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Abstract

This paper proposes a novel positive nonparametric estimator of the conditional variance

function without relying on a logarithmic transformation. The basic idea is to apply the re-

weighted Nadaraya-Watson regression estimator of Hall and Presnell (1999, Journal of the

Royal Statistical Society B, 61, 143�158) to squared residuals. The new conditional variance

estimator is asymptotically equivalent to the local linear estimator and is restricted to be

positive in �nite samples. A small simulation is performed to compare the new methodology

with Ziegelmann�s (2002) local exponential and Yu and Jones�s (2004) local likelihood-based

estimators of the conditional variance.
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1 Introduction

Nonparametric approaches provide �exible alternatives to traditional parametric modeling

methods. Consider the following nonparametric heteroskedastic regression model

Yi = m(Xi) + �(Xi)"i; (1)

where fXi; Yi; i = 1; � � � ; ng are observations on two random variables fX;Y g; and f"ig are

innovations satisfying E("ijXi) = 0; V ar("ijXi) = 1: The conditional mean function m(x) =

E(Y jX = x) and the conditional variance function �2(x) = V ar(Y jX = x) > 0 (or volatility

function �(x)) are left unspeci�ed and are the main interests of statistical investigation. The

model (1) is of fundamental importance in �nancial econometrics due to its ability to allow

nonlinearity and conditional heteroskedasticity in �nancial time series (Engle, 1982, Tong, 1990,

Bossaerts et al, 1996). It can also be regarded as the discretized version of the continuous-time

stochastic di¤usion model which is commonly used in �nancial derivative pricing (Stanton,

1997, Bandi and Phillips, 2003).

This paper focuses on estimation of the conditional variance function �2(�); which is cru-

cial in inference for the conditional mean function m(�); constructing con�dence intervals and

selecting data-driven bandwidths. It is also of great importance in practical applications,

e.g., volatility or risk measurement in �nance (Shephard, 2005). See Martins-Filho and Yao

(2006a,b) for recent applications of conditional variance estimation in the estimation of value-

at-risk and expected shortfall functions for a �nancial asset and production frontiers. Other

applications of variance estimation are discussed in Carroll and Ruppert (1988). Earlier con-

tributions on the estimation of �2(�) in nonparametric contexts include Carroll (1982), Müller

and Stadtmüller (1987) and Hall and Carroll (1989) among others, which are mainly concerned

with iid data applications.

Recently, assuming Xi = Yi�1; Härdle and Tsybakov (1997) proposed a local polynomial

estimation procedure of �2(�) based on a variance decomposition. Their method was criticized

by Fan and Yao (1998) who pointed out that it is not fully adaptive to the unknown mean

function, with the bias term depending on the derivative of m(�): To tackle this di¢ culty,
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Fan and Yao (1998) proposed a residual-based fully adaptive conditional variance estimator

(see also Ruppert, Wand, Holst and Hössjer, 1997).1 Applying the local linear technique to

squared residuals of a �rst-stage nonparametric mean function modeling, they showed that

the resulting variance estimator is asymptotically as e¢ cient as the oracle estimator, which

assumes knowledge of the mean function m(�). Although �tting a linear function locally seems

appealing when compared with conventional local level (Nadaraya-Watson) estimation, as is

well demonstrated in Fan and Gijbels (1996), it is not guaranteed to give positive values in �nite

samples when estimating a variance. The tendency to produce negative variance estimates is

especially the case when large bandwidths are used. The negativity problem can lead to many

practical di¢ culties. In consequence, it is commonly recommended in applications to use the

(theoretically inferior) Nadaraya-Watson estimator when �tting conditional variance functions

(Chen and Qin, 2002), especially at design points where the local linear estimators give negative

results.

