) (_ (g(m+r) )' — 0 asn — oo for each m,
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where we have used |t (u)| — 0 as pr — oo, which restriction follows from (18) (see (72))
and is also part of (19). Further lim,, . lim, oo | E [|wo ., Wrr, — wWomwrml|]| = 0. Hence
the claim holds. This completes the proof of Proposition 15. W

Proof of the Theorem 3. This is obtained from Theorem 2. First, regarding the

=1

first part, note that

% ; fo (%S,) (o (wi) = o (wWi,)) 2 <

Now according to Whittle’s (1960) inequality, if E [|m:|"] < oo for p > 2, then for a constant

C, depending only on p,

k—vp 0o p/2 00 P
E [Jwr — Wiy, |”] Z di—jn); Cp (Z d?) +Cp (E [m] Z ’dj|> :
Jj=—00 J=vn J=vn

Then, using the Taylor expansion of o (w;) around wy,,, noting that w, — wy,, and wy,,
are independent and using the given conditions ‘a(p) (x)} <C,FE Ua(j) (Wl,un)ﬂ < C for
1 <j<q—1, we then have

PP o 2
E [(0 (w) — 0 (@)} < C —E [l = i, ] < € Z E+C [ Em) Y |d;]

=1 k=1 j =v, j=v.

J J=vn J=Vn
SO that%"E o (o(w)—o (wlvyn))z} — 0 if (23) holds. Further it follows from the first
part of Lemma 8 that E [%” S e <5—”SZ>] < 0235 < C. Thus it follows that

Tn
Bn S e o (5 Sl> (o (w) — 0 (wi,,)) 2 0, and hence the first part of Theorem 3 follows
from (21).

The second part also follows in the same way because, in view of the second part of
Lemma 9, [%" S f? (’3—:51, ’%Slw)] < (' and because

E[m] ) ld;|

J=vn

E [(0(w) 0 (@itr) = 0 (@is,) 0 (Witrp,)*] <C Y d3 4+ C

J=vn

To obtain this last inequality, note that using (a + b)2 < 2a?4-2b? and the Cauchy - Schwarz

inequality,

(E (0 (@) 7 @isr) = 0 (@) 0 (@rirwn))?])
< 2F [|o (wis)['] E [|o (@) = o (wiw)['] + 2 [|o (wiw)|'] E [lo (i) = 0 @irn)]'] -

Here in the right hand side we have F [|J(wl+,,)|4] < C and E[|o (wl,l,n)|4] < Cin

view of |0 (wiir)| < Clwiyr|® and the restriction £ [|77 |4 max( qp)] < oo. Further, in the
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same way as above using Whittle’s inequality, E [|o (w) — o (wl7,,n)\4] < CY R, &+
C (E (1] Z |d; |> and the same bound holds for E [|0(wl+r) — 0 (Witr, ) 4}. This
completes the proof. |

5 REDUCTION OF THEOREMS 4 AND 5 TO A MARTIN-
GALE CLT

In this section we relate Theorems 4 and 5 to a martingale CLT. For this purpose,

corresponding to Theorem 4 define, for each positive integer m,

Crmk = \/7 Z f (S), k=1, (87)

m

Similarly, corresponding to Theorem 5 define (Wlth Wiy, as in (2))

n— +1/n

nmk: \l : Z f(Sl> wl,l’n? nmk: V TZL Z f(Sl) Wi wWno k > L.
k 1 k 1

J+vnt1 (88)

In these definitions we follow the usual convention that a sum is to be interpreted as 0 if it

is with respect to an empty index set. Note that

\/%Zf (81) = > Gomt WZf S1) Wi, = Z (Gt + R
=1 k=1 =1

We shall show in the next Section 6 that
lim lim sup P Zank > 6] =0 foralle>0, (90)

and therefore, the respective limiting behaviors of the sums in (89) will be the same as

those of Y " | Cumk and >0, ¢
In Sections 6 below we establish that the following facts hold (recall that E; stands for

the conditional expectation given o (§;; j <) ).

(R1) There is a nonrandom A (n,m) such that

Z ‘E[nu] [Cnmk]‘ < A(n,m)—0 asn — oo, for each m.
k=1

(R2)

ZE k1) [¢2,0] = bLY
k=1

as n — oo first and then m — oo, where the constant b is as specified in Theorem 4.

20



Recall that the convergence in distribution of a sequence of distribution functions is

metrizable, for example by the Lévy distance (see for instance Loeve (1963, page 215)).
2

Then the preceding convergence means that the distribution of ) ;" ; E[n k1) [CZ ] con-
verges in such a metric to that of bL{ as n — oo first and then m — occ.
(R3)

lim lim sup ZE [ imk] =0.

I

The next condition (R4) pertains only to the case o = 2. To state it define
b
ok = —— . 91
Xk = 72 Y4 (91)

(R4) When a = 2 (in which case we have F [¢;] = 0 and E [£?] < oo, see (9))

lim sup P

n—oo

Z ‘E[n@] [Cnkanmk]‘ > 6] = 0 for each m and ¢ > 0.
k=1

e (R*1) - (R*4): In the case of Theorem 5, we shall verify the preceding conditions
with ¢, in place of Cumk, in which case the corresponding conditions will be referred

to as (R*1), (R*2), (R*3) and (R*}).

Proposition 22. Suppose that the conditions (R1) - (R4) are verified. Then the
convergence in distribution conclusion of Theorem 4 holds.
Similarly, if the conditions (R*1) - (R*4), together with (90), are verified, then the

convergence in distribution conclusion of Theorem & holds.

The next Section 6 is devoted to the verification of the conditions of this proposition.
The remaining part of this section is devoted to the proof of this proposition.

Note that the preceding conditions involve iterated limits in the sense that the limits
are taken as n — oo first and then m — oo. To proceed further it is convenient to note
that they can be restated in an alternative form involving only the index n that goes to
oo. For this purpose recall that if & (n,m) is a nonrandom function of n and m such that

lim lim sup |k (n,m)| =0

m—o00 n—00
then one can find a sequence m,, T oo such that

h(n,my) — 0.
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If G (n,m) is random, then note that

lim lim sup P[|G (n,m)| >n] =0 forall n >0,

m—0oo n—oo

is equivalent to lim,, ., limsup,, ., £ [min (|G (n,m)|,1)] = 0, and therefore, taking h (n, m) =
E [min (|G (n,m)|,1)], there is a sequence m,, 1 oo such that £ [min (|G (n,m,)|,1)] — 0,
which is equivalent to

G (n,m,) 2 0.

Thus (noting that the convergence in (R2) can be restated in terms of a suitable metric),
(R1) - (R4) entail that there is a sequence m,, T co such that

Z E[”%] [Cnmnk]‘ + Z E [C;}Lmnk] N 0, (92)
k=1 k=1

Z E[nﬂ] [Cnmnanmnk]’ i 0 (fOI‘ o = 2) (93)
k=1 "
and
> Bpin [(2i] = bL8 (94)
k:1 n
In the same way, the conditions (R*1) - (R*4) imply that (92) - (94) hold with (.., replaced

We are now in a position to present the proof of the first part of Proposition 22. First,

for convenience, we let

an = Cnmnlm Xnk = Xnmnk> k= 17 ceny My

Next, for the purpose of the proof, we

o cxtend the array Cop, 1 < k < my, to all k > 1, by taking {Cux; k = m, +1,...} to be

an array of 1id Gaussian (0, W%ﬂ) random variables, independent of {;; —00 < j < oo}.