The dilemma has been widely recognized among practitioners, and some e¤orts suggesting

alternatives to local linear volatility estimators have been made. Ziegelmann (2002) proposed

to �t an exponential function locally (rather than a linear function in the local linear esti-

mator) within the general locally parametric nonparametric framework of Hjort and Jones

(1996). More recently, assuming iid Gaussian errors, Yu and Jones (2004) maximized the lo-

calized likelihood where the mean and variance function are parameterized locally as a linear

function and an exponential function respectively. In both methods of Ziegelmann and Yu

and Jones, the logarithm of the variance, rather than the variance itself, is estimated so that

the resulting estimator is always positive without any restrictions. However, there seems little

intuitive justi�cation for �tting exponential forms without knowledge of the underlying model.

Furthermore, the introduction of a logarithmic transformation produces one more term in the

bias expression, which will increase the squared bias and subsequently the mean square error,

e.g. when the second derivative of the conditional variance function is negative.

This paper proposes a novel conditional variance function estimator that preserves the ap-

pealing properties of local linear estimators while being always positive. It is based on the

1See also Dahl and Levine (2006), who dealt with nonparametric volatility estimation with serially dependent
innovations "i.
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intentionally biased bootstrap method due to Hall and Presnell (1999). The idea is to adjust

the conventional Nadaraya-Watson estimator by minimally tilting the empirical distribution

subject to a discrete bias reducing moment condition satis�ed by the local linear estima-

tor. The new estimator, which is called the re-weighted Nadaraya-Watson or tilted estimator

here, inherits the non-negativity restriction of the variance function from the usual Nadaraya-

Watson estimator, while possessing the superior properties of bias, boundary correction and

minimax e¢ ciency of the local linear estimator. Unlike the logarithmic transformation-based

variance estimators mentioned above, the proposed estimator has a closed form and no mul-

tivariate optimization is needed. So the estimator is very easy to use. Furthermore, the

estimator is constructed without knowledge of the error distribution and is robust to possible

mis-speci�cation.

The re-weighting idea used here is also useful in other contexts, e.g. in estimating the

regression function (Hall and Presnell 1999, and Cai, 2001), the conditional distribution func-

tion (Hall, Wol¤ and Yao, 1999), quantiles (Cai, 2002), the conditional density function (De

Gooijer and Zerom, 2003), and in continuous-time functional di¤usion estimation (Xu, 2006).

The same methodology is also used in regression function estimation subject to monotonicity

restrictions (Hall and Huang, 2001).

The remainder of the paper is organized as follows. Section 2.1 describes the residual-based

re-weighted Nadaraya-Watson estimator of the conditional variance. Section 2.2 develops the

asymptotic distribution theory for the proposed estimator at both interior and boundary points

and suggests a consistent estimator of the asymptotic variance. We compare the new estimator

with the competitors suggested by Ziegelmann (2002) and Yu and Jones (2004) in Section 3

and a simulation experiment is reported in Section 4. Section 5 concludes and all proofs are

collected in the appendix.
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2 Main Results

2.1 The estimator

The residual-based nonparametric estimator of the conditional variance function �2(�) is built

on a �rst-stage kernel-weighted least squares estimate of the conditional mean function m(�).

Let W (�) and K(�) be kernel functions and h1 = h1(n); h2 = h2(n) > 0 be bandwidth parame-

ters determining the complexity of the model. The local linear method solves

(b
1; b
2) = arg min
(
1;
2)

nX
i=1

�
Yi � 
1 � 
2(Xi � x)

�2
W

�
Xi�x
h2

�
(2)

and then estimates m(x) by bm(x) = b
1; for a design point x: The use of di¤erent bandwidths
in mean and variance estimation has been stressed by several authors (Ruppert et al, 1997,

and Yu and Jones, 2004), and we use h2 in mean regression (2) and h1 in variance estimation

in what follows.