Further, we use the notation F,; for the conditional expectation given the o-field

U(fj;jﬁ[”#ﬂ}) if —oco<li<m,
o (&, j <n,and Gup,m, +1 <k < 1) if 1 >m,,.

Fu=

Explicitly,

o2



With this extension, (92) and (93) take the strengthened forms, for any 0 < v < 1,

]
> 1 Enk-1 [kl 20, (95)
k=1
]
E [¢u] — 0, (96)
k=1
and
"]
> 1 Enget Gkl > 0 (for o = 2). (97)
k=1

Now, define the martingale differences
o= Gk — Enp1 [Gn] s, =12, ...
with respect to the o-fields F nx, k = 1,2, ....It is easily seen, in view of (95), that
(96) and (97) hold with ¢, replaced by (. (98)

In addition, if we define
q q
To (@) = 3 Buir 1G] = 32 {Buit [ = (B [Gu])}
k=1 k=1

then, in view of (94) and (95) and because (., k = m, + 1, ... are iid Gaussian (0, W%ﬂ),
for any s > 1,
T, (sm,) = bLY +s—1, s> 1. (99)
Now for each fixed t > 0, define
T, (t)=inf{qg>1:T,(q) >t}.
Note that
T, (t) =m, ift="T,(m,). (100)

We have
{m () <1} ={T, () >t} € Fpi1, 1=12,..,
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so that for each n and ¢t > 0,
T, (t) is a stopping time with respect to the o-fields f ;1,0 = 1,2, ....

Note that for any positive integer J, we have using (99),

n (L :
P[Tm—() >J} <P[T,(Jm,) <t] > PPL{+J—1<t] =0 ifJ>t+1.
" (101)
We thus have shown, in view of (95) - (98), (101) and because m,, T oo,
Tn(t)
Ep o1 [Guk] = 0, (102)
k=1
n(t) )
En k-1 [|C;Lk| ] =0 (103)
k=1
and
Tn(t)
Y Enpr [Guoxnl] 0 (for a = 2) (104)
k=1
Further, because of (96), (98), (99) and (101),
2
En,m(t)—l |:‘gT/L,Tn(t)| ] 5 0.
Hence, because
2
T (7 (8) 2 ¢ 2 T (70 (8) = 1) = T (7 (0) = Bt | |G |]
T, (1, (t)) & t. (105)
Now let
e i >0
W, (1) = &k=1 onk 1 . (106)
0 ift <0.

Similarly, let W (¢) be the Brownian motion for 0 <t < oo and W (¢) = 0 for ¢t < 0. We

then have
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Lemma 23. Let W (t) be as above, and as before let Z, (t) be the a-stable motion.
Then, for 0 < a < 2 and for every integer | > 0,

[nt]

teo (e 0 G WD) | 22 (Zu ()~ Zo (<) W (1), te[-loo),

j=-—nl

where (0, as in (1)) and
the processes W (t) and Z, (t) are independent.

|

The proof of this Lemma is given below separately in the Appendix, Section 7.

We now come back to the proof of the first part of Proposition 22 (assuming that (R1)
- (R4) holds). Because Lemma 23 is true for every [ > 0, it entails (keeping in mind the
conditions (A1) and (A2), see Kasahara and Maejima (1988))

- fdd
(IYn ISW% W (t)) = (Ao,u(t), W (1))

where the processes W (t) and A, g (t) are independent. (Here in general the convergence of

Y Sy in the Skorokhod space does not hold, see Astrauskas (1983)). Further, according

to the arguments given in the next Section 6 for the verification of (R2) (see the Remark

immediately before the statement of Lemma 24), it follows that
|
is approximated by a functional of the process v, 15 (nt) Such that T}, converges in distribution
if 7,1 Spg S A, i (t). We then have

!
an

Tn = Tn (mn) = Z En,k—l |:
k=1

_ dd
(7n ls[nt]7 Wn (t) 7Tn) f:> (Aa’H(t)v W (t) ’ bL?) : (107)
The next step is to obtain the convergence of (v, Sjny, W, (T3,)) from (107) (taking
into account further that the marginal process ¢t — W, (¢) will be tight, that is, uniformly
equicontinuous in probability, see below). To present the details, let, with ¢ a positive
integer and J > 0,

0= Teo < Tq1 < o Tgq-1 < Tyq = J

be such that

sup |7y — T4i-1] — 0 as ¢ — oo.
1<i<q
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Define
Ty 74 <1, <7pi41,1=0,1,..¢ — 1,
anJ = .
J ifT, > J

Letting
T =bLY,

define T}, ; analogously. Now, taking 7, 4.1 = 00,
W (Tng,s) < 0p = Uig (Wa (7)) < 0,73 < T < Ty}

where {W,, (7;) < v, 7, < T, < 7,41} are disjoint, and hence, for 0 < u; < ... <y < 00

and for any reals a;,j =1, ..., k,

P (Wn (Thq.0) < v,'yng[nuﬂ <a;,j=1,.., k)
- P( ('] —0 {W Tqi) S U, Tyi S Tn < Tq,i—‘rl»%;ls[nu} < a]?] - 1 k})

= ZP n (Tgi) < 0,7 < T < Tgi1, Vo S[nu]<a],j—1 k)

One can assume without loss of generality that 71, ...7,, are continuity points of 7. Then
(107) together with the preceding identity entail that
P (Wn (anJ) < Ualy;ls[nuj] < ajaj =1,.., k)
— ZP (19i) < 0,75 <T <741, Nau(uj) <aj,j=1,..,k)
= P(W(Tq,J) < UvAa,H(uj) < aj?j =1, ) k) :
In other words, we have
5o fdd

(Note that Ty s is a function of L?, which, being a functional of A, ;(t), is independent of
W (t) by Lemma 23.) In addition, in view of (103) and (105), it is well known that the
marginal process W, (t) satisfies the ‘tightness’ property

lim lim sup P sup Wy (t) =W, (s)] >¢e| =0

h—0 n—00 [t—s|<h,t,s€[0,M]
for all ¢ > 0 and all M > 0. (Actually W, (t) = W (¢) in the Skorkhod space D [0, M|
with W (t) € C'[0, M] for every M > 0.) Hence

lim lim lim sup P[|W,, (T, 4.0) — Wa (T0)| > €] = 0.

J—00 g—0o0 N—00
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Similarly
hm lim P[|W (T,,) — W (T)| > €] =0.