Instead of �tting the squared residuals br2i = �
Yi � bm(Xi)

�2
to Xi using a second-stage

local linear smoother as in Ruppert et al (1997) and Fan and Yao (1998), we consider the

following re-weighted Nadaraya-Watson estimator of �2(x) :

b�2(x) =
Pn

i=1 bwi(x)K �Xi�x
h1

�br2iPn
i=1 bwi(x)K �Xi�x

h1

� ; (3)

where bwi(x) solves
f bwi(x)g = arg max

fwi(x)g
ln(w1(x); � � � ; wn(x)); (4)

with ln(w1(x); � � � ; wn(x)) =
Pn

i=1 logwi(x); subject to the restrictions wi(x) � 0;
Pn

i=1wi(x) =

1 and
nX
i=1

wi(x)(Xi � x)Kh1(Xi � x) = 0; (5)

whereKh(�) = K(�=h)=h: See Hall and Presnell (1999) and Cai (2001) for the motivation of such

re-weighted Nadaraya-Watson (NW) estimators. One may interpret bw(x) = ( bw1(x); � � � ; bwn(x))
as revised estimates of the probability masses placed on observations (X1; � � � ; Xn) and ln(w1(x); � � � ; wn(x))
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as the log empirical likelihood (Owen, 1988, 1990, 2001).

The estimator de�ned jointly by (3), (4) and (5) belongs to a wide class of re-weighted

estimators of the form

bg(x) = Pn
i=1 bwi(x)Ai(x)YiPn
i=1 bwi(x)Ai(x) ; (6)

where Ai(x) is the original weighting function and Yi is the response variable (Hall and Huang,

2001). The probability vector bw(x) is chosen to minimize the distance D(w(x)) from the uni-

form distribution, wunif (x) = (1=n; � � � ; 1=n) subject to desirable constraints, thereby assuring

that the original estimator
Pn

i=1Ai(x)Yi=
Pn

i=1Ai(x) is modi�ed to the least extent needed

to satisfy the constraints. Several distance measures are discussed in Hall and Huang (2001).

Here we adapt the re-weighted estimator (6) in the conditional variance estimation context

with Ai(x) = K

�
Xi�x
h1

�
and Yi = br2i ; and choose the distance D(w(x)) = �2Pn

i=1 log(nwi(x))

which is the empirical log-likelihood ratio.

The constraint de�ned in (5) is a discrete bias-reducing moment condition (5) satis�ed

by the local linear smoothing weights2 in which case wi(x) = Sn;2 � (Xi � x)Sn;1; where

Sn;j =
Pn

i=1(Xi � x)jKh(Xi � x); j = 1; 2. Thus, we expect the constructed estimator

to behave like the local linear estimator while preserving the non-negative weights of the

NW estimator. Without the constraint (5), the re-weighted NW estimator reduces to the

usual NW estimator since ln(w1(x); � � � ; wn(x)) is maximized at wunif (x) = (1=n; � � � ; 1=n)

for probability weights w1(x); � � � ; wn(x). We can also choose weights bwi(x) subject to the
constraint d

�b�2(x)� =dx � 0 or d�b�2(x)�2 =dx2 � 0 to ensure monotonicity or convexity of
the variance function as needed.

A closed-form expression of the weights bwi(x) in (3) can be obtained via the Lagrange
multiplier method, viz.

bwi(x) = 1

n

�
1 + �(Xi � x)Kh1(Xi � x)

� ; (7)

2See section 3.3.2 in Fan and Gijbels (1996).
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where the Lagrange multiplier � satis�es

nX
i=1

(Xi � x)Kh1(Xi � x)
1 + �(Xi � x)Kh1(Xi � x)

= 0: (8)

2.2 Limit theory

To derive the asymptotic distribution of b�2(x); we make the following assumptions. Let f(�)
be the density function of X:

Assumption

(i) For a given design point x; the functions f(x) > 0; �2(x) > 0; E(Y 3jX = x) and

E(Y 4jX = x) are continuous at x; and �m(z) = d2m(z)=dz2 and ��2(z) = d2(�2(z))=dz2 are

uniformly continuous on an open set containing x;

(ii) For some � � 0 such that EY 4(1+�) <1;

(iii) There exists a constant M <1 such that jg1;t(y1; y2jx1; x2)j �M for all t � 2; where

g1;t(y1; y2jx1; x2) is the conditional density of Y1 and Yt given X1 = x1 and Xt = x2;

(iv) The kernel functions W (�) and K(�) are symmetric density functions each with a

bounded support [�1; 1]. We also assume a Lipschitz condition is satis�ed by each of functions

f(�); W (�) and K(�);

(v) The process f(Xi; Yi)g are strictly stationary and absolutely regular3 with mixing coef-

�cients �(j) satisfying
P1

j=1 j
2��=(1+�)(j) <1; where � is the same as in (ii);

(vi). As n!1; hi ! 0 and lim infn!1 nh4i > 0 for i = 1; 2:

The asymptotic distribution of the re-weighted NW estimator of the conditional variance

is given in the following theorem both at interior and boundary points.

Theorem 1. (i) Suppose that x is such that x� h1 is in the support of f(x). Under the

3See, e.g., Davidson (1994) (page 209) for the de�nition of an absolutely regular process.
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Assumption stated, as n!1;

p
nh1

�b�2(x)� �2(x)� h21
2 K1��

2(x)

�
d! N

�
0; K2�4(x)�

2(x)
f(x)

�
; (9)

where K1 =
R 1
�1 u

2K(u)du; K2 =
R 1
�1K

2(u)du; �2(x) = E

�
("2 � 1)2jX = x

�
; " = Y�m(X)

�(X) :

(ii) Suppose that f(x) has bounded support [a; b] and x = a+ ch1 ( 0 < c < 1). Under the

Assumption stated, as n!1;

p
nh1

�b�2(a+ ch1)� �2(a+ ch1)� h21K1

2K0
��2(a+ ch1)

�
d! N

�
0; K2�4(a)�

2(a)

K
2
0f(a)

�
; (10)

where K0 =
R c
�1

K(u)du
1��cuK(u) ;K1 =

R c
�1

u2K(u)du
1��cuK(u) ;K2 =

R c
�1

�
K(u)

1��cuK(u)

�2
du and �c satis�es

Lc(�c) = 0 with

Lc(�) =

Z c

�1

uK(u)

1� �uK(u)du:

Remarks. Theorem 1 shows that the re-weighted NW conditional variance estimator is

asymptotically fully adaptive to the unknown conditional mean function, a property that is

shared by other residual-based conditional variance estimators (see Ruppert et al, 1997, Fan

and Yao, 1998, Ziegelmann, 2002 and Yu and Jones, 2004). Theorem 1 also shows that the

bias of the re-weighted NW estimator on the boundary is of the same order as the bias in the

interior and thus no boundary correction is needed.

This feature can be better appreciated through the following heuristic argument. From

the proof of Theorem 1 in the appendix, the bias of b�2(x) is approximately accounted for by
the term (nh1)

�1Pn
i=1 pi(x)K

�
Xi�x
h1

��
�2(Xi)� �2(x)

�
; neglecting terms of smaller order,

where pi(x) =
�Pn

i=1 bwi(x)K �Xi�x
h1

���1Pn
i=1 bwi(x): By a second-order Taylor expansion of

�2(Xi) at x and the discrete moment condition (5),
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1

nh1

nX
i=1

pi(x)K

�
Xi�x
h1

��
�2(Xi)� �2(x)

�

=
1

nh1

nX
i=1

pi(x)K

�
Xi�x
h1

��
1
2 ��

2(x)(x�Xi)
2

�
+ higher order terms

=

8><>:
h21
2 f(x)K1��

2(x) + op(h
2
1); if x is in the interior;

h21K1f(a)��
2(a+ch1)
2 + op(h

2
1); if x is on the boundary.

The bias term of order h1 is eliminated by the condition (5) for any n both at interior and

boundary points just as the local linear smoother. It is di¤erent from the conventional NW

estimator which eliminates the bias term of order h1 in the limit by the symmetry of the kernel

function for interior points, but this term does not vanish for boundary points. The constant

�c is decreasing in c and approaches zero when c goes to 1: Theorem 1 (ii) also holds for

c � 1; viz. x is in the interior, by noting K0 and Ki (i = 1; 2) reduce to 1 and Ki (i = 1; 2);

respectively. For the right boundary point b� ch; a similar result in (10) holds.