J—o00 g—00

It follows that

(W (1) 30 Sja) L5 (W(T), Aas (1)
Noting that 7, (T,,) = m, (see (100)) so that W, (T5,) = > ;" Gk, and in view of the
independence of the processes W (t) and A, g (t) so that the distribution of (W (T'), As m(t))
is the same as that of (W\/m Ao, H(t)) where W is standard normal independent of the

process A, i (t) (recall T = bLY ), the preceding convergence takes the form

(ng,vﬁsmﬂ) 1= (W bL?,Aa,Hu)) (108)

(Recall that Y>3 Cue = /22> 1 f(Sk)-) Further, it follows from the arguments of
the proof of Proposition 14 that 1= %"* | h (Sy) occurring the statement of Theorem 1 is
approximated by a functional of the process 7, 'S}, such that the former converges in
distribution to LY [ h(y)dy if v, 'Sy J4 Aoz (t). Thus the convergence (108) holds
jointly with 2= %" | h(Sy). This completes the proof of the first part of Proposition 22.
The proof of the second part is identical to that of the first part. |

6 VERIFICATION OF (R1) - (R4) AND (R*1) - (R*4) OF SEC-
TION 5

Verification of (R1) and (R*1): First consider (R1) corresponding to Cnmk, defined
in (87). According to the second part of Lemma 8, ‘E[n%] [f (S[ b1 +l)” < & for all
[ > 1, because (26) holds, see (45). Hence

nkl

g omi| < B 5 [ [f<s[nw>uso¢%;%

Here recall that ~,, = nflu,, where u,, is slowly varying.
Hence if 1/2 < H < 1, it is clear that /2= Y7 | 2 =z — 0.
l
In the case 0 < H < 1/2, we have > ", w% ~ CZ5, so that
1 n

e 1 _3 Camo1 3
\/%ny_l?’vc\/ﬁ%onn T
I=1

Because 1/3 < H < 1, this converges to 0, and hence (R1) is verified.
In the same way (R*2), which involves ¢, , defined in (88) (note that the sum (.

involves f (S = +l> Wnk=1] 1, for | > v, only), is verified using the second part of Lemma
11. |
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Verification of (R2) and (R*2): We first consider (R2) and then we shall indicate
the modifications required for (R*2). We have (recall that n.,; = [n2£] — [n22])

B 0] = 230 By [ (S
+2—i Z o] [ (Spuizjoa) £ (Spispiaee) |

Noting that (R2) involves > )" | E[n = [¢2, .], first observe that as a consequence of Propo-

sition 13 and the Remark 2 following Theorem 1, we have for each ¢ > 1,
2SS B [ (S

> By [ (S £ (Ssmrs)]

= 1ty [ [Foof <1+22E ] )du

as n — oo first and then m — oo.

The preceding conclusion holds also (except for the form of the limit), in view of Propo-
sition 15, when f (S[n@]H) w[n@]ﬂwn and f (S[n%]—&-l—l-r) w[n%]ﬂw,un are involved in
place of f <S[n%]+l> and f (S[ o 1]+Z+T>

Then clearly, (R2) is a consequence of the first parts of the next two Lemmas 24 and
25, that (R*2) is a consequence of the corresponding second parts.

Remark. Recall from Lemmas 18 and 19 of Section 4 that the left hand side of the pre-
ceding convergence was approximated by a continuous functional of the process %S[m] and
then this functional was shown to convergence to right hand side of the preceding conver-
gence. Therefore in view of the next Lemma 24, the same facts hold for >, E[n k=1) (&
also, as n — oo first and then m — oo. In addition according to the usual diagonal argu-
ments (see Section 5) one can obtain a sequence m,, — 0o such that the same approximation
and the convergence hold for Y ;"", E[n% ] [¢2 ] as n — oo. This fact has been used in
Section 5. |

Lemma 24. For each 1 <k <m,

11&3’%Z§§;EHE s 7 (Spessag) £ (Spisafanan ) ||| = 0

as n — oo first and then ¢ — oo.
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The same conclusion holds also when f (S[nﬂ +l> W[n@]ﬂ,unf (S[nbhlw) w[n@]ﬂﬂwn

1s involved in place of f <S[nﬂ}+l> f (S[nu]HJﬂ).
The proof of Lemma 24 will be given later below because it, as well as the verification
of (R3) and (R*3), require Lemma 26 below.

Lemma 25. Under the conditions of Theorem 4,

S [1zf

In particular the quantity b defined in Theorem 4 is finite.

P du < o

In the same way, under the conditions of Theorem 5,

> [1E fonwne 5]
r=1

Proof. Consider the first part. We have ‘E [em5r]

2
dp < oo.

‘f(u)

< B[]

— v (e G|

2
in view of (47). Also [ ‘f (u)‘ du < oo. Hence it is enough to show that
| ()

"

I=lo
(see (45)), we have using (37) and (38) (with x =0

2
dp < oo

(109)

Hw@mm

ﬁmﬁw:g%/

Qw@m%)

a suitable ;. Because ‘f(%)‘ <C ‘%

2
and with the role of (27) now being played by [ ‘f (u)‘ dp < 00 ),

/L ()

ﬁw@m%)

for a suitable lo. Hence, (109) is bounded by C' 7%, 713, where note that 7, 7—13 < 0
l l

when the assumed restriction 3H > 1 holds. Hence the first part follows.

2
duﬁ%, l2l0>
l

v

Regarding the second part, recall from (20) that wy = Z?:_oo di—;n;, so that

0 r
E [wowre_i“s"} = Z Z d_qd,_pFE [nqnpe_ws”"] .

q=—00 p=—00

Suppose that p # ¢ and p < 0 (¢ < 0 already). Then, noting that S, = S,, + S}, with
(g5 Mp, Sr.r) independent of S, , we have

7

—i,uST}

< B e

B [em#5]) .

|E [nqnpe
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Here, recalling S,, = 3.0___(g(r —s) — g(—s))&, and using F [y] = 0 and E [|m1&]] < oo,

S§=—00

—iusm}

< |E [gee M 0tr=0-sC] | |E [pye-iroCr)-o-me] |

< |l lg(r —a) — g(=a)llg(r — p) — g(—p)|.

|E [nqnpe

Thus, the preceding inequality playing the role of )J/‘:(,u)‘ < C'|p|, the same arguments of
the first part above then give

J 18 e 5 [F o] die < S5 latr = 0) = a0l latr =) = g(-p)].

Similarly, for 0 < p < r we have

fi,uST]

< ‘E [nqe*iusm]

|E [npe*iug(rfp)ép} | )E [npefi# > i=1,5p g(rfj)gji| 7

}E [77(1771)e

/ ‘E [anpeiwsr}

Z Z |d—g| |- p|/}E TlqTp€ WST

q=—00 p=—00,p#q

7 Z Z |d—g[ldr—p| (l9(r = @) + [9(=)]) (|g(r = P)| + lg(=p)]) -

q_—OO p=—00

Here >0 ld—q|lg(—q)| < oo by (3), and Y_0____ [d_q|[g(r — q)| = 2024 Idy| lg(r + ).
In the case H — 2 <0, 3202 |dy||g(r + q)] < C Y72 |dy| < oo. In the case H — = > 0,

and hence

F o] de < S latr = 0) = a0l ot~ )l

Thus

7o as

> ldgllg(r + @)l = Zld [ g(r + )| + Z |dy| |g(r + q)]
q=0

q=r+1

< lg(2r) IZId |+ Z |dg l9(29)],

q=r+1

so that

Z Z |d—g| |- q|/|E TlqTIp€ WST

q=—00 p=—00,p#q

|7 o di < &5 max (1,0

7‘

Next, we have

0
S gl [ 1B [ne ]

q=—00

O o o0
O NTE CJ (Sar) 2
q:

q=0

(f(u) i

IN




Thus, in view of the condition (28) and fact S 03 3 < 0o when H > i, it only remains

to see that > ‘gyr” < oo when H — = > 0. Assume for convenience that % ~ r and
g(r) ~ CrH=1/2 Then 1 T)| T 1,Whelreﬂ:l—l— > 242 > 1, and hence Y7 o % b0l < 0.

This completes the proof of the lemma. |

We next consider the
Verification of (R4). Here recall that (R4) pertains only to the case a = 2 and hence
E[&] =0 and E [£2] < oo, see (9).