The following theorem gives a consistent estimator of the asymptotic variance of b�2(x)
both at interior and boundary points, thereby allowing construction of consistent point-wise

con�dence intervals. Let

b
(x) = bf�2(x)bV (x);
where

bV (x) = n

h1

nX
i=1

bw2i (x)K2

�
Xi�x
h1

�
(br2i � b�2(x))2; bf(x) = 1

h1

nX
i=1

bwi(x)K �Xi�x
h1

�
;

with bwi(x) de�ned in (7).
Theorem 2. Assume EY 8(1+�) <1 for some � � 0:

(i) Under the conditions of Theorem 1 (i), as n!1; b
(x) p! K2�4(x)�
2(x)

f(x) ;
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(ii) Under the conditions of Theorem 1 (ii), as n!1; b
(x) p! K2�4(a)�
2(a)

K
2
0f(a)

:

3 Other Estimators

Several positive nonparametric conditional variance estimators have been proposed as alterna-

tives to the local linear estimator. Ziegelmann (2002)�s residual-based local exponential (LE)

conditional variance estimator, denoted by b�2LE ; belongs to a wide class of local nonlinear es-
timators (Hjort and Jones, 1996, Gozalo and Linton, 2000). Generally, it has the form #(z; b')
where # is a known function and b' minimizes the following sum of weighted squares, viz.

b' = min
'

nX
i=1

�br2i � #(Xi; ')

�2
K

�
Xi�x
h1

�
;

where the br2i �s are the squared residuals from the nonparametric regression. To ensure posi-

tivity of the resultant conditional variance estimator, Ziegelmann (2002) proposed to use the

exponential function #(z; ') = exp('1+'2z) rather than the linear function #(z; ') = '1+'2z

as in local linear smoothers. With this re-parameterization,

b�2LE = exp(b 1); (11)

where (b 1; b 2) solves
argmin
( 1; 2)

nX
i=1

�br2i � exp( 1 +  2(Xi � x))
�2

K

�
Xi�x
h1

�
:

In a recent paper, Yu and Jones (2004) adopted a local maximum likelihood (LML) framework

(Staniswalis, 1989, Fan, Farmen, and Gijbels, 1998, and Fan and Chen, 1999) and proposed a

slightly di¤erent estimator, denoted by b�2LML. Assuming iid Gaussian errors, given X = x; a

localized normal log-likelihood for estimating the conditional mean and variance functions is

�1
h

nX
i=1

�
(Yi�c(Xi))2

d(Xi)
+ log(d(Xi))

�
K

�
Xi�x
h

�
; (12)
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where c(�) and d(�) are functions to be �tted locally. The local maximum likelihood estimator

amounts to maximizing (12) after an appropriate parameterization of the functions c(�) and

d(�): Yu and Jones (2004) used a shortcut version by replacing (Yi� c(Xi))
2 as br2i and applied

a linear form for the logarithm of d(�), viz.,

b�2LML = exp(
bd1); (13)

where (bd1; bd2) solves
argmin
(d1;d2)

=
nX
i=1

�br2i exp(�d1 � d2(Xi � x)) + d1 + d2(Xi � x)
�
K

�
Xi�x
h1

�
:

The local exponential estimator b�2LE and local maximum likelihood estimator b�2LML have

the same asymptotic variance as that of the local linear estimator but with one extra term

in the bias. As mentioned before, both estimators essentially estimate the logarithm of the

variance, rather than the variance itself to ensure positivity. This logarithmic transformation

complicates the bias term, which may have a negative e¤ect depending on the nature of the

true variance function (e.g., see the discussion in Yu and Jones, 2004, Table 1, page 141).

4 Simulations

This section reports a brief simulation experiment comparing the small-sample performance

of the following three positive estimators of the conditional variance function: the re-weighted

NW (RNW) proposed here, Ziegelmann�s local exponential (LE) and Yu and Jones�s local

maximum likelihood (LML) estimators, given by (3), (11) and (13) respectively, along with

the local linear estimator as a benchmark. The following model is used for the simulation

design:

Yi = 0:5(Xi + 2 exp(�16X2
i )) + (0:4 exp(�2X2

i ) + 0:2)"i; (14)

where Xi
iid� Unif(�2; 2) and "i

iid� N (0; 1): The Epanechnikov kernel function is used for both

W and K :
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K(u) =

8><>: 0:75(1� u2); � 1 < u < 1

0; otherwise
:

The bandwidth parameter for mean estimation, h2; is selected by least squares cross-validation.