For notational convenience, we take v, = 7 and g (r) ~ Crf='/2. Then (recall from
ke
(91) that Xk = —= Zl[f;]’i#] L6

1_1-H

Cnkanmk =n 2 (Il,nmk + I2,nmk + I3,nmk)

where S
Tt = 3 F (Spuizt)n) Gt
=1 r=l+1
B =32 3 puctd (Spamper) s e = 30 (Sszir) sz
fer

According to the first part of Lemma 11, we have E Hf <S[nb]+l> 5[”E]HH < l% for
all [ > 1, and hence

n
_1_1-H 1 _1-H 1 1-H _m
E[n 272 ‘]37nmk|i| <(Cn72n 2 — < Cn~ iz ot = o 2

[H
=1
and therefore
‘E[ k1) [nfé*l;fg nmk] ‘ = 0 for each m > 1. (110)
Clearly
E[n@] 111 nmi] = 0. (111)

, where recall

To deal with I3, we have (see (47)) S[n@]w

- S[ + S[nk—;l]—kr,r

that SE‘ e 1} =D ba(q)€ [ TS and is independent of S[nu . We also have
f(Sy) = 5= fe"’\s’"f (\) dX\. Hence

o] [y (S|

< —/\E =L 5“1] F|aa

—/‘E o T %U(%Q(Q))' ‘f(%)‘dk, (112)

k-1
4

]+T,r

IA

[1

q=0,q7#r—1
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Now, because F [{;] = 0 and E [¢?] < oo ((R4) pertains only to the case a = 2),
o (et B,
Yr

f(%)‘ < Cw’ see (45). Also qu 0,q7r— z’¢ (%9 (@)‘d)\ < C by (37) - (39).

2o -

Further

Hence

|Bpuict) [y (Spusayn)] [ €972l (= 1) (113)

Thus, noting that v, = rH and Z;;l lg(r =D ~ CrH+1=1/2 hecause g(s)~ CSH_1/27

Nmk Mmk ‘

I3 By [z (S )|

=1 r=I+1
. Nk T—1
_1_1-H _
< on Y S 0 g —0)
r=1 [=1
< Cnr oz 2P —cop e (114)

Because 3H — 1 > 0, this together with (110) and (111) complete the verification of (R4)
in the situation of the Statement (I) of Theorem 1.

In the case of the situation of the Statement (II) of Theorem 4 also the bound (112)
holds except that the factor f —
50 (5 [mo (|7 ()]
of Lemma 8. Hence, using (46) as in the proof of the second part of Lemma 8, it is seen

that (R4) holds in the present situation also. This completes the verification of (R4). W

in the right hand side needs to be replaced by

‘Tﬁf\n (%) D, see for instance the proof of the second part

We next consider the

Verification of (R*4). Here the analogue of I3, above is

Nmk
I;,nmk = Zf( k 1 +l> [ ]+l yg[nilh,l
[n%]—i—l Nmk
= > e >t <5[n%]+z) i€ [ni=1] 10
j=[n"2t | H—v+1 I=1
where we have used w,, = >>7_ . dg;n;. The same arguments of the first part of

Lemma 11 gives E || f ( S}, r-1 T < & for all I > 1, and therefore
[n2=2])41 ) iS[nE=2] 4 ]

v—1
E (|5, < Z (Zw) < ot
j=0
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which is the same as the bound for E [|I3,mk|] obtained above.

Defining 15, .. analogous to I3, above, we have

k-1 }
NMmk Mmk [n +r

L3 rimk = Z Z Z 5[nkm;l]ﬂf <S[n%]+r> njd[n%]wfj'

I=1 r=I+1; [ m]+r v+1

Similar to (113), we have

B [ty (Spussagan) ]

<olot-ollo ([t r=d)| it nEt

Thus
NMmk Mmk [n%]+r
> > E [ Sntst]srf (S[n%hr) m’} ‘d[n%]ﬂ—j
=1 r=l+1 ;= [ k= 1]+r v+1 j;ﬁ[ T]—l—l
k
Nmk Mmk 7 l{: o 1
< ZZ’W_?’!!J(T—Z)’ Z 9([77/ — ]*l-?“—j)‘ d[n%]+r_j
=1 r=I+1 J:[ng r—v+1

Nmk MNmk v— Nk Momk
= > > % Plg(r=1) < lg (j ||d|)<ZZ%3|gT—l

=1 r=I+1 Jj= =1 r=I+1
which bound is the same as the one involved in (114). Regarding the remaining factor in

I*

5 nmks We have

NMmk Mmk

SN Bl (Sptye) tpuisiyal] 1
I=1 r=I+1
< C«nsz % ’dr l‘ ZZ |d| Cnt 11,

1=1 r=I+1 llrlr—i_l
which bound is the same as for E [|I3 ,mi|] obtained above.
For I7 .k, the analogue of Iy ,,,x, we have E[n@] [Ifnmk} = 0, for the same reason

E[n k1) [I1 nmi) = 0. This completes the proof of the verification of (R*4). W

It remains to prove Lemma 24 and to verify (R3) and (R*3). For this purpose we need

the next Lemma 26, where and in the rest of the paper we let

g(jvr) = g(] +T) - g(]) = Cjt1 + ...+ Cjtr-

Lemma 26. Let g(j,r) be as above. Let ¥ > 0 be such that

. _ 1 1) 1
0< < mln(l H7H7|a H ’a) lfH%a (115)
min(l—i,é) ifH:é'
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Then

g(j+q,r)

< CI” foralll1 <I<n. (116)
Yr

sup
(1/2]1<j<l,g>1,r>1

by

Proof. First consider the case H # é, in which the requirement (A2) of Section 2
holds. Let 6 = % so that (115) becomes

,l) . (117)

O<35<min(1—H,H,'l—H
a !

Recall the Potter’s inequality, mentioned in Lemma 6 of Section 3 above, that if G(x) is

90| < Bmax{(x/y)’, (¢/y)~7} for

slowly varying at co, then there is a B > 0 such that ‘

all x > 0,y > 0. Therefore one can assume that

7 ) br "
& Jope, |9 pp boops T cpe
=15 iffl=a ra Vr
We in particular have
b
L < ClatopHAS, (118)
Vr

Further, noting H — 1 — = 4+ 6 < 0 (see (117)), we have when j > [I/2],

9+ a7 = [crgr1 + -+ Cigrrl

1 1
Cli+q+ D" a4 4+ (G4q+r)Ttat

IN

< Cr(j+g) et < O (min (1, )R, > /2. (119)

Here, in obtaining the second inequality we have used j > [I/2] and H — 1 — é +6<0.
Further, when H — 1 < 0 (in which case H — + +§ < 0, see (117)), we have

g(G+aqr)) < lgU+9l+ 190 +q+r)
< Ci+@" 7P <C(min(l,g)" =", j>[/2], (120)

and similarly when H — é >0,

gG+ar) < Cl+ag+n) ="
ClH-%+ ifj <l r<l
{ Crfl=a+ ifj <l r>1 @
Cqg'—at ifj<i r<gq
{ Cri—ats if j <l r>gq

IN

(121)
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First consider the situation
q<l.