This design is the same as that used in Example 2 of Fan and Yao (1998). Each estimator

is evaluated at 37 equally spaced grid points on [�1:8; 1:8] with 500 replications. Table 1

reports the boxplots of the mean absolute deviation errors (MAD), MAD = 1
37

P37
i=1 jb�2(xi)�

�2(xi)j, where xi is the i�th grid point, for the four estimators with 4 �xed bandwidths

h = 0:4; 0:5; 0:6; 0:7 when the sample size is 100. We can see that the RNW method has very

similar performance to that of its asymptotic analog local linear estimator. Compared with

the LE and LML estimators, the RNW estimator has less bias over all bandwidths considered.

These outcomes are not surprising since a logarithmic transformation leads to an adverse e¤ect

on the quality of estimation. We also consider the case with heavy-tailed errors (Table 2) when

"i has a common t distribution with 5 degrees of freedom (the variance is normalized as unity).

The advantage of the RNW estimator over its two competitors is similar in this case.

5 Summary

This paper provides a new nonparametric approach to estimating the conditional variance

function based on the maximization of the empirical likelihood subject to a bias-reducing

moment restriction. It is fully adaptive to the unknown mean function. Its construction does

not depend on the error distribution, and it is applicable in quite general time series settings.

The new estimator preserves the appealing design adaptive, bias and automatic boundary

correction properties of the local linear estimator, while it is guaranteed to be non-negative

in small samples. Moreover, compared with other positive variance estimators previously

proposed in the literature, it has a simpler form and is easier to use. Simulation results

suggest that the new estimator has good performance characteristics in �nite samples and is a

promising competitor in estimating conditional variance functions.
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6 Appendix

This section proves Theorems 1 and 2. For simplicity, we write the weights in the re-weighted

NW estimator bwi(x) as wi:
Proof of Theorem 1. Recall that bri = Yi � bm(Xi) = m(Xi)� bm(Xi) + �(Xi)"i and so

br2i = �2(Xi)"
2
i + 2�(Xi)"i

�
m(Xi)� bm(Xi)

�
+

�
m(Xi)� bm(Xi)

�2
: (15)

Thus, by (3)

b�2(x)� �2(x) = 4X
j=1

Tj ; (16)

where

T1 =

Pn
i=1wiK

�
Xi�x
h1

�
�2(Xi)("

2
i � 1)Pn

i=1wiK

�
Xi�x
h1

� ; T2 =

Pn
i=1wiK

�
Xi�x
h1

��
�2(Xi)� �2(x)

�
Pn

i=1wiK

�
Xi�x
h1

� ;

T3 =

2
Pn

i=1wiK

�
Xi�x
h1

�
�(Xi)"i

�
m(Xi)� bm(Xi)

�
Pn

i=1wiK

�
Xi�x
h1

� ;

and

T4 =

Pn
i=1wiK

�
Xi�x
h1

��
m(Xi)� bm(Xi)

�2
Pn

i=1wiK

�
Xi�x
h1

� :

(i). Suppose that x is such that x � h is in the support of f(x): Since an absolutely

regular time series is ��mixing, Lemma A2 in Cai (2001) holds under our assumptions, i.e.