Using (118) and (119) and noting 1 — H — 2§ > 0 (see (117)),

< Qa4 —HAS JH-1-245 _ (f
- l

g(j+q,r)

1-H-26
) P <O ifr <1, 5 >1/2].
Vr

b

In addition, using (120) and (121) and noting H — ¢ > 0 and £ — 2§ > 0 (see (117)), we

have

g(j+aq,r) < <0,r>17<I

Yr

b

1
a
1
«a

1 1 1.1
CZE'H;T*HJF‘ng_E‘HS — CT%_EZE_Q&Z% S Cl35,

Clé—i—dr—H—i—élH—é—i—é — Oy HHSJH-6]35 < (30 H—
H—-—=>=>0r>15<I.

Now consider

q>1l.

From (119) we have,

g(j+q,r)
Yr

b

1—H+6 125
< CléJrJTfHJr(STqulféJr& — (I) (é) l36 < 0136, if r < q, ] > [l/2] )
q q

When H — é < 0, r > ¢, we obtain from (120) that

l

ta L L H-s
9(j+aqr) < QAo H— L4 <Q> <_

Yr

by

195
oo
r q o '

When H — é > 0, r > ¢, we have from (121) that

1

g(j+aq.r) Lis _H4s H—L4s AN 36 38

by——"—=| < Cla"r rt e = | - >° < Cl
Vr r

because = —26 > 0 (see (117)) and | < ¢ < r. This completes the proof of the lemma when
Now consider the case H = 1. In this case, by (11), we have sup;, |ic;] < C. In

addition sup;>, |g ()] < C by (Al). Therefore, the inequalities (118) - (121) hold when

H = é, and hence the remaining arguments also hold with H = i This completes the

proof of the lemma. W

Below we assume 9 of Lemma 26 satisfies (in addition to (115))
3H — 69 > 1. (122)
This is possible in view of the restriction 3H > 1.
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We are now in a position to proceed with the proof of Lemma 24 and the verification

of (R3) and (R*3).
Proof of the first part of Lemma 24. First note that the bound in (50) holds for
) 7] [w (S[ S S[ ]+I+T>” also, by taking k in the left hand side of (49) to be

Wi

st consider the proof under (18). We need to apply the bound (50) with f (A, u)

We fir i
F(A) f(1). Recall that in the proof of the first part of Lemma 9, we used the fact that
)f ‘ C. Now the fact ) fA ‘ < C'|\|, which we now have in view of the condition (26),
ee (45), will be crucially used. Here note that, for any o satisfying (115),
. b (i
| | [P0 <o, <<t ez (123)
9 (J) big(G) 11

by (36) and Lemma 26. Therefore, using ‘f ‘ < C|A|
ALl |M|) ]

/A ; .
(_Jrg(yﬂj)u_ﬁ)f(ﬂ)‘ <C<
woowgl)t o w Vr woom w)w
Hence, in exactly the same manner as in the first part of Lemma 9 (when f (A, u)

FO)F (1)), we have
1 /1 1\1
—1 c—1 —1 < —_ J— P > .
)E{"%] [f <S["L]+l> / (S[”k?]J“l”)] ) - O’yl% (fyl + ’yT) Vr brz1
(124)
Thus we need to show, under the restriction 1 < 3H, that
myy () e (125
YiYr B Yr

=1 r=q
as n — oo first and then ¢ — oo. To see that this is true, take for convenience that

Yo =n foralln > 1.

First note that, using the restriction 1 < 3H

In —~ 1)1 1-3H
— — < Cq —0 asq—
;;%% ( Z%)Zﬁ’
where we have used 2= 7" 15 <Cand Yo % > - < Cg* 3. Next
if2H -9 >1

i i 1 < C'logn
p = PHE T ot f ol — ) < L.
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Also, 2= = nf'~1. Hence

2
Tn Z Z i 1 < Cnf=1 (log n)? if 2H — 9 >1
7 % n \ < %2 | opH-H2-4HA29 — o 1-3HA29 (F 9 9 < (1126

=1 r=q

where note that 1 —3H + 29 < 0 in view of (122) Thus (125) holds and hence the proof
of the first part of Lemma 24 is complete under the restriction (18).

Under the restriction (19), we use the same bound (50) but with f (X, ) replaced by

K O] [ ()| max (| ¥z, )| [ M7 (1)

N7 O 77 ()] )

In this case, using the arguments in (53), together with (46), we have

— (A — (A N
/ 77 (_+g(1 )M_g)HKm <_+9(J .)u—ﬂ>
R Y 9@ % Yoo wgd) w

19
< c( W’ -i)+cm|+cd%
i n

-1

II

i=[l/2]

" (Ag(j))‘(M

N

The same holds when M, . is replaced by my,.. Then the same arguments used in (53)

give
Bz 17 (Soaggon) £ (St
C 1 l’ﬁ _ —
< o J (G B) s emitvedy hmas ([0 ()] (2)))
MY i Y Vr n Ve Vr
r—1
x Ko, (ﬂ)‘ I1 w(—g@l)ﬂ)‘ du
Yr T Vr
h=[r/2]
c /" 1 .
< < +—+\m+”l)< + el + " (7>>
MYr \Mt Vr T r T2

[

d

_1 2

242
Pt < Oyt

that in (124). This completes the proof of the first part of Lemma 24 (for the situation of
Theorem 4).

and similarly p! ;—i < C'yl_l, we see that the preceding bound reduces to

Proof of the second part of Lemma 24. The second part involves
f(S[t%H)W[t%ﬂ»f(s[tqﬂw>ww%ﬂ+HWn
X it (S o (S Mo

i=l—v+1 j=r—v+1
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Recall that [ > v,, which entails that Mt=t] is independent of {@-; Jj < [n%]} for
1 > | — v, + 1. Suppose in addition that » > v,. Then in the preceding identity [ 4+ j > i.
Then, similar to (49), we have (recall S, = Z] L9 =)kt )

B |7 (Sputyon) Mpssagsd (Spsafanes) Mutcaonss|

< [eﬂ'/\l St gmi 90—0Eq—iN2 ST 9(1+T*p)€p]
x| [iie9008] [y B [emPes0=08]| | F ()] | F (a) | A
Here, using £ [7]1] =0 and F [|m&]] < oo,
B [me ™o [ < allg =)l |magB [e 500955 ]| < P lg (r = )

Thus the role of ‘f()\)) < C'|A] in the proof of the first part above is now played by the

preceding inequalities. Therefore in place of (124) we have
B3 |1 (Spuszapon) iyt (Sossipoass) Motz
1 /1" 1\1
C <——|——)—]g(l—i)||g(r—j)| if 1> vy, r> v,
Yy N\ W) U
This bound holds also when r < v, but [ + j # 7. Thus

l r
> > |di—i| |d—j]|

B | £ (Spuscapn) Mt oo (Sputsaforer) Mutaponss |
i=l—tm 1 j=r—vnt 1,4 j i

1 179 1 v 1\ 1
o ()5 (o) <oz (F45)5
YiYr i Yr Vr (Z ’ ‘ ‘ ) YiVr i Vr Yr

which bound is the same as that in (124).
Next consider the sum ZZ v t1 2y

0
> ldllde]

j=r—uvp+1

0
< C ! Z |deHdr ]‘<C— (Z’d‘>zydrﬂ’ <C—

R ——— N

IN

i1 fOr T <y but [+ j =i, that is,

B |1 (Sputcayin) Mot s (Spstfaner) Mtca v

Thus, combining the preceding two inequalities,
B [ (Spussagea) s ananf (Spussafser) v

1 /P 1\ 1 1
< C (— + —> —+C
YiYr " Vr Vr YiYr

;Ll]—i-l—&-r,l/n]

Z \d,y ;> foralll >, r>1. (127)

Jj=0
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Hence, in view of (125), it only remains to show that

nyy

=1 r=q

Z|dT+J’ <C’Z Z|d’"+1| — 0 as n — oo first and then ¢ — oo,

N Yr

which is true by (28). This completes the proof of the second part of Lemma 24. W

We next verify (90).

Verification of (90). This is essentially contained in the preceding proof of the second
part of Lemma 24. Recall that there the restriction | > v, was needed in obtaining the
inequality (127), because the left hand side involved the conditional expectation E[n k1) []
+; 1s independent of {fj;j < [n%}} for © >
l—v,+1, in order to obtain the right hand side bound in (127). When only the expectation

and it was required to ensure that M=t ]

E[] is involved in the left hand side, it is easily seen that the restriction | > v, is not

required, see the arguments of the proof of the second part of Lemma 25. In other words,

B [f (S[n%]ﬂ) w[n%]ﬂ,unf (S[n%]JrHr) w[n%]+l+r,yni|

bound in the right hand side of (127), for all [ > 1, » > 1. Thus, using this bound, it

follows in the same way as in the proof of the second part of Lemma 24 that

ZTZ;\E[ £ (Spiztn) Wizt (Spusstjonss) Wptstforers, ]| <€ foralln> 1,

and hence

is bounded above by the same

Un

In Vn
Z Z ‘ |: ( k;Ll]-i-l) w[n%]-ﬁ-l,unf (S[n%]-‘rl—i-r) w[n%]-ﬁ-l-‘rnun] — 0 because g — 0.

=1 r=1

We also have 2= 3" ™ [ Uf <S[n%l]+l> WnE=1] 41,

2
} — 0, using the first part of Lemma

11. Now note that F [|R;mk|2] is the sum of the preceding two quantities. Hence (90)
follows. W
Verification of (R3) and (R*3) First consider (R3). We show that (recall n,,, =

k] - [n2])

nkt n
E[C k]ﬁ——i—C’ — E — —E — |, for some w > 0.
nm nw n ol n — y;
I=[n®=1]41 =1 (128)

This will verify (R3), because then

m C n 1 nnmk 1
EricieSeo(rE) (m2E



1-H
where 12 %" 15, < C and maxycpom 3 i Lo~ A (L) as n — 00.

n J=1 ~; 1—
We shall show in detail that

Nmk Mmk

(%) Z Z Z ‘E Sl+T> f2 (Sl+r+q)] | (129)

nk= 1]+1r 1 ¢g=1
and

a
[nm Nmk Mmk Mm

(7_71) Z 1 |E[f (S1) f (Sigr) [ (Staria) [ (Stvragrs)]] (130)

n
1= ]+1 r=1 g=1 s=
are bounded by the right hand side of (128). The same can be similarly shown to be true for

4
nk
the remaining analogues in the expansion of F[¢} ] = (ﬂ)2 E <Z[ ’"]k 41 f (Sl)> )

n l:[nﬁ
We shall use Lemma 26 in a manner similar to the proof of Lemmas 24 above. In addition,
we shall give the details of the verification only for the situation of the Statement (I) of
Theorems 4 and 5. The corresponding situation of the Statement (II) can be similarly

verified using the ideas in the earlier proof of Lemma 2/.

P =o).
@) | B [f (S) f (Sier) £2 (Stariq)]

According to (56), we have (noting

c / ﬁ ” (Mlg(ﬁ))‘ ﬁ y (Mzg (J2))’
T\ S i =0/ i
q—1 .
< H " (M) ' A(ﬁ _ ﬁ) (ﬁ _ )‘_> ‘ dpydpodps.  (131)
ja=la/2] Yq " Tr Yr Yq

: ; _ ; _ Y9(J1,r) ngUitrg)
where recall that (with g(j,7) = g(j +7) — g(4) ), A1 + A2 220Gy T AT =

A2+ A3 7,:‘(’9’;5) = u2 and A3 = pg, see (56). Here note that, in the same way as in (123)
using (36) and Lemma 26, we have
%g(jz,q)' <o |G| o |9l t Q)‘ <o
Va9 (J2) wgG) |7 %9(n) |
uniformly in the variables involved. (For instance, using (36) and Lemma 26, % =
)blg’?jl) bug( J1+Tq ‘ <O’ [1/)2] <1 <1, r,q > 1.) Therefore,
)
" Tr Tr Yq
<

1 ’H3’
a1+ a4 %) 2 (el o) ) (- (Dl ) + 221,

T q

2|~
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Substituting this in (131), the right hand side in (131) is bounded by (in the same way as
n (124))

3 el 2555 (B 2) (242)
@2m)" |E [f (S) f (Sir) £2 (Stiraa)] | < )\

(132)

Thus we need to consider

nﬁ

n Z +[Yr T r 1
n 1 YiYrYq i Vr Vr Vq

k
l_[ m ]+1 r=1 =

Nm

We have, similar to (126),

(’Vn) [”Zm] %% 129 COnfi—1 (logn)2 if2H — 9 >1
LR et P e P S | ot ipag g <1,

Essentially the same holds for all other terms in (132) except for

Tk Mo Mk unk | 29
B Y ERS (e L BT
[k1]+1r1q1 ) [k1+1q1 q r=1 T

which is of the form of the bound in (128) because Y "¢ 7;/3 < 00 in view of 3H — 29 > 1
(see (122)). Thus the bound in (128) holds for (129).

Next consider (130). The ideas involved are the same as those used for (129). In

obtaining (132) we used (56). Now we use (57), with (3, = v, and with f (zo, 1, 22, 23) =

fo (xo) f1(x1) fo (z2) f1 (z3) (and Ay, A, A3 and A4 as in (58)). Then, in exactly the same

way as above, we see that, using )f()\)‘ < CA|,

@2m) B [f () f (Siar) [ (Sivrsq) [ (Sivrsqus)]]

C (lﬂ—klﬁrﬂ—l—lﬁrﬁqﬁ_i_rﬁ—l—rﬁqﬂ) (7““9+T19q79+£> (ﬁ—l—i) 1
ViV Yo Vs Y Yr Yr Yo) \ Vg Vs/) Vs

Using this bound and using (122), it easy to see, in the same way as in (132), that the sum
(130) is bounded by the right hand side of (128). This completes the verification of (R3).

Verification of (R*3) is done similar to the proof of the second part of Lemma 24, using

IN

the preceding ideas of the verification of (R3) together with those in the proof of the second

part of Lemma 24. For this reason we omit the details. W

7 Appendix: A martingale CLT and the proof of Lemma 23
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We begin with the reduction of Lemma 23 to an explicit version of a martingale CLT.
First, for convenience, we extend the random variables (], , defined in Section 5 for 1 <

k < oo to all —oo < k < oo by taking
¢\, =0for k <0.