� = �h1K1f 0(x)
�2f(x)

+Oa:s:(h
3
1); where �2 =

R
u2K2(u)du; and

wi(x) = n�1
�
1� h1K1f 0(x)

�2f(x)
(Xi � x)Kh1(Xi � x)

��1
(1 + op(1)); (17)
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Consider the term T2 �rst. The denominator of T2 times 1=h1 is

1

h1

nX
i=1

wiK

�
Xi�x
h1

�
=

1

nh1

nX
i=1

K

�
Xi�x
h1

�
+ op(1)

p! f(x); (18)

by (17) and an application of Birkho¤�s ergodic theorem (e.g. Shiryaev, 1995) provided that

E

�
1
h1
K

�
Xi�x
h1

��
= 1

h1

R
K

�
u�x
h1

�
f(u)du! f(x) as h1 ! 0 after a change of variables. By

a Taylor expansion of �2(Xi) at x and the discrete moment condition (5), the numerator of T2

times 1=h1 is

1

h1

nX
i=1

wiK

�
Xi�x
h1

��
�2(Xi)� �2(x)

�

=
1

h1

nX
i=1

wiK

�
Xi�x
h1

�
(
1

2
��2(x)(Xi � x)2 + o((Xi � x)2)

=
h21
2
f(x)K1��

2(x) + op(h
2
1); (19)

by (17) and the ergodic theorem. Combining (18) and (19) gives T2 =
h21
2 K1��

2(x) + op(h
2
1):

Noting (17) and (18), it follows from (b)-(d) in the proof of Theorem 1 in Fan and Yao (1998)

that
p
nh1T1

d! N
�
0; K2�4(x)�

2(x)
f(x)

�
; and T3; T4 = op(h

2
1 + h

2
2): Hence, by (16) the proof of (i)

is complete.

(ii). Suppose that f(x) has a bounded support [a; b] and x = a + ch1 (0 < c < 1). By

Lemma A.3 in Cai (2001),

wi =
1

n(1� �c(Xi � a� ch1)Kh(Xi � a� ch1))
(1 + op(1)):

Consider the term T2 in (16). Note that

1

h1

nX
i=1

wiK

�
Xi�a�ch1

h1

�
=

1

nh1

nX
i=1

K

�
Xi�a�ch1

h1

�
1� �c(Xi � a� ch1)Kh1(Xi � a� ch1)

+op(1)
p! K0f(a);

(20)
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by the ergodic theorem provided that

E

 
1
h1

K

 
Xi�a�ch1

h1

!
1��c(Xi�a�ch1)Kh1

(Xi�a�ch1)

!
=

Z b

a

1

h1

K

�
z�a�ch1

h1

�
1� �c(z � a� ch1)Kh1(z � a� ch1)

f(z)dz

!
Z c

�1

K(u)du

1� �cuK(u)
f(a) = K0f(a);

as h1 ! 0 after a change of variables. By a Taylor expansion of �2(Xi) at a + ch1 and the

discrete moment condition (5),

1

h1

nX
i=1

wiK

�
Xi�a�ch1

h1

��
�2(Xi)� �2(a+ ch1)

�

=
1

h1

nX
i=1

wiK

�
Xi�a�ch1

h1

�
(
1

2
��2(a+ ch)(Xi � a� ch1)2 + o((Xi � a� ch1)2)

=
h21K1f(a)��

2(a+ ch1)

2
+ op(h

2
1);

again by the ergodic theorem. Thus, by (20), T2 =
h21K1

2K0
��2(a + ch1) + op(h

2
1): Following the

proof of Theorem 1 in Fan and Yao (1998), it may be proven that T3; T4 = op(h
2
1 + h

2
2) and T1

is asymptotically normal with mean zero and variance 1=nh1 times (noting (20))

1

h1K
2
0f
2(a)

E

�
nwiK

�
Xi�a�ch1

h1

�
�2(Xi)("

2
i � 1)

�2
=

1

h1K
2
0f
2(a)

E

�
1

(1��c(Xi�a�ch1)Kh1
(Xi�a�ch1))K

�
Xi�a�ch1

h1

�
�2(Xi)("

2
i � 1)

�2
+ op(1)

! 1

K
2
0f
2(a)

Z c

�1

�
K(u)

1��cuK(u)

�2
du�4(a)�2(a)f(a) =

K2�
4(a)�2(a)

K
2
0f(a)

:

Thus, by (16) the proof of (ii) is complete.