The random variables i, as well as the o-fields F ,,;, for —oco < k < 00, are as in Section
5. The stopping times 7, (t) are also as in Section 5, in particular {7, (t) < k} € F k1.
Recall that W, (t) = ;"(f /o fort > 0and W, (t) =0 for t <0.

mnt]
First consider the case 0 < o < 2. We have Zkﬁ”tm (141) Xnk = nl/aé Z][__mn'; ] &

Hence, using (1) and noting that [ is an integer,

] [ 5e]
1
> Xm— Ve Z £ = nl/aa S g B0 (tis fixed)
k=—mn(14+1) j=—nl [ [TZZTL:]
Therefore, letting
[mnt]
k=—mn(I4+1)

we need to show that (Z, (t), W, (1)) 4 (Zo (t) — Zo (1) , W (t)) with Z, (t) and W ()

independent, where Z, (t) is the stable process as before and {W (¢),0 <t < oo} is a
standard Brownian motion (note that W (¢) = 0 for ¢ < 0). This means, for each finite

to <t < ... <tygo1 <ty <tgy <. <ty <00 with
to=—l and t, =0,

and for reals uq, ....ug4r, V1, ..., Ugtr, We need to show that

Z (uj (Zn (t5) = Zn (tj-1)) +v; (Wi () — Wi (5-1)))
= Y (4 (Z(t;) = Z(tj-1)) + v (W (t) = W (1)), (133)

j=1
with Z, (t) and W (t) independent. Here it is important to note that the marginal conver-
gencies of Z?:{ wj (Zy (t;) — Zn (tj_1)) and ST v; (W, (t5) — W, (tj_1)) are well known.

7=1
The deeper part is that the limits Z, () and W (¢) are independent.
fdd

First note that, by (1), Z, (t) = Z, (t)—Z, (—1). Also, foreachn > 1, {xn, —00 < k < oo}

is an array of iid random variables. In addition, because = — 0,

sSup P[|Xnk| > 5] = P“Xn1| > 5] — 0.
—mpn (14+1)<k<[m, M]
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Therefore, the following conditions (134) - (137) hold, where ¥ (z) is the Levy measure
corresponding to the stable random variable Z, (1), 0 < a < 2, see Loeve (1963, Section
22.4, Central Convergence Criterion, page 311). (The detailed form of ¥ (z) and of the
function A (7) in (136) below are not essential for what follows.)

For every s < t,

[mnt]
Z P lxnk < z] = ([mpt] — [mns]) Pxm < 2] — (t — )V (x) forallz <0
ke=[mns]+1 (134)

and

[mnt]
Z P [Xnk > x] = ([mnt] = [mns]) P X1 > 2] — (t —s) ¥ (z) for all z > 0,
k=[mns]+1 (135)

for some 7 > 0, there is a constant A (7) such that

[mnt]
Z E [Xnk]l{\x,,m\<7'}] = ([mnt] - [mns]) E [an]l{|Xn1\<‘r}] - (t - S) A (7—)7
k=[mns]+1 (136)
and
[mnt] )
> (B Tnti<ar] = (B Dolgoni<a])’)
k=[mns]+1
= ([mat] = Imas) (B [iluai<ar] = (B [onlinai<a])’) =0 (187

as n — oo first and then € — 0.
In addition, in view of (103) and according to (105), for any 0 < s < ¢, we have

Tn (t) Tn(t)

2 2
Z En,k—l [|C7,zk| ]I{‘C;Lk|>s}:| =0 and Z En,k—l [|C7/Lk| ] Dt — Sy
k:Tn(S) k:T’"«(s) (138)

where we now use the notations Py_q [.] = P[.| F nx—1] and Ey_1 [.| = E[.| F nx—1] (instead
of P, x-1[.] and E,, ;1 [.] as in Section 5).

Note that the sums Z, (t) and W, (t) involve respectively the time scales [m,t] and
7, (t). To proceed further we need to rewrite them as sums involving a common time scale,
which becomes possible because one of the time scales is the natural time scale [m,t]. For

this purpose, let
Tn (tgsrs1) = max (7, (tgr) s [Mnleir]), Tn (tg—1) = [nto]. Also 7, (t,) = 0 because t, = 0.
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Define, with the reals uy, ....ug4r, V1, ..., Ugy, as in (133),

U, — wiXnk if [ntjq] <k <[nt;], j=1,..,q+T,
n O lf [mntq_i_’,«} < k? S Tn (tq+r+1)

and (recall that ¢/, =0 for £ <0)

0 if [nto] <k< 0,
Vak =1 v;C, 1, (ti1) <k<m7,(t), j=q+1,..,q+r,
0 if Tn (tq+»,-) <k S Tn (tq+r+1) .

Then, the left hand side of (133) takes the form

Tn (tq+7"+1)

Z (Unk + Vnk) ,

k:[ntD}

where the array {(Uni, Var) , [nto] < k < 7, (tg+r41)} is now viewed as the array

{(Un.Tn(tj_1)+17 Vn.rn(tj_l)—i—l) D) (Un.Tn(tj)J Vn.Tn(t]’)> ) =G, qt+Tr+ 1}

adapted to the array {an,m(tj_l)ﬂ, s Fmpra(ty)y J =5, g+ 1+ 1}.

With these preliminaries, the main step in obtaining (133) will consist of verifying the
following conditions (139) - (142) from (134) - (138). With ¥ (z) and A(7) as in (134) -
(136),

g+r
S P [Un+ Vi <a] 5> (t—t;-1) ¥ (3> for all z < 0 (139)
— U
and
q+r T
Z Pk—l [Unk + Vnk > ZL’] & Z (t] — tj—l) \ (u—> for all x > 0, (140)
=0 J

q+r
T
Z Ek 1 nk + Vnk) ]I{‘Unk+vnk‘<7}i| ﬂ) Z ('[,‘] — tj—l) A (—) for some 7 > 0,

U

J=0 (141)
and, as n — oo first and then ¢ — 0,
2
Z <Ek—1 UUnk + Vnk|2 H{|Unk+Vnk|<a}} - (Ek—l [(Unk + Vnk) H{\Unk+Vnk|<a}}) >
g+r
S I ACELS (142)
J=q+1

74



Tn(tg+r+1)

Above and below, we make the convention that the notation ) stands for ) " mto]

unless otherwise specified.
Now, we have

(a). (137) entails, as n — oo first and then £ — 0,

> (Ek—l Ukl T <ey] — (B [Unkﬂ{\vnk|<e}])2>
gtr  [nt;]

= > > ( [k g <y] — (B [uankH{\uzxnkKs}])Z)—>0- (143)

J=1 k=[nt;_1]
(b). Similarly, (139) - (141) above with U, + V,,x in the left hand side replaced by U,
are implied respectively by (134) - (136).
(c). (138) implies

gt

ZEk_l [|Vnk|2ﬂ{|vnk\>a}} £> 0 and ZEk_l [|Vnk|2] ﬂ) Z Ul2 (tl — tl_1> .
J=a+l (144)
Theorem A. Assume that the preceding conditions (a) - (c) (each of them involve
either Ui ’s only or V,i’s only) are satisfied. Then the conditions (139) - (142) involving
Uni + Vi ’s are satisfied.