15



Proof of Theorem 2. (i). We write bV (x) = bV1(x) + bV2(x) + bV3(x); where
bV1(x) =

n

h1

nX
i=1

bw2i (x)K2

�
Xi�x
h1

�br4i ; bV2(x) = �2nb�2(x)h1

nX
i=1

bw2i (x)K2

�
Xi�x
h1

�br2i ;
bV3(x) =

nb�4(x)
h1

nX
i=1

bw2i (x)K2

�
Xi�x
h1

�
:

By (15), we have

br4i = �4(Xi)"
4
i + 4�

2(Xi)"
2
i

�
m(Xi)� bm(Xi)

�2
+

�
m(Xi)� bm(Xi)

�4
+ 4�3(Xi)"

3
i ��

m(Xi)� bm(Xi)

�
+ 2�2(Xi)"

2
i

�
m(Xi)� bm(Xi)

�2
+ 4�(Xi)"i

�
m(Xi)� bm(Xi)

�3
;

and denote bV1(x) =P6
j=1 Sj ; where

S1 =
n

h1

nX
i=1

w2iK
2

�
Xi�x
h1

�
�4(Xi)"

4
i ;

S2 =
4n

h1

nX
i=1

w2iK
2

�
Xi�x
h1

�
�2(Xi)"

2
i

�
m(Xi)� bm(Xi)

�2
S3 =

n

h1

nX
i=1

w2iK
2

�
Xi�x
h1

��
m(Xi)� bm(Xi)

�4
;

S4 =
4n

h1

nX
i=1

w2iK
2

�
Xi�x
h1

�
�3(Xi)"

3
i

�
m(Xi)� bm(Xi)

�
;

S5 =
2n

h1

nX
i=1

w2iK
2

�
Xi�x
h1

�
�2(Xi)"

2
i

�
m(Xi)� bm(Xi)

�2
,

and S6 =
4n

h1

nX
i=1

w2iK
2

�
Xi�x
h1

�
�(Xi)"i

�
m(Xi)� bm(Xi)

�3
:

Similar to the analysis of T1 in the proof of Theorem 1 (i); we have n
p
np
h1

Pn
i=1w

2
iK

2

�
Xi�x
h1

�
�

�4(Xi)("
4
i � (�2(x) + 1)) = Op(1) provided that

E

�
w2iK

2

�
Xi�x
h1

�
�4(Xi)("

4
i � (�2(x) + 1))

�2+�=2
<1:
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Thus, S1 = eS1 + op(1); where eS1 = (�2(x) + 1) nh1
Pn

i=1w
2
iK

2

�
Xi�x
h1

�
�4(Xi)

p! (�2(x) +

1)K2�
4(x)f(x) by the ergodic theorem. Noting (17), it follows from (c) in the proof of The-

orem 1 in Fan and Yao (1998) that Si = op(1) for i = 2; � � � ; 6: Thus, bV1(x) p! (�2(x) +

1)K2�
4(x)f(x): Similarly, we can show bV3(x) p! K2�

4(x)f(x); and noticing (15) we can showbV2(x) p! �2K2�
4(x)f(x): Hence, bV (x) p! �2(x)K2�

4(x)f(x) and, therefore, Theorem 2 (i)

follows from (18).

(ii). This part can be proved as in (i) using the arguments in the proof of Theorem 1 (ii).
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Figure 1: Boxplots of the mean absolute deviation errors (MAD) for the local linear (LL),
reweighted NW (RNW), local exponential (LE) and local maximum likelihood (LML) estima-
tors with 4 �xed bandwidths: (a) h = 0:4;(b) h = 0:5;(c) h = 0:6;(d) h = 0:7: The sample size

n = 100 and the replications is 500: "i
iid� N (0; 1).
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Figure 2: Boxplots of the mean absolute deviation errors (MAD) for the local linear (LL),
reweighted NW (RNW), local exponential (LE) and local maximum likelihood (LML) estima-
tors with 4 �xed bandwidths: (a) h = 0:4;(b) h = 0:5;(c) h = 0:6;(d) h = 0:7: The sample size

n = 100 and the replications is 500: "i
iid� (0:6)1=2t5:
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