As a consequence
(145)
It is well known that (139) - (142) imply the convergence in distribution of > (Uyx + Vi)
to a suitable infinitely divisible distribution determined by the limits in (139) - (142). We
in particular obtain (145), where the specified form of the limit follows from the forms of
the limits in (139) - (142). See for instance Jeganathan (1983) for the details. Therefore it
only remains to obtain (139) - (142).¢
Verification of (139) - (142). First consider (139). Because V,,;, = 0 for [nty] < k < 0,
[nt;]

0
Z Pk—l [Unk: + Vnk < 33] = Z -1 [Unk < 33' Z Z u]Xnk < .Z']

0
Py
k:[nto] IC:[’nto] 7=1 k= [nt] 1}
q
(t;
0

T X

J

—t, )T (ﬁ) for all = < 0, (146)

U

using (134). Next, using the fact {U,x + Vi < 2, |Vir| < e} C{Unx < x4 €}, we have

Tn(tq+r+l) Tn(tq+r+l)
Z Py 1 [Unk + Vo < 2] < Z Pr_q [Unk§$+€]+ZPk71 [|Vik| > €],
k=1 k=1
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and similarly

Tn (tg4+r+1) Tn(tg+r+1)
Y Pa[Un+ Ve <] > Py [Up <z —el = Per [Vl > €]
k=1 k=1

Now note that, similar to (146), ;”:(iq““) Py [Unk < x + €] is nonrandom and converges

t0 > 0o (tgrs — tgsj—1) ¥ (;f*f) if x + ¢ < 0, using (134). The same holds when = — ¢ is

involved in place of z + . Thus, because ¥ (%) — v ( L ) as ¢ — 0, and taking into

q+j Uq+j
account the first part in (144), we have

Tn (tq+r+1) r

Y P [Un+ Vi <] B (g — tgsj1) ¥ (

k=1 j=0

m ) if x <O.

Ug+j

This together with (146) gives (139). In the same way (140) holds also.

To proceed further, we next obtain

> By [(IVakl + Vi) (Wezey + Lo vinzry) ] = 0. (147)

To see that this is true, consider for instance, for all 0 < e < Z,

Bt [V Igosvinizry) < Bt [Vl Igoesr—evinizet] + Bt (Vi Lvie 3]

T 1
< EP[Unl > 3| + 2B [Virl Lauizal]

where note that S7¢e++1) p [|Un| > Z] is non random and is bounded by (134) and (135),
similar to (146). Thus, taking (144) into account further, |Ek_1 [|Vnk|2 L0t Vi 7} | 2,
0. In the same way the remaining parts in (147) are obtained.

In addition to (147), we also have
> B [(1Unk] + U2 [Lwesvil<ry = Lgui<ri|] = 0. (148)

To see this, note |Lju,,+vil<r} — Livnel<rt| < Lumscvielzn it <r} T LUtV |<r|Unel> 7} -
We have

Ek—l [|Unk| ]I{\Unk+\/7lk|27,|Unk|<T}} S TPk—l HUnk + Vnk| Z T, |Unk| < 7—] y
where

Pe 1 [|Unke + V| > 7, |Unie| < 7]

IN

Po 1 [|Unk + Vor| > 7, |Upie| < 7 — €| + Pyq [1 — e < |Upi| < 7]

< P [|Varl Z el + Peor [1 — e < |Unk| < 7],
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using {|Unk + Vik| = 7, |Unk| <7 —¢} C {|Vax| > ¢}. Here > Pr1[|Vik| > €] — 0 by
(144). Further, > Py [T < |Unk| < 7 + €] is nonrandom and converges to 0 as n — oo first
and then e — 0, according to (134) and (135). Thus Y Ey_1 [|Unk| Ljv,tVor 57Uk <] LN
0.

Similarly 3> Ej_1 [(Unk + Vi) Ljvtvir | <m v >3] — 0, because we have already veri-
fied (139) and (140). Hence, taking (147) into account, >_ Ey—1 [|Un| Lt Vi |<m Ul >7}] —
0. Thus (148) holds.

Now consider (141). We have,

because

By [Vl vigl<rt) | < Brer [[Varl Tgo, vtz

|Brr [Varlggu, v i<ry) | = | Bt [Varlgu,g s v 2oy )| - using By y [Vix] = 0.

Hence, using (147), we have > |Ek,1 [Vnkﬂ{\UnHVnkKT}” £ 0. Hence, taking (148) into
account further, (141) follows from (143).
It remains to obtain (142). For this purpose let

U = Unie — Bt [Unklgu, o vinl <2} ] Ve = Var — Eeot [Vidlgu, s vl <e}] -

Then the left hand side of (142) takes the form

> B [Un + Vi vt vi<a] - (149)

Consider
Z Bt [V Lwsvin <e}]
- Z B [|Vnk|2H{IUnk+Vnk|<s}] - Z (B [VnkH{IUnH‘@LkKE}DZ’ (150)

Where, llSiIlg (147), Z (Ek—l [Vnk]l{lUnk+Vnk|<a}:| )2 = Z (Ek—l [Vnkﬂ{|Unk+Vnk|Z€}})2 £> 0 and
using (147) again > Ej_4 [|Vnk|2]l{|U"k+Vnk‘28}} 2, 0. Thus

Y B [Vl Tjvviai<a] = D Bia [[Visl"] 2 0. (151)
Next consider

Z By [|U:;k\2 L, p4 Vil <e}] = Z Er 1 [|Unk’2 {04V | <e}] —Z (Bys [Unkﬂ{|Unk+Vnk|<s}D2-

Here

S | Bt [Vagnvauin])® = (Beot [Unalgoni<n])’]

< max By [[Unk] (Twe<r) + Lo+ Vil<ry)] > Bt [|Unkl [Tgu,esvini<ry — Lguai<n |]

20.

7



Here, 2 0 holds because of (148) and because Ej_q [|Unk\ ]I{‘Unk+vnk‘<7—}:| < Ep_1 [[Unk\ ]I{‘Unk‘<7—}:| +
0, (1) using (148), and Ey_q [|Unk| L, j<r3] < 7. Combining this with (148), we then see

that the difference between » Fj_; |:|U;k|2]1{|Unk+vnk|<5}] and the left hand side of (143)
converges to 0 in probability, and hence, by (143) again,

ZEk—l |:|U;k|2]1{|Unk+Vnk|<5}] 20 asn — oo first and then e — 0. (152)

Now, the difference between (149) and (150) is bounded by

> Bt (U U5 + 2V Lo vl <ey]
< \/Z By (U Tgu, s v <e3] \/Z Ej1 (U + 2V P L vil<ey] = 0,

using (152) and (151) together with (144). This means, in view of (151), the difference
between (149) and > Ey_4 [|Vnk|2] converges to 0 in probability. Thus in view of the second
part of (144), (142) is verified.

Now consider the case o = 2. In this case recall that E [§;] = 0 and F [¢?] < oo, see

(8). Therefore, taking 4, = ﬁ in (1), we have max; F [x2,] = F [x2;] — 0 and
1
[mant]
Z E[x2] — (t—s)2 forals<t.
k=[mns]+1

Further, by (1) for o = 2, Z, (¢) 14 (Zy (t) — Z2 (1)), where recall that Z,(t) is a

Brownian motion with variance 2. Therefore, because the Lindeberg condition is both

sufficient and necessary for the preceding normal convergence, we have

[mnt]

Z E [Xik]IﬂXst}} — 0 for all s < t.

k=[mns]+1

The above conditions (together with E [x,1] = 0 ) now replace (134) - (137). Taking into
account (104) and (144) further, it then follows, as can be easily seen, that

q+r q+r
ST Bt [[Unk+ Vi) 223 w2 (8 — tyo0) + > Rt — )
j=1 J=q+1

and
> " Bt [|Unk + Vi Tgu,svipsey] = 0 for all € > 0.

Therefore, taking into account Ey_1 [Upnr + Vi) = 0, (145) still holds, by applying a suitable
version of Martingale CLT for the sum » U,x+ V5. This completes the proof of the Lemma
23.
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See Jeganathan (2006a) more general statements related to Theorem A and the preced-

ing convergence.
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